Analysis of the Unified Transformations^�

Sanzheng Qiao Department of Computing and Software McMaster University Hamilton, Ontario L8S 4K1 Canada

March 9, 1999

Abstract

We show the singular values of the unified transformations [6], propose pivoting strategies for downdating, and present a stability analysis.

Keywords: Hyperbolic transformations, downdating, stability, error analysis.

1 Introduction

In [6], we presented the unified transformations by unifying and generalizing unitary and hyperbolic rotations and Householder transformations. Note that we use the term “unitary rotation” as it is an extention of Givens rotation to the complex case although it is not really a rotation in geometrical sense. Unified transformations provide a single type of transformation for both Cholesky updating and downdating. Moreover, they can be applied to general downdating where the downdated matrix can be indefinite. They can be used in fast triangularization of structured matrices [6].

Definition 1 (Rotation) Given a signature matrix S = diag(σ_1, σ_2), a unified rotation has the form: Q = ( c� (σ_2/σ_1)s� −s c ) (1) where the pair (c, s) satisfies

σ_1|c|^2 + σ_2|s|^2 = σ̂_1, σ̂_1 = ±1.

�This work was partly supported by the Natural Sciences and Engineering Research Council of Canada under grant OGP0046301

The unified rotation Q defined above satisfies

Q^HŜQ = S

where Ŝ = diag(σ̂_1, σ̂_2) (σ̂_2/σ̂_1 = σ_2/σ_1). When σ_1 = σ_2 = 1 and σ̂_1 = 1, Q is a unitary rotation (Givens rotation generalized to the complex case). When σ_2 = −σ_1 = −1 and σ̂_1 = 1, Q is a hyperbolic rotation (real hyperbolic rotation generalized to the complex case). The following algorithm [6] computes a unified rotation to eliminate the second component a 2-by-1 vector.

Algorithm 1 (Rotation) Given the updating or general downdating problem: ( x_1 x_2 )H ( σ_1 0 0 σ_2 ) ( x_1 x_2 ) , this algorithm computes a unified rotation Q = ( c� (σ_2/σ_1)s� −s c )

and a signature matrix Ŝ = diag(σ̂_1, σ̂_2) so that Q ( x_1 x_2 ) = ( ρ 0 ) and Q^HŜQ = diag(σ_1, σ_2).

if x_2 = 0

c = 1; s = 0; σ̂_1 = σ_1; σ̂_2 = σ_2; return end if σ_1|x_1| = −σ_2|x_2| error(“No hyperbolic rotation when |x_1| = |x_2|”) end if |x_1| > |x_2|

τ = x_2/x_1; δ = 1 + (σ_2/σ_1)|τ|^2; c = sign(x_1)/ √ |δ|; s = τc; else

τ = x_1/x_2; δ = σ_2/σ_1 + |τ|^2; s = sign(x_2)/ √ |δ|; c = τs; end if δ > 0

σ̂_1 = σ_1; σ̂_2 = σ_2; else

σ̂_1 = −σ_1; σ̂_2 = −σ_2; end

The unified Householder transformation unifies and generalizes unitary Householder transformation [5] and hyperbolic Householder transformation [7, 8].

Definition 2 (Householder Transformation) Given a signature matrix S = diag(σ_i) and a complex vector u such that u^HSu ≠ 0 and it is scaled so that |u^HSu| = 2, a unified Householder transformation is of the form P J where

P = S − sign(u^HSu)uu^H (2)

and J is the matrix representing the permutation (1, j) for some index j.

The following algorithm shows how to construct a unified Householder transformation to introduce a sequence of zeros into a complex vector.

Algorithm 2 (Householder Transformation) Given a complex vector x and a signature matrix S = diag(σ_i), this algorithm computes the vector u, scalars α and δ, and permutation (1, j) in the unified Householder transformation

P = Ŝ − δ�^1uu^H.

Let matrix J represent the permutation (1, j), then Ŝ = JSJ,

(P J)x = −αe_1 and (P J)^HŜ(P J) = S. m = max{|x_i|}; x = x/m; J = I; if sign(x^HSx) ≠ σ_1

find j so that σ_j = sign(x^HSx); J = permutation (1, j); end y = Jx; Ŝ = JSJ; α = sign(σ̂_1y_1) √| | |yHŜy | |; u = Ŝy + αe_1; δ = σ̂_1α�u_1; α = mα;

In this paper, we present an error analysis of the unified transformations. We derive the unified formulas for the condition numbers of the unified transformations and show that their condition numbers can be arbitrarily large. Then, we propose pivoting strategies for avoiding large condition numbers in mixed updating-downdating procedure. Finally, we present a unified stability analysis.

2 Householder Transformation

In this section, we first derive the singular values of the unified Householder transformation. We will show that all singular values, except possibly two, of a unified Householder transformation equal one. The other two are reciprocal each other and the ratio can be arbitrarily large (or small). Thus the condition number of a unified Householder transformation can be arbitrarily large. So, we propose a pivoting scheme to improve the stability. Then we present a unified error analysis, which includes unitary and hyperbolic Householder transformations as special cases.

2.1 Condition Number

We first show that P defined in (2) (or P J) has at least n − 2 unit singular values, where n is the order of P . Suppose that the diagonal of the signature matrix S has p positive elements and m negative elements. Partitioning S = M + N where M is the positive part of S and N the negative part, we have

P = M + N − ξuu^H where ξ = sign(u^HSu) and rank(M) = p, rank(N) = m, where p + m = n.

Thus rank(N − ξuu^H) ≤ m + 1 implying that P has at least n − (m + 1) = p − 1 eigenvalues equal to +1. Similarly, P has at least m−1 eigenvalues equal to −1 since rank(M −ξuu^H) ≤ p + 1. It follows that P has at least (m − 1) + (p − 1) = n − 2 unit singular values since P is Hermitian.

Next, we derive the other two possible non-unit singular values of P . Recall that the generating vector u in (2) is scaled so that |u^HSu| = 2. Since P is S-unitary and Hermitian, we have SP S = P �^1. So, using P = S − ξuu^H, we get

P + P �^1 = P + SP S = 2S − ξuu^H − ξ(Su)(Su)^H.

Recalling that ξ = sign(u^HSu) and |u^HSu| = 2, we can verify that (P + SP S)(u ± Su) = −ξ(u^Hu)(u ± Su). One of u + Su and u − Su must be nonzero, because otherwise (both are zero) we have u = 0 leading to the trivial case of P = S. This implies that at least one of u + Su and u − Su is an eigenvector of P + SP S, which equals P + P �^1. However, all eigenvalues of P + P �^1 have the form λ + λ�^1 where λ is an eigenvalue of P . Thus

λ + λ�^1 = −ξu^Hu = −sign(u^HSu)(u^Hu).

In other words, |u^Hu| = σ + σ�^1 where σ is a singular value of P . Solving for σ in the above equation, we obtain

σ_{max} = |u^Hu| + √ (u^Hu)^2 − 4 2 = σ�1_{min}. (3)

These are the two possible non-unit singular values. For a general (unscaled) u, the two possible non-unit singular values are:

σ�1_{min} = σ_{max} = u^Hu |u^HSu| + √( u^Hu u^HSu )2 − 1. When S = ±I, then σ_{min} = σ_{max} = 1, J = I, and P J is the unitary Householder matrix. In the case when S ≠ ±I and J = I and P is the hyperbolic Householder defined in [7, 8], the above result on the condition number coincides with [2]. For a general signature matrix S, the ratio (u^Hu)/|u^HSu| can be arbitrarily large. In other words, cond(P J) can be arbitrarily large. In the following, analogous to [11], we propose a pivoting scheme.

2.2 Pivoting

As shown in Algorithm 2, when a Householder transformation is constructed to introduce zeros into a given vector x, we have some freedom of choosing the permutation J. We propose the following pivoting scheme in which J is chosen to minimize the condition number of the Householder transformation.

Algorithm 3 (Householder with pivoting) Given a complex vector x and a signature matrix S = diag(σ_i), this algorithm computes the vector u, scalars α and δ, and permutation (1, j) in the unified Householder transformation P J where

P = Ŝ − δ�^1uu^H.

Let matrix J represent the permutation (1, j), then Ŝ = JSJ,

(P J)x = −αe_1 and (P J)^HŜ(P J) = S.

This algorithm incorporates pivoting to minimize the condition number of P . m = max{|x_i|}; x = x/m; J = I; if S ≠ ±I find j so that σ_j = sign(x^HSx) and |x_j| is maximized; J = permutation (1, j); end y = Jx; Ŝ = JSJ; α = sign(σ̂_1y_1) √| | |yHŜy | | |;

u = Ŝy + αe_1; δ = σ̂_1α�u_1; α = mα;

2.3 Stability

Now, we present a stability analysis of the direct application of a unified Householder transformation. Our analysis includes both the unitary and hyperbolic Householder transformations as special cases. Since the permutation J in the unified Householder transformation P J does not cause any rounding errors, we only consider the direct application of the S-unitary P to a vector z:

ẑ ≡ fl(P z). (4)

Suppose that G is a permutation matrix such that S̆ ≡ GSG = diag(I_p, −I_m). Again, if we partition S = M + N where M is the positive part of S and N the negative part, then GMG = diag(I_p, 0) and GNG = diag(0, −I_m). (5)

Thus P̆ ≡ GP G is S̆-unitary. Rewriting (4) as ẑ = fl(P z) = fl(GP̆ Gz), we obtain Gẑ = fl(P̆ (Gz)). In other words, Gẑ is the result of the direct application of a hyperbolic Householder transformation P̆ to the vector Gz. It is shown in [11] that the direct application of a hyperbolic Householder is relationally stable. Specifically, if we partition Gẑ = ( x̂ ŷ ) and Gz = ( x y ) , (6)

then there exists a unitary Householder matrix H such that H ( x̂ y ) = ( x ŷ ) + f̆ (7)

with a suitably small f̆. Using the partition (6), it follows that GHG [ G ( I_p 0 0 0 ) Gẑ − G ( 0 0 0 −I_m ) Gz ] = G ( I_p 0 0 0 ) Gz − G ( 0 0 0 −I_m ) Gẑ + f̆. Finally, using (5), we have the following equation for the stability: GHG (Mẑ − Nz) = Mz − Nẑ + f (8) with a suitably small f. Note that Mz (or Mẑ) is the vector obtained by setting the elements of z (or ẑ)corresponding to −1 in S to zero and Nz (or Nẑ) can be obtained similarly. When G = I (S = diag(I_p, −I_m)), the equation (8) above becomes (7) showing the relational stability of the hyperbolic Householder transformation presented in [11]. When S = I = M (or S = −I = N), the above equation (8) becomes Hẑ = z + f or Hz = ẑ + f, which shows the backward stability of the unitary Householder transformation.

3 Rotation

Now we turn to the unified rotation defined in (1). Similar to the previous section, we first derive the condition number of a unified rotation. Then we propose a pivoting strategy. Finally, we discuss the stability.

3.1 Condition Number It can be verified that the two eigenvalues of

Q^H Q = ( |c|^2 + |s|^2 (σ_2/σ_1 − 1)cs� (σ_2/σ_1 − 1)c�s |c|^2 + |s|^2 ) , where Q is defined in (1), are: λ = |c|^2 + |s|^2 ± |σ_2/σ_1 − 1| |c| |s|. It then follows that the condition number of Q is

cond(Q) = √ |c|^2 + |s|^2 + |σ_2/σ_1 − 1| |c| |s| |c|^2 + |s|^2 − |σ_2/σ_1 − 1| |c| |s| . In particular, when σ_2 = σ_1, then Q is unitary and cond(Q) = 1; when σ_2 = −σ_1 = −1 and |c|^2 − |s|^2 = σ̂_1 = 1, then Q is hyperbolic and cond(Q) = (|c| + |s|)/(|c| − |s|). In general, when σ_2 = −σ_1 = −1, cond(Q) = |c| + |s| ||c| − |s|| (9) which can be arbitrarily large.

3.2 Pivoting To avoid rotations with large condition numbers during mixed updating-downdating, we can apply the following pivoting strategy. If σ_2 = −σ_1 when a rotation is computed to eliminate an element, we can choose, if possible, the element to be eliminated so that the condition number (9) is minimized. In particular, if the rotation is computed by Algorithm 1, we choose x_2 so that (|x_1| + |x_2|)/ | |x_1| − |x_2| |) is minimized.

3.3 Stability

Finally, we discuss the stability of the unified rotation. It is shown [10] that the direct application of a hyperbolic rotation is neither backward stable nor relationally stable. However, Chambers’ algorithm [3] and the LINPACK algorithm [4] are relationally stable [1, 9], but not backward stable. It is also shown [10] that the relational stability extends to a sequence of mixed updating-downdating. In the following, we present a unified algorithm which performs a direct application when the unified rotation Q is unitary and LINPACK method when Q is hyperbolic. Thus it is backward stable when Q is unitary and relationally stable when Q is hyperbolic.

The unified rotation Q satisfies

Q^H ( σ̂_1 0 0 σ̂_2 ) Q = ( σ_1 0 0 σ_2 ) (10)

where σ_1|c|^2 + σ_2|s|^2 = σ̂_1 (σ̂_1 = ±1) and σ̂_2 = (σ_2/σ_1)σ̂_1. Consider the direct application of Q to a 2-by-1 vector: ( x̆ y̆ ) ≡ Q ( x y ) . (11)

It follows from (10) that ( x̆ y̆ )H ( σ̂_1 0 0 σ̂_2 ) ( x̆ y̆ ) = ( x y )H ( σ_1 0 0 σ_2 ) ( x y )

and |x̆|^2 + σ_1 σ_2

|y̆|^2 = σ_1 σ̂_1 ( |x|^2 + σ_1 σ_2 |y|^2 ) . (12)

When σ_1 = σ_2, thus σ̂_1 = σ̂_2, Q is unitary. When σ_1 = −σ_2 and σ_1 = σ̂_1, (12) becomes |x̆|^2 + |y|^2 = |x|^2 + |y̆|^2 and there exists a unitary Q̆ such that Q̆ ( x̆ y ) = ( x y̆ ) . (13)

When σ_1 = −σ_2 and σ_1 = −σ̂_1, (12) becomes |x̆|^2 + |x|^2 = |y|^2 + |y̆|^2 and there exists a unitary Q̃ so that Q̃ ( x̆ x ) = ( y y̆ ) . (14)

Suppose the (c, s)-pair in the unified rotation Q has been computed, we first use (1) and (11) to compute x̆: x̆ = c�x + σ_2 σ_1 s�y. (15) Also, from (1) and (11), we have y̆ = −sx + cy. (16)

If σ_1 = −σ_2 and σ_1 = σ̂_1, we compute y̆ from x̆ and y using (13). Solving for x in (15), we have x = 1 c� ( x̆ − σ_1 σ_2

s�y^) = 1

c� (x̆ + s �y) . Substituting x in (16) with the above equation, we get

y̆ = 1 c� (−sx̆ + y). Note that in this case |c|^2 − |s|^2 = 1. Explicitly, the unitary Q̆ in (13) is given by

Q̆ = 1 c� ( 1 s� −s 1 ) . Similarly, if σ_1 = −σ_2 and σ_1 = −σ̂_1, we compute y̆ from x̆ and x using (14). From (15) and (16), we obtain y̆ = − 1 s� (cx̆ + x), noting that in this case |c|^2 − |s|^2 = −1. The unitary matrix Q̃ in (14) is

Q̃ = 1 s� ( −1 c� −c −1 ) . In summary, we have the following algorithm.

Algorithm 4 (Application of a unified rotation) Given the (c, s)-pair in a unified rotation Q with its associated σ_i and σ̂_i (i = 1, 2) and a vector (x, y)^T , this algorithm computes the vector (x̆, y̆)^T = Q(x, y)^T .

x̆ = c�x + (σ_2/σ_1)s�y; if σ_1 = σ_2 y̆ = −sx + cy; elseif σ_1 = σ̂_1 y̆ = (−sx̆ + y)/c�; else y̆ = −(cx̆ + x)/s�; end References

[1] A. Bojanczyk, R. P. Brent, P. Van Dooren, and F. de Hoog. A note on downdating the Cholesky factorization. SIAM J. Scientific Statist. Computing. 8:210-221, 1987.

[2] A. Bojanczyk and A. O. Steinhardt. Stability analysis of a Householder-based algorithm for downdating the Cholesky factorization. SIAM Journal on Scientific and Statistical Computing, 12:1255–1265, 1991.

[3] J. M. Chambers. Regression updating. J. Am. Statist. Assoc., 66:744–748, 1971.

[4] J. J. Dongarra, J. R. Bunch, C. B. Moler, and G. W. Stewart. LINPACK User’s Guide.

SIAM, Philadelphia, PA, 1979.

[5] G. H. Golub and C. F. Van Loan. Matrix Computations. 3rd edition, The Johns Hopkins University Press, Baltimore, Maryland, 1996.

[6] S. Qiao. Unifying unitary and hyperbolic rotations and reflectors. Technical Report No. 98-05, Department of Computer Science and Systems, Mc- Master University, Hamilton, Ontario, Canada, L8S 4K1, 1998. (available http://www.cas.mcmaster.ca/~qiao)

[7] C. M. Rader and A. O. Steinhardt. Hyperbolic Householder transformations. IEEE Transactions on Acoustics, Speech and Signal Processing, 34:1589–1602, 1986.

[8] C. M. Rader and A. O. Steinhardt. Hyperbolic Householder transformations. SIAM Journal on Matrix Analysis and Applications, 9:269–290, 1988.

[9] G. W. Stewart. The effects of rounding error on an algorithm for downdating a Cholesky factorization. J. Inst. Maths. Applics., 23:203-213, 1979.

[10] G. W. Stewart. On the stability of sequential updates and downdates, IEEE Transactions on Signal Processing, 43(11):2642–2648, 1995.

[11] M. Stewart and G. W. Stewart. On hyperbolic triangularization: stability and pivoting, SIAM J. Matrix Anal. Appl., 19(4):847–860, 1998.