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Motivation

Recall:

() = [ f(x)dx

a=Xxy<Xo<..<Xpp1=D>b

Partition

and denote h; = Xx;.1 — X;, then
I(f) = Ly i
where,
= [ f(x)dx



Error In Rectangle Rule

Xi+Xit1

Recall: Taylor expantion f(x) about the midpoint y; = =

(in fact, we can expand it at any points within a small
neighberhood, the midpoint is a special case.) :

F(x) = fy) + Ly EHLAO ().

Integrate the both sides and notes that

+1

W if pis even

o = yiPax =
0 if p is odd

Why ?



Error In Rectangle Rule

Recall: h; = x;. 1 — x;, then:

f)i("“ f(x)dx

X

1 3¢ 1 5£(4
= hif(y;) + 52 hi'f (yi)—i-@h/f( i)+

Error

Then
Ri(F) = I(f) = 24121 (%) = g h () + -+



» Rectangle Rule
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Function evaluation: n
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Error In Trapezoid Rule

Recall: h; = x;. 1 — x;, then:
Xit1
fX, f(x)dx

o)) 1 3o 1 544
= hi== = = S () = s V() +

Error

Then
Ti(f) = li(f) + 1217 (vi) + zag P (vi) +



» Trapezoid Rule

Function evaluation: n+1
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Simpson’s Rule

Recall: the Rectangle Rule and Trapezoid Rule
Ri(f) = Ii(f) = 23 M2 1" (Vi) = 7am M IO (Vi) + -+
Ti(f) = h(F) + 201" (1) + g PO () + -
Then a more accurate method by combing two together
Si(f) = §Ri(f) + 3 Ti(f)

_ LERPE-FUI S

Error



Simpson’s Rule

In a few steps, we can get:
Si(f) = 2Ri(f) + 3 Ti(f)
= Lh[f(x) + AF(CESEL) + F(Xi41)]

Function evaluation: 2n + 1



Adaptive Quadrature

» What is an adaptive quadrature?

Definition
Given a predetermined tolerance e, the algorithm automatically
determines the panel size so that the computed approximation

Q satifices

Q- fab f(x)dx| <€




» Adaptive Quadrature using Rectangle Rule
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» Adaptive Quadrature using Rectangle Rule
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» How to determine the tolerance ¢; in subinterval j ?
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» How to determine the tolerance ¢; in subinterval j ?



» How to determine the tolerance ¢; in subinterval j ?

€j:m€

» How to evaluate €; in the approximation function ?



Error Estimation in Rectangle Rule

> Ri(f) = 1i(f) = 5 21" (Vi) — 7asg P f ™ (yi) + -+, then

Ri(f) = Ii(f) = gz h2f" (vi)
When h; is small.



Error Estimation in Rectangle Rule

> Ri(f) = 1i(f) = 5 21" (Vi) — 7asg P f ™ (yi) + -+, then

Ri(f) = Ii(f) = gz h2f" (vi)
When h; is small.

» Are we going to calculate f’(y;) ?



Error Estimation in Rectangle Rule

» Are we going to calculate /(y;) ?
Error ~ 1/3 of deference between two iterations

When h; is small and f(x) is continuous.



Error Estimation in Rectangle Rule

» Are we going to calculate /(y;) ?
Error ~ 1/3 of deference between two iterations

When h; is small and f(x) is continuous.

Why ?



Error Estimation in Simpson’s Rule

> Si(f) = Ii(f) + zgga M (vi) +

Ri(F) = I(F) ~ 25517 1) (v)



Error Estimation in Simpson’s Rule

> Si(f) = Ii(f) + zggo M (yi) +
Ri(f) = i(f) = zgg 1 (1)
» Error Estimation
Error ~ 1/15 of deference between two iterations

When h; is small and f(x) is continuous.
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But...
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