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The Idea

Traditional partial evaluation and symbolic evaluation
techniques apply to an interesting class of quantum
circuits with surprising effectiveness!
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Reversible gates

a0
a1
b0
b1

m0
m1
r0
r1

cx(0, b) = (0, b)

cx(1, b) = (1, b)

So, writing inputs/outputs horizontally:

|0111⟩ ⇒ |0111⟩
⇒ |0111⟩
⇒ |0101⟩
⇒ |0100⟩

|1010⟩ ⇒ |1000⟩
⇒ |1001⟩
⇒ |1001⟩
⇒ |1001⟩

|1100⟩ ⇒ |1110⟩
⇒ |1111⟩
⇒ |1101⟩
⇒ |1100⟩

|1111⟩ ⇒ |1101⟩
⇒ |1100⟩
⇒ |1110⟩
⇒ |1111⟩
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Superpositions

a0 = |0⟩
a1 = |0⟩
b0 = |0⟩
b1 = |0⟩

H

H

m0

m1

r0
r1

H |0⟩ = 1√
2
|0⟩+ 1√

2
|1⟩ = 1√

2
(|0⟩+ |1⟩)

So the top two wires are in the state

1√
2
(|0⟩+ |1⟩)⊗ 1√

2
(|0⟩+ |1⟩) = 1

2
(|00⟩+ |10⟩+ |01⟩+ |11⟩)
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Superpositions

a0 = |0⟩
a1 = |0⟩
b0 = |0⟩
b1 = |0⟩

H

H

m0

m1

r0
r1

H |0⟩ = 1√
2
|0⟩+ 1√

2
|1⟩ = 1√

2
(|0⟩+ |1⟩)

Thus for the whole circuit:

|0000⟩ ⇒ 1
2(|0000⟩+ |0100⟩+ |1000⟩+ |1100⟩)

⇒ 1
2(|0000⟩+ |0100⟩+ |1010⟩+ |1110⟩)

⇒ 1
2(|0000⟩+ |0100⟩+ |1011⟩+ |1111⟩)

⇒ 1
2(|0000⟩+ |0110⟩+ |1011⟩+ |1101⟩)

⇒ 1
2(|0000⟩+ |0111⟩+ |1011⟩+ |1100⟩)
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Symbolic Execution (new)

Replace 1√
2
(|0⟩+ |1⟩) by a symbolic variable:

|0⟩
|0⟩

|0⟩
|0⟩

H

H ⇝
|0⟩
|0⟩

x

y

Maintain formula in algebraic normal form (ANF).
So

|xy00⟩ ⇒ |xyx0⟩
⇒ |xyxx⟩
⇒ |xy(x ⊕ y)x⟩
⇒ |xy(x ⊕ y)(x ⊕ y)⟩
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Quantum Circuits

Retrodictive Evaluation

|0⟩⊗n

|ψ⟩m

H⊗n

ba
rri
er
1

Uf

ba
rri
er
2

ba
rri
er
3

QFT

• Uf is a classical reversible circuit representing f , i.e.
Uf (x, y) = |x (y ⊕ f(x))⟩.

• H is the Hadamard gate; introduces quantum parallelism
to evaluate Uf for many inputs simultaneously.

• QFT is the Quantum Fourier Transform used to analyze
the spectral properties of the output.
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Quantum Circuits Retrodictive Evaluation

|0⟩⊗n

|ψ⟩m

H⊗n

ba
rri
er
1

Uf

ba
rri
er
2

ba
rri
er
3

QFT
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• H is the Hadamard gate; introduces quantum parallelism
to evaluate Uf for many inputs simultaneously.

• QFT is the Quantum Fourier Transform used to analyze
the spectral properties of the output.
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Examples

1 Deutsch

2 Deutsch-Jozsa

3 Bernstein-Varizani

4 Simon

5 Grover

6 Shor
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Examples: Deutsch and Deutsch-Josza

Definition
A boolean function is balanced if it outputs the same number
of 0/1 outputs.

Deutsch:

Problem
Given f : B → B, decide if f is constant or balanced.

Deutsch-Josza:

Problem
Given f : Bn → B, where f is known to be constant or
balanced, decide which one it is.
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Examples: Grover and Shor

Grover:

Problem
Given f : Bn → B where there exists a unique u such that
f (u) = 1. Find u.

Shor:

Problem
Factor a given N. Do this by using f (x) = ax mod N for
suitable a and f : BQ → Bn with Q = ⌈log2

(
N2

)
⌉,

n = ⌈log2N⌉.
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Requirements

Variabilities:

1 multiple representations of boolean values,

2 multiple representations of boolean formulae,

3 different evaluation means (directly, symbolically,
forwards, backwards, retrodictive).

Possible to implement:

4 a reusable representation of our circuits,

5 a reusable representation of the inputs, outputs and
ancillae,

6 a synthesis algorithm for Bn → B functions

7 a reusable library of circuits

Also, non-functional characteristics to hold:

8 evaluation of reasonably-sized circuits should be
reasonably efficient.
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Design

class (Show v, Enum v) => Value v where

zero :: v

one :: v

snot :: v -> v

sand :: v -> v -> v

sxor :: v -> v -> v

-- has a default implementation

snand :: [v] -> v -- n-ary and

snand = foldr sand one

Implemented four times.

data VarInFormula f v = FR

{ fromVar :: v -> f

, fromVars :: Int -> v -> [ f ]

}
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Design

First, näıve implementation:

newtype Ands = Ands { lits :: [String] }

deriving (Eq, Ord)

(&&&) :: Ands -> Ands -> Ands

(Ands lits1) &&& (Ands lits2) =

Ands (lits1 ++ lits2)

newtype Formula = Formula { ands :: [Ands]}
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Second, using sets of ints and occurence maps:

type Literal = Int

newtype Ands = Ands { lits :: IS.IntSet }

{-# INLINABLE compAnds #-}

compAnds :: Ands -> Ands -> Ordering

compAnds (Ands a1) (Ands a2) =

compare (IS.toAscList a1) (IS.toAscList a2)

(&&&) :: Ands -> Ands -> Ands

(Ands lits1) &&& (Ands lits2) =

Ands (IS.union lits1 lits2)

-- raw XOR formulas

type XORFU = Map.Map Ands Int

-- Normalized XOR formulas, i.e occur 0 or 1 time

newtype Formula = Formula { ands :: MS.MultiSet Ands }
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Third, using bitmaps and occurence maps:

type Literal = Natural

newtype Ands = Ands { lits :: Literal }

{-# INLINABLE compAnds #-}

compAnds :: Ands -> Ands -> Ordering

compAnds (Ands a1) (Ands a2) = compare a1 a2

(&&&) :: Ands -> Ands -> Ands

(Ands lits1) &&& (Ands lits2) = Ands (lits1 .|. lits2)

type Occur = Int

-- Raw XOR formulas

type XORFU = Map.Map Ands Occur

-- Normalized XOR formulas, i.e occur 0 or 1 time

type XORF = MS.MultiSet Ands
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Running Deutsch-Josza

• Retrodictive once on output measurement 0

• Output symbolic formula that decides f (|x⟩) = 0.

• f constant ⇒ 0 = 0 or 1 = 0 regardless of circuit size.

Sample outputs:

• x0 = 0,

• x0 ⊕ x1 ⊕ x2 ⊕ x3 ⊕ x4 ⊕ x5 = 0, and

• 1⊕ x3x5 ⊕ x2x4 ⊕ x1x5 ⊕ x0x3 ⊕ x0x2 ⊕ x3x4x5 ⊕ x2x3x5 ⊕
x1x3x5 ⊕ x0x3x5 ⊕ x0x1x4 ⊕ x0x1x2 ⊕ x2x3x4x5 ⊕
x1x3x4x5 ⊕ x1x2x4x5 ⊕ x1x2x3x5 ⊕ x0x3x4x5 ⊕ x0x2x4x5 ⊕
x0x2x3x5 ⊕ x0x1x4x5 ⊕ x0x1x3x5 ⊕ x0x1x3x4 ⊕ x0x1x2x4 ⊕
x0x1x2x4x5 ⊕ x0x1x2x3x5 ⊕ x0x1x2x3x4 = 0.

How to decide? If it mentions a variable, it’s balanced.
We tested all 12872 functions B6 → B.
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Running Grover

Recall: guess the position of the single 1 bit.

n = 4, w in the range {0..15}
u = 0 1 ⊕ x3 ⊕ x2 ⊕ x1 ⊕ x0 ⊕ x2x3 ⊕ x1x3 ⊕ x1x2 ⊕ x0x3 ⊕ x0x2 ⊕ x0x1 ⊕ x1x2x3 ⊕ x0x2x3

⊕ x0x1x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 1 x0 ⊕ x0x3 ⊕ x0x2 ⊕ x0x1 ⊕ x0x2x3 ⊕ x0x1x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 2 x1 ⊕ x1x3 ⊕ x1x2 ⊕ x0x1 ⊕ x1x2x3 ⊕ x0x1x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 3 x0x1 ⊕ x0x1x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 4 x2 ⊕ x2x3 ⊕ x1x2 ⊕ x0x2 ⊕ x1x2x3 ⊕ x0x2x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 5 x0x2 ⊕ x0x2x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 6 x1x2 ⊕ x1x2x3 ⊕ x0x1x2 ⊕ x0x1x2x3
u = 7 x0x1x2 ⊕ x0x1x2x3
u = 8 x3 ⊕ x2x3 ⊕ x1x3 ⊕ x0x3 ⊕ x1x2x3 ⊕ x0x2x3 ⊕ x0x1x3 ⊕ x0x1x2x3
u = 9 x0x3 ⊕ x0x2x3 ⊕ x0x1x3 ⊕ x0x1x2x3
u = 10 x1x3 ⊕ x1x2x3 ⊕ x0x1x3 ⊕ x0x1x2x3
u = 11 x0x1x3 ⊕ x0x1x2x3
u = 12 x2x3 ⊕ x1x2x3 ⊕ x0x2x3 ⊕ x0x1x2x3
u = 13 x0x2x3 ⊕ x0x1x2x3
u = 14 x1x2x3 ⊕ x0x1x2x3
u = 15 x0x1x2x3
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Shor

Problem
Factor a given N. Do this by using f (x) = ax mod N for
suitable a and f : BQ → Bn with Q = ⌈log2

(
N2

)
⌉,

n = ⌈log2N⌉.
Factoring 15:

Base Equations Solution

a = 11 x0 = 0 x0 = 0

a = 4, 14 1 ⊕ x0 = 1 x0 = 0 x0 = 0

a = 7, 13 1 ⊕ x1 ⊕ x0x1 = 1 x0x1 = 0 x0 ⊕ x1 ⊕ x0x1 = 0 x0 ⊕ x0x1 = 0 x0 = x1 = 0

a = 2, 8 1 ⊕ x0 ⊕ x1 ⊕ x0x1 = 1 x0x1 = 0 x1 ⊕ x0x1 = 0 x0 ⊕ x0x1 = 0 x0 = x1 = 0

Auto-generated circuits: 56,538 generalized Toffoli gates.

For 3*65537=196611 (4,328,778 gates), 16 small equations
that refer to just the four variables x0, x1, x2, and x3
constraining them to be all 0, i.e., asserting that the period is
16.
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Timings: Deutsch-Jozsa
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<latexit sha1_base64="KwuSKC89B6/88I5d5So4kaR9nkk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXYlqGUwjWUE84AkhNnJ3WTIPJaZWTEsKW38FRsLRWz9BDv/xsmj0MQDFw7n3Mu994QxZ8b6/reXWVldW9/Ibua2tnd29/L7B3WjEk2hRhVXuhkSA5xJqFlmOTRjDUSEHBrhsDLxG/egDVPyzo5i6AjSlyxilFgndfPHbRGqh1zaNhGuVGvYMgGYSWyAKtkz426+4Bf9KfAyCeakgOaodvNf7Z6iiQBpKSfGtAI/tp2UaMsoh3GunRiICR2SPrQclUSA6aTTR8b41Ck9HCntSlo8VX9PpEQYMxKh6xTEDsyiNxH/81qJja46KZNxYkHS2aIo4dgqPEkF95gGavnIEUI1c7diOiCaUOuyy7kQgsWXl0n9vBhcFEu3pUL5eh5HFh2hE3SGAnSJyugGVVENUfSIntErevOevBfv3fuYtWa8+cwh+gPv8weMSJkQ</latexit> C
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<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n

<latexit sha1_base64="qN14GZytDNjBujvpvLHlt5zResw=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGxUCWoAsYKFsYi0YfURJHjOK1Vx45sB7WKOrLwKywMIMTKJ7DxN7htBmg5kuXjc+7V9T1hyqjSjvNtLS2vrK6tlzbKm1vbO7v23n5LiUxi0sSCCdkJkSKMctLUVDPSSSVBSchIOxzcTPz2A5GKCn6vRynxE9TjNKYYaSMF9tEwcDyRskxBD0dCm2v2GgY5P3PHgV1xqs4UcJG4BamAAo3A/vIigbOEcI0ZUqrrOqn2cyQ1xYyMy16mSIrwAPVI11COEqL8fLrIGJ4YJYKxkOZwDafq744cJUqNktBUJkj31bw3Ef/zupmOr/yc8jTThOPZoDhjUAs4SQVGVBKs2cgQhCU1f4W4jyTC2mRXNiG48ysvktZ51b2o1u5qlfp1EUcJHIJjcApccAnq4BY0QBNg8AiewSt4s56sF+vd+piVLllFzwH4A+vzB0f/mYM=</latexit>

x0 � · · · � xn�1
<latexit sha1_base64="CrLcgGPFPZRKE07vcCRVoa88e2k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcNGo2o</latexit>x0

<latexit sha1_base64="YWF+LKvdqR2PXJa7AcaPKgPkANg=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvU+fepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8MYI9k</latexit>xn�1

Figure: Retrodictive execution on 3 balanced functions at different
sizes
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Timings: Grover on different values

<latexit sha1_base64="KwuSKC89B6/88I5d5So4kaR9nkk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXYlqGUwjWUE84AkhNnJ3WTIPJaZWTEsKW38FRsLRWz9BDv/xsmj0MQDFw7n3Mu994QxZ8b6/reXWVldW9/Ibua2tnd29/L7B3WjEk2hRhVXuhkSA5xJqFlmOTRjDUSEHBrhsDLxG/egDVPyzo5i6AjSlyxilFgndfPHbRGqh1zaNhGuVGvYMgGYSWyAKtkz426+4Bf9KfAyCeakgOaodvNf7Z6iiQBpKSfGtAI/tp2UaMsoh3GunRiICR2SPrQclUSA6aTTR8b41Ck9HCntSlo8VX9PpEQYMxKh6xTEDsyiNxH/81qJja46KZNxYkHS2aIo4dgqPEkF95gGavnIEUI1c7diOiCaUOuyy7kQgsWXl0n9vBhcFEu3pUL5eh5HFh2hE3SGAnSJyugGVVENUfSIntErevOevBfv3fuYtWa8+cwh+gPv8weMSJkQ</latexit> C
P
U

ti
m

e
in

se
co

n
d
s

0 5.0 ×107 1.0 ×108 1.5 ×108 2.0 ×108 2.5 ×108 3.0 ×108
0

100

200

300

400

<latexit sha1_base64="4GYdTEnrkJZwl8S7NfSVmoPGujw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9JBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4A1M+Ngw==</latexit>

u = 0
<latexit sha1_base64="+aRpXpQ0v2ogGDCZE3TvTAgV0Eg=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4qru1qBeh6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut7O0vLK6tp7byG9ube/sFvb2GzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5uJ33yiSrNI3ptRTH2B+5KFjGBjpYfkqvyYytOzcbdQdEvuFGiReBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJzvJJrGmAxxn7YtlVhQ7afTg8fo2Co9FEbKljRoqv6eSLHQeiQC2ymwGeh5byL+57UTE176KZNxYqgks0VhwpGJ0OR71GOKEsNHlmCimL0VkQFWmBibUd6G4M2/vEga5ZJ3XqrcVYrV6yyOHBzCEZyABxdQhVuoQR0ICHiGV3hzlPPivDsfs9YlJ5s5gD9wPn8AAj2P5w==</latexit>

u = 2n/3

<latexit sha1_base64="QZOL1kJLtVM2j8fq7oY6BL5VH4k=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FPUiFL14rGA/pF1LNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+q0nqjSL5L0Zx9QXeCBZyAg2VnpIriqPqZyceb1iyS27M6Bl4mWkBBnqveJXtx+RRFBpCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVGJBtZ/ODp6gE6v0URgpW9Kgmfp7IsVC67EIbKfAZqgXvan4n9dJTHjpp0zGiaGSzBeFCUcmQtPvUZ8pSgwfW4KJYvZWRIZYYWJsRgUbgrf48jJpVsreebl6Vy3VrrM48nAEx3AKHlxADW6hDg0gIOAZXuHNUc6L8+58zFtzTjZzCH/gfP4A/LSP4w==</latexit>

u = 2n � 1

<latexit sha1_base64="kjdB99NTGgMYeT+t2uDs003NoMs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEmk5Ibzx1Wa27dzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6F3Xvst54aNSat0UcZTiBUzgHD66gCffQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBRO2Nvg==</latexit>

u = 10

<latexit sha1_base64="8ceCHJNULD0d9q+lxfBs88j58Kc=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4KrulqBeh6MWTVHDbQruWbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++2srK6tb2wWtorbO7t7+6WDw6aOU0WoT2Ieq3aINeVMUt8ww2k7URSLkNNWOLqZ+q0nqjSL5YMZJzQQeCBZxAg2VvLvrqqPslcquxV3BrRMvJyUIUejV/rq9mOSCioN4VjrjucmJsiwMoxwOil2U00TTEZ4QDuWSiyoDrLZsRN0apU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpiS6DjMkkNVSS+aIo5cjEaPo56jNFieFjSzBRzN6KyBArTIzNp2hD8BZfXibNasU7r9Tua+X6dR5HAY7hBM7Agwuowy00wAcCDJ7hFd4c6bw4787HvHXFyWeO4A+czx8dZY4+</latexit>

N = 2n

Figure: Retrodictive execution of the Grover algorithm on different
“secret” values u at different sizes
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Timings: Grover with different representations

<latexit sha1_base64="KwuSKC89B6/88I5d5So4kaR9nkk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXYlqGUwjWUE84AkhNnJ3WTIPJaZWTEsKW38FRsLRWz9BDv/xsmj0MQDFw7n3Mu994QxZ8b6/reXWVldW9/Ibua2tnd29/L7B3WjEk2hRhVXuhkSA5xJqFlmOTRjDUSEHBrhsDLxG/egDVPyzo5i6AjSlyxilFgndfPHbRGqh1zaNhGuVGvYMgGYSWyAKtkz426+4Bf9KfAyCeakgOaodvNf7Z6iiQBpKSfGtAI/tp2UaMsoh3GunRiICR2SPrQclUSA6aTTR8b41Ck9HCntSlo8VX9PpEQYMxKh6xTEDsyiNxH/81qJja46KZNxYkHS2aIo4dgqPEkF95gGavnIEUI1c7diOiCaUOuyy7kQgsWXl0n9vBhcFEu3pUL5eh5HFh2hE3SGAnSJyugGVVENUfSIntErevOevBfv3fuYtWa8+cwh+gPv8weMSJkQ</latexit> C
P
U

ti
m

e
in

se
co

n
d
s

<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n
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Figure: Retrodictive execution of the Grover algorithm on secret
value u = 0 at two sizes but using different ANF representations
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Complexity
Problem: circuit with T generalized Toffoli gates over n +m
qubits split into two registers (A,B).

1 Design oracle / circuit.

2 Let A = |00 . . . 0⟩ and B = |00 . . . 0⟩ and run classically.
O(T ). Leaves A intact, produce b in B.

3 Run backwards (symbolically) with A = |xn−1 . . . x1x0⟩
and B = |b⟩. Worst case, equations sized O(2n), so
O(Tm2n).

4 Answer by inspecting/solving resulting m equations.

Bottlenecks:

• step (3) at worst case O(Tm2n),

• step (4) “solve”, which is NP-complete.

However:

• Sometimes ‘typical’ case has expected run-time
depending on bit-size of the information contained in the
answer.
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Complexity
Problem: circuit with T generalized Toffoli gates over n +m
qubits split into two registers (A,B).

1 Design oracle / circuit.

2 Let A = |00 . . . 0⟩ and B = |00 . . . 0⟩ and run classically.
O(T ). Leaves A intact, produce b in B.

3 Run backwards (symbolically) with A = |xn−1 . . . x1x0⟩
and B = |b⟩. Worst case, equations sized O(2n), so
O(Tm2n).

4 Answer by inspecting/solving resulting m equations.

Bottlenecks:

• step (3) at worst case O(Tm2n),

• step (4) “solve”, which is NP-complete.

However:

• Sometimes ‘typical’ case has expected run-time
depending on bit-size of the information contained in the
answer.



Introduction

Idea

Reversible

Superposition

Symbolic

Big Picture

Retrodictive

Examples

Software

Requirements

Design

Evaluation

Running

Timings

Complexity

Conclusion

Extras

Cost Models

Conclusion

• Different algorithms need different analyses to extract
answer.

• (Not shown in slides) Shor seems to need qutrits/qudits
in general.

• For a number of classical quantum algorithms, classical
but symbolic execution works just as well.

• Even better: symbolic execute once instead of “enough”
times to get probabilistic answer.

• Symbolic execution sometimes is really bad.

• Speculation: some common quantum algorithms might
not need quantum after all.
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Conclusion

• Different algorithms need different analyses to extract
answer.

• (Not shown in slides) Shor seems to need qutrits/qudits
in general.

• For a number of classical quantum algorithms, classical
but symbolic execution works just as well.

• Even better: symbolic execute once instead of “enough”
times to get probabilistic answer.

• Symbolic execution sometimes is really bad.

• Speculation: some common quantum algorithms might
not need quantum after all.
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Cost Models

• White-box model: We implement Uf and the cost of
implementing it and the cost of using it is counted as
part of the overall complexity

• Black-box model: “Someone” implements Uf and gives
us access to it; the complexity analysis only counts the
number of times Uf is used. There are different cases
based on what kind of access we are given:

• Query Uf on a classical input
• Query Uf on a quantum superposition
• Query Uf on a symbolic formula (NEW!)
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