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(Generalized) Algebraic theories
Biform theories
Genericﬂgorithm
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Monoid := Theory {

U : type;

* @ (U, U) > U;

e : U;

axiom rightldentity_x_e : forall x:U. xxe = x;

axiom leftldentity_x_e : forall x:U. exx = x;

axiom associative_x : forall x,y,z:U. (xxy)sz=xx(yxz)}



(Presentations of ) Algebraic Theories

Monoid := Theory {

U : type;

* @ (U, U) = U;

e : U;

axiom rightldentity_x_e : forall x:U. xxe = x;

axiom leftldentity_x_e : forall x:U. exx = x;

axiom associative_x : forall x,y,z:U. (xxy)sz=xx(yxz)}
CommutativeMonoid := Theory {

U : type;

* : (U, U) = U;

e : U;

axiom rightldentity_x_e : forall x:U. xxe = x;

axiom leftldentity_x_e : forall x:U. exx = x;

axiom associative_x : forall x,y,z:U. (xxy)xz=xx*(y*z)

axiom commutative_x : forall x,y,z:U. xxy=yxx}
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(Presentations of ) Algebraic Theories

Monoid := Theory {

U : type;

* : (U, U) => U;

e : U;

axiom rightldentity_x_e : forall x:U. xxe = x;

axiom leftldentity_x_e : forall x:U. exx = x;

axiom associative_x : forall x,y,z:U. (xxy)xz=xx*(yxz)}

AdditiveMonoid := Theory {

U : type;
+: (U, U) > U;
0 : U;

axiom rightldentity_+_0 : forall x:U. x4+0 = x;
axiom leftldentity_+.0 : forall x:U. 04+x = x;
axiom associative_+ : forall x,y,z:U. (x+ty)+z=x+(y+z) }
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(Presentations of ) Algebraic Theories

Monoid := Theory {

U : type;

* : (U, U) => U;

e : U;

axiom rightldentity_x_e : forall x:U. xxe = x;

axiom leftldentity_x_e : forall x:U. exx = x;

axiom associative_x : forall x,y,z:U. (xxy)xz=xx*(yxz)}
AdditiveCommutativeMonoid := Theory {

U : type;

+: (U, U) —> U;

0 : U;

axiom rightldentity_+_0 : forall x:U. x4+0 = x;
axiom leftldentity_+.0 : forall x:U. 04+x = x;
axiom associative_+ : forall x,y,z:U. (x+y)+z=x+(y+z)
axiom commutative_+ : forall x,y,z:U. x+y=y+x}
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Following Burstall & Goguen (OBJ); Kapur, Musser, Stepanov (Tecton)

Extension:
CommutativeMonoid := Monoid extended by {
axiom commutative_x : forall x,y,z:U. xxy=y*x}



Pseudo-Combinators for (presentations of) theories

Following Burstall & Goguen (OBJ); Kapur, Musser, Stepanov (Tecton)

Extension:
CommutativeMonoid := Monoid extended by {
axiom commutative_x : forall x,y,z:U. xxy=y*x}
Renaming:
AdditiveMonoid := Monoid[ * |—> +, e |—> 0 ]
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Pseudo-Combinators for (presentations of) theories

Following Burstall & Goguen (OBJ); Kapur, Musser, Stepanov (Tecton)

Extension:
CommutativeMonoid := Monoid extended by {
axiom commutative_x : forall x,y,z:U. xxy=y*x}
Renaming:
AdditiveMonoid := Monoid[ * |—> +, e |—> 0 ]

Combination:

AdditiveCommutativeMonoid :=
combine AdditiveMonoid, CommutativeMonoid over Monoid

J.Carette Deriving



Library fragment 1

MoufangLoop := combine Loop, Moufangldentity over Magma
LeftShelfSig := Magma[ * |—> |> ]
LeftShelf := LeftDistributiveMagma [ x |—> |> ]
RightShelfSig := Magma[ * |—> <| ]
RightShelf := RightDistributiveMagmal| * |—> <] ]
RackSig := combine LeftShelfSig, RightShelfSig over Carrier
Shelf := combine LeftShelf, RightShelf over RackSig
LeftBinarylnverse := RackSig extended by {
axiom leftlnverse_|>_<| : forall x,y:U. (x |> vy) <] x =y }
RightBinarylnverse := RackSig extended by {
axiom rightlnverse_|>_<| : forall x,y:U. x |> (y <| x) =y }
Rack := combine RightShelf, LeftShelf, LeftBinarylnverse,
RightBinarylnverse over RackSig
Leftldempotence := IdempotentMagmal[ * |—> |> ]
Rightldempotence := ldempotentMagma[ * |[—> <| ]
LeftSpindle := combine LeftShelf, Leftldempotence over LeftShelfSig
RightSpindle := combine RightShelf, Rightldempotence over RightShelfSig
Quandle := combine Rack, LeftSpindle, RightSpindle over Shelf

J.Carette Deriving



Library fragment 2

NearSemiring := combine AdditiveSemigroup, Semigroup, RightRingoid ove
NearSemifield := combine NearSemiring, Group over Semigroup

Semifield := combine NearSemifield, LeftRingoid over RingoidSig
NearRing := combine AdditiveGroup, Semigroup, RightRingoid over Ringoi
Rng := combine AbelianAdditiveGroup , Semigroup, Ringoid over RingoidSiy
Semiring := combine AdditiveCommutativeMonoid, Monoidl, Ringoid, Left0
SemiRng := combine AdditiveCommutativeMonoid, Semigroup, Ringoid over
Dioid := combine Semiring, ldempotentAdditiveMagma over AdditiveMagma
Ring := combine Rng, Semiring over SemiRng

CommutativeRing := combine Ring, CommutativeMagma over Magma
BooleanRing := combine CommutativeRing, ldempotentMagma over Magma
NoZeroDivisors := Ringoid0Sig extended by {

axiom onlyZeroDivisor_x_0: forall x:U.
((exists b:U. xxb = 0) and (exists b:U. bxx = 0)) implies (x = 0)

Domain := combine Ring, NoZeroDivisors over Ringoid0Sig
IntegralDomain := combine CommutativeRing, NoZeroDivisors over Ringoid
DivisionRing := Ring extended by {
axiom divisible : forall x:U. not (x=0) implies
((exists! y:U. yxx = 1) and (exists! y:U. xxy = 1)) }
Field := combine DivisionRing , IntegralDomain over Ring

J.Carette Deriving
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Thyl := Empty extended by { U : type }
Thy2 := Empty extended by { U : type }
Thy3 := combine Thyl, Thy2 over Empty



Thyl := Empty extended by { U : type }
Thy2 := Empty extended by { U : type }
Thy3 := combine Thyl, Thy2 over Empty

Find a good denotational semantics, then come back to the syntax



A little theory

Given some dependent type theory, its category of contexts C has objects
Mi=(x0:00;...;Xp—1:0n-1),
such that for each i < n the judgement
(x0:00;...;xj—1:0j_1) F o;: Type (or : Prop)

holds. A morphism I' — A(= (y : G>6"_1) is an assignment (substitution)
Yo = to, ..., ¥m — tm—1] such that

Mkt To TF tm1: T Ly — 812
n
r AT Definition
The category of general extensions IE has all general
A B extensions from B as objects, and given two general
extensions A: TT — T and B: At — A, an arrow
r — A f: A— B is a commutative square from B.
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The functor cod : IE — B /s a fibration.



The functor cod : IE — B /s a fibration.

a, b, c € labels tpc s==extend Aby{/}
A, B, C € names | combine Ar, B nr
| € declarations™ |A: B
r e (aj— bj)" | Ar
| Empty
| Theory {/}



The functor cod : IE — B /s a fibration.

[ : tpc — |B] [l 0 54,
[Empty]r = () D——m—A
[Theory {I}]s = (/)
[Arle =[r]~-[Als [ralmoda, |8a
[[A; B]]]B = [[B]]]B
[extend A by {I}]s = [Als 3§ (/) Ay — S A

o
[[combine A1r1, Azrz]]]B =D A



The functor cod : IE — B /s a fibration.

[-]e: tpc — |E|
[[Empty]]E = Id()

[rnlxodn
[Theory {I{Jr = !y D———T1
[Arde = [~ [Ale
[A; Ble = [Alk - [Ble [Rlreodr, |A
[extend A by {/}]r = da
[[combine A1r1, A2r2]]E = [[rl]]ﬁ o 57’1 o [[Al]]lE T2 A2 T

[le

[r2lm 0 b7, o [A2]



That does scale




@ 1046 theories

@ 2429 lines of code (including comments and many theories defined over
3 lines for human readability)

@ expanded theories: 13751 lines
@ type checked by export to Matita



e Order
@ Partial operations
e Equality

o Multivalued operations



More structure

o Order o

e Partial operations | :

e Equality A — - = =
o Multivalued operations

l Commutative
Semigroup

J.Carette Deriving



Monoid

U
€
*

ax:
ax:
ax:

;= Theory { Syntax (term language)
type; .
U MonoidTerm := Theory {
(U, U) — U; type MTerm = (data X
forall x:U. exx = x; #e : X |
forall x:U. x*xe = x; #x o (X, X) > X)
forall x,y,z:U.(x*y)*z:x*(y*z)}}



Monoid
U :

€
*

ax:
ax:
ax:

;= Theory { Syntax (term language)
type; .

S U MonoidTerm := Theory {
(U, U) — U; type MTerm = (data X
forall x:U. exx = x; #e : X |
forall x:U. x*xe = x; #x o (X, X) > X)
forall x,y,z:U.(xx*xy)sxz=xx*(yxz)} ¥

Biform Theory: axiomatic + syntactic theory + transformers.

length :: MTerm —> Nat
length trm = gfold (4+) 1 trm



Mono

U
e
*

id

ax:
ax:
ax:

;= Theory { Syntax (term language)
type; .

u: MonoidTerm := Theory {
(U, U) — U; type MTerm = (data X
forall x:U. exx = x; #e : X |

forall x:U. xxe = x; #x o (X, X) > X)

forall x,y,z:U.(xx*xy)sxz=xx*(yxz)} ¥

Biform Theory: axiomatic + syntactic theory + transformers.

length :: MTerm —> Nat
length trm = gfold (4+) 1 trm

leftSimp :: MTerm —> MTerm
leftSimp = fun (#=(a,b)) when a = #e —> b
rightSimp :: MTerm —> MTerm

rightSimp = fun (#x(a,b)) when b = #e —> b



Monoid := Theory {
U : type;
e : U;
* : (U, U) > U;
ax: forall x:U. exx = x;
ax: forall x:U. xxe = x;
ax:

Syntax (term language)

MonoidTerm := Theory {
type MTerm = (data X
#e : X |
#x (X, X) -> X)

forall x,y,z:U.(xx*xy)sxz=xx*(yxz)} ¥

Biform Theory: axiomatic + syntactic theory + transformers.

length MTerm —> Nat
length trm = gfold (4+) 1 trm

simp MTerm —> MTerm

simp t = match t with
| (#x (a,b)) when a = #e —>
| (#* (a,b)) when b = #e —>
|- —>

o o



Monoid := Theory {
U : type;
e : U;
* : (U, U) > U;
ax: forall x:U. exx = x;
ax: forall x:U. xxe = x;
ax:

Syntax (term language)

MonoidTerm := Theory {
type MTerm = (data X
#e : X |
#x (X, X) -> X)

forall x,y,z:U.(xx*xy)sxz=xx*(yxz)} ¥

Biform Theory: axiomatic + syntactic theory + transformers.

length MTerm —> Nat
length trm = gfold (4+) 1 trm

simp MTerm —> MTerm

simp t = match t with
| (#x (a,b)) when a = #e —>
| (#* (a,b)) when b = #e —>
|- —>

Generic

Derived from length
reducing axioms

o o



Monoid := Theory { Monoid type, as values
l: ltJy.pe; module type MONOID = sig
% 1 (U, U) = U; ty':e T
ax: forall x:U. exx = x; val pius : n—>n-—n
ax: forall x:U. xxe = x; val zero - n

ax: forall x,y,z:U.(xxy)sxz=xx(yx*z)} end

Lsimplified metaocaml for clarity



Different interpretations of theories !

Monoid := Theory {
U : type;
e : U;
* @ (U, U) > U;
ax: forall x:U. exx = x;
ax: forall x:U. xxe = x;

Monoid type, as values
module type MONOID = sig

type n
val plus n—>n-—>n
val zero : n

ax: forall x,y,z:U.(x*xy)*xz=x*(yx*z)} end

Monoid type, as code

module type MONOIDCODE = sig
type n

type nc = n code
val plus nc —> nc —> nc
val zero : nc

end

Lsimplified metaocaml for clarity

J.Carette
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Different interpretations of theories !

Monoid := Theory { Monoid type, as values
oot ;
ZJ . pre, module type MONOID = sig
« : (U, U) = U; tVF:e "
ax: forall x:U. exx = x; val pius n—>n-—>n
ax: forall x:U. x*xe = x; val zero : n

ax: forall x,y,z:U.(x*xy)*xz=x*(yx*z)} end

Monoid type, as code Monoid type, staged
module type MONOIDCODE = sig type x staged = Now of x
type n | Later of x code
type nc = n code module type MONOIDSTAGED = sig
val plus : nc — nc —> nc type n
val zero : nc type ns = n staged
end val plus : ns —> ns —> ns
val zero : ns
end

Lsimplified metaocaml for clarity

J.Carette Deriving



MonoidTerm := Theory { module type MONOIDSTAGED = sig

_ type n
ty:; MT;rT = (data X . type ns = n staged
) val zero : ns
} e (X X) = X) val plus : ns —> ns —> ns
end



From syntax to code

MonoidTerm := Theory {

type MTerm = (data X
#e X |

#x o (X, X) = X)

Equality is “free”

simp :: MTerm —> MTerm
simp t = match t with

module type MONOIDSTAGED = sig
type n
type ns
val
val

end

| (#* (a,b)) when a = #e —> b
| (#* (a,b)) when b = #e —> b

—> t

J.Carette

zero
plus

= n staged

ns

ns —> ns —> ns

Equality is “now”

let monoid zero plusN

match x,
(Now a), b when a
(Now b) when b

a,

Deriving

—

y with

lift2 plusN

plusL x y =

= zero —> b
= one —> a
plusL x y



module IntM = struct
type n = Int
let plus = (+)
let zero =0
end
module IntMS = struct
type n = Int
type 'a ns = ('a,n) staged
let plus = monoid IntM. zero
let zero = Now IntM. zero
end

module IntMC = struct

type n = Int
type 'a nc = ('a,n) code
let plus = .<fun x y —> ."x 4+ .Ty>.
let zero = .< 0 >.
end

IntM . plus IntMC. plus



module IntMC = struct

module IntM = struct
type n = Int

type n = Int ) )

let plus — (+) type 'a nc = ('a,n) code

let zero — 0 let plus = .<fun x y —> ."x 4+ .Ty>.

- let zero = .< 0 >.
end
end

module IntMS = struct

type n = Int

type 'a ns = ('a,n) staged
let plus = monoid IntM.zero IntM.plus IntMC. plus
let zero = Now IntM.zero

end

Given a structured graph of theories, one can get a (naive) optimizing
compiler.



MSL Haskell

Monoid Theory { class Semigroup
U : type; mempty :: a

* : (U,U0) -> Uy mappend ::

e : U; mappend = (<>)
axiom right_identity_x_e mconcat [al
forall x : U . (x * e) = x mconcat =

axiom left_identity_x*_e
forall x : U (e * x) =
axiom associativity_x
forall x,y,z : U
((x * y) * z) =

Isabelle

(x *x (3 * 2));

a => Monoid a where

a -> a -> a

-> a

¥ class semigroup =
fixes mult a => 0 =>
(infixl 70)
assumes assoc (x e y) o
Coq G

class monoidl =

. fixes neutral « (1)
Class Monoid {A : type} assumes meutl : 16 x = x
(dot : A -> A -> A) class monoid = momoidl +

(one 4) Prop := { assumes X & 1 = x
dot_assoc :
forall x y z : A,
(dot x (dot y z))
ot (a0t x y) = Lean
unit_left
forall x, dot ome x = Xx universe u
unit_right variables{ T
_ « : Type u }
N forall x, dot x ome = x class monoid (« : Type u) extends
semigroup «, has_one « :=
(one_mul v oa «, 1 % a
. .. (mul_one v a «, @ * 1
Alternative Definition:
Record monoid := {
dom : Type;
op : dom -> dom -> dom
where "x * y" := (op x y);
id : dom where "1" := id ;
assoc forall x y z, x * (y * z) = (x * y) * z;
left_neutral : forall x, 1 * x = x;
right_neutral : forall x, x * 1 = x
J.Carette Deriving

semigroup +

z

foldr mappend mempty

a)
a)

Agda

data Monoid (A Set)
(Eq : Equivalence A) : Set
where
monoid :
(z : A)
(- A => A -> A)
(left_Id : LeftIdentity Eq z
(right_Id : RightIdentity Eq z
(assoc Associative Eq _+_) ->

Monoid A Eq

Alternative Definition:

record Monoid c ¢ :

Set (suc (c u ¢)) where
infixl 7 _.
infix 4 _~_
field

Carrier Set ¢
Rel Carrier
_e_ : Op, Carrier
isMonoid
IsMonoid

where

record IsMonoid (+ : Opy) (o : A)
: Set (a u ¢) where

field
isSemigroup IsSemigroup .
identity : Identity «
identity : LeftIdentity . .
identity = proj1 identity
identity : RightIdentity . .
identity = proj2 identity

_+2)
_+



Universal Algebra...

Most of these work for Generalized Algebraic Theories (a la Cartmell):

@ Signature
@ Term Algebra

» ‘“generic functions” (a la Scrap your Boilerplate)
» Structural induction

@ Term Algebra parametrized by a “theory” of variables
» predicate for ground terms
» “simplifier” for open terms (correct but usually incomplete)

Homomorphism; homomorphism composition; isomorphism
kernel of homomorphism

Theory of congruence relations over a theory

Induced congruence of a homomorphism

Interpreter from Term Algebra to any instance of a theory
Partial evaluator

Sub-theory, Product Theory, Co-product Theory
Internalization (making a record that represents a theory)

J.Carette Deriving



ack down! Given:
@ The theory presentation of 2-categories, can you specialize to category?
o Category to monoid?
@ Monoidal Category to... monoid?
o

Braided Category to... ?

How do you (as a library builder) not repeat yourself,

while giving end-users a huge, rich, as-they-expect it to look library?

J.Carette Deriving



Axiomatic presentations of the theories of:

o Data Structures



Axiomatic presentations of the theories of:
o Data Structures




Axiomatic presentations of the theories of:
o Data Structures

representable-profunctors
profunctor-extras

distributive

comonad

semigroups




Computer Science?

Axiomatic presentations of the theories of:

@ Data Structures
@ Algorithms
» Douglas Smith’s SpecWare
» Ralf Hinze's (et al.)’s recursion schemes extracted from categorical
adjustion and/or Kan extensions.
@ Models of Computation

» FSM, DPDA, TM, 23 Registers Machines, SECD
» ongoing work with Ph.D. student Lijun Zhu

J.Carette Deriving



