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1. Introduction

A square in a string is a tandem repetition of the form u?> = uu. The repeating part, u, is referred to as the generator of
the square u?. If the generator u is primitive, i.e. not a repetition of a string, then the square is called primitively rooted. The
problem of counting the types of squares in a string of length n - later referred to as the number of distinct squares problem —
was introduced by Fraenkel and Simpson [4] in 1998 who showed that the number of distinct squares in a string of length
n is at most 2n. Their proof relies on a lemma by Crochemore and Rytter [1] describing the relationship among the sizes of
three primitively rooted squares starting at the same position. Not using Crochemore and Rytter’s Lemma, Ilie [6] provided
an alternative proof of Fraenkel and Simpson’s result before presenting in [7] an asymptotic upper bound of 2n — @ (log n)
for sufficiently large n. A d-step approach to this problem introducing the size d of the alphabet as a parameter in addition
to the length n of the string was proposed in [2]. Considering the maximum number o4(n) of distinct primitively rooted
squares over all strings of length n with exactly d distinct symbols, it is conjectured there that o4(n) < n — d. Note that
the number of non-primitively rooted squares, i.e. squares whose generators are repetitions, is bounded by [n/2] — 1, see
Kubica et al. [9].

A configuration of two squares u? and U? starting at the same position and so that |u| < |U| < 2|u| < 2|U| has been
investigated in different contexts. For instance, the configuration of such two squares with a third one is investigated in
[5,8] with the intention of providing a position where a third square could not start in order to tackle the maximum number
of runs conjecture. Within the computational framework introduced in [3], such configurations are investigated in [11] to
enhance the determination of o4(n). Such configurations of two squares are unique in the context of rightmost occurrences
of squares since at most two such squares can start at the same position as shown by Fraenkel and Simpson. In [10] Lam
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investigates what he calls double squares, i.e. configurations of two rightmost occurrences of squares starting at the same
position, in order to bound their number and thus bound the number of distinct squares.

We present structural properties of double squares arising in various contexts and coinciding with Lam’s double squares
in the context of rightmost occurrences which we refer to as FS-double squares. The structural properties of double squares
presented in this paper not only give a novel proof of Fraenkel and Simpson'’s result, they allow bounding the number of
FS-double squares in a string of length n by |5n/6], which in turn leads to a new upper bound for the number of distinct
squares of | 11n/6].

2. Combinatorics of double squares

2.1. Preliminaries

We deal with finite strings over finite alphabets and index strings starting from 1. Thus x[1] refers to the first symbol of
a string x, x[2] to the second, etc. We use ... as a range symbol, thus x = x[1...n] is a string of length n, and x[i . . . j] refers
to the substring, also often called factor, starting at position i and ending at position j. For a substring y = x[i...j], s(y)
respectively e(y) denotes its starting, respectively ending, position, i.e. (s(y), e(¥)) = (i, ). A substring y = x[i...j] of
x = x[1...n]is called a prefix respectively suffix of x ifi = 1 respectively j = n, and is proper if y # x, while we call it trivial
if y is empty. For a string x, a non-trivial power of x is a string x™ for some integer m > 2, where x™ represents a concatenation
of m copies of x. In particular, x? is called a square, and x> a cube.

Definition 1. A string x is primitive if x cannot be expressed as a non-trivial power of any string. For any string x, there is a
primitive string y so that x = y™ for some integer m > 1. Such y and m are unique and y is called the primitive root of x. Two
strings x and y are conjugates if there are strings u and v so that x = uv and y = vu. Note that x is a trivial conjugate of itself.
Often the term rotation is used for conjugates.

Lemmas 2 and 3 are folklore and presented without proofs.

Lemma 2 (Synchronization Principle Lemma). Given a primitive string x, a proper suffix y of x, a proper prefix z of x,and m > 0,
there are exactly m occurrences of x in yx™z.

Note that Lemma 2 implies that a primitive string does not equal to any of its conjugates.

Lemma 3 (Common Factor Lemma). For any primitive strings x and y, if a non-trivial power of x and a non-trivial power of y
have a common factor of length |x| + |y|, then x and y are conjugates.

2.2. Double squares

Definition 4. A configuration of two squares u? and U? in a string x starting at the same position is referred to as a double
square. In case that |u| < |U|, we say that (u, U) is a double square, i.e. the smaller generator is listed first.

For a double square (u, U) in a string x, if [u| < |U| < 2|u|, we say that the squares u®> and U? are proportional and we
call such a double square balanced.

For a double square (u, U), if moreover u? and U? are rightmost occurrences in x, we refer to the double square (u, U) as
FS-double square of x.

Note that if (u, U) is a double square, respectively balanced double square, in x and x is a substring of y, then (u, U)
is a double square, respectively balanced double square, in y as well. For FS-double square, due to u® being a rightmost
occurrence in x, |U| < 2|ul, as otherwise in x would be a farther copy of u?, and so every FS-double square is automatically
balanced. If x is a substring of y, (u, U) need not be a FS-double square in y; on the other hand if x is a suffix of y, then (u, U)
is a FS-double square in y as well. We refer to the balanced double squares of rightmost occurrences as FS-double squares
in recognition of Fraenkel and Simpson'’s pioneering efforts in the problem.

In Lemma 6 we shall show that certain types of balanced double squares have a unique factorization consisting of a
nearly periodical repetition of a primitive string. The following Lemma 5 is used in Lemma 6 to prove uniqueness of this
factorization.

Lemma 5. Let u;’u, = v,9v, where u,, vy are primitive, u, is a non-trivial proper prefix of uq, and v, is a non-trivial proper
prefixof vi.If p>2andq > 2, thenu; = vy, uy; = vy, andp = q.

Proof. Since p > 2 and q > 2, and u;” and v{? have a common factor of size |u;| + |v¢]|, then by Lemma 3, u; = v;. Thus,
U =v;andp=gq. O

Note that in Lemma 5, p > 2 and q > 2 are essential conditions. For instance, u; = aabb, u, = aa, and p = 2 gives
uiPu, = aabbaabbaa, and v, = aabbaabba, v, = a, and q = 1 gives v{9v, = aabbaabbaa; that is, u;’u; = v{9v;,.
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As we often need to refer to the various occurrences of the same factor, we use a special subscript [1], [2], etc. to
distinguish them. For instance, uj;; may refer to the first occurrence of u in u?, while uj>; would refer to the second occurrence,
etc.

Lemma 6 gives various contexts in which a balanced double square has a unique factorization. While a weaker form of
Lemma 6 is proven in [11], and item (c) and the fact the U? must be primitively rooted are proven in [ 10], the uniqueness is
not addressed in either.

Lemma 6. Let (u, U) be a balanced double square. If one of the following conditions is satisfied

(a) uis primitive

(b) U is primitive

(c) u? has no further occurrence in U?

then there is a unique primitive string uy, a unique non-trivial proper prefix u, of uq, and unique integers e; and e, satisfying
1 < e, < e such that u = u,*'uy and U = u,°1u,u,%2. Moreover, U is primitive.

Proof. Let vy denote the overlap of Upyj with upy); thatis, u = v;v; for some vy and U = uwvy, see the diagram below.

| U U

| Unn Uy |

Thus, u is a prefix of v;U and u = v;*v, for some prefix v, of v; and k > 1. Let u; be the primitive root of v;. Then v; = u;
for some e, > 1. Therefore u = u;°'u, for some e; > ke, and some prefix u, of u;. The prefix u, must be non-trivial, as
otherwise:

(a) Let us assume that u, is the empty string. If e; > 2, thenu = uﬁl and hence not primitive, a contradiction. If e; = 1,
thene, = 1and soU = u;2 and u = u; and so |U| = 2|ul, a contradiction.
(b) U = u;®1*®2 and e; + e, > 2, hence U would not be primitive.

(c) there would be a farther occurrence of u? = u;2¢1 in U? = u261+2¢2,

To prove the uniqueness, consider some primitive w1, its non-trivial proper prefix w,, and integers f; > f, > 1 such
that u = wlw, and U = witwow2. Ife; > 2 and f; > 2, then by Lemma 5, u; = w; and e; = f; and it follows that
U, = wyande, = fo.If e; = f; = 1, it follows that u = uju; = wyw,. Since U = uuy = uwq, u; = wy and so Uy, = w;.
The remaining case corresponds to exactly one of the exponents e; and f; being equal to 1. Without loss of generality, we
can assume thate; = 1and f; > 1. We have u = ujuy = wylw, and U = ujupu; = wilwow2. Thus, uy = w2, As uy is
primitive, f, = 1, and so u; = wj. Therefore, uju; = wy1w, = uf'w, and so f; = 1, contradicting f; > 1.

Let us assume that U is not primitive and derive a contradiction. Thus, U = v" for some primitive v and some
n > 2.1t follows that [v| < % — |u181\+|L122|+|u192| < \u1€1\+|u2|;—|u151|+|u2| = |ui®| + |uz|. Now consider U2 = p2n =
U1 U1 20,042, It follows that uq€1+e2u, is a factor of v, 2n > 2 of size > |v| + |u4], e; + e, > 2, and so by Lemma 3,
u7 and v are conjugates, hence u; = v. Thus U = v" = uy" = u;*upu1° and so njuq| = (e; + ez)|uq| + |uz|, which is
impossible as 0 < |uy| < |uq|. Therefore, U must be primitive. O

Definition 7 (Notation and Terminology). If a balanced double square satisfies one of three conditions (a), (b), or (c) of
Lemma 6, we will refer to such double square as factorizable. We use the following notational convention for factorizable
double squares: a double square U consists of two squares u? and U2, where |u| < |U| and so we refer to u® respectively
U? as the shorter respectively longer, square of U, and to the starting position of u?> and U? as the starting position of U.
The unique exponents are denoted as U(1) and U(2), the repeating primitive part of u is denoted as uy, the prefix of u;
completing u is denoted as uy. Thus u = u; ¥Pu, and U = uuy %@ = 4 YD yuyu, 4@ Since u, is a non-trivial proper prefix
of uy, there is complement U, of u in u; so that u; = u,U,. The conjugate U,u, of u; is denoted as Uy, i.e. Uy = Uyl.

For instance, a factorizable double square 'V consists of the shorter square v? and the longer square V2, and v = vV,
and V = v;YDv,v,V®. We would like to point out that for any factorizable double square U, |U?| = 2((U(1)+UQ))|uq|+
[uz]) > 2((1 4+ 1)2 4+ 1) = 10 since U(1) > UR) = 1, |uy] = 2, and |up| > 1. Thus, only strings of length at least 10
may contain a factorizable double square. Note also, that by (c) of Lemma 6, every FS-double square is a factorizable double
square. Lemma 8 further specifies the structure of a factorizable double square, i.e. the fact that the shorter and the longer
squares must have essentially different structures.

Lemma 8. If U is a factorizable double square so that u = v1'v, for some primitive vy, some non-trivial proper prefix v, of vs,
and some integer i > 1; then U # v{v, foranyj > 1.

Proof. Clearly, U # vy/v, forj < isince |U| > |u|. Thus, consider j > i and assume by contradiction that U = v{/v,.
Then, forj = i+ 1, U = uu; ¥Y® = vyivu; ¥ = v, v, and so v,u; @ = vyv,. Denote by T, the complement of v,
in vy, i.e. v; = v, Then v,u %@ = v,7,v,, and so u; %@ = T,v,. Since Vv, is a conjugate of v; and hence primitive,
it follows that U(2) = 1 and thus u; = Tvy. Thus U = v1t vy = v, (To00) ! = vyuy ! and also U = u ¥ Puyuy, so
U ¥Dyyuq = vyuq 't contradicting Lemma 2 as |v;| < |vq] = |uq]. Forj > i+ 1, v1'v,v; must be a prefix of v/ contradicting
Lemma2. O
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Lemma 9 discusses the case when the shorter square of a factorizable double square is not primitively rooted. It shows
that the size of U is highly constrained.

Lemma 9. Let U be a factorizable double square so that u = v¥, for some primitive v and some k > 2. Then U(1) = U2) = 1
and U = v*~1v, for some non-trivial proper prefix vy of v. Moreover, u; = v*~'v; and viu, = v.

Proof. Let us assume that U(1) > 2 and derive a contradiction. Then u = u; ¥Mu, = v¥, giving |u;| < |v]. It follows that
u; ¥y, and v* have a common factor of length > |u;| 4 |v| and by Lemma 3, u; and v are conjugates, and so u; = v. But
then |u] = U(1)|uq| + |uz| = k|uq|, which is impossible as 0 < |uy| < |uq|. Therefore, U(1) = 1and so U(2) = 1.

Since U is a prefix of v®, U = v'v; where k < t < 2k — 1 and v, is a proper prefix of v. Since U must be primitive by
Lemma 6, v; must be a non-trivial proper prefix. If t = 2k — 1, then we are done and the proof is complete. Let us thus
assume thatt < 2k — 1. Then 2k —t > 2 and so the suffix v**~¢ of u? starts at the same position p as the suffix v;U = viv'v;
of U?. Therefore factors v? (a subfactor of v**~!) and v, v (a subfactor of vvtv;) start at the same position p, contradicting
Lemma 2 as v is primitive.

Since U = uuy, U = v#* 1y, = vkv*¥ly; = uvk vy, andsou; = v
viup =v. O

k— k

1. Since u = ujuy, v¥ = v*¥'vju, and so

Definition 10. A factor u = x[i...j] of x can be cyclically shifted right by 1 position if x[i] = x[j + 1]. The factor u can be
cyclically shifted right by k positions if u can be cyclically shifted right by 1 position and the factor x[i + 1...j + 1] can be
cyclically shifted right by k — 1 positions. Similarly for left cyclic shifts. By a trivial cyclic shift we mean a shift by 0 positions.

Note that if v is a right cyclic shift of u, then u and v are conjugates. Similarly for left cyclic shift.

Let x contain a factorizable double square U and let x = y;U?y,. To cyclically shift U to the right means that both u? and
U? must be cyclically shifted to the right. The maximal right cyclic shift of u? is determined by Icp(u4, 11), while the maximal
right cyclic shift of U? is determined by the Icp(U?, y,), where Icp(x, y) is the length of the largest common prefix of x and
y. Similarly, to cyclically shift U to the left means that both u? and U? must be cyclically shifted to the left. The maximal
left cyclic shift of u? is determined by Ics(us, U;), while the maximal left cyclic shift of U? is determined by the Ics(U?, y1),
where Ics(x, y) is the length of the largest common suffix of x and y. Thus, lcs(uq, T;) represents the maximal potential left
cyclic shift of u?, while lcp(us, U;) represents the maximal potential right cyclic shift of u?.

Lemma 11. For any factorizable double square U, Icp(uy, 1) + les(uq, Up) < |uq| — 2.

Proof. If Icp(uq, U7) + les(uq, 1) > |uq|, then u; = U; contradicting the primitiveness of u;. So lep(uq, U7) + les(uy, 1) <

|uq]. Assume then that Icp(uy, U7) + les(uq, U7) = |ui| — 1. Leti = Icp(uq, U;p) and let a be the symbol at position i of
uq, ie.uqg[il = a.Then uy[1...i — 1] = Wy[1...i — 1]as|{1,...i — 1} = lep(uy,uy), and ug[i + 1...juy| — 1] =
Wi+ 1...Ju;) —1as|{i+1,...,|us| — 1}] = Ies(uyq, Uq). Thus, u; and U; coincide in all positions except possibly i.
Therefore uq[1...i — 1][i+1...|uq| — 1Jand u4[1...i — 1][i + 1...|u;| — 1] must have the same number of a’s. Since

uq and U; are conjugates, they both have to have the same number of a’s. Therefore U;[i] = a yielding u; = 1;, and thus
contradicting the primitiveness of u;. O

2.3. Inversion factors

A key combinatorial property of factorizable double squares is the highly constrained occurrences of so-called inversion
factors. The notion of inversion factor is motivated by the two occurrences of the factor u,u,u;u, in a double square U.
Even though for the purpose of this paper it would be sufficient to define inversion factor as any cyclic shift of u,u,u,;
which would greatly simplify the proof of the correspondingly simplified Lemma 13, we decided to include a more general
definition of inversion factor and thus a more general version of Lemma 13.

Definition 12. Given a factorizable double square U, a factor of U? of length 2|u;| starting at position i is called inversion
factor if

Ui+ j1 = UP[i+j + lw] + [uz]]  for0 <j < [i,], and
UP[i +j] = UP[i +j + |ual] for || <j < |uz| + [U].

Note that an inversion factor of U has a form v,v,v,v, where |v,| = |uy| and |v,| = [uz].
In a factorizable double square U, inversion factors u,u,u;,u, occur at positions Ny(U) and N,(U) where

Ni(W) = e P ) + 1= (U) = Dlug| + [uz] + 1
No(U) = e(ur " Pupuy "D O ) 41 = QU + UR) — Dlug| + 2Jup| + 1.

Such inversion factors are referred to as natural.
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Ly L,
[ 10 ) ( ] )
aaabaaaaabaaaaabaaaaab aaabaaab ~aaabaaaaabaaaaabaaaaabaaaaab  aaabaaab ~aaabaa

aaabaaaaabaaaaabaaaaaba - aabaaaba“'-aabaaaaabaaaaabaaaaabaaaaaba_ aabaaaba: - aabaa

aaabaaaaabaaaaabaaaaabaa ' abaaabaa - abaaaaabaaaaabaaaaabaaaaabaa ' 'abaaabaa - abaa
aaabaaaaabaaaaabaaaaabaaa -baaabaaa -baaaaabaaaaabaaaaabaaaaabaaa:-baaabaaa  baa
Ry R,

Fig. 1. Cyclic shifts of the inversion factor and its environment.

Cyclic shifts of the inversion factor U,u,u-l, are governed by the values of Icp(us, ;) and Ics(us, U4). A cyclic shift of
an inversion factor is again an inversion factor. Thus, at every position of the union of the intervals [L{(U), R;(U)] and
[Ly(U), Ry (U)] there is an inversion factor of U starting there, where

Li(U) = max{ 1, N;(U) — lcs(uq, q)}

Ri(U) = Ny(W) + lep(uy, 10y)

Ly(U) = No(U) — les(uy, 1y)

Ro(U) = min{ e(U?) — 2[us| + 1, No(U) + lep(us, W)}

If it is clear from the context, we omit the U designation from N1(U), No(U), L1(U), R1(U), L,(U), and R, (U). Note that
L, —L; =R, —R; = |U] and, by Lemma 11,R; — Ly = R, — L, < |uy| — 2. Inaddition, L1 < Ry < e(up)) < s(up)) < e(U?)
and e(upy) < s(up)) < Ly < Ry < e(U?) —2|u;| < e(U?). Akey fact is that besides the intervals [Ly, Ry] and L, R; ], there
are no further occurrences of an inversion factor in a factorizable double square U. In other words, all inversion factors are
cyclic shifts of the natural ones.

See Fig. 1 for an illustration where u, = aaab, u; = aa, U(1) = 4, and U(2) = 2. Consequently, u; = aaabaa and
U; = aaaaab, and so Icp(uq, U;) = 3 and Ics(uq, U7) = 0. Thus, the inversion factor Uyu,u,l; = aaaaabaaabaa has three
non-trivial right cyclic shifts and no non-trivial left cyclic shift. Note that there are no other inversion factors besides those
highlighted. The configuration of brackets [ ][ 1] indicates the shorter square while the configuration [) () indicates
the longer square. Also note that the environments of the inversion factors are shifted along: the inversion factor v,v,v,v;
is always preceded by v, (solid underline) alternating with v, (dotted underline). The leftmost piece of the environment,
i.e. starting at the beginning of the string, might just be a suffix of v, or v,. Similarly, the inversion factor v, v,v,v, is always
followed by v, alternating with v,. The rightmost piece of the environment, ending at the end of the string U2, might just
be a prefix of v, or v,.

Lemma 13 (Inversion Factor Lemma). An inversion factor of a factorizable double square U within the string U? starts at a
position i if and only if i € [Ly(U), R1(W) ] U [L2(W), Re(W)]-

The rather technical proof of Lemma 13 is given in Section 5.1.

3. Inversion factors and the problem of distinct squares

When computing the number of distinct squares, one must consider just one representative occurrence from all
occurrences of each square. Fraenkel and Simpson [4] consider only the last, i.e., the rightmost occurrence. We consider
the same context and thus will be investigating FS-double squares. Let us recall that FS-double squares are factorizable
which follows from Lemma 6(c). Fraenkel and Simpson’s theorem states that at most two rightmost occurring squares can
start at the same position using Lemma 14:

Lemma 14 (Crochemore and Rytter [1], Fraenkel and Simpson [4]). Let u?, v, and w? be squares in a string x starting at the
same position such that |u| < |v| < |w| and with u primitive, then |w| > |u| + |v|.

Though one could prove Lemma 14 using the inversion factor Lemma 13, we follow Ilie [6] and prove Theorem 15 directly.

Theorem 15 (Fraenkel and Simpson [4], Ilie [6]). At most two rightmost squares can start at the same position.

Proof. Let us assume by contradiction that three rightmost squares start at the same position: u?, U2, and v? such that
lu] < |U| < |v]. By item (c) of Lemma 6, u? and U? form a factorizable double square U and so u = u;¥Pu, and U =
u; ¥Wyyu, %@ Since vyyy contains an inversion factor, vj;; must also contain an inversion factor. If the inversion factor in
vpz; were from [L, R;], then |v| = |U|, a contradiction. Hence vjz; must not contain an inversion factor from [L,, R;] and so
uy YWy, YOFUG =1y, must be a prefix of v. Therefore vy contains another copy of uy *“Muyu; ¥*Wu, = u?, contradicting
the assumption that u? is a rightmost square. O

We often need to investigate the mutual configuration of the shorter squares of two factorizable double squares.
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Definition 16. For two substrings u and v of a string x such that s(u) < s(v), the gap G(u, v) is defined as s(v) — s(u) and
the tail T (u, v) is defined as e(v) — e(u). For two factorizable double squares U and V such that s(U) < s(V), the gap
G(U, V) = G(u, v) and the tail T(U, V) = T (u, v).

Note that T (u, v) could be negative when e(v) < e(u).If T(u, v) > 0, then G(u, v)v = uT (u, v). If it is clear from the
context, we will drop the reference to u and v or U and V and use just G and T. Lemma 17 investigates configurations
consisting of an FS-double square and a single rightmost square. In essence it says that if we have an FS-double square then
the types and starting positions for a possible rightmost square v? are highly constraint. Lemma 17 is needed for Lemma 19
discussing configurations of two FS-double squares.

Lemma 17. Let x be a string starting with an FS-double square U. Let v? be a rightmost occurrence in x. Then

(a) If s(vp11) < R1(W), then there are the following possibilities for v
(@1) |v| < |ul: in which case v = WU, for some 1 < j < U(1) where U is a non-trivial proper prefix of U; and U,
respectively U, is a cyclic shift of u; respectively u, by the same number of positions in the same direction;
(a2) |v| = |u|: in which case v = Tflumﬁz where U, is a non-trivial proper prefix of U; and U; respectively U, is a cyclic shift
of uy respectively u, by the same number of positions in the same direction;
(a3) |u| < |v| < |U|: is impossible;
(ag) |v| = |U]: in which case T (u, v) > 0;
(as) |v| > |U|: in which case T(u, v) > 0 and either s;tyuyu; UMW+TU@=Dy, is q prefix of v for some suffix s; of us, or
S1Uy Uy u UDTUD=Dy, is g prefix of v for some suffix s, of u; and somei > 1.
(b) If e(vp1y) < e(upy), then s(vpy) < R1(U) and either (a1) or (ay) holds.

Definition 18 formalizes the types of relationship implied by Lemma 17.

Definition 18. We say that an FS-double square V is a mate of an FS-double square U in a string x, if s(U) < s(V).

1. Vis an a-mate of U if s(V) < s(U) + Icp(uy, Uq) and 'V is a right cyclic shift of U.

2. Visa B-mateof U if s(V) < e(vy;) < e(upy) and v = Ul forsome 1 < i < U(1) where U is a non-trivial prefix of 7
and where U; respectively 15 is a cyclic shift of u; respectively u, in the same direction by the same number of positions,
and V2 is a right cyclic shift of U? by s(V) — s(U) positions.

3. Visay-mate of Uifs(V) < s(U) + U(1)|uq| and |v] = |U|.

4. Vis a §-mate of U if s(V) < Ry(W) and |v| > |U| and either s;uyupu; UD+U =Dy, is a non-trivial prefix of v for some
suffix s; of Uy, or squq uyu; UM+HU@ =Dy, is 3 non-trivial prefix of v for some s; suffix of u; and some i > 1.

5. Vis an e-mate of U if R1(U) < s('V).If, in addition, e(upq;) < s(V), we will call V a super-g-mate.

Note that Definition 18 implies that an a-mate of an a-mate of U is an a-mate of U; an a-mate of a B-mate of U is B-
mate of U; a B-mate of a B-mate of U is a B-mate of U; if V is B-mate of U, then |U| = |V|,V = 'LT{ azag‘““”“@"), and
U(1) — UR) > 2sincei > U1) + UQ) —i. If V is a y-mate of U, then v? is right cyclic shift of U2.

Lemma 19. Let x be a string starting with an FS-double square U. Let 'V be an FS-double square with s(U) < s('V), then either

(a) s(V) < Ry(U), in which case either
(a;) Visana-mate of U, or
(az) Visa B-mateof Uand U(1) > UR) + 1, 0r
(a3) Visay-mateof U, or
(ag) Visad-mate of U,
or
(b) Ry(U) < s(V), then
(b1) Visane-mate of U and e(vpyy) > e(u).

The rather technical proofs of Lemmas 17 and 19 are given, respectively, in Sections 5.2 and 5.3.

3.1. Some properties of y-mates

U()—t—1 UR)+t U1)—t

Let an FS-double square 'V be a y-mate of an FS-double square U. Then v = syu;
Uouq Y@+ for some U(1) — t > 1and some sy, S, So that s;5; = u;. Let us define a type of V:

(U) — £, UR) + 1) if v = uy YDy, YO+

(U — £, UQR) + 1) if spuq YO~y 0, Y@+ and
[s1] < |ug| — les(uq, uq)

UT)—t—1,UR)+t+ 1) otherwise.

Usuq S10rv = Uy

type(V) =

Though we do not know exactly what V? is like, we can still determine some of its properties.
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Lemma 20. Let an FS-double square 'V be a y-mate of an FS-double square U of type (p, q) wherep,q > 2andp + q > 4.
Then V(1) = V(2) and |v,| < min(p, q)|u;|. Moreover, either |v,| < |u;| or there is a factor (u;%uy)(u;%u,) in V2.

Proof. Let us first assume that v? = [u;Puyuq9][u1Puzuq9].

(a) Letp > q.
By Lemma 2, the leftmost possible beginning of V|3 can be at |u1Pu,u1P™9u,| 4 1 and so u;Pu; is a prefix of v1¥@ and
vy is a factor of uq9. First we prove that |v¢| > (p — 1)|uq]:
Assume that |v{| < (p — 1)|uq|. Then u;? contains a factor of size |v{| + |u1| and the same factor is also contained in
v1Y® as uyPu, is a prefix of v;V@. If V(2) > 2, then by Lemma 3, u; = v; and so u;”u; is a prefix of u;¥® and thus
uyPuyuy is a prefix of uy Y@+, which contradicts Lemma 2. Therefore V(2) = 1and so |v{| > plu|+|uz] > (p—1)|uq],
a contradiction with the assumption.
Hence |vq| > (p — 1)|uq| > qluq| and since v, is a factor in u1%, V(1) = V(2).
If Vj5; begins even more to the right, this makes v, smaller and v;¥® bigger, thus the same argument can be applied.
(b) Letp < q
By Lemma 2 the leftmost possible beginning of V|, can be at |u;Puyu?uu97P| + 1 and so usPuuq 97 is a prefix of
v1Y® and v, is a factor of u;?. Let r = max(p, q — p). First we prove that |v;| > (r — 1)|uy]:
Assume that |vq| < (r — 1)|uy]. Then either u{? or u;97P contains a factor of size |v{| + |u;| and the same factor is
also contained in v;Y® as u;Pu,u;97? is a prefix of v;V@. If V(2) > 2, then by Lemma 3, u; = v; and so u;Puyu;97P
is a prefix of u;¥®, which contradicts Lemma 2. Therefore V(2) = 1and so |v1| > qluq| + |uz] > ¢ — Dlus], a
contradiction with the assumption.
Hence |vq| > (r — 1)|uq| > p|uy| and since v, is a factor in u;?, V(1) = V(2).
If V[3) begins even more to the right, this makes v, smaller and v1” @ bigger, thus the same argument can be applied.

Let us thus assume that v? = [s3u1” 'uyu19s1][s2u1P " 'upur%s;] and |sq| < |uq| — les(uq, ;). Then |sy| > les(uq, Uq).

(a) Letp > q.

By Lemma 2, the leftmost possible beginning of V[; can be at |SourP~Tuou PHu,s,| + 1. If it started to the left of this
point, by Lemma 2, s, would have to be a suffix of u;u, and so s, would be a common suffix of u; and Uy, and so |s,| <
Ics(uq, U7), a contradiction. Therefore the same arguments as in the case v> = [u;Pu,u;9][u;Pu,u19] can be applied.

(b) Letp < q

By Lemma 2 and by |s,| > lcs(uq, Uy), the leftmost possible beginning of V|| can be at |syusPuyu P upuqPsy| + 1.
Again, if it started to the left of this point, by Lemma 2, s would have to be a suffix of u;u, and so s, would be a
common suffix of u; and Uy, and so |s;| < Ics(uq, U7), a contradiction. Therefore, the same arguments as in the case
v? = [urPuyuq9][usPusu419] can be applied.

If |vo| > |uy|, then a prefix of Vj; must align with the last u; of u1Pu,u19Pu,yu49 and so uPuyu; 7 Puyu;? is extended for sure
[2]
by another us, i.e. V2 contains a factor u;%u,u;9u,. O

3.2. Some properties of e-mates of U

Lemma 21. Let U, V, W be FS-double squares so that s(U) < s(V) < s(W). Let 'V be a y-mate of U of type (U(1) —
t,UQR) +t),2 < p—tand2 < q+t, and let W be an e-mate but not a super-e-mate of V. Then G(U, W) > t|uq| and
T(U, W) = (U1) + WD)l

Proof. The position of v? is:
151 s MO~ gy, MO, s WD Ty, YO

Since 'V is a y-mate of U, by Lemma 20 V(1) = V(2) and so 'V cannot have a §-mate, see Lemma 19. Thus wp;; must end
past the end of v}y and thus by Lemma 2, [w| > |v|. Therefore, G > t|u;|and T > (U(1) + UR))|uq]. O

Lemma 22. Let 'V be a super-e-mate of U. Then either

(@) G(U, V) = QU(1) + UR) — 3)|ug| + 2|uz| and T(U, V) > (U(T) + UR) — 2)|u1] + |uz], or
(b) G(U, V) = UMD)|u| + [uzl and T(U, V) = (U(1) + UR) — Duy| + [uz].

U(D+UR)—1 2

Proof. If v> were a factor of u; U5, then there would be a farther copy of v? in uy ¥(MW+U@y,_just starting
|u;] positions to the right, which is a contradiction as v?> must be a rightmost occurrence. Hence e(v?) > |u;¥Mu,
uy UDHUR =Ty |

Let us assume that vyy; is a factor in uq WD uyu, UOFUD =Dy,

Then u; UMW+U@)y, and v? both contain a common factor of size |v| + |u;], and thus by Lemma 3, v = v;* for some con-
jugate vy of u; and some k > 1.1f k = 1, then s(vpy) > |ug ¥V upu D+HUD =3y, | and s0 G > [ug YD uyu, UWDHU@ =3y, |,
Moreover s(v)) = s(vp1y) + |uy| and so T > Ju; $D+HUD =Dy, e (a) holds.
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Let us assume that k > 2. We will discuss two cases:

(i) vpyp starts in U, and ends in U, Then there are s;5, = U so thatv = (sau251)% and so that v2s, is a suffix of u; YW
U1ty UDFUR),
(i) Let|sy| < lcs(uy, Uy).

Then we can assume without loss of generality that v = u;* as otherwise we can cyclically shift the whole struc-
ture |s,| positions to the left. By Lemma 9, V = u;%*~'t; for some non-trivial proper prefix t; of u;. Let t;t; = u;.
Then the prefix u;3 of V[2; must align by Lemma 2 with t,u;u; and hence t,u, = uy. Therefore |t,| = || and since
t, is a suffix of u; = u,,, in fact t, = u,, Hence u; = u,u,, a contradiction.

(i) Let|sy| > lcs(uq, Uy).

Then by Lemma 9, V = (syus1)%~'t; where t, is a non-trivial proper prefix of s, ;5. Let t;t;, = s,u,s;. Then the
prefix (s,u551)3 of V[2) must align by Lemma 2 with tyu,u,515,u25152u, and so either tu, = s, Or Uy = SU3515;.In
either case, s, is a suffix of t,u, and since s, is a suffix if Uy, s, is both a suffix of u; and of 71;. Hence |s,| < Ics(uq, U7),
a contradiction.

(ii) vpq) starts in uy and ends in u;.
Then there are 515, = u; so that v = (5,1,51)* and so that v2s, is a suffix of u; YDy, u; UOTU@)Y,
(iiy) Let |sy| < Ics(uq, Uy).

Then without loss of generality we can assume v = (#,u,)* and v? is a suffix of u; ¥ u,u; UM+UR)y, a5 other-
wise we could cyclically shift the whole structure |s;| positions to the left. Then a suffix (tyu;) (Uaus) (U uz) (Uaus)
of v2 must align with (Uyus) (T2u2) (Uats) (U2 112) (U1l,) giving U, U, = Uy, a contradiction.

(iiy) Let |sy| > lcs(uq, U7).

Then v = (s;1,51)* and by Lemma 9, V = (sp151)% 'ty and t;t, = s,1,5;. Then a prefix (s,Uzs1)* of Vjz) must
align by Lemma 2 with t,515,U,51S21U; and so t; = SpUp. Since tity = SyU»Sq, then t1tySy = SHUS1Sy; = Sylloly,
i.e. tit,5, = s,U; and so s, is both a suffix of 71; and a suffix of u, and hence of us, and so |sy| < lcs(uy, U7), a
contradiction.

Considering the end of v? in the next u, will yield a contradiction using the same argumentation as for (i), and considering
the end of v? in the next u, will yield a contradiction using the same argumentation as for (ii).

Thus, the only remaining case is when vy; is not a factor in u; *Muyu; W+HU@=Dy, je e(vyy) > uy YD uyu, WOFUD-D
Uy and so0 G > |u; YDy, and T > |uy UDHUR=Dy, | je. case (b) holds. O

4. An upper bound for the number of FS-double squares

In this section, we only consider strings containing at least one FS-double square. Let §(x) denote the number of FS-
double squares in x. We prove by induction that § (x) < %|x| — % |u| where u is the generator of the shorter square of the first
FS-double square in x. We first need to investigate the relationship between two FS-double squares of x as the induction
hypothesis is applied to the substring starting at some FS-double square and extended to the string starting with the first
FS-double square.

Lemma 23. Let x be a string starting with an FS-double square U and let 'V be another FS-double square of x with e(u;;) <
e(vp1y). Let X’ be the suffix of x starting at the same position as V. Let d be the number of FS-double squares between U and 'V
including U but not including V. Then, §(x') < 2|x'| — 3|v| implies §(x) < 2|x| — 3|u| +d — 3|G(U, V)| — 3|T(U, V)|.

Proof. As |G| + |v| = |u| + |T|, we have —3|v| = —3{u| — 3IT| + 1[G|. Thus, §(x) < d +8(X) < d + 2|x| — 3|v| =
d+ 2|X'| — |ul — 3IT| + 3IG|. Thus, 8(x) < 2(IX'| +|G]) — 3|ul +d — 2|G| + 3IG| — 3IT| = 2|x| — 3lu| +d — 3|G| — 3IT|
since |x| = |X'| +|G|. O

Lemma 23 yields a straightforward induction step whenever %|G| + %|T| > d. By Lemma 19, this condition always
holds except for the two cases: either V is a right cyclic shift of U by 1 position and hence an a-mate of U, since then
2IGI + 31T = 5 + 5 = 2 # 1,0r Vis a f-mate of U and such that e(vp;;) < e(uy))—hence Lemma 23 is not applicable.
Therefore the whole group of @-mates and S-mates of U must be dealt together in the induction rather than carrying it from
one FS-double square to another. Since a y-mate of U does not provide a sufficiently large tail to offset all of the «-mates
and B-mates of U preceding it, we have to include them in the special treatment as well—this is all precisely defined and
explained in Section 4.1. First we need to strengthens the bound on the length of the maximal right cyclic shift of U when
U1) = UQ2).

Lemma 24. Let x be a string starting with an FS-double square U such that U(1) = U(2), ie. x = U2y for some, possibly
empty, y, then lcp(u, y) < min{[y|, [uz[}.

Proof. Lemma 24 trivially holds if |[y| < |uy|. Let us assume |y| > |up| and lcp(u,y) > |up]. Lete = U(1) = UQ).
Then x = U?u,z for some z and thus, x = u;usu;°u;°usu;%U,2, ie. there is a farther occurrence of u? (underlined), a
contradiction. O
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[ 1 ) ] )
aaabaaaaabl-aaabaaab--laaabaaaaabaaaaabl-aaabaaab--laaabaa. ..

[ Il )] )

.aabaaaaaba  -aabaaaba - aabaaaaabaaaaabal -aabaaaba -aabaaa..

[ 1 ) ] )
. .abaaaaabaa: "abaaabaa“|-abaaaaabaaaaabaa: abaaabaa“|-abaaaa.

[ I )¢ ] )

Fig. 2. Example of an o-family of U with U(1) = U(2).

aaabaaaaabaaaaabaaabaaaaabaaaaabaaaaabaaabaaaaa

[ 1l ) ( ] )
aaabaaaaab: - aaabaaab: -aaabaaaaab_. -aaabaaab

[ I ) ( ] )
.aabaaaaaba: - aabaaaba“-aabaaaaabal -aabaaaba

[ 10 ) ( ] )
. .abaaaaabaal-abaaabaa:-abaaaaabaa- -abaaabaa

[ 1l ) ( ] )
. ..baaaaabaaa: -baaabaaa -baaaaabaaal -baaabaaa

Fig. 3. Example of an a-family of U with U(1) > U(2).
4.1. Handling «, B, and y mates
The basic unit for our induction is what we call U family, or equivalently family of U, which is presented in Definition 25.

Definition 25. Let x be a string starting with an FS-double square U. If all FS-double squares in x are a-mates of U, then
U family consists of U and all its «-mates. Otherwise, let 'V be the rightmost FS-double square that is not an «-mate of U.
If V is not a f-mate of U, then U family consists of U and its a-mates. In all other cases U family consists of U and all its
a-mates, B-mates, and y -mates.

In the following sections we discuss the possible formats and sizes of U family.

4.1.1. The case U family consists only of «-mates

We call such a family an «-family. The family is either followed by no other FS-double square, or it is followed by a y -
mate, a §-mate, or an e-mate. If it were followed by a S-mate, it would be an (« + 8)-family or an (o + 8+ y)-family discussed
in the following sections.

If U(1) = U(2), then u? can be non-trivially cyclically shifted to the right at most |u,| — 1 times by Lemma 24, and so the
size of the U family is at most |us|. Since U? must be non-trivially cyclically shifted as well, U? must be followed by a prefix of
u, of the same size. See Fig. 2 for an illustration of an a-family where u; = aaabaa, u, = aaab, u, = aa, U(1) = U2) = 2.
The solid underline indicates u,, and the dotted underline indicates ui,. The extension of U? is the final suffix not in
bold. The FS-double square U can be non-trivially cyclically shifted to the right by Ilep(uy, Up) = Iep(uplly, Uply) =
Icp(aaabaa, aaaaab) = 3 as the extension of U? is aaa which is a prefix of u, of size 3. Thus, the family has a size of 4 which
equals |u;|. Note that if the string were extended by the next symbol of u, which is b, U would cease to be an FS-double
square as its shorter square would have a farther occurrence.

If U(1) > U(2), then by Lemma 11, u? can be non-trivially cyclically shifted at most |u;| — 2 times, therefore, the size
of the U family is at most |u;| — 1. Since U2 must be non-trivially cyclically shifted as well, U? must be followed by a prefix
of u; of the same size. See Fig. 3 for an illustration where u, = aaab, U, = aa, U(1) = 2, and U(2) = 1. The extension of
U? is the final suffix not in bold. Therefore u; = aaabaa, Uy = aaaaab, Icp(uq, U;) = 3, and lcs(uy, U;) = 0. Thus, U can be
non-trivially cyclically shifted 3 times to the right as the extension of U? is aaa which is a prefix of u; of size 3, and not at all
to the left. The size of the family is 4 and equals |u;| — 2. Note that if we extend the string by the next symbol of u;, which is
b, we do not gain yet another FS-double square since the maximal shift of u? to the right is exhausted and so only U? would
be cyclically shifted.
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Claim 26. Let x be a string starting with an a-family of an FS-double square U with no additional FS-double squares in x, then
8(0) < Z|x| — 3lul.

Proof. Let f be the size of the U-family. It follows that f < |u;|. Note that |u] = U(1)|uq| + |uy]. Since |x| > |U?| +f =
2U) + UQ)) [ug| +2[up| +f, we get 2 [x| — 2 [ul = 2QUM) + UQR))|us| + 22]uz| — Zpluy| — §|up| = FEUR |
§luy| > Djuy| > f =8(x). O

Claim 27. Let x be a string starting with an a-family of an FS-double square U. Let 'V be the first FS-double square that is not a
member of the U family. If §(x') < 2|x'| — §|v| where X' is a suffix of x starting at the same position as 'V, then §(x) < 2|x|— 3 |ul.

Proof. Let f be the size of the U family, then f < |uy]|. Let W be the last member of the o-family of U. Note that W = U
when the U family consists only of U. We apply Lemma 19 to ‘W and 'V: since 'V is neither an «-mate nor a 8-mate of ‘W,
then either it is a y-mate or a §-mate, or an e-mate of ‘W. If it is a y-mate or a §-mate, then [v| > |W| and so the size of
the tail between ‘W and V is at least W(2)|u;]|. Since W(2) = U(2) > 1, the size of the tail is at least |u|. Therefore, the
size of the gap G between U and V is at least f, the size of the tail T between U and V is at least f + |u;| > 2f. Therefore,
|Gl 4+ 3IT| > 3f + 32f = f > f.1f V is an e-mate of W, then the gap between ‘W and 'V is at least u; and the tail exists.

Hence, the gap between U and 'V is at least f +|u;| > 2f and the tail exists. Therefore, |G|+ 3|T| > 32f = f.By Lemma 23,
8(x) < 20x| — 3lul. O

4.1.2. The case U family consists of both «-mates and -mates with no y-mates
A U family consisting entirely of o-mates and S-mates of U is called an (« + B)-family and has the following structure:

- The first so-called «-segment consists of U and possibly its right cyclic shifts, i.e. its «-mates. The size of the segment is
< Iep(uq, U7) < |uz| —2, see Lemma 11. All the FS-double squares in this segments have the first exponent equal to U(1)
and the second exponent equal to U(2), thus we say that the type of the segment is (U (1), U(2)).

- Then there must be a B-mate of U and possibly its right cyclic shifts. All the FS-double squares in the segment have the
first exponent equal to U (1) — i; and the second exponent equal to U (2) + i; for some 1 < iy < (U(1) — U(2))/2, thus
we say that the type of the segment is (U (1) — i;, U(2) + i7). This so-called B-segment has size < Icp(uy, U7) < |uq| —2
if U(1) —i; > U(2) +iq,see Lemma 11, 0r < |up| — 1 < |uq| = 2if U1) — i1 = UR) + .

- Then there may be another 8-segment of type (U (1) — i, U(2) + ip) for some 1 < iy < iy < (U(1) — U(2))/2, etc.

- Either there is no other FS-double square in x, or the first FS-double square after the last member of the last 8-
segment must be either a §-mate or an e-mate of U, since if it were a y -mate, then the U family would be an (¢ 4+ 8+ y)-
family discussed in the following section.

There may be t such 8-segments where 2t < U(1) — U(2). Let the last S-segment be of type (U(1) — t, U(2) + t). If
U(1) — t = U2) + t (which implies that U(1) is odd and U(1) — U(2) is even), then 2t = U(1) — U(2) and there are
< (U(1)—U(2))/2 segments of size < |uq| and 1 segment of size < |u,| and so the size of the family f < w |uq|+uy|.
If U(1) — t > U(2) + t, there are two cases, either U(2) = 1and then f < [Ty | or U(2) > 1 and
f < MOy, ,

See Fig. 4 for an illustration of an (« + 8)-family where u; = aaab, u; = aa, U(1) = 5,and U(2) = 1. The configuration
of square brackets [ ][ 1] indicates the shorter square while the configuration [) () indicates the longer square. The
solid underline indicates u, while the dotted underline indicates ii,. The extension of U? is the final suffix not in bold.
The FS-double square U can be non-trivially cyclically shifted to the right by at most Icp(us, 1) = lep(uzlly, Uplly) =
Icp(aaabaa, aaaaab) = 3 positions, thus every subfamily has at most 4 FS-double squares. Note, however, that the inversion
factor aaaaabaaabaa - highlighted in Fig. 4 - cyclically shifts within a subfamily and then returns to the original position for
the first FS-double square of each segment. There is 1 ¢-segment and 2 8-segments since (U(1) — U(2))/2 = 2, t can take
the 3 values 0, 1, or 2. For each new segment, the size of the shorter square decreases by a multiple of |u;| while the size of
the longer square remains constant.

Claim 28. Let x be a string starting with an (« + B)-family of an FS-double square U and let 'V be the last member of the U
family. Let every FS-double square ‘W after 'V be so that R;(U) < s(W) < e(up}). Then §(x) < %|x| - %|u|.

Proof. Let the type of V be (U(1)—t, U(2)+t).Then2t < U(1) —U(2).Since every FS-double square ‘W after V starts after
R; but ends before e(ujq}), the total number of FS-double squares in x is the number of FS-double squares in the U family plus
possibly < |u;| additional FS-double squares, i.e.f < (t+2)|uq].Since |x| > |U%|4+f = 2(U(1)+UR))|u1|+2|uz|+f, we get
20xl = 3lul = 220U+ U 1|+ 22lua] = UM s | — §up| = TR Juy| 4 §juy| > TR |y, | 4 D fuy | >
Llug| 4 2Mug| > tlug| +2Jwq] > f =8(x). O

Claim 29. Let x be a string starting with an (« + B)-family of an FS-double square U and let there be some FS-double squares
in x that are not members of the U family. Let for any 'V that is not a member of the U family, §(x') < 2|x'| — %|v| where X' is a

suffix of x starting at the same position as V. Then §(x) < %|x| — %|u|.
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aaabaaaaabaaaaabaaaaabaaaaab. aaabaaab ' 'aaabaaaaabaaaaabaaaaabaaaaab | aaabaaab | aaabaaaaabaaaaa

[ 10 ) ( ] )
aaabaaaaabaaaaabaaaaabaaaaab- -aaabaaab ' aaabaaaaabaaaaabaaaaabaaaaab -aaabaaab |............... a-segment starts

[ I ) ( ] )
.aabaaaaabaaaaabaaaaabaaaaaba - aabaaaba laabaaaaabaaaaabaaaaabaaaaabalaabaaaba |..............

[ I ) ( ] )
.abaaaaabaaaaabaaaaabaaaaabaa | 'abaaabaa’ ' labaaaaabaaaaabaaaaabaaaaabaa  abaaabaa ' |.............

[ 10 ) ( ] )

.baaaaabaaaaabaaaaabaaaaabaaa -baaabaaa  baaaaabaaaaabaaaaabaaaaabaaa‘-baaabaaa |............

...... aaabaaaaabaaaaabaaaaab - aaabaaab 'aaabaaaaabaaaaabaaaaabaaaaab - aaabaaab ' aaabaa.........B-segment starts

............ aaabaaaaabaaaaab_ | 'aaabaaab ' aaabaaaaabaaaaabaaaaabaaaaab ' aaabaaab ' aaabaaaaabaa...@-segment starts

Fig. 4. Example of an (@ + B)-family of U.

Proof. Let the last 8-segment be of type (U(1) — t, U(2) 4 t). Then U(1) —t > U(2) + t and so 2t < U(1) — U(2) and
the size of the U family is < (t + 1)|uq|. By Lemma 19, 'V is either a §-mate, or a y-mate, or an e-mate of U. Since U family
isan (o + B)-family, V cannot be y-mate of U. The size of the U family is f < (t 4+ 1)|uq|.

Let us first discuss the case when V is a §-mate of U. Then T(U, V) > f, T(U, V) > (U(1) + UR2) — 1)|uq| + |uz| and
50 3IG + §IT| > 3f + YOOy | > of 4 BOUB )y, | 4 ZUBN | > 2f 4+ L] + Jug| > 3 + 2w >
of + Syl = 3f + 3f = f. Thus, by Lemma 23, §(x) < (x| — 3|ul.

Let us assume that V is an e-mate of U.

If there were no super-e-mate of U, then by Claim 28, §(x) < %|x| — %|u|. So let us assume that there is a super-
e-mate, and let 'V be the first super-e-mate of U. Between the first e-mate of U and V there are at most |u;| FS-double
squares, §(x) < 8(x') + (t 4+ 2)|uq]. By the assumption of this lemma, §(x') < %|x’| — %|v|. By Lemma 22, there are two
cases:

(@) G(U, V) = QUM) + UR) = Iw] +2Juz| and T(U, V) > (U(1) + U2) — 3)|ui] + [ua].
Since U(2) > landt > 2, then 1|G| + 1|T| > 2‘“<”+‘“<2>*3|u | 4 YOAU@=2 )y, | = SUDIBURZB |

SUIZBUL) |y, | 4 BUCIB |y | > 8 juy| = fuy| + S| = tun| + Dfan| = tlun| + 2 ast = 2
(b) GU,) > UMDus| F luof and T(L, ¥) > UM +UE) ~ D] + .

1 1 U@ UMDH+UR)-1 S5UM+2UR)—2 S5UM)-=5U2 7U2)-2 10
Then 3|G| + §|T| > UL || + YOy, | = SUDRUD2 )y | SUDSUR) |y | TUD2 )y | > 100, 4

4 1
2| = tlug| + Flur| 4 2] = tlug] + Slug| + Zua] = thg| + 2] > tlug| + 2wyl ast > 2. O

4.1.3. The case U-family consists of all three «-mates, B-mates, and y -mates

We must first estimate the size of the family. We proceed by investigating its structure. Since there must be some S-mates
of U, U(1) > U(2) + 2. The family consists of segments.

The first segment consists of U and possibly its right cyclic shifts, i.e. its a-mates. The size of the segment is < Icp(uq, Us)
< |uy| — 2, see Lemma 11. All the FS-double squares in this segments have the first exponent equal to U (1) and the second
exponent equal to U(2), thus we say that the type of the segment is (U(1), U(2)).

Then there must be a S-mate of U and possibly its right cyclic shifts. All the FS-double squares in the segment have the
first exponent equal to U (1) — iy and the second exponent equal to U (2) + iy for some 1 < i; < (U(1) — U(2))/2, thus
we say that the type of the segment is (U(1) — iy, U(2) + i1). This so-called B-segment has size < Isp(uq, U1) < |uy| — 2 if
U(1) —i; > UR) + i1, seelemma 11, 0r < |uy| — 1 < Juq| — 2 if U(1) — iy = U(2) + i;. Hence the B-segment has size
< |uq| —2.

Then there may be another 8-segment of type (U(1) — iy, U(2) + i) forsome 1 < iy < i < (U(1) — U(Q2))/2, etc.
There may be t such S-segments where 2t < U(1) — U(2). Let the last S-segment have type (p, q); thenp > q.

Then there must be §, a y -mate of U. Consider all the y-mates of U of which § is the first one. They form what we calla y -
segment. Since all the FS-double squares in the y-segment have the short square of the same length |U?| and since they have
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R,
[ 1)« 1 ) type
aabaabaabaabaabaaabaabaabaabaabaabaaab 5 1 <--- start of a-segment
[ 10)( 1 )
abaabaabaabaabaaabaabaabaabaabaabaaaba 5 1 <--- end of a-segment
[ 1L ) ( 1 )
aabaabaabaabaaabaabaabaabaabaabaaabaab 4 2 <--- start of B-segment
[ 1L ) ( 1 )
abaabaabaabaaabaabaabaabaabaabaaabaaba 4 2 <--- end of B-segment

—

10 ) ( 1 )
aabaabaabaaabaabaabaabaabaabaaabaabaabaaabaabaabaabaabaaba 3 3 <--- start of y-segment

[ 10 ) ( 1 )
abaabaabaaabaabaabaabaabaabaaabaabaabaaabaabaabaabaabaabaa 3 3

[ 10 ) ( ] )
baabaabaaabaabaabaabaabaabaaabaabaabaaabaabaabaabaabaabaaa 3 3

aabaabaaabaabaabaabaabaabaaabaabaabaaabaabaabaabaabaabaaab 2 4 not a double square

[ 10 ) ( 1 )

abaabaaabaabaabaabaabaabaaabaabaabaaabaabaabaabaabaabaaaba 2 4 not a double square
[ 10 ) ( 1 )
baabaaabaabaabaabaabaabaaabaabaabaaabaabaabaabaabaabaaabaa 2 4 not a double square
[ 10 ) ( 1 )
aabaaabaabaabaabaabaabaaabaabaabaaabaabaabaabaabaabaaabaab 2 4 not a double square
[ 10 ) ( 1 )
abagabaabaabaabaabaabagabaabaabagabaabaabaabaabaabaagabaaba 1 5 not a double square
[ 10 ) ( 1 )
baagbaabaabaabaabaabaagbaabaabaagbaabaabaabaabaabaagbaabaa 1 5 not a double square
Ry

Fig. 5. Example of a (¢ + B + y)-family of U.

equal exponents by Lemma 20, by Lemma 19 they are all a-mates of . Thus, the y-segment consists of a y-mate of U and
its right cyclic shifts. See Fig. 5. The shorter square of § has a form [s;u; uyu; MW+ U@==D g, [,y fuyuy UDFU@—I=Dg, ] for
some 1 < i < p and some s; and s, such that s,5; = u;. In order to estimate the size of the y-segment, we have to estimate
how many right cyclic shifts § can have. First we need to discuss the difference between a double square structure and an
FS-double square: it is quite possible to have a double square structure in a string that is not an FS-double square as there
is a farther occurrence of the shorter or the longer square of the double square structure. Thus, we always overestimate
the sizes of U families, as we really count the double square structures and up to |u4] cyclic shifts for each «-segment or
B-segment. We know that actually every segment can have at most Ics(uy, Uy) + lep(uq, 1) < |u;| — 2 members. So, we
can imagine every segment to have a “hole”. So if there is a farther factorizable double square that can be assigned to the
hole, we will say that it complements the segment and thus does not need to be counted as its count was already part of the
overestimation. If there is a farther factorizable double square V containing a farther copy of u;"u,u;"u, and thus implying
that though there is a structure of a double square of type (r, 1), it is not an FS-double square, we will say that 'V replaces
the double square structure of type (r, 1’).

Now back to estimating the size f of an (o« + 8 + y)-family. We shall show that f < %(‘u(l) + 1)|u4|. There are basically
two cases:

(i) g, the first member of the y-segment, is of type (U(1) — t, U(2) 4+ t) and U(1) — t > 2(U(2) + ¢).
Since U(1)—t > 2(UR)+t), 3t < U(1)—2U(2) and so 3t < U(1)—2U(2) —1and thus 6t < 2U(1) —4UR2)—2.
By Lemma 20 and Lemma 24, § has < (U(2) + t) — 1 cyclic shifts. Thus, we start with U of type (U(1), U(2)) and end
with the last member of the y-segment that is of type (U(1) —t — (UR2) +t — 1)), (UR) +t + (UR2) +t — 1)),
thus there are at most QU((2) + 2t — 1) — U(2) + 1 = U(2) + 2t members in the (¢ + B + y)-family. Then
3f = 3UQR) + 6t < 3UR) +2U) —4UER) —2 =2U) — UR) —2 <2U(1) =3 < 2UMD) +2 =2UD) + 1)
asq > 1.Thus,f < 2(U(1) + 1)]uq].
(ii) g, the first member of the y-segment, is of type (U(1) — t, U(2) + t) and U(1) — t < 2(U(2) + t).
(i) UD) -t <UR)+t
By Lemma 20, G? of § contains a further copy of u; @+ y,u; ¥@+ty, and so § either “replaces” a possible
member of the w-segment or a -segment, or it “complements” the a-segment or a S-segment. Thus, f <
FU) — U@) || < 2(UQ) + Dluyl.
(i) UM) —t > UR) +t.
Either g, of § is small, i.e. |g2| < |u;| and then § has less than |u;]| shifts,and sof < %(‘u(l) —UR))|uq|+uy] <
2(U) + Dluyl, or |ga] = [uyl.
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Thus assume that |g;| > |uq|. We can further assume by Lemma 20 that the last member of the y-segment is
of type (U(2) + t, U(1) — t), since if it were shifted any further, it would start “replacing” or “completing” the
members of the «-segment or the 8-segments, so we do not need to count them.

Since U(1) — t < 2(UR) + t), then U(1) — 2U(2) > 3t. Thus 3f = 3(U) —t — UR) — D]|uy| =
BUu) =3t =3UR) + Iuy] < BUM) —3UR) + 3+ 2UR) — UD)|ugl = QU — UR) + 3)|uq] <
QU) + 2)|ug| = 2(U(1) + 1)|uq]. Therefore, f < %(‘u(l) + Duyl.

Claim 30. Let a string x start with an (« + B + y)-family of an FS-double square U and let there be no other FS-double squares.
Then §(x) < 2|x| — 3ul.

Proof. The size of the family f < 2(U(1)+Duslandso &f < Z (U +Dlul. x| = f+|U?| = f+2(UD) 4+ UQR)) |ug |+
2|up], and so 2 |x| — 3ju| > 2f + 22(U(D) + UQ) [u1| + 22|uz| — UMD [ug| — 3 [u2| = 2f + Eplur|+ U ur | + 2 |ua| >
I+ Jplurl = 3f + Hplw| + Bplw| = 3 + F@+ Dwl = f +4f =f =8(x). O

Claim 31. Let a string x start with an (« + B + y)-family of an FS-double square U. Let 'V be the first FS-double square not in
the U family. Let X' be the suffix of x starting at the same position as V. Let §(x') < 2|xX'| — 3 |v|. Then §(x) < 2|x| — 3|ul.

Proof. 'V can be either a 6-mate or an e-mate of U. Let § be the last member of the y-segment and let its type be
(U(1) — t, U(2) + t). Then g2 has the format u; sy [spu; VD=0, ¥@ s [su @O V0, ¥ s 1 I e(vp) < eg),
then by Lemma 19 U would be a 8-mate of §, which is impossible as by Lemma 20, §(1) = $(2). Thus e(v(1;) > e(g1).
(a) Let V be a §-mate.

Then we are assured that T(U, V) > (U(1) + U(2) — 1)|u;|. But alittle bit more is true. Clearly, vy} contains an in-
version factor from [L;(U), R1(W)]. If s(vj2)) < Ry(U), then vjz; would contain an inversion factor from [L,(U), Ry (W)],
giving |v| = |w|, a contradiction. Hence s(vjz;) > Ry(U) and by Lemma 2, T(U, V) > (U(1) + UR2))|u4].

Since G(U, V) > f, we have 1|G| + 3{T| > 3f + 2(U(1) + U@ [u1| = 3f + F(UQ) + Dlug| = 3f + 3f =f as
U(2) > 1and 3f < 3(U) + Dluyl.

(b) Let 'V be an e-mate o? U, but not a super-g-mate.

So s(vp1) < e(upp) and e(vpp) > e(gpy). By Lemma 2, T(U, V) > (U(1) + U(2))|u;| and so %|G| + %|T| >

F4lum+ Dl = If+1f =
(c) Let 'V be a super-g-mate of U.

By Lemma 22, there are two possibilities:
(c1) 6= U + UR) —3)|ug|and T > (U(1) + U2) — 2)uq]

6UT)+3UR)—94+2U(1)+2U(2)—4 8U(1)_5U2)—13 4U(1)+4U(1)+5U2)—13 .
Then %|G|+%|T| > (D+3U(2) ‘g (D+2U(2) |Ll1| — (1)_5U2) |Ll1| — D+ (6)+ (2) |u1|.Smce
1 4U(1)+16+5—13 4U(1)+8 4U(1)+4
U(1) > 4and UR) > 1, 3|G| + |T| > PUDEEE=B gy | = AUDES ) o SUDEL) | =
(c2) G > UM)|uyland T > (U(1) + UQ2) — 1wy
1 1 3UMD)4H2U()+2U2)—-2 2U(D+3UD)+2U2)—-2 2U(1)+16+2-2 2U(1)+12
Gl + 37| > RDRUQEUD2) | - UDBUDEURI=2 )y > 2UDHEIZ2 )y 2UDER ), >

2UDE2 |y, | > f, since U(1) = 4and U(2) = 1. O
4.2. New upper bounds

Theorem 32. The number of FS-double squares in a string of length n is bounded by |5n/6].

Proof. We prove by induction the following, a slightly stronger, statement: §(x) < %|x| - %|u| for |x| > 10 where u is the
generator of the shorter square of the first FS-double square of x. We do not have to consider strings of length 9 or less, as
such strings do not contain FS-double squares. Since a string of length 10 contains at most one FS-double square (see the
note after Definition 7), the statement is true for strings of size 10. Assuming the statement is true for all |x| < n, we shall
prove it holds for all |x| < n + 1.

If x = x[1...n+ 1] does not start with an FS-double square, then §(x) = §(x[2...n+ 1]) < %|x[2 ..n+ 1] — %|u| <

g|x[l oon4 1] — %|u|. Thus, we can assume that x starts with an FS-double square U. If U is the only FS-double square of
x, then |x| > 2|u|, thus the statement is obviously true. Therefore, we can assume that x starts with a FS-double square U
and 8(x) > 2.

Case (a) assume that x starts with an a-family of U.

If there is no further FS-double square in x, by Claim 26, the assertion is true. Otherwise, we carry out the induction step
by Claim 27.

Case (b) assume that x starts with an (« + S)-family of U.

If there is no further FS-double square in x, by Claim 28, the assertion is true. Otherwise, we carry out the induction step
by Claim 29.

Case (c) assume that x starts with an (o 4+ 8 + y)-family of U.

If there is no further FS-double square in x, by Claim 30, the assertion is true. Otherwise, we carry out the induction step
by Claim31. O
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Corollary 33. The number of distinct squares in a string of length n is bounded by | 11n/6].

Proof. The number of distinct squares in a string is the sum of the number of FS-double squares plus the number of single
rightmost squares. Since, for a string of length n, the number of FS-double squares is bounded by |5n/6], the number of
distinct squares is bounded by [ (2 - 5/6 + 1/6)n]; thatis, by [11n/6]. O

5. Proofs
5.1. Proof of Lemma 13

Assume, in order to derive a contradiction, that an inversion factor v, v, v, v, occurs to the left of L;. Consider the inversion
factor wow,wyw-, starting at the position Li. Then w1, w, and w>, are left cyclic shifts of, respectively u1, u, and u,. Since
wyw,w,w- cannot be further cyclically shifted to the left, Ics(w, w3, wow,) = 0. Since v, v, v,V is occurring to the left of
WowyrwW,Wo, there are non-empty strings a and ¢ and a string b so that |a] > |b| and aw,wywyw, = bv,vyvv,c. We split
the argument into several cases depending on where the inversion factor v,v,v,v, ends.

1. Case when v,v,v,7; ends in the second copy of w, in the inversion factor w,w, wows:

W11

| a | Wz[# W2[1]# W2[2]# Wap |
| b | Va1 Vopi) Vap) Vo) |C|

Let sy be the overlap of w;[z; and v,1. Then s; is a non-trivial proper prefix of v, and a non-trivial proper suffix of w,. There
is a copy s, of s as a suffix of wy[q}, and it must be a prefix of v,y as |w;| = |vz|. Consequently, there is a copy s; of s, asa
prefix of vy13, and it must be a suffix of w1y as |s3]| = [s1] < (w2 and |vypy| 4+ vazy | 4+ V221 = [wapg| + lwapz | 4 [ W |-
Thus, s; is a suffix of both w, and of w5, contradicting the fact that Ics(w,w;, wow,) = 0.

2. Case when v,v,v,U, ends in the second copy of w; of wow,wows:

€ Wiy >

W1 [ZJ ;

N

a W) | Wapg) | W) Wars) | Waig) |

b| Vay | vy | v Vo | c |

Let s; be the overlap of wy[y) and vy2). Then sy is suffix of w, and a prefix of v,. There is a copy s; of s; as a prefix of vy(1;.
Consequently, s, must be a suffix of w1y since [vy[1y] + |vopiy] + [vapg|l = lwapg| + (W2 + lwap|. Thus, sq is a suffix
of both w, and w», contradicting the fact that Ics(w,o w5, wow,) = 0.
Note that the whole of w1 might not be a part of the string (and that is why in the diagram it is depicted in gray), in
which case a is a non-trivial proper suffix of w1}, and the argument holds.
3. Case when v,v,v,V; ends in the first copy of w, of Wy wowo w5 :

Wiz >

N

Wh[1] >

N

Wap) | Wopg) | Wo[3) | Wog) |

| Ve | c |

Let s be the overlap of w1 and vypqy. Then sy is a suffix of w;, and a prefix of v,. There is a copy s, of s1 as a prefix of vy[).
It must be a suffix of wy(q; since [Vy(17] + |vop13] = [Woy] + |wapl. Thus, sq is a suffix of both w;, and w,, contradicting
the fact that les(wowo, wow,) = 0.

4. Case when v,v,v,V; ends in the first copy of w, of wow,, ww,, or lies completely outside of w,w,w, of Wyw,wow,H
and ends in w;:

N

WA % Wii2] >

a Wa2) | Wz[Z] | Waorg) Wag) |

b | v | Vop1) | V2p2) Vapz) |C|
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Let s; be the overlap of w3 and v,. Then s; is a suffix of w, and a prefix of v,. There is a copy s, of s; as a prefix of
52[1]. It must be a suffix Ofwz[” as |w2[2]| + |w2[2]| + |1,U2[3]| = |§2[1]| + |U2[1]| + |U2[2] | ThUS, S1 is a suffix of both w»y and
w», contradicting the fact that Ics(wow,, wow,) = 0.
Note that the whole of w1 might not be a part of the string (and that is why in the diagram it is depicted in gray), in
which case a is a non-trivial proper suffix of w1}, and the argument holds.
5. Case when v, v, v, v, lies completely outside of wyw,w,w-, and ends in wo:

Wi1) Wip2) >

| Wapi) Wap) Wapp) Waig) Wog) |
| Va1 Vo[ Vol2] Va2 c |

Let s; be the offset of aw,w,w,w, and bv, v, V205, i.e. aw, wow,wa = bvyvyv,v281. Then sy is a suffix of w,. There is a
copy s, of s as a suffix of wyy). It must be a prefix of Vyz) as (W] + |warz)| = |vapy| 4 [V22;]. There is a copy s3 of s, as
a prefix of vyy;. It must be a suffix of Wy as |wap| + [Wapg| + |warsy| = |val + vyl + V2] Thus, sq is a suffix of
both w, and w>, contradicting the fact that Ics(w, w5, wow,) = 0.

As a second step of the proof, let us investigate whether an inversion factor v,v,v,v, can occur to the right of Ry while
ending before L. The proof of this step is essentially the same argumentation as for the first one, so though added for the
sake of completion, it is presented in an abbreviated form, i.e. we just present the diagrams and the conclusions.

Consider the inversion factor w,w,w,w, starting at the position R,. Then w1 respectively w,, w, are right cyclic shifts of
uq respectively u,, t,. Moreover, lcp(w, w5, waw,) = 0as wyw,w,ow-, cannot be shifted right. Since v, v,v,v5 is occurring to
the right of w,w,w,w-, there are non-empty strings b and c and a string a so that |a| < |b| and aw,wywywoc = bv,vLV5 V5.
We split the argument into several cases depending on where the inversion factor v, v, v,v; starts.

1. Case when v, v,v,v5 starts in the first copy of w in the inversion factor w,w,w,ws:

< Wi >
‘ a | Wapi) Wai] Wa[2] Wop) |c\
| b | v Vap) Vape) Vo |

Then s; is both a prefix of w, and wj, contradicting the fact that Icp(w, w5, wow,) = 0.
2. Case when v, v, v, v, starts in the first copy of w, in the inversion factor wow,w,w-:

A 4

( W1 [1J ;: W1 [2]

| a | Wopq | Woy] Woj2] | Wapz) | Wag) c

| b | vy vy | van | vam

Then s; is both a prefix of w, and wj, contradicting the fact that Icp(w, w5, wow,) = 0.
3. Case when v,v,v,0, starts in the w; of w;:
Note that this covers also the case when v,v,v,V; Starts in the second copy of wy in WawwoWs.

€ W1[1] W2
\ a Wap1) 2} Wap2) Woz) |C

‘ b Vapi) Vo) Vape) Vape) |

Then s, is both a prefix of w, and w-, contradicting the fact that lcp(wow,, wow,) = 0.
4, Case when v,v,v,U; starts in the w, of w:
Note that this covers also the case when v,v,v,V; starts in the second copy of W, in wyw,wowo.

¢ Wi a3 W12y >
‘ a | Wopq] | Wayy) Wy | Woyp | Worg) c

‘ b | Vo) Var) | Vaj2) | Vo)

Then s, is both a prefix of w, and w5, contradicting the fact that Icp(wow,, wow,) = 0.
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Note that the whole of w3 might not be a part of the string (and that is why in the diagram it is depicted in gray), but
then t is a non-trivial proper prefix of w, and the argument holds.
5. Case when v,v,v,v, does not at all overlap with w,w,w,ws.
That case is argued identically as for an inversion factor occurring to the left of L,.

The third step of the proof is to assume by contradiction that an inversion factor occurs to the left of L, which follows the
same line of argumentation as the first step. The fourth and last step of the proof is to assume that an inversion factor occurs
to the right of R, which follows the same line of argumentation as for the second step. O

5.2. Proof of Lemma 17

(a) Cases(vp)) < R;. ~
Without loss of generality we can assume that Icp(uy, u;) = 0 and hence R; = Nj. If it is not, instead of doing
the argument with uy ¥y, u; UMFUR) .4y, U we can do the argument with sywq YD wyw UDFTU@) 4y gy, U@-Dg,
where w; respectively w, is a right cyclic shift of w; respectively w, by Icp(us, U;) positions, 15, = w;, and |s;]| =
Icp(uq, 17). Then Icp(wq, 1) = 0. The proof is carried out by a discussion of all possible cases of the ending point of
V1.
(A) Casee(vy) < e(u)

Note that e(v?) > e(Up) = e(u; *Puyu; ¥@), for otherwise there would be a farther copy of v? in Upy). By
the inversion factor Lemma 13, vj;; does not contain the whole of any inversion factors. Thus, v[;; cannot contain
either the whole of any inversion factors, and in particular cannot contain the inversion factor at N;. Therefore, vy
must end in the suffix U, u, of upy;. Let s be the offset of vyy; in upp) and let s be the overlap between u;; and vy, i.e.
svs; = u = u; *Duy, see the diagram below for an illustration.

c————Uy———— % ————lUg————>

U Upz) |
Vi1 2] |

Then s is both a prefix of v and a suffix of u. Since s, is the overlap of u; and vq, |s1| < |u1| and s; is a suffix of u,u5.
It follows that v = t;u;'t, for some suffix t; of u;, some prefix t, of u;, and some i > 0.

On the other hand, Uy = u3 ¥ Puyu; @ = uu; %@ is a non-trivial proper prefix of sv?, and so svsju; ¥@ is a
non-trivial proper prefix of sv?, implying that s;u; “® is a non-trivial proper prefix of v and, therefore, v = syuls,
for some prefix s, of u; and somej > 1.

Thus, v = tjuq'ty; = Sjuls,. Since t; is a suffix of u; and t; a prefix of u;, by Lemma 2, t; = s; and t; = s,.
Therefore, s is a suffix of uy. A

Since s;s1 is a suffix of u, then s,s7 = u;'u; for some i > 0. Since |sy| + |s1| < 2|uq], eitheri = 0 or i = 1, which
proves that either sys1 = u1uy or 51 = us. A

In the former case, |v| = (j 4+ 1)|uq] + |uz| and sov = ﬁ%’H)’u\z, while in the latter case v = Ujl,, where in both
cases U respectively U, is a left cyclic shift of u; respectively u, by |s1| positions. The left cyclic shift is possible as s;
is both a suffix of u; and a suffix of ; = Uyuy. Therefore, v = U, and 1 < j < U(1) and so whenj < U(1), case
(ay) holds true, and when j = U(1), case (a;) holds true.

(B) Case (B(U[]J) < (E‘(UUJ) < (E(Ll[]]ll1)
We discuss this case in four different configurations based on where vy starts and where it ends.
(1) A configuration when vy starts in a u, and ends in the first u, of up;.
Let s; be the offset of vpy; in the u; it starts in, let s, be the overlap of vj;; and the u; it starts in, let t; be the
overlap of vjy) with the u; it ends in, and let t, be the overlap of vz with the u, where v(;; ends. LetT; = SyUaS1;
as a conjugate of uy, it is primitive.

. e S —i—
U= == -—U—0—
U= === U=l j—F = === m e mmmee —u—>
{--eccccccccn-- Upe===========" SECELETTLELLELEN Upp==========s==="
U | Up U | U | U U | Uz Uz L_l2
Vi i) |
Ny —lU—> N>

By Lemma 2, t; = s; and t, = s, and s0 ;v is a non-trivial proper prefix of u; WM+%@)y; 1t follows that the
suffix ups1 of v must align with uyuy = (uzllz)u; of uy MW TU@y, and so s, is the prefix of u,u;. Thus, s is a
prefix of both, u,1, and u,u,. Therefore, |s;| < Icp(uy, ;) = 0, and so s; is empty. It follows that v = u’luz for
1 <j < U(1) and so either (a;) or (a;) holds true.

Note that Lemma 2 applies even if U(1) = 1, since then vy must start in the very first u; of upy.
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(2) A configuration when vyy; starts in a u, and ends in the first u, of up).
Let s; and s, be as in the previous case (B)(1). Let t; be the overlap of v(;; and up.

U == U=l = = === = m e m e U=

(--------------u[‘]]'-------------’(---------------'U[Z]'---------------)
o [ 5 bl o, (5 [ ] 0 |G Proeemermmmmmeeee | 5, [

Vm‘] Viz1 ‘ |
Ny E(—U 1=— No

The factor u, UMI+UR)y, has u,U;U; as a prefix as U(1) + U(2) > 2. The factor v has s,1; as a prefix. Thus
u; (UDIHU@)D Y, has also t15,1; as a prefix. Since [t155] < |uz| + |uq], this contradicts Lemma 2, as i is primitive
being a conjugate of u;. Such a configuration is not possible.
(3) A configuration when vyy; starts in a i, and ends in the first u, of up).
Let s; be the offset of vy; in U it starts in, let s, be the overlap of vj1) and the u; it starts in. Let t; be the
overlap of v; with upy;

—U—d—U—> —U—H—U—>

LT T

Us | Uo u» L_12|U2 Ugll_lz':mmn:‘zuz

Vi Vel |
N €—u—> N2
1

The factor v has s,u; as a prefix, and so u; WMW+U@) has as a prefix uquq and t;s,u;. Since |t155] < |uy], this
contradicts Lemma 2. Such a configuration is not possible.
(4) A configuration when vyy; starts in a u, and ends in the first u, of up).
Let s; and s, be as in (B)(3). Let t; be the overlap of vj) and the u; it ends in, and let t, be the overlap of vy
with the u, in which vjq) ends.

Uy = = = == = - U Hem Uy WU = = = mmmm e
Nt At A
Uo Ug Uo L_Iz | Us U> Uz U> Ug
M1 Viz) ‘ |
N1 N2

By Lemma 2, t; = s; and t; = s,. Since u,s1vpy is a prefix of u; WM +HU@y, it follows that the suffix uyuys; of
vz must align with uyuy in u; WOFU@)y, and thus uyu,s; is a prefix of uyli,u;, hence uys; is a prefix of Uu;.
Thus, uyu; = u,s1s; is a prefix of u,u,s,, giving uyu, = uUyu,, which is a contradiction as u,u; is primitive. Such
a configuration is not possible.

(C) Case e(uju1) < e(vp)) < Ra.

Then vyy; contains the inversion factor at Ry. Thus, vj; must contain the inversion factor at R, and it must be
placed in vpy; in the same position mate to the beginning of vy as in vy, and therefore |v| = R, — Ry = |U|. Thus,
case (a4) holds true.

(D) Case Ry < e(v1})-

Since e(vp1) > Ry > Ny = uy YW uyu WOHU@=Dy, either s;upupu; WHTU@ =Dy, for some suffix s; of uy is a
prefix of v, or s;u; fuyu YDTUD =Dy, for some suffix s; of u; and some i > 1 s a prefix of v, and so case (as) holds
true.

Case (a3) is not possible as it never materialized during the discussion of the cases (A)-(D) that cover exhaustively all
possible endings of vyyj.
(b) Case (E(U[]]) < (E(U[l]).
Ifs(vp17) > Ry, then |v| < |ug| and so v? is a factor of ujuyu; and hence of Uy, and thus there is a farther copy of v?
in Upy, a contradiction. Therefore s(v;3;) < R; and this is the case (A) above, and thus either the case (a;) or case (a;)
holds. O

5.3. Proof of Lemma 19

Case (a): since s(v?) = s(V?) = s(V) < R;(W), applying Lemma 17 to v? and V? gives the following possibilities:

(i) v =1lu, for 1 <i < U(1) where, is a non-trivial proper prefix of U; and where U respectively T, is a cyclic shift of
u; respectively u5 in the same direction by the same number of positions (by item (a;) of Lemma 17 applied to v?),
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(ii) v = ﬁ}“l)ﬁz where 1, is a non-trivial proper prefix of u; and where 17 respectively U is a cyclic shift of u; respectively
u, in the same direction by the same number of positions (by item (a,) of Lemma 17 applied to v?),
(iii) |v| = |U| (by item (a4) of Lemma 17 applied to v?),
(iv) e(vpy) — e(upy) > (U1 + UR) — D]ug| + |uz| (by item (as) of Lemma 17 applied to v?),
() V. =1ju, for 1 < j < U(1) where U, is a non-trivial proper prefix of #I; and where T respectively U is a cyclic
shift of u; respectively u, in the same direction by the same number of positions (either by item (a;) or (a;) of
Lemma 17 applied to V?),
(I) |V| = |U| (by item (a4) of Lemma 17 applied to V?),
(1) Either squlupu; UMW+U@=Dy, for some suffix s; of u, is a prefix of V, or squ; uyuy WW+HUR=Dy, for some suffix s;
of u; and somej > 1is a prefix of V (by item (as) of Lemma 17 applied to V?).

We inspect all possible combinations:

- Combining (i) and (1) is impossible: since v is a prefix of V, U; = Uy and U, = Us. Sincej > i as |V| > |v|, we can apply
Lemma 8 deriving a contradiction.

- Combining (i) and (II) is possible and yields case (a,): since v is a prefix of V,U; = 1; and U, = 1, and so V must be a
B-mate of U. Since |V| = [U| = (U1 +UQ)) || +|uz], V = Tjta PP Sincei > U(2)+U(1) —ias otherwise
there would be a farther copy of v?, 2i > U(1) + U(2).Since 1 < i < U(1),i = U(1) — kforsome 1 < k < U(1). It
follows that 2(U(1) — k) > U(1) + U(2), 50 2U(1) — 2k >= U(1) + U(2), and thus U(1) > U(2) + 2.

- Combining (i) and (Ill) is impossible: since v? is a prefix of V2, Wl U,ul 1w, is a prefix of V2. At the same time either
siuupu UDFU@-Dy, is 3 prefix of V or squizupu; YMW+UR=Dy, s a prefix of V. Due to Lemma 2, in both cases,
ul ﬁzﬁgu(l)+u(2)_1)ﬁz is a prefix of V and sou! U, U is a prefix of V. It follows that v? is a factor in V{3 and, consequently,
it has a farther copy in V[3j, a contradiction.

- Combining (ii) and (I) is impossible: as j < U(1) implies that |V| < |v|, hence a contradiction.

- Combining (ii) and (II) is possible and yields that 'V is an a-mate of U, hence case (a;).

- Combining (ii) and (IIl) is impossible for the same reasons as for the combination (i) and (III).

- Combining (iii) and (I) or (II) is impossible due to the size of v being bigger than the size of V.

- Combining (iii) and (II) is possible and yields case (as) and so V is a y-mate of U.

- Combining (iv) and (I) or (II) is impossible due to the size of v being bigger than the size of V.

- Combining (iv) and (III) yields case (a4).

Case (b): The FS-double square 'V is an e-mate of U by definition as Ry < s(V). If e(vj1)) < e(upy)), then by Lemma 17,
s('V) < Ry, a contradiction. So e(upy)) < e(vpyy). O
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