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SUMMARY

This paper presents an O (n?) method based on the twisted factorization for computing the Takagi vectors
of an n-by-n complex symmetric tridiagonal matrix with known singular values. Since the singular
values can be obtained in O(n?) flops, the total cost of symmetric singular value decomposition or
the Takagi factorization is O(n?) flops. An analysis shows the accuracy and orthogonality of Takagi
vectors. Also, techniques for a practical implementation of our method are proposed. Our preliminary
numerical experiments have verified our analysis and demonstrated that the twisted factorization method
is much more efficient than the implicit QR method, divide-and-conquer method and Matlab singular
value decomposition subroutine with comparable accuracy. Copyright © 2009 John Wiley & Sons, Ltd.
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1. INTRODUCTION

For any complex symmetric matrix A, there exist a diagonal singular value matrix 2 and a unitary
matrix U, such that

A=UXU"T

This special form of the singular value decomposition (SVD) [1] of A is called symmetric SVD
(SSVD) or Takagi factorization [2, 3]. One obvious advantage of this form is that it reflects the
symmetry of A and thus saves the storage and computation by about half.
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802 W. XU AND S. QIAO

The SSVD of a complex symmetric matrix has applications in, for instance, the Grunsky
inequalities [4], the computation of the near-best uniform polynomial or rational approximation
of a high degree polynomial on a disk [5], and the complex independent component analysis
problems [6]. However, Matlab and LAPACK [7] do not support complex symmetric struc-
ture and treat it as general complex. To compute the SVD of a complex symmetric matrix in
LAPACK, the matrix is first reduced to a bidiagonal matrix, in which the symmetric structure
is lost.

The algorithm proposed in this paper leads to an efficient method for computing the SSVD
of a complex square Hankel matrix. A complex Hankel matrix is symmetric and can be reduced
to a symmetric tridiagonal matrix in O(n”log n) [8]. Then, by applying the twisted factorization
method, the symmetric SVD of the symmetric tridiagonal matrix can be efficiently obtained in
O (n?). Thus, it leads to an O (n? log n) algorithm for computing the symmetric SVD of a complex
square Hankel matrix [9]. Since a Toeplitz matrix can be transformed into a Hankel matrix by
reversing its rows or columns, this method can be straightforwardly modified into a fast SVD
algorithm for square Toeplitz matrices.

As in the case of a general matrix, computing the Takagi factorization of a complex
symmetric matrix consists of two stages: tridiagonalization and diagonalization. In the first
stage, a complex symmetric matrix A is reduced to a complex symmetric tridiagonal 7 using
two-side Householder transformations or Lanczos method [8, 10]. In the second stage, the Takagi
factorization

T=vzvT

of the complex symmetric tridiagonal 7" resulted from the first stage is computed. The methods for
the second stage include the implicit QR method [3, 11] and the divide-and-conquer method [12].
The QR method requires O (n?) flops for computing all singular values, but additional O (n3) flops
for all the Takagi vectors. The divide-and-conquer method [12] integrates the computation of the
singular values and the computation of the Takagi vectors and in practice requires much less than
O(n?) flops. Thus, the main cost of the second stage is the computation of the Takagi vector
matrix V.

This paper presents a method for computing V given T and its computed singular values
in £ using O(n?) flops and n”>+ O(n) storage space. In Section 2, we describe the twisted
factorization, based on which, an efficient and stable method for computing the Takagi vectors
is presented in Section 3. The accuracy and orthogonality of the computed vectors are analyzed
in Section 4. Then, in Section 5, we address the issue of multiple and clustered singular values.
Our numerical experiment results presented in Section 6 show that our method is efficient and
accurate.

2. TWISTED FACTORIZATION

Let T be an n-by-n complex symmetric tridiagonal matrix, then P =TT is Hermitian pentadi-
agonal. In this section, we first present two decompositions of the shifted matrix:

P—ul=LD;L"=UDyU" (1)
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Then, by combining the above two decompositions of the shifted P —p/, we construct the twisted
factorization

P —ul =N DN

It is called twisted factorization because Nj consists of part of the lower triangular L and part
of the upper triangular U in (1). In the next section, based on the twisted factorization, we will
show how to efficiently compute the eigenvectors of P, which are the left singular vectors of T
but need not be the Takagi vectors. The transformation presented in [12] is then applied to convert
the eigenvectors into the Takagi vectors.

To obtain the decomposition P — ul =LDLLH, we compare the entries on the both sides
of P—ul=LDy LY. Specifically, the (i +2,i)-entry of P —pul is P;+>; and the corresponding
entry of LD; LY is m;o;. Thus, we have m; =Py ;/o;. The (i42,i41)-entries of the both
sides are P;y2 ;41 and m;lfo; +1i110441, where x* denotes the complex conjugate of x. The
(i+2,i+2)-entries are P;42 ;42— u and |ml-|2fxl-+|l,-+1|2a,~+1 ~+a;+2. In summary, we have the
following algorithm for the LDLH decomposition: P —ul =LD; LY.

Algorithm 2.1
Given the Hermitian pentadiagonal P =T TH, this algorithm computes the LDLH decomposition
of the shifted P —ul =L Dy LH.

oy =P —u; % (1, 1)-entry
Iy =Py /a; % (2, 1)-entry
oy =Py —p— |11 1; % (2,2)-entry
fori=1:n—-2
Copyright © 2009 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2009; 16:801-815
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mi=Piypi/o; % (i+2,i)-entry
liv1=(Piy2iv1—mil o) /oit1; % (i+2,i+1)-entry
Oig2=Pit2i+2—p—Imi|Pa; — lip1 Pt
% (i+2,i+2)-entry
end

The computational cost of the LDLY decomposition is 221 —37 floating-point multiplications

(real) and 11n—16 floating-point additions (real), a total of 33n—53 floating-point operations

(multiplications or additions).

Similarly, we can compute the UDUH decomposition of P —ul as follows.

Algorithm 2.2

Given the Hermitian pentadiagonal P, this algorithm computes the UDUH decomposition of the
shifted P —ul =U Dy UM,

Let ﬁn+2 zﬂn-i-l =V, =v,_1=u,=0.

fori=n—-2:—1:1

Bivo=Pit2it2—H— |Mi+2|2ﬂi+3 - |Ui+2|2ﬂ,'+4; % (i+2,i+2)-entry
Uit = (Piy1,i+2 = Vit1U; 5 Biy3)/ Bitas % (i+1,i+2)-entry
v; =Pi,i+2/ﬁi+2; % (i,i+2)-entry
end
By=Pr—pu—|uz]? B3 — [v2]*By; % (2,2)-entry
uy=(Pra—viu3p3)/ B % (1,2)-entry
ﬂ1=P11—H—|M1|2ﬁ2—|vl|2ﬁ3; % (1,1)-entry

The computational cost of the UDUH decomposition is 22n — 16 floating-point multiplications
and 11n —4 floating-point additions, a total of 33n —20 floating-point operations. Now, given the
LDLH and UDUH decompositions (1), we consider the twisted factorization of the shifted matrix

P—ul =Ny DN )
where Dy =diag(or, ..., 0k—2, $ks Vis Peats -+ Bn)s Sk Yk € R and
-1 -
L. 0
mp . 1
lk—n 1 Vk—1

Ny = ' &)

me—2 M 1 ug

1 . Un—2
0 e Up
L .
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is a twisted combination of the partial lower triangular L and the partial upper triangular U. Note
that for each index k, 1<<k<(n, there is a corresponding twisted factorization. However, given the
LDLH and UDUM decompositions (1), there are only three unknowns &, 7, € R and 17, €C in a
twisted factorization. The following theorem shows a computation of the three unknowns and a
relation between y,:l and a Rayleigh quotient of (P —ul)~!' when P —pul is invertible.

Theorem 2.3
Given the LDLH and UDUH decompositions (1) of P —ul, defining m_j=mo=0p=Ilp=vp=
Vp—1=p,,.1 =0, then the three unknowns in the twisted factorization (2) are given by

&= — -1 Bisy, k=1,...,n
0, k=1

M =3 Uk—10m—1 —ugvi_ Pry1) /S k=2,...,n—1
In-1, k=n

B~ lmg—a Pz —Elmel®, k=1,...,n—1
Yk =

Xp s k=n
Also, when P —ul is invertible,

v =e (P—pl) e @
where ey is the kth unit vector.

Proo
The 6(— 1,k —1)-entry of NkaN,fI is [my_3 1203+ lr—2 >k —2 4+ &+ |vr—1 |2/3k+1 and the corre-
sponding entry in LD;LY is |mk_3|zock_3—|—|lk_2|2cxk_2+o¢k_1. Equating the two entries, we
have &, =oy—1 —|vk_1|2ﬁk+1. Equating the (k,k—1)-entries in NkaN,{'I and LD; LY leads to
Sl =le—10k—1 —ugv;_ Py 1. While comparing the (k, k)-entries of NkaN,fI and U Dy UM gives
|mk—2|20<k—2+§k|77k|2+7)k = f. The trivial cases when k=1,2,3,n can be verified similarly.
Since the kth column of Nj is the kth unit vector, Nye;=ey. It then follows that N, lekzek
and the Rayleigh quotient

el (P—u) ey =] (N) "D IN e =el D e =7,
when P —pul is nonsingular. ]

The cost of computing &, n; and y; is 11 floating-point multiplications and 7 floating-point
additions, a total of 18 floating-point operations, without counting the operations for uzv; B,
whose complex conjugate is computed in Algorithm 2.2.

3. COMPUTING TAKAGI VECTORS

Using the twisted factorization described in the previous section, we now present an efficient
method for computing the eigenvectors of P, which are the left singular vectors of T'.

Copyright © 2009 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2009; 16:801-815
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Suppose that P=QAQM is an eigendecomposition of P, where A=diag(li,...,/,) is the
eigenvalue matrix and O =[qy,...,q,]=Ig; ;] is the unitary eigenvector matrix. As we know, if
we have a good approximation u of an eigenvalue /;, one of effective ways of computing the
corresponding eigenvector (; is the shifted inverse power method. For each index k of the twisted
factorization (2), the solution z; for

(P—pul)z =7y e (5)

is the result of one inverse power iteration with shift x4 and initial vector y;ex. How accurate is the
approximation z; of the eigenvector q;? After normalizing z; in (5), we have

Zi Yk

[Vkl
o <A —ul+
lzell2  llzkll2

2 llzx |2

z z
Izl Tzl

=H(#—/1i)
2

This shows that the error in z; as the eigenvector corresponding to /; is bounded by the error in u
as an approximation of 4; plus |y;|/llz«|l2. The following theorem [13] gives an upper bound for
the term ||/ ||z ||2-

Theorem 3.1 (Dhillon [13])
Suppose that P —ul is invertible and

(P—ulzy=ery, fork=1,....n

Then, if the kth entry gx; of q; is nonzero,

[7i |4 — ul _ _
¢ (P e DR e
|z |12 gk, i
< |4 —
Iqk.i|
<Vnlki—ul

for at least one k. Here .o/ is a weighted arithmetic mean of [|4; —ul/|4; — 1%, j#i, and 0 <
of < (|2 — pul/gap(w))?, where gap(u) =min;; |4 — pl.

The above theorem implies that if u is a good approximation of 4;, then there exists at least one
index k so that z; is a good approximation of the eigenvector q; associated with the eigenvalue
J; of P. The accuracy can be as good as |A; —u| by a factor of at most \/n+1. Since the term
|vk!/l1Zk |12 is dependent of the index k, to get good accuracy, we find the smallest |y, | by computing
the twisted factorization (2) for k=1, ...,n. Note that ||z;||»>1 since, from (5) and (4), the kth
entry of zy:

efze=7ef (P—ul) lex=1

implying that [y |/]lzk[|2<|y;].- Once the index k for the smallest |y,| is found, we solve for z
in (5).

In the following, we show that z; can be solved efficiently and stably in O(n) operations by
exploiting the structure of Nj in the twisted factorization (2).

Copyright © 2009 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2009; 16:801-815
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As we know that when u is a good approximation of an eigenvalue 4; of P, the system (5)
is ill-conditioned. However, using the twisted factorization P —ul = Ny Dy N, ,EI and noting that the
kth column of the twisted factor Ny is e, we can reformulate the system (5) into an equivalent
but simpler one:

H —1a7—1
Nizg=y D, N, ‘e =e;

Solving N,?zkzek is not only more efficient than solving (5) but also more stable because the
ill-conditioning of (5) caused by the small |y,| in Dy is avoided. From the structure of N,fl 3),
the entries z; of the solution z; are given by

=1
Zk_]:—l”]t, k>1
Zj=_l;'<Zj+l_m§Zj+2’ j=k—2,k-3,...,1 (6)

k * *
Tkl = VM —ug,  vo=0
zjz—vjfzzj;z—ujflzjzl, J=k+2,k+3,....n

The computation of z; requires 8n floating-point multiplications and 6n floating-point additions,
a total of 14n operations.

The following algorithm summarizes the procedure of computing the eigenvector given a
computed eigenvalue :1,- of P. The last step in the following algorithm requires 5r floating-point
operations. Adding the costs of all steps, we obtain the total cost of 857 —55 for computing an
eigenvector.

Algorithm 3.2 (Computing eigenvector)

Given the Hermitian pentadiagonal matrix P =7 TH and ,u:il-, a computed eigenvalue of P, this
algorithm computes an approximation q; of the eigenvector q; corresponding to ;.

1. Compute the LDLH and UDUH decompositions (1) of P —ul using Algorithms 2.1 and 2.2.

2. Applying Theorem 2.3, fori =1, ..., n, compute the twisted factorizations P —ul = N; D; Nl.H
and find k such that |y, | =min; |y;].

3. Solve for z; in Nksz =ey, using (6).

4. Set q; =z/| 1z |2

Remark

A refinement technique can be integrated into Algorithm 3.2. We first compute an eigenvector
q; corresponding to p via Algorithm 3.2. Then, u is refined by qu Pq;. Finally, we compute q;
through Algorithm 3.2 again with the refined p. In fact, our refinement is equivalent to reiterate
the inverse power method, for each eigenvector corresponding to a simple eigenvalue. Obviously,
the cost of computation is almost doubled. However, our experiments show that the orthogonality
of eigenvectors is improved through the refinement.

The computed eigenvectors q; are the left singular vectors of T, but they need not be the Takagi
vectors [12]. The transformations in [12] can be used to transform the eigenvectors of P to Takagi

Copyright © 2009 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2009; 16:801-815
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808 W. XU AND S. QIAO

vectors of 7. The cost for each Takagi vector transformation is O (n), thus the total cost of the
transformations to the Takagi vectors of T is at most 0 (n?).

4. ACCURACY AND ORTHOGONALITY

Now that we have an efficient algorithm for computing the eigenvectors of P, in this section
we investigate the accuracy and orthogonality of the computed eigenvectors. The accuracy of a
computed eigenvector §; is measured by the sine of the angle between the computed §; and the
exact eigenvector ; corresponding to the eigenvalue 4; of P. The orthogonality of two computed
eigenvectors q; and §; is measured by the cosine of the angle between them.

Replacing z; in (5) with ||z¢]|2q;, we get

N Y
(P—ul)§i=—*—¢
A

Since e;{ﬁ,- =1/||zx||2, the above equation can be written as
(P+E)q; = pq;

where E =—ykekez, which indicates that the computed eigenvector q; is the exact eigenvector
corresponding to the eigenvalue p of P+ E. In other words, (i, §;) is an eigenpair of the perturbed
P+ E, whereas (4;,q;) is an eigenpair of P. This formulation allows us to apply the following
Second sin@ Theorem of eigenspaces by Davis and Kahan [14] to study the accuracy of the
computed q;.

Theorem 4.1’\(Sec0nd sin@ Theorem [14]) PR .
Suppose A, A€ C"*" are Hermitian and X =[XX»] and X =[X X»] are unitary, where X1, X| €
C™ (1<I<n—1), such that

H An 0 SH Ao 211 0
XTAX = and X"AX= -
where A11,;4\11 eC¥. Let Z =Range(Xy), @:Range()?l),
R=AX;—XAy;
and
S=min{|4; —Aj|: 4 € M(A11), Aj € AM(An)}>0
l’.]

Then, we have

~ R
1sin 02, 7)) p< LRI

where 0(Z, T ) denotes the angle between the two subspaces 2 and Z.
In the above theorem, setting

A=P, X=P+E, X1=q; and ?12(1,'

Copyright © 2009 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2009; 16:801-815
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TWISTED FACTORIZATION METHOD FOR SSVD 809

we have =1, Aj1=4i, A1 =L

d=min|i; —pl=gap() and R=P@ —pdi=—"—e
J# llzx 12

Then, from Theorem 4.1, using the inequality |y |/l|Zk|l2<+/n|4; —p| in Theorem 3.1, we obtain
the following theorem on an upper bound for the sine of the angle between q; and q;.

Theorem 4.2
Let (4;, q;) be an eigenpair of P, u~1;, and q; is computed by Algorithm 3.2, then

Vnlii—ul

Isin0(q;, q;)|<
gap(u)

where gap(u) =min; [4; —pul.

This theorem shows that if p is a good approximation of /;, that is, |4; —u| is small, then
the computed eigenvector §; is a good approximation of the eigenvector q; corresponding to the
eigenvalue /; provided that 4; is not clustered with the other eigenvalues.

Now we present a theorem on the orthogonality of the eigenvectors computed by Algorithm 3.2.
The orthogonality between two computed eigenvectors q; and q; is measured by the cosine of the
angle between them. The following theorem gives an upper bound for the cosine.

Theorem 4.3
Let (/;,q;) and (4, q;), i # j, be two eigenpairs of P and q; and q; be the eigenvectors computed

by Algorithm 3.2 using the computed eigenvalues ii ~J; and 2 i~ 4j, then

\/_ — 2l \/_|/LJ_} |
gap(%;) gap(/L])

cos0(q;,q,)< )

Proof
Assuming 1<i<k < j<n and denoting ¥"| and ¥ , as the subspaces spanned by qi, ..., qx and
qk+1, - - -, qn respectively, we have

|08 0@ @)1 < [eos (5 =00, ¥ )= 0@, 7 ) )|
< Isin0(q;, ¥ 1) +1sin0(q;, 72)|
since Y"1 and ¥, are orthogonal to each other. Also, since q; €771 and q; € ¥">, we have
0(q;, 7" 1)<0(q;,q;) and 0(q;,72)<0(q;.q;)
The inequality (7) then follows from Theorem 4.2. ]
This theorem shows that if ;li and :1.,- are good approximations of Z; and /;, respectively, and
both Z; and 4; are not clustered with the other eigenvalues, then the eigenvectors ¢; and q;

computed by Algorithm 3.2 have good orthogonality.

Copyright © 2009 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2009; 16:801-815
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5. MULTIPLE AND CLUSTERED SINGULAR VALUES

In the previous discussion, we have assumed that the singular values of 7', which are the square
roots of the eigenvalues of P =TTH, are simple. In this section, we consider the case of multiple
singular values of T'.

We assume that T is irreducible, that is there are no zero entries on its subdiagonal. Otherwise,
T is block diagonal and can be deflated into smaller irreducible matrices. If T is irreducible, then
P=TTH is Hermitian pentadiagonal with nonzero entries on its second subdiagonal. It is well
known that if a Hermitian tridiagonal matrix of order n is irreducible, then its rank is at least
n—1. This can be extended to Hermitian pentadiagonal matrices. If a Hermitian pentadiagonal
matrix of order n has no zero entries on its second subdiagonal, then it is of rank at least n —2.
This implies that the multiplicity of any eigenvalue of an irreducible P is at most two, since
rank(P —o21)>n—2, for any € R.

In Sections 2 and 3, we have shown that if y is a good approximation of a simple eigenvalue
/i of P, then there exists an index k such that 7y, in the twisted factorization P —ul = Ny DkN,fI is
small and the corresponding eigenvector can be obtained by solving for z; in N,flzk =ey. In this
section, we will show that, in the case of a multiple eigenvalue 4; =/;41, there exist two indices
k1 and k», k1 #kp, so that Tk and Yy in the twisted factorizations indexed by k; and k, are small

and the associated eigenvectors can be obtained by solving N, ,S Zy, =ey, and N, Igzk2 =€, .

Theorem 5.1
Let P—ul=QAQ" be an eigendecomposition, where A=diag(/;,...,4,) and Q= lgi,;].
Suppose that 4; =4;41 is a multiple eigenvalue, then there exist k; and k>, k| #Zk», such that

max(|gk,.ils |qk,i+1D)=1/v2n  and  max(|qk,.il, 9k,.i+11)=1/~2n
that is, at least one of |gx, ;| and |gk,,;+1] is not smaller than 1/+/2n and the same for |gk, ;| and
ks i+11-

Proof
Since Q is unitary, Y ;_; |qk.i |>=1, which implies that there exists ki |Gk, i |>>1/n. Making use
of 1 gk, ;1> =1, we immediately obtain

: 2 2 1
min(|qx, i 175 |Gk i+117) <5

Without loss of generality, we assume |qk1,i+1|2=min(|qk1,i|2, |qk1,i+1|2)<%. It then follows
that Zk#kl |qk,i+1|2>%, showing that there exists ky (ko #k1): |qk2,i+1|2 > 1/(2n). Therefore, we
have gk, i|>1//n>1/+/2n and |qk,.i+1|>1/v/2n, ki #ka. O

Similar to Theorem 3.1, we show an upper bound for |y |/l|zk |2, k=ki, k2, for the case of
multiple eigenvalues 4; =/4;41.

Theorem 5.2
Suppose that P —pul is invertible and

(P—ul)zy=vyer fork=1,2,....n

Copyright © 2009 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2009; 16:801-815
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Let 4; =7;+1 be a multiple eigenvalue of P. If max(|qx i|, |gk.i+1])=1/+2n, then

LI Y
llzx |2

Proof
Since P —pul is invertible, zy =7, (P — ul) ey, implying

Izl = 7 1%ef QA" — )™ (A—pul) "' QPey

gk, il
=nl? Y —L—

2l —u?

Without loss of generality, we assume that |gx ;| =max(|gk.i|, |gk,i+1])=1/+/2n. It then follows
that

2
lzel3 gl | lguil? lgx.j1*

el Vi—ul? =l i 1A —ul?

_ il (| lakinl? gk 12 | A —u |
|2 — pl? kil i laril? 14 —p
lqx.iI* lgii+1>  1=lqk.il*—lqi+11*

=— 5 (1 5 3 o (8
[4; — ul gk, il gk,

where
Ai—U 2
A= ) }l_ ‘ > wj=land 0;>0

J#Li+] T H i i+1

is a weighted arithmetic mean of {|4; —,u|2/|Aj —ul?, j#i,i+1}. Thus,

Ji—ul \?
0<&/2<<| “')
gap, (1)

where gap, (1) =min;; ;41 |A; — pul. It follows from (8) that

, -1/2
el 14i—pl lgri+1® | 1=lgril>—lgrit1l®
= 1 >+ 5 L2
Izl gl |qk.i |qk.i
A —
< |4 —
|q.i
<V2n|4i—p
Copyright © 2009 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2009; 16:801-815
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since

2 2
L—1qk,il* — g it1]

2
- d |Gk, iv1l >0
|Gk,

o> >0 >
gk, |?

which completes the proof. ]

The above two theorems show that if we have a good approximation y of a multiple eigenvalue
Ai =Zi+1 of P, then there exist two indices k; and k», k1 #kp, so that 17, 1/ 12, 12 and [y, 1/ 1|2k, 12

produced by Theorem 5.2 are as small as |4; — | up to a factor of at most +/2n. It then follows
from Theorem 4.2 that the computed eigenvectors q; =2, / ||z, |2 and §;+1 =2,/ ||k, |12 satisfy

V2nldi —ul

[sin0(q;, q;)|, |sin0(q;+1, qi+1)|<
gap, (1)

where gap, (@) =min;4; ;11 |4; — pl.
In summary, we present the following algorithm for multiple singular values in 146n —149
floating-point operations.

Algorithm 5.3

Given the Hermitian pentadiagonal matrix P=TTH and u= /Al[ = Av,-+1, a computed multiple eigen-
value of P, this algorithm computes approximations of the eigenvectors corresponding to the
multiple eigenvalue 4; =4;41.

1. Compute the LDLH and UDU! decompositions (1) of P — ul using Algorithms 2.1 and 2.2.

2. Applying Theorem 2.3, fori =1, ..., n, compute the twisted factorizations P — ul = N; D; Nl.H
and find k; and k, k1 #k2, such that |y, | and [y, | are the smallest among |[y;].

3. Solve for z, in N}gzk1 =ey, and 7z, in N,gzk2 =ey, using (6).

4. Set @ =2, /||7x, |l2 and §i+1 =2k, / |12k, |l2-

We have found that if the two indices k| and k> found in step 2 of Algorithm 5.3 are close,
for example k» =k;+1, the eigenvectors zx, and z, can be almost parallel. If k; and k> are far
apart, then z;, and z, are linearly independent, which is desirable. Thus, we propose the following
strategy of choosing kj and k. First, we find k; such that |y |=min; |y;|. Then, if there is only
one isolated second smallest |y, |, then we choose k; as the second index. If there is a cluster of
several equally small [y;| next to |y, [, then among them we choose an index k» which is far apart
from k.

In practice, however, eigenvalues can be clustered instead of exactly equal. It is known that the
computed eigenvectors corresponding to clustered eigenvalues can lose orthogonality. In addition
to the deflation and the strategy of choosing the indices k; and k; described above, we propose
the following technique to deal with the issue of computing the Takagi vectors corresponding to
clustered singular values. If an irreducible symmetric tridiagonal matrix has more than two tightly
clustered singular values, we then group them in pairs. The left singular vectors corresponding to
each tightly clustered singular value pair are computed using the strategy of choosing the indices k
and k> to improve the linear independency between them. The left singular vectors corresponding
to all clustered singular values are orthogonalized by the modified Gram—Schmidt method when
they are converted into the Takagi vectors. Our empirical results presented in Section 6 show that
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this combination of deflation, index selection and orthogonalization works well in dealing with
clustered singular values.

6. NUMERICAL EXPERIMENTS

We implemented our twisted factorization Algorithms 3.2 and 5.3 incorporated with the refinement
technique in Matlab and tested their accuracy and efficiency. Our experiments were carried out
on a server with two 2.4 GHz Xeon CPUs, 1 GB RAM and an 80GB disk. Random complex
symmetric tridiagonal matrices with predetermined singular values were generated as follows. First,
a vector s of n singular values was initialized. Then, a random unitary matrix U was generated
by the QR decomposition of a random complex matrix. Finally, a complex symmetric tridiagonal
matrix 7 was obtained by tridiagonalizing the product USUT, where =diag(s) using two-
side Householder transformations. Thus, the complex symmetric tridiagonal 7" had predetermined
singular values in s.

We tested our algorithm on the following five matrices with various singular value clusters. Some
singular values are even identical to working precision. We applied the techniques for dealing with
clustered singular values described in the previous section. When an entry on the subdiagonal of
a tridiagonal matrix was smaller than the square root of the machine precision, it was set to zero
and the tridiagonal matrix was deflated. The singular values were computed using the implicit QR
method [11]. The error in the computed singular vector § was measured by

Ay=Ils—S]
The error in the computed Takagi factorization was measured by
A=|VEVT—T|, where £=diag(s)

and V was computed by Algorithms 3.2 and 5.3. The orthogonality of the computed Takagi vectors
was measured by

Ap=|IVVH—1||,

Example 1 (Nested clusters, Dhillon and Parlett [15])
A 13 x 13 real symmetric tridiagonal matrix with spectrum, &, 1, 11071, 11072, 1£107°,
1+ 10_6, 1+£103 and 2, where ¢ is the machine precision.

Example 2 (Wilkinson matrix, Dhillon and Parlett [15])
The 101 x 101 Wilkinson matrix that has various eigenvalue clusters of pairs. The rightmost cluster
is the tightest, with 4100 and 410; identical to working accuracy.

Example 3 (Uniform distribution (\/¢ apart))
A 400 x 400 random complex symmetric tridiagonal matrix with singular values:

o1=¢ 0;j=1+(—Dve, j=2,...,399 and c400=2
where ¢ is the machine precision.
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Example 4 (Uniform distribution (¢ to 1))

A 400 x400 random complex symmetric tridiagonal matrix with singular values evenly spaced
between ¢ and 1:

0]':8—‘,—(].—1)‘[,', ]:1,2,,400
where t=(1—¢)/399.

Example 5 (Clustered at 1)
Example 5A 400 x 400 random complex symmetric tridiagonal matrix with singular values:

ogi=14+ve fori=1,...,388 and o400=¢
where v is normally distributed between —1 and 1.

Table I shows the errors in the computed SSVDs of the above five examples.

For performance, we tested our algorithm on random complex symmetric tridiagonal matrices
of five different sizes. For each size, we generated five complex symmetric tridiagonal matrices.
Their singular values were random numbers uniformly distributed between 0 and 1. We ran our
twisted factorization (Twist) method, divide-and-conquer (DAC) method [12] and the Matlab’s
svd function. In the divide-and-conquer method, when the size of a submatrix 7 is less than or
equal to 10, its Takagi factorization is computed directly by the implicit QR method [11]. For
fair comparison, we used Matlab’s svd function, instead of the implicit QR method used in the
previous experiment, to compute the singular values for our twisted factorization (Twist) method.
Table II shows the average running time and the average factorization error A; of the five matrices
of same size. The results in Table II demonstrate that our method is significantly more efficient

Table 1. Errors in the computed SSVDs of the five testing matrices with clustered singular values.

Example A, As Ay

Nested 9.8586E—11 9.8586E—11 6.6400E—11
Wilkinson 1.0109E—10 9.0317E—10 9.8164E—13
/€ apart 6.5221E—15 8.2247E—13 1.5264E—13
gto 1 1.7985E—12 8.1968E —13 8.0259E— 14
Clustered at 1 4.6373E—16 1.5076E— 14 5.4858E—14

Table II. The performance and accuracy comparison of the Twisted factorization (Twist) method,
divide-and-conquer (DAC) method and SVD subroutine in Matlab (SVD).

Running time (s) Ay

Matrix size Twist DAC SVD Twist DAC SVD

100 0.41 0.65 0.06 5.3425E—13 9.5324E—14 5.6786E—15
200 1.29 2.62 0.90 6.2342E—12 4.1002E—13 1.5234E—14
400 4.67 9.32 6.73 1.0123E—11 1.1023E—11 3.2111E—14
800 18.08 44.12 79.99 3.2123E—-11 3.9821E—11 3.7456E—14
1600 70.07 253.62 1210.20 5.2398E—11 5.3252E—11 5.3421E—14
Copyright © 2009 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2009; 16:801-815
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than both the divide-and-conquer method and the Matlab’s svd function even for matrices of
moderately large size.
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