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numbers of the symmetric algebraic Riccati equations.
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1. Introduction

Algebraic Riccati equations arise in optimal control problems in continuous-time or discrete-time. The theory, appli-
cations, and numerical methods for solving the equations can be found in [1,26,27,30,33] and references therein. The
continuous-time algebraic Riccati equation (CARE) is given in the form:

Q +AfX + XA —XBR'BHX =0, (1.1)

where X is the unknown matrix, A € C™", B e C™™, AH denotes the conjugate transpose of A, and Q,R are n x n Hermi-
tian matrices with Q being positive semi-definite (p.s.d.) and R being positive definite. The discrete-time algebraic Riccati
equation (DARE) is given in the form:

Y — AFYA + AMYB(R + BPYB)~1BHYA — CHC = 0, (1.2)

where Y is the unknown matrix, A € C"*", B e C™™, C € C™", and R € C™™ with R being Hermitian positive definite.
For the complex CARE (1.1), let G = BR-1BH, then it has the simplified form

Q +AfX + XA - XGX =0, (1.3)
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where Q, G are Hermitian and p.s.d. For the complex DARE (1.2), let Q =C"C and G = BR-!B", then it has the simplified
form

Y -AfY(I+GY)"'A-Q =0, (1.4)
where Q, G are Hermitian and p.s.d. In particular, when A, Q and G are real matrices, the real CARE becomes

Q+ATX +XA-XGX =0, (1.5)
and the real DARE has the form

Y-ATY(I+GY)TA-Q=0. (1.6)

The existence and uniqueness of the solution is essential for perturbation analysis. Before making appropriate assump-
tions on the coefficient matrices necessary for the existence and uniqueness of Hermitian and p.s.d. stabilizing solution, we
need some notions of stability, which play an important role in the study of the algebraic Riccati equations. An n x n matrix
M is said to be c-stable if all of its eigenvalues lie in the open left-half complex plane, and M is said to be d-stable if its
spectral radius p(M) < 1. Then to ensure the existence and uniqueness of the solution, we assume that (A, G) in the CARE
(1.3) is a c-stabilizable pair, that is, there is a matrix K € C™" such that the matrix A — GK is c-stable, and that (A, Q) is
a c-detectable pair, that is, (AT, QT) is c-stabilizable. It is known [5,28] that under these conditions there exists a unique
Hermitian and p.s.d. solution X for the CARE (1.3) and the matrix A — GX is c-stable. Similarly, for the DARE, we assume that
(A, B) in the DARE (1.2) is a d-stabilizable pair, that is, if "B =0 and w'A = A hold for some constant A, then |A| < 1 or
w =0, and that (A, C) is a d-detectable pair, that is, (AT, CT) is d-stabilizable. It is known [1,14,25] that under these condi-
tions there exists a unique Hermitian and p.s.d. solution Y for the DARE (1.4), and the matrix (I + GY)~1A is d-stable, i.e., all
the eigenvalues of (I + GY)~1A lie in the open unit disk.

Matrix perturbation analysis concerns the sensitivity of the solution to the perturbations in the data of a problem. A
condition number is a measurement of the sensitivity. Liu studied mixed and componentwise condition numbers of non-
symmetric algebraic Riccati equation in [29]. For the perturbation analysis of the CARE (1.3) or DARE (1.4), we refer papers
[5,14,17,24,25] and their references therein. Sun [36] defined the structured normwise condition numbers for CARE and DARE
and showed that the expressions of structured normwise condition numbers are the same as their unstructured counter-
parts for both real and complex cases. Later, Zhou et al. [39] performed componentwise perturbation analyses of CARE and
DARE and obtained the exact expressions for mixed and componentwise condition numbers defined in [12] for the real case.
However, in their paper, the perturbations on Q and G are general (unstructured). In this paper, we perform a structured
perturbation analysis, define the structured normwise, mixed and componentwise condition numbers for complex CARE and
DARE, and derive their expressions using the Kronecker product [13]. Specifically, we assume that the perturbation AG (AQ)
has the same structure as G (Q). Furthermore, in the complex case, we separate the real part and the imaginary part. Thus,
the real part of G (Q) or AG (AQ) is symmetric and the imaginary part of G (Q) or AG (AQ) is skew-symmetric. In our anal-
ysis, we exploit the structure and consider the perturbations on the real part and the imaginary part separately. In contrast,
the analysis in [36] considers the perturbation on a complex matrix as whole. Apparently, separating real and imaginary
parts gives more precise results.

Efficiently estimating the condition of a problem is one of the most fundamental topics in numerical analysis. Together
with the knowledge of backward error, a good condition estimate can provide an estimate for the accuracy of the computed
solution. Although the expressions of the condition numbers derived in [36,39] and this paper are explicit, they involve the
solution matrix and require extensive computation, especially for large size problems. As pointed out in [36, p. 260], prac-
tical algorithms for estimating the condition numbers of the algebraic Riccati equations are worth studying. In this paper,
we present a statistical method for practically estimating the structured normwise, mixed and componentwise condition
numbers for CARE and DARE by applying the small sample condition estimation method (SCE) [18].

The SCE, proposed by Kenny and Laub [18], is an efficient method for estimating the condition numbers for linear sys-
tems [20,21], linear least squares problems [19], the Tikhonov regularization problem [8], the total least squares problem
[9], eigenvalue problems [23], roots of polynomials [22], etc. Diao et al. [7,10,11] applied the SCE to the (generalized)
Sylvester equations. Wang et al. [38] considered the mixed and componentwise condition numbers for the spectral pro-
jections, generalized spectral projections and sign functions for matrices and regular matrix pairs and derived explicit ex-
pressions of the condition numbers, which improved some known results of the normwise type and revealed the struc-
tured perturbations. Also, they applied the SCE to these problems to efficiently estimate the condition numbers. Wang et al.
[37] studied the normwise, mixed and componentwise condition numbers for the following general nonlinear matrix equa-
tion X + APF(X)A = Q, where A is an n-by-n square matrix, Q an n-by-n positive definite matrix, X the unknown n-by-n
positive semi-definite matrix, and F a differentiable mapping from the set of n-by-n positive semi-definite matrices to the
set of n-by-n matrices. They derived corresponding explicit condition numbers and gave their statistical estimations with
high reliability based on the SCE and a probabilistic spectral norm estimator. Differing from their algorithms, our methods
produce estimated condition matrices instead of single condition numbers, that is, the entries of the condition matrices
produced by our algorithms are the structured normwise or componentwise condition numbers of the corresponding en-
tries of the solution matrices. Thus these condition matrices are more informative and precise about the conditioning of the
solution.

Throughout this paper we adopt the following notations:
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C™xn (RM<M) denotes the set of complex (real) m x n matrices; H™*" the set of n x n Hermitian matrices; S"*" the set
of n x n symmetric matrices; SK™" the set of n x n skew-symmetric matrices.

AT denotes the transpose of A; A the complex conjugate and transpose of A; Af the Moore-Penrose inverse of A; I
the identity matrix; O the zero matrix; Re(A) (Im(A)) is the real (imaginary) part of a complex matrix A. The matrix
Diag(A, B) denotes a block diagonal matrix with A and B being its diagonal.

e; denotes the ith column of I.

The mapping sym(-): S™" — R""*1)/2 maps a symmetric matrix A = [a;;] € S™" to a (n(n+ 1)/2)-vector:

T
lan, ..., a0, G20, ..., G2, ..., Gn_1.n—1, G111, Qnn] -

The mapping skew(-): SK™" — R*"~1/2 maps a skew-symmetric matrix A = [a;;] € SK™" to the (n(n —1)/2)-vector:

T
[aiz, ..., Q1n, A3, ..., G2, ..., Gn_2.n—1, Gn—2.nGn-1.n] -

A>0 (A>0) means that A is positive definite (positive semi-definite).
Il |l 2 and || |lc are the Frobenius norm, the spectral norm and infinity norm respectively. For A € C™", ||A|lmax =

max;; |au|
+ A®B=[q;B] is the Kronecker product of A=[a;;] and matrix B and vec(A) is the vector defined by vec(A) =
[af,... all" e c™; T1 is an n? x n® permutation matrix, such that, for an n x n real matrix A, vec(AT) = ITvec(A).

For more properties of the Kronecker product and vec operation, see [13].

|A] < [B| means |a;| < |b;| for A, B e C™"; A@B is the componentwise division of matrices A and B of the same dimen-
sions. In our context, it is used for componentwise relative error. So, when b;; = 0, we assume its absolute error a;; =0
and set (A@ B);; =0.

The rest of the paper is organized as follows. In Section 2, we present our structured perturbation analyses and expres-
sions of the structured normwise condition numbers of the CARE (1.3) and the DARE (1.4). The expressions of the structured
mixed and componentwise condition numbers are derived in Section 3. In Section 4, by applying the small sample condi-
tion estimation method, we propose our structured sensitivity estimation methods for the problems of solving the CARE and
DARE. Our numerical experiment results are demonstrated in Section 5. Finally, Section 6 concludes this paper.

2. Structured normwise condition numbers

In this section, using the Kronecker product, we first present a structured perturbation analysis of the CARE (1.3) and
derive expressions of the corresponding structured normwise condition number. In a similar way, a structured perturbation
analysis of the DARE (1.4) can be performed and the corresponding structured normwise condition number can be obtained.

2.1. CARE

Let AAeC™" AQ e H™", and AG e H™" be the perturbations to the data A, Q, and G respectively. Notice that the
perturbations AQ and AG are also Hermitian. From Theorem 3.1 and its proof in [35], for Q G>0 and sufficiently small
IIAA, AQ, AG]||f, there is a unique Hermitian p.s.d. matrix X such that A — GX is c-stable, where A=A + AA, G =G+ AG,
and

XGX —XA-AfX —Q =0, (2.1)
where Q = Q + AQ. To perform a perturbation analysis, we define a linear operator L : H"™" — H"" by

LW = (A - GX)"W + W(A - GX), W eH™". (2.2)
Since the matrix A — GX is c-stable, the operator L is invertible. Denote AX = X — X, then

AX = -L7'(AQ + XAA + AA"X — XAGX) + O([[[AA, AQ, AG]|}), (2.3)

as ||[AA, AQ, AG]||r — 0. In the first order approximation of (2.3), AX is the solution to the continuous Lyapunov equation:

(A—GX)HAX + AX(A - GX) = —AQ — XAA — AAPX + X AGX. (2.4)

Numerical methods for solving the Lyapunov equations can be found in [4].

For the complex CARE (1.3), in addition to exploiting the symmetry structure of G and Q, to make our analysis precise,
we separate the real part and the imaginary part. Since the real part of a Hermitian matrix is symmetric and the imaginary
part is skew-symmetric, we introduce the function

@: R "
[vec(Re(A))T, vec(Im(A))T, sym(Re(G))T, skew(Im(G))T,
sym(Re(Q))T, skew(Im(Q))T]" > vec(X),
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which maps the structured data vector to the solution vector. As we can see, our data vector exploits the structure and
separates the real and imaginary parts. Applying the condition number theory of Rice [31] to the above mapping, we define
the structured normwise condition numbers:

- | AX |
K; = lim su , 25
i) €~0 n.-s[e) €lXlle (2:3)
AAEC™ M, AQEHM N, AGeHM ™
Q+AQ>0.G+AG=0
where
_ H [ IRe(AA)IF  IIm(AA)IF llsym(Re(AG))|l2  Iskew(Im(AG))|l2
m= ) ) ) )
4 8 33 84
. lsym(Re(AQ))l2 ||skeW(lm(AQ))||z]
Js ' 6 2
_ { IRe(AA) I IlIm(AA)IF llsym(Re(AG))|l2  Iskew(Im(AG))Il2
1, = max , , , ,
4 8 33 84
llsym(Re(AQ))[l2  [Iskew(Im(AQ))l2
x , , (2.6)
85 86
and the parameters §; >0(i=1,..., 6) are given. Generally, they are respectively chosen to be the functions of ||Re(A)||,

Mm@, llsym(Re(G)l2, lIskew(Im(G))l2, llsym(Re(Q))l2. and [Iskew(Im(Q))[lo. Here, we set &; = ||Re(A)[lr. &2 =
lim(A)[lF, 83 = llsym(Re(G))ll2, 84 = [[skew(Im(G)) 2, 85 = Ilsym(Re(Q)) |l and 86 = |Iskew(Im(Q)) |-

Now, we derive an explicit expression of x{(¢) and an upper bound for k,(¢) in (2.5). First, we present a matrix-tensor
representation of the operator L. Applying the identity

vec(UVW) = (WT ®@ U)vec(V), (2.7)
to the vectorized (2.2)

vec(LW) = vec((A — GX)W + W (A — GX)),
we get the matrix

Z=LoA-GX)"+A-GCX)"®I, (2.8)

which transforms vec(W) into vec(LW), as a matrix representation of the linear operator L. Since L is invertible, Z is also
invertible.

Since our structured data vector exploits the symmetry structure, to convert it back to original vector, we introduce the
matrices S; and S, as follows. For an n x n symmetric matrix J, S; is the n? x n(n+ 1)/2 matrix such that

vec(]) = Sysym(J).

That is, S; expands the n(n + 1)/2-vector sym(J) to the n%-vector vec(J) by copying its elements. The n? x n(n — 1)/2 matrix
S, is defined by

vec(K) = Syskew (K),
where K is an n x n skew-symmetric matrix.
Then, applying (2.7) to (2.3), we get
vec(AX) = —Z ' [-(XT @ X)vec(AG) + (I ® X)vec(AA)
+ (X" ® In)vec(AA") + vec(AQ)] + O([I[AA, AQ. AG]|I?)
= —Z1=(XT  X)(S1sym(Re(AG)) + iSyskew(Im(AG)))
+ (I, ® X) (vec(Re(AA)) + ivec(Im(AA))) + (XT ® I,) T (vec(Re(AA))
—ivec(Im(AA))) + Sisym(Re(AQ)) + i Syskew(Im(AQ))] + O([|[[AA, AQ, AG]||2)
- -ZMheX)+ X' eI)Ii((heX) - X" o)),
—XT®X)S, -i(XT®X)Sy, 81, i8,]- A, (2.9)
as ||[[AA, AQ, AG]||f — 0, where i = +/—1 and
A = [vec(Re(AA))T, vec(Im(AA))T, sym(Re(AG))T, skew(Im(AG))T, sym(Re(AQ))T, skew(Im(AQ)T]T  (2.10)

is the structured data perturbation vector.
Denoting

My=[U, X))+ X @I, i((lhoX)— X" @I,)I)]
corresponding to [vec(Re(AA))T, vec(Im(AA))T]T,
M = [-XT ©X)S1, —iX" ©X)S]
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corresponding to [sym(Re(AG))T, skew(Im(AG))T]T,
Mo =81, i85,]

corresponding to [sym(Re(AQ))T, skew(Im(AQ)T]T, and M =[M4 Mg Mg], and using the definition of the directional
derivative, we have the following lemma.

Lemma 1. Using the above notations, the directional derivative Dy (X) of ¢ with respect to A (2.10) is given by
D(X)A =-Z""M- A. (2.11)
Finally, the following theorem gives an explicit expression of k{(¢) and an upper bound for k().

Theorem 1. Using the notations given above, the expression and upper bound for the normwise number of the complex CARE

(1.3) are
Z'MD
k1(p) = % (2.12)
K2 (9) < ky (@) = min {V6k:1 (), ac/[IX]|}, (2.13)
where
D = Diag([81l, 826wz, 83lani1y /20 Salnin-1)/2: Sshaniysz S6hn-1y2]) (2.14)
and

o =8 1Z7MI e X) + X" @ )]z + 8127 [ @ X) — (XT @ )|
+8301Z X" @ X)S1ll2 + 84127 XT @ X)Sall2 + 851271 S1 12 + 861271 Sz .-

Proof. Introducing the positive parameters §;, i =1,...,6, into (2.11), we get
Do(X)A = -Z-'MDD A,
From the definition (2.5), we know that

() — max 1= 2 MDD A | - Z-' MDD A
P s IX 1l T ID-TAf,<1 1X1le

_ |Z-'MD,
IX1le

The last equality holds because A can vary freely.
Because |D-1A||; < V61, it is easy to see that

[ AX [l ~ 1Z-" MDD All; < IZ7" MD|2[ID~" Allz < VB||IZ~" MD| 2172,

(2.15)

which proves «,(¢) < v/6k1(@). On the other hand, since

vec(AX) = =627 (i @ X) + (X" @ mn]%ﬁmn

vec(Im(AA)))
8

+ i84Z*1 (XT ®X)S,

skew(Im(AQ))
86 ’

- iszzil[(ln ®X) — (XT ® In)1I]

+ 821X ® X)Si Skew('g‘w
4

sym(Re(AQ))
85

it is easy to see that ||AX||r < acny. O

sym(Re(AG))
83

— 852_181 - i862_152

In [36], Sun defined the structured normwise condition number for the complex CARE:
CARE

K = lim sup 1AX]le
U eso 0<e elXlr’
AAeC™ ", AG, AQeH™"
G+AG,Q+AQ>=0

(2.16)

where 6 = ||[[AA/n1, AG/py, AQ/usl|lp, and the parameters w;, i = 1,2, 3, are positive.

Differently from the above Sun’s definition, our definition separates the relative perturbations in the real and imaginary
parts of a data matrix. Apparently, it is more precise than the Sun’s definition. Moreover, it is more realistic, since, in
computation, the real and imaginary parts of a complex matrix are stored and computed separately.
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From the definitions and expressions of (2.5) and (2.16), if we choose §; = 6, = 1, 83 = 84 = 1, and 85 = 8 = w3, we
can show that

k1(p) < max{[|Sillz, [1S21l2} - wgin™

Note that each row of §; or S, is eiT for some i, that is, a row of the identity matrix.
Similarly to the complex case, for the real CARE (1.5), we introduce the mapping

(pRe . Rn2+n(n+l) N an
(vec(A)T, sym(G))", sym(Q)T)T = vec(X)

and define the structured normwise condition number for the real CARE (1.5):

. | AX ||
K (¢R®) = lim su ,
= oy elXTr
AACR™", AG, AQeS™™
G+AG,Q+AQ=0
where

5 — max [ 1841 sym(A0)z lsym(AQ)l2 | o)

84 8 83

with the positive parameters §;, i = 1, 2, 3. We usually choose §; = ||A||f, 2 = |lsym(G) ||, and 83 = ||sym(Q)||5.
Using the above notations, we can derive the following upper bound for the normwise condition number of the real
CARE (1.5):

-1
K (pR¢) < ky(pFe) ::min{ﬁ”21 MiDilla B }

IXMe " 1XIlr
where
Zi=LhoA-GX)T+(A-GX)T o1,
My = [1n®x+ XTI, —XT @ X)S, 81],
Dy = Diag([81ly2. S2lans1)2: O3ln(ns1ys2])s
and

B =8Z"[Uh®X) + X @)z + & 1Z; (X @ X)Stll2 + 831127 St

In [39], Zhou et al. defined the following unstructured normwise condition number for the real CARE:

Re :1 ”AX”F
“lp™) = g sup =

where

5 max{ 184l 1AQl [AGH }

1 ) 33

and derived the upper bound

. Z7'Sil. B
k1 (0R®) < kY (R) := min @”‘71 =< 1
(@7 =k @) { IXTe* TXTs

where
Si=[-h®X)— X)L, X®X, —I:]Diag([61]2, b2l2, 8312])
and
Be=811Z Il @ X + X @ L)z + 82127 X @ X) |2 + 831127 2.
By setting &; = ||Allr, 62 = ||Q|lF and 83 = ||G||r, we can prove that
Ky (@F¢) < |18t llakf (07¢).

However, our numerical experiments show that the difference between our xy (¢R¢) and K%] (@Re) is marginal.
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2.2. DARE
Following the structured perturbation analysis of CARE, for the complex DARE (1.4), we define a linear operator L :

ann — ann by

LM =M — [(I, + GY)'A]"M(I, + GY)'A,
for M e H™", Since the matrix (I, + GY)~'A is d-stable, the operator L is invertible. Let

YAV 1, +GY) '1A-Q =0, (2.18)
be the perturbed DARE, where A=A+ AA, G=G+ AG, and § = Q + AQ, then for sufficiently small ||[[AA, AQ, AG]||F,

there is a unique Hermitian and p.s.d. solution ¥ for the perturbed Eq. (2.18) and the change AY =¥ —Y in the solution is
given by

AY — L71[AQ + (A"YW)AA + AAH (YWA) — (AFYW)AG(YWA)], (2.19)

as |[[AA, AQ, AG]||r — O.
Denote W = (I, + GY)~'. In this case, the matrix-tensor representation of the linear operator L is

T=1I,— (ATWT) @ (AHWH), (2.20)

which is invertible, since L is invertible.
For the structured perturbation analysis of the complex DARE (1.4), exploiting the symmetry structure and separating the
real and imaginary parts, we define the mapping

/38 R* _ "
[vec(Re(A)), vec(Im(A))T, sym(Re(G))', skew(Im(G))', sym(Re(Q))", skew(Im(Q))']"
— vec(Y).
Similarly to (2.9), dropping the second and higher order terms, we have
Tvec(AY) ~ [(In ® (A"YW)) + (ATWTYT) @ I)IT, i((Ih ® (AHYW)) — (ATWTYT) @ I,)TT),
—ATWTYT) @ (AFYW)S;, —i((ATWTYT) @ (AFTYW))S,, 81, iS:]- A,
where the data perturbation vector A is defined in (2.10). Denoting
Na = [(ln ® (A"YW)) + (ATWTYT) @ I)TT, i((I ® (A"YW)) — (ATW'YT) @ I)T)],
Ne = [-(ATWTYT) @ (ARYW)S;, —i((ATWTYT) @ (AHYW))S,],
Ny = [S5, iS,],
and N = [Ng Ng Ng], we have the following lemma.
Lemma 2. With the above notations, the directional derivative D (Y) of ¥ with respect to A is
DY(Y)A =T NV - A.
We then define the structured normwise condition numbers for solving the complex DARE (1.4):
SR S I

AAeC™ M AQeH™", AGeH™ "
Q+AQ=0,G+AG-0

where n;, i =1, 2, are defined in (2.6).
Similarly to the proof of Theorem 1, we can obtain an explicit expression of k() and an upper bound for x,({) given
in the following theorem.

Theorem 2. Using the above notations, an explicit expression and an upper bound for the structured normwise numbers of the
complex DARE (1.4) are

_ IT'ADJl;
Kk1(Y) = W,

K2 (W) < kg (W) = min {VBic (¥). g/ [V Il ).
where D is defined in (2.14) and
ag =8 IT (I ® (A"YW)) + (ATWTYT) @ 1) TT) ||
+8 [T ((h © (A"YW)) — (ATWTYT) e I)ID)
+ 8T (ATWTYT) @ (ATYW)S) Iz + 84T 1 (ATWTYT) @ (A"YW)Sy) [l2 + 85 IT 'St 12 + 86 I T Sa |2
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Using the parameter 6 in (2.16), Sun [36] studied the structured normwise condition number K?ﬁRE for the complex
DARE as follows

: IAY|IF
KOARE — lim sup

O<e € ”Y ”F '
AAeC™", AG, AQeH™"
G+AG,Q+AQ>-0

Similarly to the complex CARE case, we can prove that
k1 (¥) < max{[[Sill2, (82112} - kg

when we choose §; =8, = (1, 63 =84 = [y, and &5 = &g = 3.
For the real DARE (1.6), exploiting the symmetry structure, we define the mapping

wRe . Rn2+n(n+1) N (cnz
[vec(A)T, sym(G)T, sym(Q)T]" > vec(Y)

and the structured normwise condition number:

. AY
Kk (YRe) = lim sup I ”F,
€0 S<e E“Y”F
AAER™ M, AG, AQeS™™
G+AG. Q+AQ>0

where § is defined in (2.17).
Using the above notations, we have the following upper bound for the structured normwise condition number of the real

DARE:

Kk (YRe) < ky(YRe) := min { V3T AR Dy ”2, 14 } (2.21)
1Yl Yl
where
Ty =l — (AW") @ (ATW"),
N = [(Ih® ATYW)) + (ATWTYT) @ )T, —(ATWTYT) @ (ATYW)S1, S1,
Dy = Diag([81]2, S2lhni1)2: O3laniny2]):
y =8| (@ ATYW)) + (ATWTYT) @ I)T]|
+8 | T (ATWTYT) @ (ATYW)S: |, + 83| T ' S1 -

As expected, our upper bound (2.21) is an improvement of the condition number in [36, p. 260].
In [39], Zhou et al. defined the following unstructured normwise condition number for the real DARE:

AV
YT = Iy sup -y

where

5 max{ |AAlL 1AQlL: A }

& 7 & T b3
and derived the upper bound

T'P
(%) <k (R = min |3 TPz - va |
IYIle = Yl

where
P = [(lh ® (ATYW)) + (ATWTY) @ I)TT, =(ATWTY) ® (ATYW)), Iz
-Diag([01lp2, Salp2, 33l2])
and
Ya = 81T (@ (ATYW)) + (ATW'Y) @ 1) TD |2
+ &ITT (ATWTY) @ (ATYW)) |2 + 831 T2
By setting 61 = ||Allr. 62 = [|Q|lF and 85 = ||G||r, we can prove that
Ky (YR < 181 ll267 (PF).
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3. Structured mixed and componentwise condition numbers

Componentwise analysis [6,15,32,34] is more informative than its normwise counterpart when the data are badly scaled
or sparse. Here, we consider the two kinds of condition numbers introduced by Gohberg and Koltracht [12]. The first kind,
called the mixed condition number, measures the output errors in norm while the input perturbations componentwise. The
second kind, called the componentwise condition number, measures both the output and the input perturbations compo-
nentwise.

Following [12], the structured mixed and componentwise condition numbers for the complex CARE (1.3) are defined by

. AX
m(g) = lim sup w
€0 AeC. € 11Xl max
AAeC™ " AG, AQeH™"
G+AG,Q+AQ=0
. 1
c(p) = lim sup ZIAX @ Xl max:

AeCe
AAeC™ " AG, AQeH™"
G+AG, Q+AQ=0

where A is defined in (2.10) and
Ce = {AA. AG, AQ | |Re(AA))| < €[Re(A)], [Im(AA))] < €|Im(A)].
x [sym(Re(AG))| < €|sym(Re(G))], [skew(Im(AG))| < €[skew(Im(G))],
% |sym(Re(AQ))| < €[sym(Re(Q))], [skew(Im(AQ))| < €|skew(Im(Q))]}. (3.1)

In Theorems 3 and 4, we present the structured mixed and componentwise condition numbers of the complex CARE
(1.3) and the complex DARE (1.4).

Theorem 3. For the structured mixed and componentwise condition numbers of the complex CARE (1.3), we have respectively

1Z71((n ® X) + (X" @ ) TT) [vec(|Re(A) |)

m(@) = X llmix
+|Z7N ((h @ X) = X" @ )T vec([Im(A)]) + 1271 (X" @ X)S1|sym(|Re(G)])
+|Z71XT ® X)Szlskew (|Im(G)]) + |27 S1lsym([Re(Q)]) + IZ’lszlskeW(llm(Q)l)H ;

c(p) = H Diag(vec(X)) - (1271 (I ©X) + (X" @ L) vec[Re(A)])
12 (@ X) — (X @ b)) |vec(lim(A)]) + 271 (XT @ X)S; |sym(|Re(G) )
HZ T ©X)Salskew(Im(G)]) + 127 Silsym(Re(Q)]) + 12 Sylsken(m(@)D) )|

where At is the Moore-Penrose inverse of A. Furthermore, we have their simpler upper bounds
my(9) : = [XllallZ- 1| 1X] [Re(A)] + [Re(A)IT 1]
X1 (@) -+ imA)[TIX] + I IRe(G)]IX] + X1 [In(G)| IX] + [Re(@)] + Im(@)] |
max

and

(@) : = [|Diag(vec(X))'Z |0 - ” IX| [Re(A)] + [Re(A)[T|X|

max

+ X[ Im(A)] + [ImA)["IX] + X[ [Re(®)]IX] + |X] Im(G)| [X] + [Re(Q)] + [Im(Q)]| ‘

Proof. From Lemma 1, dropping the second and higher order terms, we have
| AX I max = llvec(AX) [l ~ 27" MAloo < 27" MDyy || o0 [ D}, Al .
where
Dm = Diag([vec(Re(A))T, vec(Im(A))T, sym(Re(G))T, skew(Im(G))T,
sym(Re(Q))", skew(Im(Q))"]").

Since A e Ce¢, we have ||DZ1AI|oo < €. Because A can be chosen arbitrarily, the upper bound is attainable. Recalling that e is
the vector consisting all 1’s, it can be verified that

|27 MO, = 1272 - IDnle]

- ” Z M- [|vec<Re<A>)|T, Ivec(im(A))[T. |sym(Re(G))|T. |skew(Im(G))|.
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jsmRe(@)[" fskew(im@)[]T|
After some algebraic manipulation, we can get the explicit expression for m(¢). From the following inequalities,
1Z71((h ® X) + (X" ® In)TT) |vec(|Re(A) |)
<127 IX]) + (IXT] ® I) )vec(|Re(A)[) = |Z7 [vec(|X||Re(A)] + [Re(A)|"|X]),
1Z71((h ® X) = (X" @ In)TT) |vec([Im(A)|) < |Z7" |vec(IX[[Im(A)| + [Im(A) [T [X]),
1Z71 (X" ® X)S1[sym(|Re(G)|)
<127 (X" ® |X|)vec([Re(G)) = 1Z [vec(IX||Re(G)[IX]),
1Z71(XT @ X)S; |skew(|Im(G)])
<127 (XT| @ [X[)vec(Im(G)]) = |Z7 [vec(IX[[Im(G)|IX]),
1Z71S1sym(IRe(Q)]) < |27 |vec(|Re(Q)]),  1Z7"Szlskew(|Im(Q)]) < |Z7 " vec(|Im(Q)]),

and the monotonicity of the infinity norm, we can obtain the upper bound my(¢). For the structured componentwise con-
dition number c(¢), noting that

IAX @ Xl = | Diag(vec(X))Tvec(AX) |,

similarly to the derivation of m(¢), we can obtain the explicit expression for c(¢). Also, the upper bound cy(¢) can be
deduced similarly. O

The above theorem shows that an ill-conditioned Z is an indication of large m(¢) or c(¢).
For the real CARE (1.5), the structured mixed and componentwise condition numbers of gRe at X can be defined by

. AX
m(gpRe) = lim sup IAX | max ”ma",
€0 AqeC! €1X || max
AAeC™" AG, AQeS™"
G+AG.Q+AQ=0
. 1
c(¢") = lim sup ZIIAX @ X lmax:

AqeC}
AAeC™, AG, AQeS™"
G+AG,Q+AQ=0

where A; = [AAT, sym(AG)T, sym(AQ)T]" and
Cl = {AA AG, AQ. | |AA| < €lA]. |sym(AG)]| < €|sym(AG)],
lsym(AQ)| < €[sym(AQ)|}. (3.2)

Now, we have expressions for m(¢R¢) and c(¢Re).

Corollary 1. For structured mixed and componentwise condition numbers of the real CARE (1.5), we have respectively

m(eRe) = [IX[lmix

1Z7 1 (U @ X) + (XT @ 1) TT)|vec(JA)
12 KT @ XS lsym(G1) + 12, Sy sy 1) |
c(gRe) = H Diag(vec(X))T<|z;1 (I ®X) + X" & L))
vec(IAD) +12, (KT £ X)S1sym((G]) + 12, 'S lsym(lQD) )|
where Z; = I, ® (A— GX)T + (A — GX)T ® I,. Furthermore, we have their simpler upper bounds
my(9™) = IX ke l12; o | IXT AT+ AT WX+ XTG4 101
and
(") = 1Disg(vec(X))'Z; o | IXT A1+ 1ATIX] + IXT 161 1X] + 11 | .

Zhou et al. [39] derived the mixed and componentwise condition numbers for the real CARE without exploiting the
symmetry structure. It can be readily shown that our structured mixed and componentwise condition numbers are smaller
than their counterparts in [39], although, they are empirically comparable.

Similarly, the structured mixed and componentwise condition numbers for the complex DARE (1.4) can be defined by

. IAY [l
=1 =" limax
m(y) = lim sup M T

AAeC™ ", AG, AQeH™"
G+AG,Q+AQ=0
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. 1
C(W) = lim sup 7”AY®Y”max’
€—0 AeC. €
AAeC™"  AG, AQeH™"
G+AG,Q+AQ=0

where A is defined in (2.10) and C¢ is defined in (3.1).
Following the proof of Theorem 3, we have the structured mixed and componentwise condition numbers for the complex

DARE (1.4) in the following theorem. Its proof is omitted.

Theorem 4. With the notations as before, we have

my) = Y lIn [ 1T Un @ (A"YW) + (ATWTYT) @ I,)TT)| - vec(|Re(A)|)

1T (I ® (ATYW) — (ATWTYT) @ Ip)IT) vec(|Im(A)|)
+ T ATWTYT) @ (ATYW)S; [sym(|Re(G)|)
+|THATWTYT) @ (AHYW)S, |skew (|Im(G)|)

1 IT18 |sym([Re(Q)]) + IT‘lSzlskeW(llm(Q)l)H

and
() = HDiag(vec(Y))T<|T_l((1n ® (A"YW)) + (ATWTYT) @ [,) )| - vec(|Re(A)])

+IT 1 ((Ih @ (A"YW)) — (ATWTYT) ® 1) TT) |vec(|Im(A)])
+ T (ATWTYT) ® (AHYW)S) [sym(|Re(G)])
+|TH(ATWTYT) @ (AHYW)S,) |skew(]Im(G)])

T8 |sym(IRe(Q)]) + |T-1sz|skew(|lm<Q>|>) H

o0

Furthermore, we have their simpler upper bounds:

my (Y) = IIYllalaxllT’]llaoH AT IY [[W]|Re(A)]

+[Re() Y[ IWIIA] + [A"]]Y [[W]|im(A)]
+Im@)[TY[WIIA] + [A"[[Y [[WI[Re(G) Y [W]|A|

+ATIY[W][Im(O)[IY ][ WIA] + [Re(Q)] + [Im(Q)] ‘

and
() = ||Diag(vec<v>>*r*||mH A [|Y[|W | [Re(A)]

+ [Re(A)[[Y[IWIIA] + |A"[[Y [[W][Im(A)]
+[Im(A)[TY[WIIA] + |A"|Y [[W][Re(G)| Y I W|A]

+ATIY W im(G)[[Y[IW[A] + [Re(Q)] + [Im(Q)]

max

The above expressions in Theorem 4 show that an ill conditioned T indicates large m(y) or c(y).
For the real DARE (1.6), we can define the structured mixed and componentwise condition numbers of yRe at Y:

. AY
m(wRe) — lim sup ” ”max’
€—~0 AqeCl €Y || max
AAeC™ AG, AQeS™
G+AG, Q+AQ>0
. 1
c(PRe) = lim sup —[IAY @Yl pax:
€—0 €

Ay eCE1
AAeC™", AG, AQeS™™
Q+AQ=0,G+AG, Q+AQ=0

respectively, where Ay = [AAT, sym(AG)T, sym(AQ)T]T and C! is defined in (3.2).
Similarly to Corollary 1, we then can obtain the structured mixed and componentwise condition numbers of the real

DARE in the following corollary.
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Corollary 2. With the notations above, we have

M) = 1Y lnhs | 1T (Un ® (ATYW)) + (ATYW) @ [)TD)| - vec(JA])

FIT 1 (ATYW) ® (ATYW)S)) [sym(|G]) + [T 1S1]sym(1Q]) H ,
c(yRe) = HDiag(vecw»T(w*1 ((ln ® ATYW)) + (ATYW) @ 1) TT)] - vec(A])

FIT T (ATYW) ® (ATYW)S)) [sym(|G]) + TSy |sym(|Q|)> H ,

o0

Furthermore, we have their simpler upper bounds:
my (9" = IVl Tl | ATIIYIWI1A] + ATV W 1A
HATIVIWIGIYIWIAL+ 1l |
max
(7€) = ||Diag(vec(Y))'T™! ”ocH AT Y [IWIA] + |AIT[Y [[W]|A]

HATIVIWICIY WAL+ Q]| .
max

4. Small sample condition estimation

Although the expressions of the condition numbers presented earlier are explicit, they involve the solution and their
computation is intensive when the problem size is large. Thus, practical algorithms for approximating the condition numbers
are worth studying [36, p. 260]. In this section, based on a small sample statistical condition estimation method, we present
a practical method for estimating the condition numbers for the symmetric algebraic Riccati equations.

We first briefly describe our method. Given a differentiable function f: RP — R, we are interested in its sensitivity at
some input vector x. From its Taylor expansion, we have

fx+8d) — f(x) = 8(Vf(x)'d +0(8),

for a small scalar §, where

T
V0 - [af(x) 0/() 8f(><)}

ax ok 0K,

is the gradient of f at x. Then the local sensitivity, up to the first order in &, can be measured by ||Vf(x)|,. The condition
number of f at x is mainly determined by the norm of the gradient Vf{x) ([18]). It is shown in [18] that if we select d
uniformly and randomly from the unit p-sphere S,_; (denoted d € U(S,_1)), then the expected value E(|(VAx)Td|[wp) is
IVAx)|l2, where w, is the Wallis factor, which depends only on p, given by

12’ forp=1,

T’ for p=2,
w,=11:3:5.(p-2) f0r§0ddandp>2

538600, ’

7135 (p=1) for p even and p > 2,

which can be accurately approximated by

2
~ 41
“r T(p-13 (4.1)
Therefore,
L lvie)d
= o

can be used to estimate ||Vf(x)||,, an approximation of the condition number, with high probability [18]. Specifically, for
y > 1,

Prob (”ny(’“”z <v< V||Vf(x)||2> ~1- % +0(y2).
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Multiple samples d; can be used to increase the accuracy [18]. The k-sample condition estimation is given by

(k) = %’;\/Ivf(X)le P+ IVF@)Tda? + - + [V ()T di |,

where dy,d,, ..., dy, are orthonormalized after they are selected uniformly and randomly from U(S,_1). In particular, the
accuracy of v(2) is given by

b(IIVf(X)IIz <
14

T
v(2) <y|IVfx ~1--—.
=v@) =yl f()||2) ay?
Usually, a small set of samples is sufficient for good accuracy.
These results can be readily generalized to vector-valued or matrix-valued functions by viewing f as a map from R’ to
R! by applying the operations vec and unvec to transform data between matrices and vectors, where each of the t entries of
fis a scalar-valued function.

4.1. Structured normwise case

In this subsection, by applying the small sample condition estimation method, we devise the algorithms for estimating
the structured normwise condition numbers of CARE and DARE. Before that, we introduce the unvec operation: Given m
and n, for v=[v,1,,..., Vmn] € R*M A — unvec(v) sets the (i, j)-entry of A to Vit (—1)n-

For CARE, from Lemma 1, the directional derivative Dy € H™" of ¢ at X with respect to the direction A, defined in (2.10),
satisfies the continuous Lyapunov Eq. (2.4). Putting things together, we propose the following subspace structured condition
number estimation algorithm for the complex CARE (1.3).

1. Generate vectors f; € R i=1,..., k, with each entry in A'(0, 1). Orthonormalize them usmg, for example, the QR
factorization, to get z; € R4 j=1,....k. Each z can be converted into matrices A], G], and QJ by applying the unvec

operation, where I‘Tj e C™" and G~] Qj € |,
2. Fori=1,2,...,k, solve for D; e H"*" in the following continuous Lyapunov equation

(A= GX)"D; + D;(A — GX) = XGX — Q; — XA; — A, X;

3. Approximate w, and w, (p = 4n?) by (4.1) and calculate the absolute condition number matrix

KCARE ® . |I[A, G, Q]”F @k \/|D1|2 +[D2|2 + - + |Dy|?,

where the square operation is applled to each entry of |D;|, i=1,2,...,k and the square root is also applied componen-
twise;
4. Finally, the relative condition number matrix
CARE, (k) __ CARE k)
Ko =K, oX

is obtained by componentwise division for nonzero entries of X, leaving the entries of I(?I;SRE’“‘)

entries of X unchanged.

corresponding to the zero

The real CARE (1.5) is a special case.

Note that Step 2 in the above algorithm involves solving a sequence of Lyapunov equations. When a Lyapunov equation is
ill-conditioned, the computed solution D; can be inaccurate, consequently, the condition number for CARE computed in the
following Step 3 can be inaccurate. However, the conditioning of the Lyapunov equation and that of CARE are related in that
the ill-conditioning of the continuous Lyapunov equation implies the ill-conditioning of the original CARE, because solving
the Lyapunov equation is essentially equivalent to finding Z-! in the condition number for CARE presented in Theorem 3.

For the complex DARE (1.4), from Lemma 2, the directional derivative Dy € H™" of v at Y with respect to the direction
A is the solution of the discrete Lyapunov equation

Dy — WA"DyWA = AQ + (A"YW)AA + AAH (YWA) — (APYW)AG(YWA),

where AA e C™" and AG, AQ € H™™",
Similarly to the complex CARE case, we propose the following algorithm for the complex DARE.

1. Generate vectors f; eR¥ i=1,... k with each entry in A/(0,1). Orthonormalize them using, for example the QR
factorization, to get z; € R4, j= 1 ..... k. Each z; can be converted into the corresponding matrices A G and Qj by
applying the unvec operation, where A e C™" and G , QJ e H™™M;

2. Fori=1,2,...,k, solve for D; e H"*" in the following discrete Lyapunov equation

D; — (WAPDWA = §; + (A"YW)A, + A" (YWA) (AFYW)G, (YWA):
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3. Approximate wy, and w, (p = 4n?) by (4.1) and calculate the absolute condition number matrix

abs

0]
KPARE.(k) ._ ||[A,G,Q]I|wak\/|D1|2+|D2|2+"'+|Dk|2;
D

4. Finally, the relative condition number matrix

DARE, (k) DARE, (k)
Krel Kabs

QY.
4.2. Structured componentwise case

Componentwise condition number often leads to a more realistic indication of the accuracy of a computed solution
than the normwise condition number. The sensitivity effects of componentwise perturbations can be measured by the SCE
method [18]. For a perturbation AA = [Ag;;] on a matrix A = [a;;] € R™*", it is a componentwise perturbation, if

|AA| < €lA| or |Ag;l < elajjl.

We can write AA=§-ADA with [§] < ¢ and the entries of A are in the interval [-1, 1], where @ is a componentwise
multiplication. We propose the following algorithm for a structured componentwise sensitivity estimate of the solution X of
the complex CARE (1.3).

1. Generate vectors f; € R4 i=1,... k with each entry in A'(0,1). Orthonormalize them using, for example the QR
factorization, to get z; € R4, j= 1 ., k. Each z; can be converted into the corresponding matrices A , and QJ by
applying the unvec operation, where A e C™" and 5] @ € H™™M;

2. For j=1,2,...,k, set [/Tj, 5} aj] equal to the componentwise product of [A, G, Q] and [ANj, GNJ ij];

3. Fori=1,2,...,k, solve for D; e H™*" in the following continuous Lyapunov equation

(A= GX)HD; + Dy(A — GX) = XGX — Q; — XA — A'X:

4. Approximate wy and wp (p = 4n?) by (4.1) and calculate the absolute condition number matrix

a)
(CARE, (k) k\/|D |24 |Dy|2 + - + | Dyl

abs

5. Finally, the relative condition number matrix
CARE, (k) _ ~CARE, (k)
C =G o X.

rel

Analogously to the above complex case, we propose the following algorithm for the complex DARE (1.4).

. Generate vectors f; € R4, i=1...,k with each entry in A'(0,1). Orthonormalize them using, for example the QR
factorization, to get z; € R4, j= 1 , k. Each z; can be converted into the corresponding matrices A j» and QJ by
applying the unvec operation, where ANJ e C™" and CTJ (2 € H™™M;

2. For j=1,2,...,k, set [Aj, G;, Q;] equal to the componentwise product of [A,G, Q] and [A;, G;, Q;;

3. Fori=1,2,...,k, solve for D; e H™*" in the following discrete Lyapunov equation

—

D; — (WAPDWA = §; + (A"YW)A, + A" (YWA) — (AHYW)G;(YWA);

4. Approximate wy and wp (p = 4n?) by (4.1) and calculate the absolute condition number matrix

a)
e = I DR+ D

abs

5. Finally, the relative condmon number matrix
DARE, (k) _ ~DARE, (k)
C =C, QY.

rel

5. Numerical examples

In this section, we adopt the examples in [2,3,39] to illustrate the effectiveness of our methods. All the experiments were
performed using MATLAB 8.1, with the machine epsilon pu ~ 2.2 x 1016,

Given A € R™" and G, Q € S™", we generated the perturbations on A, G and Q as follows: AA =€ (M; JA), AG=€(M,
G), and AQ = €(M5 @ Q), where € = 10~/ for some nonnegative integer j, @ denotes the componentwise multiplication of
two matrices, and M; € R™", and M,, M3 € S™" whose entries are random numbers uniformly distributed in the open
interval (-1, 1).

Example 1. Consider the CARE (1.3) from [[2], Example 9] with

{0 v _ _ pp-1pT
A_[O Oi|’ Q=L, G=BR B,
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Table 1
Comparison of the accurate relative changes in the solution with the estimates ob-
tained by our condition numbers, where € = 10-8,

v I AXIENIX € ky (pRe) ey (pRe)

1 3.0642 x 10-° 3.7258 x 108 4.0054 x 108

105 7.0865 x 109 5000 x 107 5.000 x 103

106 4.6983 x 10~ 50000 x 103 5.0000 x 103

v | AXlImax [IXlImax € m(@Re) | AX@X||max ec(pRe)

1 6.1630 x 10-° 1.6667 x 108 7.7288 x 1079 1.6667 x 10-8
10 7.0865 x 109 1.5000 x 108 1.2161 x 108 1.5000 x 108
106 4.6983 x 109 2.0000 x 108 7.5086 x 10~  2.0000 x 108

The pair (A, G) is c-stabilizable and the pair (A, Q) is c-detectable. The exact solution is

\/m ‘l
X = 4 .
1 V1+2v

When v is large or small, ||X]||r is approximately /v (v > 1) or 1/4/v (0 < v < 1) respectively and CARE becomes ill condi-
tioned in terms of the normwise conditions xy (¢R¢) and K]U (@Re). However, as shown in Table 1, from the componentwise
perturbation analysis, m(¢R¢) and c(¢R¢) are always of O(1).

Let 0 =Q+ AQ, A=A+ AA,G =G+ AG be the coefficient matrices of the perturbed CARE (2.1). The perturbation size
€ =108, We used the MaTLAB function are to compute the unique symmetric positive semidefinite solution X to the
perturbed equation. Let AX =X — X.

For the bound «ky(pRe), we set &; = [|Allr. 8, = lsym(Q)ll2. 83 = [lsym(G)[l2. For «¥(¢Re) in [39] we choose §; =
lAllE, 82 = |QllF, 83 = ||G||. Table 1 compares the accurate relative changes || AX||g/|IX|lF, | AX|Imax /| X||max and || AX@X||max
obtained by MATLAB with the estimates obtained by our condition numbers. Our normwise condition numbers are consis-
tent with those in [[2], p. 9] for v =1, 108, 10-6. Our mixed and componentwise condition numbers, however, give accurate
estimates for the corresponding relative changes in the solution.

For the SCE algorithms, we set the sample number k = 5 and tested them for various values of v. The results are shown
as follows. For v =1,

AX X = 10-8 [—0.4039 —0.7729]

-0.7729 -0.6163

CARE.(5) _ 1-8 [6.5364 7.4764
€K™ =107 74764 3.8048 |

€ CCARE.(5) _ 108 [0.7649 O.6111i|

rel 0.6111 06727
For v = 108,
[-0.1216 —0.0962
_ -7
AXoX =107 44962 —0.0709]’

CARE,(5) _ 1n-2| 0.9807  1.3288
€K™ =107 173088 11426

¢ CCARE.(5) _ ]03[1.1150 0.8994]'

rel

0.8994 1.2533

For v = 107,

. g[-04698 —0.4207
AXoX =10 [—0.4207 —0.7509 |’

CARE,(5) _ 104 | 1.0725  1.0725
€l =10 [1.0725 0.0000 |°

CARE,(5) _ 1n-8 | 1.1728  0.4670
€Ga =10 |:0.4670 0.7666 |
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Table 2
Comparison of the accurate relative changes in the solution with the estimates
obtained by our condition numbers, where € = 1012,

m [[AY][/lIY]lF € ky (YRe) ekl (YRe)

1 1.2974 x 1012 6.6183 x 10-'2  7.1051 x 1012

5 1.5931 x 10-8 5.0002 x 108 52934 x 10-8

7 1.0577 x 107 5.0000 x 106 52932 x 106

m A lmax [ Yllmax € m(yRe) | AY®Y || max ec(yRe)

1 1.2945 x 10-12 48227 x 1072 18177 x 102 1.1056 x 10~
5 1.5931 x 108 3.9507 x 108 6.3715 x 108 1.5801 x 107
7 1.0577 x 10~7 3.9506 x 106 4.2307 x 107 1.5802 x 10~°

As we can see, for this particular example, the componentwise condition matrices Crce’l\RE'(s) for all values of v can be used to

accurately estimate the changes in the solution. In contrast, the normwise condition matrix I(rce’l\RE’(S) can give good estimate
only when v =1 because the problem is well conditioned under the normwise perturbation analysis in this case.

Example 2. For DARE, we adopt the following example from [39]. Consider the DARE (1.4) with
Q=VQyW, A=VA)V, G=VGyV,
where

Qo = Diag([10™,1,107™]"),  Ap = Diag([0, 10, 1]"),

Go = Diag([107™,10~™,10-™]T),
and
V=I-2nw"/3, v=[1,11]"

Correspondingly, in the original DARE (1.2), B=V, R= Gal, and C=V,/QgV. The pair (A, B) is d-stabilizable and the pair
(A, C) is d-detectable. The unique symmetric positive semidefinite solution Y to the DARE (1.4) is given by Y = VYyV, where
Yo = Diag([y1,¥2,y3]") with

yi=(a? +qig — 1+ (a7 +qigi — 1)* + 4qi8)"?) / (2g)).

and g;, a; and g; are respectively the diagonal elements of Qg, Ag and Ggy. The perturbation matrices AA, AG and AQ were
generated as described in the beginning of this section with € = 10712, Let 0 =Q + AQ, A=A+ AA,G =G+ AG be the
coefficient matrices of the perturbed DARE (1.4). We used MATLAB function dare to compute the unique symmetric positive
semidefinite solution Y of the perturbed Eq. (2.18). Let AY =Y — Y.

For the bound «y(1/Re), we set 8; = [|Allr, 82 = lsym(Q) 2, 83 = [lsym(G)||2. For «¥(yRe) in [39] we choose &; =
lAllF, 62 = |Q|lF, 83 = ||Gl|f. Table 2 shows that our condition numbers give reasonably good estimates for the changes in
the solution.

For the SCE algorithms, we set the sample number k =5 and tested them for various values of m with € = 10-12, The
results are shown as follows. For m =1,

[—0.1465 0.1818  —0.1187
AYoY =10""| 0.1818 -0.1294 0.1432 |,
| -0.1187  0.1432  —0.0856

[ 255340 -25.0489 —15.4023
eKPAEG) = 10712 | —25.0489  10.8400  6.1395 |.
| -15.4023  6.1395 3.1528

[3.0920 -3.1064 —2.1995
€CPAREG) _ 10-12| 31064  1.4491 0.3301 |.

rel

| —2.1995 0.3301 0.9229

For m =5,

-0.1593  0.0797 —-0.0398
|: 51319 -2.5662 —1.2831:|

—0.6371 0.3186  —0.1593
AYoY =10"7| 03186 —-0.1593 0.0797 |,

DARE,(5) _ 17
€K =10

—2.5662  1.2831 0.6415
—1.2831 0.6415 0.3208
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[ 61758  -3.0882 —1.5441
eCORE®) =108 | —3.0882  1.5441  0.7721
| -1.5441  0.7721  0.3860

For m=7,

[ 0.4231 —0.2115 0.1058
AY oY =10"°%|-02115 0.1058 —0.0529 |,
| 0.1058 —-0.0529  0.0264

(40438 20219 -1.0109
ek = 1075 —2.0219  1.0109  0.5055 |,
[-1.0109 05055  0.2527

[1.0597 05299 -0.2649
€™ =107 ~0.5299  0.2649  0.1325
| -0.2649  0.1325  0.0662

As shown above, even for a small number of samples, the accuracy of the SCE method is within a factor between 10~1
and 10, which is considered acceptable [16, Chapter 15].

6. Concluding remarks

In this paper, by exploiting the symmetry structure and separating the real and imaginary parts, we present structured
perturbation analyses of both the continuous-time and the discrete-time symmetric algebraic Riccati equations. From the
analyses, we define the structured normwise, mixed and componentwise condition numbers and derive their upper bounds.
Our bounds are improvements of the results in previous work [36,39]. Our preliminary experiments show that the three
kinds of condition numbers provide accurate bounds for the change in the perturbed solution. Also, applying the small-
sample condition estimation method, we propose statistical algorithms for practically estimating the structured condition
numbers for continuous and discrete symmetric algebraic Riccati equations.
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