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Abstract The standard approaches to solving an overdetermined linear system
Ax ≈ b find minimal corrections to the vector b and/or the matrix A such
that the corrected system is consistent, such as the least squares (LS), the data
least squares (DLS) and the total least squares (TLS). The scaled total least
squares (STLS) method unifies the LS, DLS and TLS methods. The classical
normwise condition numbers for the LS problem have been widely studied.
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However, there are no such similar results for the TLS and the STLS problems.
In this paper, we first present a perturbation analysis of the STLS problem,
which is a generalization of the TLS problem, and give a normwise condition
number for the STLS problem. Different from normwise condition numbers,
which measure the sizes of both input perturbations and output errors using
some norms, componentwise condition numbers take into account the relation
of each data component, and possible data sparsity. Then in this paper we
give explicit expressions for the estimates of the mixed and componentwise
condition numbers for the STLS problem. Since the TLS problem is a special
case of the STLS problem, the condition numbers for the TLS problem follow
immediately from our STLS results. All the discussions in this paper are under
the Golub-Van Loan condition for the existence and uniqueness of the STLS
solution.

Keywords Scaled total least squares · Least squares · Condition number ·
Mixed and componentwise condition number · Perturbation · Error bounds

Mathematics Subject Classifications (2000) 65F20 · 65F35

1 Introduction

The standard approaches to solving an overdetermined linear system Ax ≈ b
find minimal corrections to the vector b and/or the matrix A such that the
corrected system is consistent, such as the least squares (LS) method, the data
least squares (DLS) method and the total least squares (TLS) method.

The scaled total least squares (STLS) method unifies the LS, DLS, and TLS
methods. For given A ∈ R

m×n (m > n) and b ∈ R
m, based on the work of Rao

[18], Paige and Strakoš [16] formulated the STLS problem:

min ‖[r E]‖F subject to λb − r ∈ R(A + E), (1.1)

where λ is a real positive parameter, ‖ · ‖F denotes the Frobenius norm and
R(·) represents the range space. Suppose that [rST LS EST LS] solves the above
problem, then the solution xST LS for x in the equation (A + EST LS)λx = λb −
rST LS is called the STLS solution. Obviously, the STLS problem becomes the
TLS problem when λ = 1. Also, Paige and Strakoš [15] showed that the STLS
solution approaches the LS solution as λ → 0.

Condition numbers play an important role in sensitivity analysis, a study of
the worst case sensitivity of the solution of a problem to small perturbations
in the input data [7]. The product of a condition number and backward error
provides an approximate local linear upper bound on the forward error in a
computed solution.

There have been many results about the classical normwise condition
numbers for the LS problem. However, there are no such results for the TLS
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and STLS problems. In this paper, using the terminologies introduced by
Gohberg and Koltracht [4], we derive the relative normwise, mixed and com-
ponentwise condition numbers for the STLS problem. To ensure the existence
and uniqueness of the STLS solution, we assume that the Golub-Van Loan
condition is satisfied. That is, the smallest singular value of A is strictly greater
than the smallest singular value of [A λb ]. Since the TLS problem is a special
case of the STLS problem where λ = 1, our results are readily applied to the
TLS problem.

Throughout this paper, the following notations are used: ‖X‖2 denotes the
spectral norm of a matrix, given by the square root of the largest eigenvalue of
XT X; ‖X‖∞ the infinity norm of a matrix, given by ‖X‖∞ = max

i

∑

j
|Xij|; XT

the transpose of X; |X| is the absolute value of the matrix X, whose entries are
|Xij|; the matrix inequality |X| ≤ |Y| means the componentwise |Xij| ≤ |Yij|,
for all i and j; X† the Moore-Penrose inverse [1, 30] of X; diag(a) the diagonal
matrix whose diagonal is given by a vector a; ‖a‖2 the Euclidean norm of a

vector, given by ‖a‖2 =
√∑

i
|ai|2; ‖a‖∞ the infinity norm of a vector, given by

‖a‖∞ = max
i

|ai|; |a| the vector whose elements are |ai|; I the n × n identity

matrix. For any a, b ∈ R
n, we define a

b = [c1, c2, · · · , cn]T by

ci =

⎧
⎪⎨

⎪⎩

ai/bi, if bi �= 0,

0, if ai = bi = 0,

∞, otherwise.

For matrices X =[x1, x2,· · ·, xn]=[Xij] and Y, X⊗Y =[XijY] is the Kronecker
product of X and Y and for X the linear operator vec : R

m×n → R
mn is defined

by vec(X) = [
xT

1 , xT
2 , · · · , xT

n

]T .
This paper is organized as follows. In Section 2, we give explicit expressions

for the STLS solution and some preliminaries necessary for this paper. In
Section 3, we derive a perturbation estimate and a relative normwise condition
number for the STLS problem. The mixed and componentwise condition
numbers for the STLS problem are given in Section 4. In Section 5, we present
our numerical experiments to confirm our results. Finally, in Section 6, we
make some conclusions.

2 Preliminaries

In this section, we begin with a brief review of some properties of the TLS
problem, which play an essential role throughout our study on the condition
numbers for the STLS problem. Then using the solution for the TLS problem,
we give a sufficient condition for the existence of the STLS solution and an
explicit expression for the solution. Finally, we give a useful identity necessary
for our study of the condition numbers for the STLS problem.
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As we know, the TLS problem can be formulated as

min ‖[r E]‖F subject to b − r ∈ R(A + E). (2.1)

If [rT LS ET LS] solves the above problem, then the solution xT LS for x in the
consistent equation (A + ET LS)x = b − rT LS is called the TLS solution.

The existence of the TLS solution has been studied by a number of authors
[5, 9–11, 13, 14, 17, 23–26, 29, 31]. Golub and Van Loan [5] gave the following
condition for the existence and uniqueness of the TLS solution. Let the
singular value decompositions of A and [A b ] be

Û T AV̂ = �̂ and Ŭ T [A b ]V̆ = �̆

respectively, where

�̂ =

⎡

⎢
⎢
⎢
⎣

σ̂1

. . .

σ̂n

0

⎤

⎥
⎥
⎥
⎦

∈ R
m×n, σ̂1 ≥ σ̂2 ≥ · · · ≥ σ̂n ≥ 0,

and

�̆ =

⎡

⎢
⎢
⎢
⎣

σ̆1

. . .

σ̆n+1

0

⎤

⎥
⎥
⎥
⎦

∈ R
m×(n+1), σ̆1 ≥ σ̆2 ≥ · · · ≥ σ̆n+1 ≥ 0,

with Û , Ŭ ∈ R
m×m, V̂ ∈ R

n×n, V̆ ∈ R
(n+1)×(n+1) being real orthogonal matrices.

If σ̂n > σ̆n+1, then xT LS exists uniquely and

xT LS = (
ATA − σ̆ 2

n+1 I
)−1

ATb . (2.2)

In the following part, we make use of the TLS solution to give a sufficient
condition for the existence of the STLS solution and an explicit expression of
the solution under the condition. Comparing (1.1) and (2.1), we can see that if
xST LS is the solution of (1.1) then λxST LS is the solution of the TLS problem with
A and λb . For a sufficient condition for the existence of the STLS solution, let
the singular value decomposition of [A λb ] be

U T [A λb ]V = �,

where

� =

⎡

⎢
⎢
⎢
⎣

σ1

. . .

σn+1

0

⎤

⎥
⎥
⎥
⎦

∈ R
m×(n+1), σ1 ≥ σ2 ≥ · · · ≥ σn+1 ≥ 0,
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with U ∈ R
m×(n+1), V ∈ R

(n+1)×(n+1) being real orthogonal matrices. If σ̂n >

σn+1, by (2.2), there exists a unique solution to the STLS problem, which can
be expressed as

λxST LS = λ
(

ATA − σ 2
n+1 I

)−1
ATb ,

that is,

xST LS = (
ATA − σ 2

n+1 I
)−1

ATb . (2.3)

Throughout this paper we assume σ̂n > σn+1 to ensure the existence and
uniqueness of the STLS solution. Note that this condition implies that σ̂n > 0,
then it follows that the LS problem

min ‖s‖2 subject to b + s ∈ R(A), (2.4)

has a unique solution given by

xLS = (
ATA

)−1
ATb .

From the expression (2.3), we can see that if σn+1 = 0, the STLS solution
becomes the LS solution. Thus in the following discussion, we further assume
that σn+1 > 0.

Finally, we give an identity about the Kronecker product in the following
lemma. See [6] for a proof.

Lemma 2.1 Let B ∈ R
m×p, C ∈ R

q×n, X ∈ R
p×q, then

vec(BXC) = (
CT ⊗ B

)
vec(X). (2.5)

The above identity plays an important role in this paper.

3 Normwise condition number

In this section we first derive a perturbation estimate and then present a
relative normwise condition number for the STLS problem. Let Ã = A + �A

and b̃ = b + �b , where �A and �b are the perturbations of the input data A
and b respectively. Consider the perturbed STLS problem

min ‖[r E]‖F subject to λb̃ − r ∈ R
(

Ã + E
)

.

Denote the singular values of the matrix [Ã λb̃ ] by σ̃1 ≥ σ̃2 ≥ · · · ≥ σ̃n+1 ≥ 0.
If the norm ‖[�A λ�b ]‖F of the perturbations is sufficiently small, then the
well-known perturbation analysis of singular values ensures that the perturbed
STLS problem above has a unique solution x̃ST LS and it can be expressed as

x̃ST LS =
(

ÃT Ã − σ̃ 2
n+1 I

)−1
ÃTb̃ . (3.1)
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Let the change in the solution be

�x := x̃ST LS − xST LS . (3.2)

Now we introduce the following definition of the relative normwise condi-
tion number for the STLS problem.

Definition 3.1 Using the above notations, the relative normwise condition
number for the STLS problem is defined by

κST LS := lim
ε→0

sup
‖[�A λ�b ]‖F≤ε‖[A λb ]‖F

‖�x‖2

ε‖xST LS‖2
. (3.3)

Before deriving the explicit expression for this normwise condition number,
we give a useful expansion of the smallest singular value of the perturbed
matrix in terms of the smallest singular value of the original matrix. See [21] or
[22] for a proof.

Lemma 3.1 Let σmin be the smallest nonzero and simple singular value of a
matrix X with umin and vmin being its corresponding left and right singular
vectors respectively. If ‖�X ‖F is sufficiently small, then σ̃min, the smallest nonzero
singular value of the perturbed matrix X̃ = X + �X , is simple and

σ̃min = σmin + uT
min�X vmin + O

(‖�X ‖2
F

)
.

In our case, from the interlacing property [33, p.103] of the eigenvalues of a
symmetric matrix we obtain that

σ1 ≥ σ̂1 ≥ σ2 ≥ · · · ≥ σn ≥ σ̂n ≥ σn+1.

By the above inequality and our assumption σ̂n > σn+1, we can further con-
clude that σn+1 is a simple singular value of [A λb ]. Then by Lemma 3.1,
we have

�σn+1 := σ̃n+1 − σn+1 = uT
n+1[�A λ�b ]vn+1 + O

(‖[�A λ�b ]‖2
F

)
, (3.4)

where un+1 and vn+1 are respectively the left and right singular vectors corre-
sponding to the smallest singular value σn+1 of [A λb ].

Now we derive an explicit expression of an estimate for the perturbation �x

defined in (3.2) in the following lemma.

Lemma 3.2 For �x defined in (3.2), we have an estimate

�x = (M + N)vec ([�A λ�b ]) + R(�A, �b ) + O
(‖[�A λ�b ]‖2

F

)
, (3.5)

where

M :=
[

K ⊗ b T − xT
ST LS

⊗ (
K AT)− K ⊗ (

AxST LS

)T
λ−1 K AT

]
, (3.6)

N := 2σn+1 y
(
vT

n+1 ⊗ uT
n+1

)
, (3.7)
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and

R(�A, �b ) := K�T
A�b −K

(
�T

A�A−�2
σn+1

I
)

K
(

ATb + AT�b +�T
Ab +�T

A�b
)

− K
(

AT�A+�T
A A−2σn+1�σn+1 I

)
K
(

AT�b +�T
Ab +�T

A�b
)

− K
∞∑

i=2

((
AT�A+�T

A A−2σn+1�σn+1 I+�T
A�A−�2

σn+1
I
)

K
)i

· (ATb + AT�b +�T
Ab +�T

A�b
)
.

with K := (
ATA − σ 2

n+1 I
)−1

and y = KxST LS .

Proof From (3.1), (3.2) and (3.4), we have

�x = x̃ST LS −xST LS

=
(

ÃT Ã−σ̃ 2
n+1 I

)−1
ÃTb̃ −xST LS

=
(
(A+�A)T (A+�A)−(σn+1+�σn+1

)2
I
)−1

(A+�A)T (b +�b )−xST LS .

Expanding the last equality of the above formula, we have

�x =
((

ATA−σ 2
n+1 I

)+(AT�A+�T
AA−2σn+1�σn+1 I+�T

A�A−�2
σn+1

I
))−1

· (ATb + AT�b +�T
Ab +�T

A�b
)−xST LS

= (ATA−σ 2
n+1 I

)−1

·
(
I+(AT�A+�T

AA−2σn+1�σn+1 I+�T
A�A−�2

σn+1
I
) (

ATA−σ 2
n+1 I

)−1
)−1

· (ATb + AT�b +�T
Ab +�T

A�b
)−xST LS .

When ‖[�Aλ�b ]‖F is sufficiently small, we may assume that the norm of
(AT�A+�T

A A−2σn+1�σn+1 I+�T
A�A−�2

σn+1
I)(ATA − σ 2

n+1 I)−1 is less than 1.
Then we have

�x = (
ATA − σ 2

n+1 I
)−1

·
(

I −
∞∑

i=1

((
AT�A + �T

A A − 2σn+1�σn+1 I + �T
A�A − �2

σn+1
I
)

× (
ATA − σ 2

n+1 I
)−1

)i
)

· (ATb + AT�b + �T
Ab + �T

A�b
)− xST LS .
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Further expanding the above formula, replacing (ATA − σ 2
n+1 I)−1 with K, and

using the definition of R(�A, �b ), we obtain

�x = (
ATA − σ 2

n+1 I
)−1

ATb + K
(
�T

Ab + AT�b
)

− K
(

AT�A + �T
A A − 2σn+1�σn+1 I

)
K ATb + R (�A, �b ) − xST LS .

Then by (2.3), we get

�x = K
(
�T

Ab + AT�b
)−K

(
AT�A + �T

A A−2σn+1�σn+1 I
)

xST LS +R (�A, �b ) .

Substituting �σn+1 in the above formula with (3.4), we have

�x = K
(
�T

Ab + AT�b
)−K

(
AT�A+�T

A A − 2σn+1uT
n+1[�A λ�b ]vn+1 I

)
xST LS

+ R (�A, �b ) + O
(‖[�A λ�b ]‖2

F

)
.

Further expanding the above formula and replacing KxST LS with y, we get

�x = K�T
Ab + K AT�b − K AT�AxST LS − K�T

A AxST LS

+ 2σn+1uT
n+1[�A λ�b ]vn+1 KxST LS + R(�A, �b ) + O

(‖[�A λ�b ]‖2
F

)

= K�T
Ab + K AT�b − K AT�AxST LS − K�T

A AxST LS

+ 2σn+1uT
n+1[�A λ�b ]vn+1 y + R(�A, �b ) + O

(‖[�A λ�b ]‖2
F

)
.

Applying the operator vec to both sides of the last equation above, we have

�x = K AT�b + vec(K�T
Ab) − vec

(
K AT�AxST LS

)− vec
(
K�T

A AxST LS

)

+ 2σn+1 y vec
(
uT

n+1[�A λ�b ]vn+1
)+ R (�A, �b ) + O

(‖[�A λ�b ]‖2
F

)

= K AT�b + vec
(
b T�A KT)− vec

(
K AT�AxST LS

)− vec
(
(AxST LS)

T�A KT)

+ 2σn+1 y vec
(
uT

n+1[�A λ�b ]vn+1
)+ R(�A, �b ) + O

(‖[�A λ�b ]‖2
F

)
.

Applying (2.5) to the above formula we obtain

�x = K AT�b +(K⊗b T) vec(�A)−(xT
ST LS

⊗(K AT)
)

vec(�A)

− (
K ⊗ (AxST LS)

T) vec(�A)+2σn+1 y
(
vT

n+1⊗uT
n+1

)
vec ([�A λ�b ])

+ R (�A, �b )+O
(‖[�A λ�b ]‖2

F

)

=
[

K ⊗ b T − xT
ST LS

⊗ (
K AT)−K ⊗ (AxST LS)

T λ−1 K AT
] [vec(�A)

λ�b

]

+ 2σn+1 y(vT
n+1 ⊗ uT

n+1)vec([�A λ�b ])+R(�A, �b ) + O
(‖[�A λ�b ]‖2

F

)

= (M + N)vec([�A λ�b ]) + R(�A, �b )+O
(‖[�A λ�b ]‖2

F

)
.

This completes the proof. ��
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Now that we have obtained an expression of �x, a key result in this paper,
we give an explicit expression for the estimate of the relative normwise condi-
tion number defined in (3.3) in the following theorem.

Theorem 3.1 Using the notations above, we have the condition number

κST LS ≤ ‖M + N‖2‖
[
A λb

] ‖F

‖xST LS‖2
:= κM

ST LS
(3.8)

defined in Definition 3.1.

Proof From (3.5), we have

‖�x‖2 ≤ ‖M + N‖2‖vec([�A λ�b ])‖2 + ‖R(�A, �b )‖2 + O
(‖[�A λ�b ]‖2

F

)

= ‖M + N‖2‖[�A λ�b ]‖F + ‖R(�A, �b )‖2 + O
(‖[�A λ�b ]‖2

F

)
.

For the term ‖R(�A, �b )‖2, the definition of R(�A, �b ) shows that every term
in the expansion of ‖R(�A, �b )‖2 contains a factor either ‖�A‖2

F or ‖�b ‖2
2

or ‖�A‖F‖�b ‖2. The condition ‖ [�A λ�b ] ‖F ≤ε‖ [A λb
] ‖F in (3.3) implies

that ‖�A‖F ≤ε‖[Aλb ]‖F and ‖�b ‖2 ≤ε‖[Aλb ]‖F . Therefore, ‖R(�A, �b )‖2 ≤
O(ε2). Consequently, a perturbation bound for the STLS solution x is obtained:

‖�x‖2

‖xST LS‖2
≤ ε

‖M + N‖2

‖xST LS‖2
‖[A λb ]‖F + O

(
ε2
)
,

which, from (3.3), leads to (3.8). ��

We will demonstrate in Section 5 that the estimate (3.5) is accurate and the
condition number κST LS (3.8) is very sharp.

Note that κM
ST LS

involves the matrices M and N, which may be impractical to
compute. However, (3.6) and (3.7) indicate that when σ̂n, the smallest singular
value of A, is close to σn+1, the smallest singular value of [A λb ], then K is
ill-conditioned, implying that the norm of y = KxST LS thus the norm of N and
the norm of M can be large. In other words, when the gap σ̂n − σn+1 is small,
then the STLS problem is ill-conditioned. Our experiments have shown that
when the gap is small, κM

ST LS
is about the reciprocal of the gap.

4 Componentwise condition numbers

A drawback of the relative normwise condition numbers as defined in (3.3) is
that they ignore the structure of both input and output data with respect to
scaling and/or sparsity. When the data are badly scaled or contain many zeros,
measuring the size of a perturbation in terms of its norm leaves us in the dark
concerning the relative size of the perturbation on its small (or zero) entries.

To tackle this drawback, another approach in the perturbation theory,
known as componentwise analysis, has been increasingly considered [8, 19, 20].
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Specifically, two kinds of condition numbers are studied. The first kind, called
mixed condition numbers by Gohberg and Koltracht [4], measures the output
errors in norms and the input perturbations componentwise. The second kind,
called componentwise condition numbers by Gohberg and Koltracht [4], mea-
sures both the output errors and the input perturbations componentwise. We
adopt their terminology and define the mixed and componentwise condition
numbers for the STLS problem as follows.

Definition 4.1 The mixed condition number for the STLS problem is de-
fined by

μST LS := lim
ε→0

sup
|�A| ≤ ε|A|
|�b | ≤ ε|b |

‖�x‖∞
ε‖xST LS‖∞

(4.1)

and the componentwise condition number is defined by

νST LS := lim
ε→0

sup
|�A| ≤ ε|A|
|�b | ≤ ε|b |

1

ε

∥
∥
∥
∥

�x

xST LS

∥
∥
∥
∥

∞
, (4.2)

recalling that |�A|≤ε|A| and |�b |≤ε|b | means |�Aij|≤ε|Aij| and |�bi |≤ε|bi|.

The following theorem gives explicit expressions for the estimates of the
above mixed and componentwise condition numbers for the STLS problem.

Theorem 4.1 Using the notations above, we have the condition numbers

μST LS ≤ ‖ |M + N|vec([|A| λ|b |])‖∞
‖xST LS‖∞

:= μM
ST LS

and

νST LS ≤
∥
∥
∥
∥
|M + N|vec([|A| λ|b |])

xST LS

∥
∥
∥
∥

∞
:= νM

ST LS

defined in Definition 4.1.

Proof If the perturbation �A is structured as A, then the zero elements of A
are not perturbed, that is, if Aij = 0 then �Aij = 0. Therefore,

vec(�A) = DA D†
Avec(�A),

where DA = diag(vec(A)) and D†
A is the Moore-Penrose inverse of DA [1, 30].
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Denoting Db = diag(b), rewriting (3.5) as

�x = (M + N)vec([�A λ�b ])+R(�A, �b ) + O
(‖[�A λ�b ]‖2

F

)

= (M + N)

[
vec(�A)

λ�b

]

+R(�A, �b )+O
(‖[�A λ�b ]‖2

F

)

= (M + N)

[
DA

λDb

][
D†

Avec(�A)

D†
b �b

]

+R(�A, �b )+O
(‖[�A λ�b ]‖2

F

)
,

(4.3)

taking norms we have

‖�x‖∞ ≤
∥
∥
∥
∥
∥
(M + N)

[
DA

λDb

]∥
∥
∥
∥
∥∞

∥
∥
∥
∥
∥

[
D†

Avec(�A)

D†
b�b

]∥
∥
∥
∥
∥∞

+ ‖R(�A, �b )‖∞ + O
(‖[�A λ�b ]‖2

F

)
.

Similar to the proof of (3.8), we can finally obtain ‖R(�A, �b )‖∞ ≤ O(ε2)

given that |�A| ≤ ε|A| and |�b | ≤ ε|b | in (4.1). Besides, we can also get
O
(‖[�A λ�b ]‖2

F

) ≤ O(ε2). Therefore, we have

‖�x‖∞ ≤ ε

∥
∥
∥
∥
∥
(M + N)

[
DA

λDb

]∥
∥
∥
∥
∥∞

+ O
(
ε2
)
.

According to (4.1), we have the mixed condition number

μST LS ≤

∥
∥
∥
∥
∥
(M + N)

[
DA

λDb

]∥
∥
∥
∥
∥∞

‖xST LS‖∞

=

∥
∥
∥
∥|M + N|

[|DA|
λ|Db |

]∥
∥
∥
∥∞

‖xST LS‖∞

=

∥
∥
∥
∥|M + N|

[|DA|
λ|Db |

]

e

∥
∥
∥
∥∞

‖xST LS‖∞

=

∥
∥
∥
∥
∥
|M + N|

[
vec(|A|)

λ|b |

]∥
∥
∥
∥
∥∞

‖xST LS‖∞

= ‖ |M + N|vec([|A| λ|b |])‖∞
‖xST LS‖∞

,

where e is an (n + 1)m dimensional vector with all entries equal to one.
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According to the definition of ν in (4.2), if the i-th entry of x is 0 but the i-th
entry of �x is not 0, then ν = ∞. Otherwise, from (4.3) we get

D†
xST LS

�x = D†
xST LS

(M + N)

[
DA

λDb

][
D†

Avec(�A)

D†
b�b

]

+R(�A, �b ) + O
(‖[�A λ�b ]‖2

F

)
,

taking norms and using the conditions |�A| ≤ ε|A| and |�b | ≤ ε|b | in (4.2),
we have

∥
∥
∥
∥

�x

xST LS

∥
∥
∥
∥

∞
=
∥
∥
∥D†

xST LS
�x

∥
∥
∥∞

≤
∥
∥
∥
∥
∥

D†
xST LS

(M + N)

[
DA

λDb

]∥
∥
∥
∥
∥∞

∥
∥
∥
∥
∥

[
D†

Avec(�A)

D†
b�b

]∥
∥
∥
∥
∥∞

+ ‖R(�A, �b )‖∞ + O
(‖[�A λ�b ]‖2

F

)

≤ ε

∥
∥
∥
∥
∥

D†
xST LS

(M + N)

[
DA

λDb

]∥
∥
∥
∥
∥∞

+ O
(
ε2
)
.

According to (4.2), we have the componentwise condition number

νST LS ≤
∥
∥
∥
∥D†

xST LS
(M + N)

[
DA

λDb

]∥
∥
∥
∥∞

=
∥
∥
∥
∥

∣
∣
∣D†

xST LS

∣
∣
∣ |M + N|

[|DA|
λ|Db |

]∥
∥
∥
∥∞

=
∥
∥
∥
∥

∣
∣
∣D†

xST LS

∣
∣
∣ |M + N|

[|DA|
λ|Db |

]

e

∥
∥
∥
∥∞

=
∥
∥
∥
∥
∥

∣
∣
∣D†

xST LS

∣
∣
∣ |M + N|

[
vec(|A|)

λ|b |

]∥
∥
∥
∥
∥∞

=

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥

|M + N|
[

vec(|A|)
λ|b |

]

xST LS

∥
∥
∥
∥
∥
∥
∥
∥
∥
∥∞

=
∥
∥
∥
∥
|M + N|vec([|A| λ|b |])

xST LS

∥
∥
∥
∥

∞
,

where e is a (n + 1)m dimensional vector with all entries equal to one. ��



Numer Algor (2009) 51:381–399 393

In Section 5 we will show that the estimates of the mixed and componen-
twise condition numbers we obtained in this section are tight and μM

ST LS
and

νM
ST LS

are nearly the reciprocal of the gap between the smallest singular value
of A and the smallest singular value of [A λb ] as long as the gap is sufficiently
small.

As we know, the STLS solution approaches the LS solution when λ → 0.
In the following part, we show that these mixed and componentwise condition
numbers for the STLS problem respectively approach some existing mixed and
componentwise condition numbers for the LS problem, i.e., μM

ST LS
→ μLS and

νM
ST LS

→ νLS , when λ → 0. Under the condition that A is of full column rank,
Cucker et al. [2] derived the following mixed and componentwise condition
numbers for the LS problem (2.4):

μLS =
∥
∥
∥
∣
∣
∣− (

xLS ⊗ A†
)+ (

ATA
)−1 ⊗ (

b − AxLS

)T
∣
∣
∣ vec(|A|) + ∣

∣A†
∣
∣ |b |

∥
∥
∥∞

‖xLS‖∞
,

νLS =
∥
∥
∥
∥
∥
∥

∣
∣
∣− (

xLS ⊗ A†
)+ (

ATA
)−1 ⊗ (

b − AxLS

)T
∣
∣
∣ vec(|A|) + ∣

∣A†
∣
∣ |b |

xLS

∥
∥
∥
∥
∥
∥∞

.

By Theorem 4.1, we get

μM
ST LS

= ‖ |M + N|vec([|A| λ|b |])‖∞
‖xST LS‖∞

=

∥
∥
∥
∥
∥
|M + N|

[
vec(|A|)

λ|b |

]∥
∥
∥
∥
∥∞

‖xST LS‖∞
.

As λ → 0, we have σn+1 → 0, xST LS → xLS , K → (ATA)−1, and K AT →
(ATA)−1 AT = A†. From (3.6) and (3.7), we get

M →
[(

ATA
)−1 ⊗ b T − xT

LS
⊗ A† − (

ATA
)−1 ⊗ (

AxLS

)T ∣
∣ λ−1 A†

]

and N → 0 as λ → 0. Therefore, we have

μM
ST LS

→
∥
∥
∥
∣
∣
∣
(

ATA
)−1⊗b T −xT

LS
⊗ A†−(ATA

)−1⊗(AxLS

)T
∣
∣
∣ vec(|A|)+∣∣A†

∣
∣ |b |

∥
∥
∥∞

‖xLS‖∞

=
∥
∥
∥
∣
∣
∣−xT

LS
⊗ A†+(ATA

)−1⊗(b − AxLS

)T
∣
∣
∣ vec(|A|)+∣∣A†

∣
∣ |b |

∥
∥
∥∞

‖xLS‖∞

= μLS .

Similarly, we can show that νST LS → νLS as λ → 0. Thus, the condition numbers
for the STLS problem presented in this paper are a generalization of the
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condition numbers for the LS problem given in [2]. Moreover, since the TLS
problem is a special case of the STLS problem when λ = 1, the condition
numbers we derived for the STLS problem become the condition numbers for
the TLS problem when λ = 1.

5 Numerical examples

Since there are no existing condition numbers for the STLS problem, we
first compare our result (3.5) when λ = 1 with some existing results of the
perturbation analysis of the TLS problem. Then we demonstrate the accuracy
of our mixed and componentwise condition numbers for various values of λ.
All the experiments were carried out using MATLAB 7.0.

First of all, we review some existing results of the perturbation analysis of
the TLS problem. Golub and Van Loan [5] provided a numerical analysis of the
TLS problem under the condition σ̂n > σn+1. Van Huffel and Vandewalle [27],
generalized the results in [5] to multidimensional problems. Then Van Huffel
and Vandewalle [25] and Wei [31] considered the case when σ̂p > σp+1 = · · · =
σn+1 for some p < n. Later, Van Huffel and Vandewalle [28] showed that even
if the former condition is not satisfied, a TLS solution (unique or not unique)
may still exist. For rank deficient problems k ≤ n, where k denotes numerical
rank of A, Fierro and Bunch [3] derived perturbation bounds for TLS solutions
in terms of subspace angle between approximate nullspaces. Further analysis
can also be found in Liu [12] and Wei [32]. We summarize some existing results
as follows.

Recall the SVDs:

A = Û�̂V̂T , �̂ = diag
(
σ̂1, σ̂2, ..., σ̂n

)
,

[A λb ] = U�VT , � = diag
(
σ1, σ2, ..., σn+1

)

and partition U = [U1 un+1] and V = [V1 vn+1], where un+1 and vn+1 are
the last columns of U and V respectively. Denote

[
Ã b̃

] := [
A + �A b + �b

] = Ũ�̃ṼT , �̃ = diag
(
σ̃1, σ̃2, ..., σ̃n+1

)
,

and partition Ũ = [Ũ1ũn+1] and Ṽ = [Ṽ1ṽn+1], where ũn+1 and ṽn+1 are the last
columns of Ũ and Ṽ respectively. Let xT LS be the TLS solution corresponding
to [A b ] and x̃T LS the TLS solution corresponding to

[
Ã b̃

]
.

[5, Thm. 4.4] Condition: ‖[�A �b ]‖F ≤ σ̂n − σn+1.
Result:

‖xT LS − x̃T LS‖2 ≤ 9σ1‖[�A �b ]‖F

σn − σn+1

(

1 + ‖b‖2

σ̂n − σn+1

)

× 1

‖b‖2 − σn+1
‖xT LS‖2.
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[31, Thm. 4.1] Condition: ‖[�A �b ]‖2 ≤ (σ̂n − σn+1)/6.
Result:

‖xT LS − x̃T LS‖2 ≤ 3
(‖[�A�b ]‖2+σn+1

)

σ̂n−σn+1

(
1+‖xT LS‖2

)

≤ 9
(‖[�A�b ]‖2+σn+1

)

2(σ̂n − σn+1)

√
1 + ‖xT LS‖2

2

≤ 9
(‖[�A�b ]‖2+σn+1

)

σ̂n−σn+1

σ1

‖b‖2−σn+1
‖xT LS‖2.

[12, Thm. 3] Condition: ‖[�A �b ]‖2 ≤ (σ̂n − σn+1)/2.
Result:

‖xT LS − x̃T LS‖2 ≤ 2
√

2
√

α−2 + 2μ2
‖[�A �b ]‖F

σn − σn+1
,

where α=eT
n+1vn+1, β =eT

n+1ṽn+1, and μ=max
{
α−2, β−2

}
.

[32, Thm. 3.2] Condition: ‖[�A �b ]‖2 ≤ σ̃n − σn+1.
Result:

sin φT LS ≤ ‖xT LS − x̃T LS‖2

≤ sin φT LS

√(‖xT LS‖2
2 + 1

) (‖x̃T LS‖2
2 + 1

)
,

where sin φT LS denotes the sine of the angle between the
nullspaces of [A b ] and [Ã b̃ ] and under reasonable
assumptions, sin φT LS ≈ ‖[�A �b ]‖2/σn.

[32, Theorem 3.2] Conditions: ‖[�A �b ]‖2 < (σn − σn+1)/2 and eT
n+1vn+1,

eT
n+1ṽn+1 > 0.

Result:
∥
∥
∥ṼT

1 vn+1

∥
∥
∥

2
≤ ‖xT LS − x̃T LS‖2

≤
∥
∥
∥ṼT

1 vn+1

∥
∥
∥

2

√(‖xT LS‖2
2 + 1

) (‖x̃T LS‖2
2 + 1

)
.

Table 1 Comparison of the
perturbation estimate
‖xT LS − x̃T LS ‖2

N = 5 N = 60 N = 200

(3.5) 6.8055e − 9 6.1083e − 8 9.1965e − 8
[5, Thm. 4.4] 3.4064e − 6 8.3802e − 5 4.1706e − 4
[31, Thm.4.1] 8.4152e + 1 1.9185e + 2 3.2989e + 2
[12, Thm. 3] 2.8454e − 7 1.2788e − 5 6.9388e − 5
[3, Thm. 3.2] 3.2072e − 8 5.8260e − 7 1.9715e − 6
[32, Thm. 3.2] 8.7926e − 9 1.8890e − 7 5.6663e − 7
Exact perturbation 4.6959e − 9 2.6764e − 8 5.8839e − 8
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Table 2 Comparison of the
computed perturbation
‖x̃ST LS − xST LS ‖2 with our
estimate (3.5)

m n λ ‖�x‖2 Estimate (3.5)

75 20 0.005 2.7511e − 009 2.7511e − 009
750 50 0.005 1.1130e − 009 1.1130e − 009
75 20 1 3.7443e − 005 3.7471e − 005
750 50 1 5.2471e − 006 5.2502e − 006
75 20 10 4.2346e − 006 4.2356e − 006
750 50 10 4.1477e − 005 4.1528e − 005

Example 1 The data A ∈ R
N×(N−2) and b ∈ R

N were adopted from [23,
page 20]:

A =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

N − 1 −1 · · · −1
−1 N − 1 . . . −1
...

... · · · ...

−1 −1 · · · N − 1
−1 −1 · · · −1
−1 −1 · · · −1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, b =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−1
−1
...

−1
N − 1
−1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

So the exact

xT LS = −

⎡

⎢
⎢
⎢
⎣

1
1
...

1

⎤

⎥
⎥
⎥
⎦

, σn+1 = √
N, and σ̂n = √

2N.

The entries of the perturbations �A and �b were generated by ηij Aij and
ξib i respectively, where ηij and ξi are random variables uniformly distributed
on (0, 10−9). Along with the exact perturbation, Table 1 compares our per-
turbation estimate (3.5) (λ = 1) with the above existing results, with various
values of N.

In the following two examples, the entries of the data A and b were gen-
erated as random variables normally distributed with mean zero and variance
one. The entries of the perturbations �A and �b were generated by ηij Aij and
ξib i respectively, where ηij and ξi are random variables uniformly distributed
on the interval (0, 10−8). Thus the sizes of the relative perturbations |�A|/|A|

Table 3 Comparisons of our mixed and componentwise condition numbers with the computed

relative perturbations ‖�x‖∞/‖xST LS ‖∞ and
∥
∥
∥ �x

xST LS

∥
∥
∥∞

m n λ
‖�x‖∞

‖xST LS ‖∞ ε μM
ST LS

∥
∥
∥ �x

xST LS

∥
∥
∥∞

ε νM
ST LS

75 20 0.005 4.8368e − 009 1.8065e − 007 4.2757e − 007 2.9083e − 005
750 50 0.005 4.3023e − 009 3.4165e − 007 1.9138e − 006 5.1544e − 004
75 20 1 4.3625e − 008 4.7337e − 006 1.9570e − 006 1.0771e − 004
750 50 1 5.0974e − 008 2.6190e − 005 1.3555e − 006 6.5079e − 004
75 20 10 9.0560e − 008 7.9714e − 006 5.4786e − 007 5.3745e − 005
750 50 10 4.4682e − 008 1.7573e − 005 1.8704e − 006 8.4454e − 004
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Table 4 Comparisons of the difference σ̂n − σn+1 with our condition numbers

m n λ σ̂n − σn+1 κM
ST LS

μM
ST LS

νM
ST LS

6 4 0.005 1.5343e − 013 6.0531e + 012 5.0590e + 012 5.5046e + 012
100 15 0.005 9.0949e − 013 1.9718e + 013 1.0324e + 013 8.3093e + 013
6 4 1 8.2057e − 013 2.3134e + 012 1.3575e + 012 1.7667e + 012
100 15 1 2.5846e − 013 3.2349e + 013 2.2703e + 013 8.3680e + 013
6 4 10 2.7338e − 012 4.3990e + 011 2.3608e + 011 8.5680e + 011
100 15 10 7.1498e − 014 1.8827e + 014 1.2201e + 014 3.9294e + 014

and |�b |/|b | were about ε = 10−8. The STLS solutions were computed using
(2.3). For each size of A, given by m and n, we carried out 500 random experi-
ments. Each figure in the following tables is the averages of 500 experiments.

Example 2 In this example, we investigate the accuracy of our first order
perturbation estimate (3.5) for the STLS solution. We experimented on three
values of λ, namely 0.005 (a value close to 0), 1, and 10 (a large value). Table 2
lists the results. Our experiments show that the estimate (3.5) is very accurate
as expected.

Example 3 In this example, we compare the relative perturbations ‖�x‖∞/

‖xST LS‖∞ and
∥
∥ �x

xST LS

∥
∥∞ with our mixed and componentwise condition numbers

respectively. From Definition 4.1, for small ε,

‖�x‖∞
‖xST LS‖∞

≤ ε μM
ST LS

+ O
(
ε2
)

and
∥
∥
∥
∥

�x

xST LS

∥
∥
∥
∥

∞
≤ ε νM

ST LS
+ O

(
ε2
)
.

As shown in Table 3, our experimental results demonstrate that our condition
numbers are tight.

Example 4 In this example, we constructed examples of [A b ] such that σ̂n,
the smallest singular value of A, is close to σn+1 and compared the difference
σ̂n − σn+1 with the condition numbers we derived in our paper. As shown in
Table 4, our experimental results demonstrate that our condition numbers are
approximately the reciprocal of the difference σ̂n − σn+1 when the difference is
sufficiently small.

6 Concluding remarks

In this paper, we derive a first order estimate for the perturbation in the STLS
solution (3.5). Based on the estimate, we present the normwise, mixed and
componentwise condition numbers for the STLS problem under the condition
σ̂n > σn+1. Our condition numbers include the previous results on the condition
numbers for the LS problems as special cases and give the condition numbers
for the TLS problem by setting λ = 1. Our numerical experiments demonstrate
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that our perturbation estimate is very accurate and condition numbers are very
sharp. In the case when σ̂p > σp+1 for some p < n, the STLS problem may have
more than one solution [31]. Hence how to derive the explicit expressions of
these three condition numbers for STLS problems under this more general
condition is worthy of further study.

Acknowledgements The authors would like to thank Professors Sabine van Huffel and Z.
Strakoš with two referees for their useful suggestions on this topic.
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