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Abstract.

This paper studies the normwise perturbation theory for structured least squares
problems. The structures under investigation are symmetric, persymmetric, skewsym-
metric, Toeplitz and Hankel. We present the condition numbers for structured least
squares.
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1 Introduction.

A condition number is a measurement of the sensitivity of a problem to the
perturbations in the data. In the problem of solving the linear system

Ax = Db,

where A € R™*™ and is nonsingular and b € R", the condition number measures
the sensitivity of the solution x to the perturbations in A and b. Suppose that
the perturbations in A and b are AA, ||AA| < ¢||4|, and Ab, ||Ab| < €|/b]|,
respectively and A + AA is nonsingular. Note that, in this paper, || - || denotes
the 2-norm of a vector or the spectral norm of a matrix. If y is the solution of
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the perturbed system (A + AA)y = b + Ab, then

[x—yll €
< K1
B3] L—ell A=Al

if €] A1/ |JA|l < 1 [6, p. 120], where the condition number
A= o]l
[

As shown above, the condition number k1 is the linear term in the relative
error in the solution x for small €. Thus we have the following definition of the
condition number for a nonsingular linear system [6, p. 121]:

k1= [l ATH Al + < 2] A7 Al

1Ax]]

| (AT AAG+AX) =D+ Ab,
€l|X

K1 := lim sup{
e—0
|AA] < cllA]l, [Ab]| < e||b||}.

When A is structured, for example, symmetric or Toeplitz, it is reasonable
to require that the perturbation AA have the same structure. Denoting the
structure as S, we have the following definition of the condition number for
a structured linear system:

[Ax||

€l -

(A+ AA)(x + Ax) = b + Ab,

—0

k$ = lim sup{
(L.1) AAAES, |AA] <Al |Ab] < e||b||}.

Rump [8] presents a perturbation theory for structured linear systems and
gives tight upper bounds for the condition numbers for structured matrices such
as symmetric, persymmetric, skewsymmetric, circulant, Toeplitz, and Hankel.

In this paper, we consider a general case, the least squares problem:

(1.2) ||Ax — b|| = min.

The least norm least squares solution is x = ATb, where AT is the Moore-
Penrose inverse of A [4, 10], the unique matrix satisfying

AATA=A, ATAAT = AT, (AAT)H = AAT, (ATAH=ATA
Let y be the least norm solution of the perturbed least squares problem
[(A+AA)y — (b + Ab)|| = min,
then [6, p. 382]

-yl elAl A% < X ||Ax—b||)
< 24+ ([lAIIA™|| + 1 .
Il = 1 e ary 2 HATATTEDS 4
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To simplify the discussion, we assume the residual Ax — b is small. Thus the
condition number is approximately 2 ||A]| || A*||. Furthermore, to make the con-
dition number for the least squares analogous to the condition number ; for
linear systems, we consider a lower bound

[ Ax|

I

(1.3) k= A 4] + 4% < 2 Al AT].

For no perturbation on the right hand side, we define
(1.4) Ko = [|AT[ | All.

This paper studies the condition numbers for structured least squares prob-
lems. In Section 2, we define the condition number for structured least squares
problems, derive bounds for the condition number, and give a general expression
of the condition number. We then discuss special structures. The condition num-
ber for symmetric, persymmetric, and skewsymmetric least squares problems is
discussed in Section 3. Matrices like circulant or Toeplitz have fewer number
of independent entries than symmetric matrices. In Section 4, by exploiting the
structures, we present a general expression of the condition number for those
more structured least squares problems. The specific cases of circulant, symmet-
ric Toeplitz, and Hankel are shown in Sections 5, 6, and 7 respectively. Finally,
in Section 8, we present the condition number for the generalized inversion of
matrices with structures: symmetric, skewsymmetric, and Hankel.

2 General case.

When the matrix A in the least squares problem (1.2) is structured, it is
reasonable to assume that the perturbation AA have the same structure. Fol-
lowing the definition (1.1) of the condition number x¢ for structured linear
systems, we define the condition number

1A

ell x| -

S

k° = lim sup{ |(A+ AA)(x + Ax) — (b + Ab)|| = min,

e—0

(2.1) AAA €S, |AA] <Al [Ab] < ebn}

for structured least squares problems.
In our analysis, in addition to the structure requirement, we assume that the
perturbation AA satisfies the conditions:

(2.2) Range(AA) C Range(A) and Range((AA)T) C Range(A™).

In that sense, our analysis, different from the linear system case where A is
assumed nonsingular, is “non-standard”. Equivalent to (2.2), AATAA = AA
and ATA(AA)T = (AA)T, then we have [1]

(2.3) (A+ AA)T = AT — AT(AA)AT + O(&).
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Here is an example of two singular matrices A and A A satisfying the conditions
(2.2) and having the same Toeplitz structure:

1 5 4 3 2 1 €1 €5 €4 €3 €2 €1
2 1 5 4 3 2 €y €1 €5 €4 €3 €2
_ 3 2 1 5 4 3 _ €3 €9 €1 €5 €4 €3
4= 4 3 2 1 5 4 ’ AA = €4 €3 €3 €1 €5 €4 ’
5 4 3 2 1 5 €5 €4 €3 €2 €1 €5
L 1 5 4 3 2 1 i L €1 €5 €4 €3 €2 €1 i

where €1 = 0.153x 1074, €3 = 7.468 x 1074, €5 = 4.451 x 1074, €4 = 9.318 x 1074,
and e5 = 4.660 x 1074,
If AA satisfies the conditions (2.2), from (2.3), we get

x+Ax=(A+ AA)* (b + Ab)
=x+ ATAb — AT(AA)ATD + O(?).

It then follows that
(2.4) Ax ~ —AT(AAx — Ab).
In particular, when

[b]]

— AAx,
LA 1]l

(2.5) Ab =
then (2.4) turns into

Ib]
(2.6 Ax ~ —ATAAx (1 + .
) 1Al ]

Substituting Ax in (2.1) with (2.6) for the particular Ab in (2.5), we get

|A*AAx] b
2.7) kS > 1AL+ ) -
el Al x| I

This motivates us to define a matrix E in AA = ¢||A|| E, i.e., the linear term in
the relative error in A, and a quantity

(2.8) ¢ :=sup{|ATEx| : |Ax—b||=min, 4,F €S, |E| <1},
provided that E satisfies the conditions
(2.9) Range(E) C Range(A4) and Range(E") C Range(AT),

which implies that AA satisfies the conditions (2.2). Thus, combining (2.7) and
(2.8), we have a lower bound

b
[

[1x]]
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On the other hand, it follows from (2.1) and (2.4) that

b
kS < |a*] 4] + 1at) 1Pl
Il
Putting two bounds together, we have
o BN sy Y
(2.10) (||A||+ < vS < 47| 4] + 4+ 1Pl
Il I I

Especially, when ¢ = ||AT || ||x]|, the equalities in (2.10) can be attained, that is
Ax||

I

Ib]]

I

kS = a4 1Al + 1At P s par pag+ pany |

Since (1.3) is a lower bound for x, the ratio x°/k is always approximately less
than or equal to 1. In the following, we construct a matrix E in (2.8) so that
o = || AT [Ix]|

Suppose that

D 0

A:
U[o 0

|
is the singular value decomposition (SVD) of A and rank(A) = r. We construct

E = yxT/||x||, where x = A*b and y = u,, the rth column of U. Obviously,
|E|| <1. Then

D1 0
lA*y] = Hv [ ] UTu,|| = 4%

0 0

Consequently,
¢ = sup AT Ex|| = sup | Aty]|[lx]| = [| AT ]Il
The two conditions (2.9) can be verified by

I 0

AATE =
U{o 0

} UTuTxT/HxH = urxT/HxH =F

and
ATA ET = AT Axul /x| = ATAATbu} /||x| = xu; /||x|| = ET.

Note that, so far, we have not specified any structures for S. So, it is not sur-
prising that we cannot improve on . In the following sections, we will show that
for some structures x° is smaller than &, since ¢ can be smaller than || AT || ||x]|.
We introduce a parameter in the relation between £ and . As we know, for
any two vectors u and v,

(lall +1v11)/v2 < Va2 + [v][? < max(fa+ ]|, [ja=v]]) < Ju] +]v].
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Introducing a parameter ¢, 1/v/2 < ¢ < 1, we have
max(|[u+ v, [u—vl)=c([af +v])
Applying the above equation to (2.4), we get
|Ax]| ~ c (AT AAx|| + AT Ab])),

for 1/4/2 < ¢ < 1, since we are free in choosing the sign of Ab. Consequently,
in (2.1),

1Ax| (||A+AAX|| n ||A+Ab||> . (IIAII 1A Ex|| ||A+Ab||)_

ell=ll e[|x| e[|x| 1] e[|x|

To eliminate € in the above expression, on the one hand, obviously, we have

bl

el

IATADBI| _ e AT Ibll _\ 44

< = (147l

e[|x| e[|x|

On the other hand, if we set Ab = €||b||y, where y is a unit norm vector such
that ||ATy]|| = [|[AY]|, then for this particular Ab we have

ATAb||  €||lAty] b

e[|x| e[|x|

bl

Il

Using the definitions (2.1) and (2.8) of x5 and ¢ respectively, we have the fol-
lowing theorem.

THEOREM 2.1. Using the notations given above, the structured condition num-
ber

A b
(211) KJS —c ((,0” ” + ||A+|| ” ||> ’

Il x|

where 1/\/2 < ¢ < 1. For no perturbation on the right hand side we have

s _ Al

Ko =@ .
x|

So, we focus our analysis of structured condition numbers to the analysis of ¢.

In the following sections, we discuss the condition numbers for specific structured

matrices based on the general results presented in this section.

3 Symmetric, persymmetric and skewsymmetric.

In this section, we discuss the following structures: symmetric, persymmet-
ric, and skewsymmetric. We show that there is no improvement on the con-
dition number. In other words, ¥ = x when S = {symmetric, persymmetric, and
skewsymmetric}. We first restate a lemma from [8].
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LEMMA 3.1 ([8]). Let § = {symmetric, persymmetric} and x,y € R"™ such
that ||x|| = |ly|l = 1, then there exits an n-by-n matriz A € S with

(3.1) y=Ax and J|4| =1

If, in addition, yTx = 0, then there exists a skewsymmetric A satisfying (3.1).
If A is persymmetric, then JA is symmetric, where J is the permutation matrix
0 1
1 0
Thus, the following lemma implies that symmetric and persymmetric least
squares problems have the same value of ¢, thus same condition number.

LEMMA 3.2. The least squares problems
|Ax — b|| =min and |JAx — Jb|| = min
have the same value of .

PrROOF. Obviously, |E|| = ||JE|| and if E and A have the same structure,
then JE and JA have the same structure. It can be verified that (JA)™ = ATJ.
We then get | A+ Ex| = |(JA)* (JE)x|,

AATE=E <& (JA)(JA)T(JE) = JE,
and
ATAET = ET < (JAT(JAJE)T = (JE)T.
This completes the proof.

Then we present our result.

THEOREM 3.3. For the structure S = {symmetric, persymmetric, skewsym-
metric},

H/SZH.

PROOF. From (2.10), we only need to show that ¢ = |AT| ||x|| when S =
{symmetric, persymmetric, skewsymmetric}. Since, from Lemma 3.2, sym-
metric and persymmetric have the same condition number, we consider two
cases: symmetric and skewsymmetric.

Case 1 (symmetric). Let r = rank(A4) and

X, 0

A:
V[o 0

v
be the SVD of A. We partition V' = [V; V3], where V] consists of the first r

columns of V. Then
1o |74
At =W ]| T ;
Vi 72 [ 0 0 ] [ Vot }
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is the SVD of A% and it has a short form AT = V4 X 'V;T. Thus
V] = VA% = 5] = 1 Vb = e

Applying Lemma 3.1 to the vectors V;'x/||x|| and e,, the rth column of the
identity matrix, we have a symmetric matrix E such that

EV'x/|x||=e, and |E[=1.
Let E = V,EV,T, then E is symmetric and
|ATEx| = |[ATVie || x| = [ViZ; e | IIx]| = [|AT]| [Ix].

Moreover, AATE = (ViVT)(VLEVY) = E and AYAET = ET since ATA =
AAT = V1Vt and E is symmetric. This means that we have constructed a sym-
metric E in (2.8) so that ¢ = || AT ||x]].

Case 2 (skewsymmetric). A matrix is skewsymmetric if A = —AT. It can be
verified that (AT)* = (A7)T. So, A = — AT implies that

(3.3) At = —(AM)T,
in other words, A" is also skewsymmetric. Consequently,
(3.4) AAT = —A(ANT = (ATA)T = AT A

We know that the eigenvalues of a skewsymmetric matrix are either conjugate
pure imaginary or zero. Also, all the singular values of a skewsymmetric matrix
are of even multiplicity. Let

X 0

A:
U{o 0

v

be the SVD of A, then the SVD of AT is

>l 0
At =V Ut.
o ol
Partitioning U = [u; uz---u,], we assume that u; and uy are the singular

vectors corresponding to the largest singular value of AT. Thus, |[ATu;| =
[ATuz|| = [|A*|. Set

Yy :=niu1 + n2us.

If
(3.5) i+ =1,
then ||y|| = 1 and ||Aty| = ||[AT||. Next, we find a skewsymmetric matrix £

such that Ex/||x|| = y. It then follows that ||[A*Ex|| = [|[ATy]| ||x]| = [|AT| ||x]|-
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Denote the vector

- { »=t 0

Vb
0 0} ’

Qp
then, from (3.3), we get
x=A"b=—(A")Tb = —Ua.
It then follows that
xTy = —aTUTy = —oqn — QM.
Choosing 11 and 72 such that
(3.6) aim + agnz = 0,

we have (x/[|x||)Ty = 0. From Lemma 3.1, there exists a skewsymmetric mat-
rix E, such that || E|| = 1 and Ex/||x|| = y provided that n; and 7, satisfy (3.5)
and (3.6). Note that x = A*b = At Ax. So, EA*Ax/||x|| = y. Define E :=
AtAEA* A, it can be verified that E is skewsymmetric and |[E|| < ||E|| = 1,
and also Ex/|x|| = AT Ay. Thus, from (3.4), we have

|A* x| = | AT A% Ay| x| = [A*y] |x] = [ A% [1x].
Finally, we show that F satisfies the conditions (2.9):
AAYE = AATEATA=E,
which implies
ATAET = —AAYE = —-E =E",

since F is skewsymmetric.

4 Exploiting structures.

It is not surprising that we are unable to improve the condition numbers for
symmetric, persymmetric, and skewsymmetric structures. Those matrices have
O(n?) free entries, same magnitude order as an n-by-n general matrix. How-
ever, matrices like Toeplitz and Hankel have O(n) free entries. In this section,
we consider these structures. First, we group the structures according to their
condition numbers. A matrix T is symmetric Toeplitz if and only if JT (or TJ)
is persymmetric Hankel, where J is the permutation matrix in (3.2). Thus, from
Lemma 3.2, symmetric Toeplitz and persymmetric Hankel least squares prob-
lems have the same condition number. Also, Hankel and (general) Toeplitz least
squares problems have the same condition number since a matrix 7" is Toeplitz
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Table 4.1: The number of independent parameters for the structured matrices.

structure  symmetric skewsymmetric circulant symmetric Hankel
Toeplitz

k (n? +n)/2 (n? —n)/2 n n 2n—1

if and only if JT (or TJ) is Hankel. In this section, we present a general result
on the condition number for the structures: circulant, symmetric Toeplitz, and
Hankel.

To exploit structures, we extract the independent entries of a matrix into
a vector p and decompose the matrix into a product of a matrix ® representing
the structure of the matrix and the parameter vector p. Specifically, we denote
vec(A) as the vector of stacked columns of A, then the vector p is the subvector
of vec(A) consisting of the independent entries of A. The matrix ® only contains
the information about the structure of A such that

(4.1) vec(A) = Pp.

For example, if A is an n-by-n Toeplitz matrix and n = 3:

to t_1 t_o
A= | t1 to t-1 |,
to 11 to

t 1
t_o

which is the subvector of vec(A) consisting of the first 2n—1 independent entries.
The n?-by-(2n—1) matrix ®, which is sparse and has entries 0 or 1, satisfies (4.1).
Table 4.1 shows the number k of independent parameters, or the dimensions of
the parameter vector p, for the matrices under investigation.

Now, a structured perturbation AA on a structured matrix A is determined
by a perturbation Ap on the parameter vector p. Specifically, if vec(A) = Pp,
then vec(AA) = &(Ap). To exploit structures, we replace the matrix E in (2.8)
with a k-vector t defined by t = Ap/(e||A]|). Recalling that E = AA/(e||A]]),
we have vec(F) = ®t. The following lemma [8] establishes the relations between
IE|| (or |A]|) and ||t|| (or ||p]|) for the structures under investigation.

LEMMA 4.1 ([8]). Let vec(E) = ®t be the decomposition as described above,
then

(4.2) alE| <[t <BE],
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Table 4.2: The constants o and 3 in (4.2) for the structures: circulant, symmetric
Toeplitz, and Hankel.

structures circulant symmetric Toeplitz Hankel
a 1/v/n 1/y/2n —2 1/+/n
1 1 V2

where the constants a and (8 are given by Table 4.2. The upper bounds for all the
structures are sharp. The lower bound for circulant structure is sharp and the
lower bounds for symmetric Toeplitz and Hankel are sharp up to a factor of /2.

It follows from the above lemma that
{E €S§8: vec(E) = @t, ||t|| < a}
(4.3) C{EcS: |E| <1}
C{E e S: vec(E) = dt, |t|| <}

So, we can replace the condition [|E| < 1 with a condition on [[t||. Further,
in (2.8), we note that

Ex = (x* @ I)vec(E) = (x" @ I)®t,
where xT ® I is the Kronecker product. Defining an n-by-k matrix
V.= (x"®1)%,

which is independent of the perturbation AA, from (4.3), we have ¢ <
sup{||[ATWt|| : ||t|| < B} = B||AT¥|. Thus we get

e=7]AT¥|, for 0<y<p.

Because of the parameter 7y, we may expect a smaller ¢ for the structures such
as circulant, symmetric Toeplitz, and Hankel. From (2.11), we have the following
result on the condition number for circulant, symmetric Toeplitz, and Hankel.

THEOREM 4.2. For S = {circulant, symmetric Toeplitz, Hankel },

KS =c(n ||A+\I/H HAH + HA+H ”bH ,
x| x|

where 1/v/2 < ¢ <1 and 0 <y < B for 3 given in Lemma 4.1. In the case of no
perturbation on the right hand side,
| All

|
W =y lAtel

This implies the following ratios of the structured and unstructured condition
numbers.
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COROLLARY 4.3. For § = {circulant, symmetric Toeplitz, Hankel },

kS

> /v2) Al /11|

AT+ TA* I A/l

5 Circulant.

An n-by-n circulant matrix has the form:

Co C1 Cn—1
. Cn—1
(5.1) C = circ(cp, €1y ey Cr1) = .
C1
C1 Cn—1 Co

Circulant matrices have a number of remarkable properties [3]. In particular,
denote the circularly shift-up matrix

0 1 0

P = ,
0 . 1
1 0 0

then the circulant matrix C in (5.1) can be written as

n—1
C= Z CkPk.
k=0

This polynomial representation implies that circulant matrices commute. Also,
C can be diagonalized by Fourier transformation: C = F~!DF, where F is
the discrete Fourier transformation and D is diagonal. It then follows that the
generalized inverse CV is also circulant and the product of circulant matrices is
circulant. Particularly, if A is circulant, the AA™ is circulant. So, if we choose
E = AAT in the definition (2.8) of ¢, then |ATEx| = ||A*x]|, which implies
that ¢ > ||[ATx||. On the other hand, since both A* and F are circulant, they
commute. Thus ||ATEx| = [|[EATx|| < ||ATx||. Therefore,

(5.2) P = || Atx|.
Using the above value of ¢ in (2.11), we have the following result of the condition
number for the circulant least squares problem.

THEOREM 5.1. For the circulant least squares problem, the condition number

circ A b
. =c(||A+x||” Iy jary ”),

[1x]] Il
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where 1/\/2 < ¢ < 1. For no perturbation on the right hand side,
Al

- |
R = 4+
’ x|

and, from (1.4),

kG _ [ATX] 1

ko AT Il = (LAF(HIALT

PROOF. The last inequality follows from ||x|| < || Al ||ATx]|.

circ

Before comparing the circulant condition number k¢ and the general condi-

tion number & in (1.3), we give two lemmas. The first is from [8]. The second

gives a simple lower bound on x°.

LEMMA 5.2 ([8]). For any n-by-n matriz A, n-vector z, and n-by-n circulant
matriz C,

lAC| = | ACY|| and [|Cz| = [[C"2].

LEMMA 5.3. For an n-by-n matriz A and structure S, if
(5.3) p > wl(A7) x|,
for some nonnegative w, then

(5.4) RS > /2w AT 1A

PROOF. Since x is the least norm least squares solution,
Ix]|* = x"x = xTATAATD < [xT AT JAAT|| bl = (A7) x| |[b].
From the condition (5.3) and the above equality, we get
e A+ AT Bl = w I(AT) x| [ A + AT [[b]
> 2¢/wl[(AT) x| [[A[l [A*] bl
> 2 x|l v/w | A% Al
Then, (5.4) follows from (2.11) in Theorem 2.1.

circ

Finally, we have a simple ratio between x“"¢ and k.

THEOREM 5.4. For the condition numbers for the circulant and general least
squares problems, we have

HCITC 1

5.5 .
5 k= /2t 4]

PROOF. Using ¢°*¢ in (5.2) and Lemma 5.2, we have

P = [| AT x| = [|(AT) Tx]].
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It then follows from Lemma 5.3 that
KT > /2] AT || A,
which, from (1.3), implies (5.5).

circ

This theorem gives a lower bound for the ratio k°*°/x and shows that we may
expect a smaller k°™°. It is shown by an example in [8] that, for nonsingular A,
the lower bound (5.5) for the ratio K“*°/x is sharp.

6 Symmetric Toeplitz.

First, we assume n is even and n = 2m. The case when n is odd will be
considered later in this section. If A is symmetric Toeplitz, we have the partition

(6.1) A:HT g}

where T' and U are matrices of order m and T is symmetric. Accordingly, we
partition

0 Jijs ]
62 J = )
(6.2) [ w

where J; 5 is m-by-m. Using the above partitions (6.1) and (6.2) and JAJ = A,
we can verify that T' = J1/2 TJ1/2 and UT = J1/2UJ1/2.

Second, we assume that the solution x satisfies x = +Jx. This assumption
will also be removed.

LEMMA 6.1. For a matriz B satisfying B = JBJ and a vector ¢ satisfying
c = tJc, the vector d = Bc also satisfies d = £Jd. For the generalized inverse
BT, we also have BT¢c = +£J(B*c).

ProoF. This follows from
+Jd = +JBc = (JBJ)(+Jc) = Be=d

and note that Bt = (JBJ)* = JB1J.
Clearly, if ¢ = £Jc, then c has the form:

e ]
c= ,
+J1/2¢1

where ¢; is an m-vector, the top half of c.

Now, we consider ATEx in (2.8). Denote y := FEx. Since F is symmetric
Toeplitz, it can be verified that JEJ = E. From the assumption x = +Jx and
Lemma 6.1, the vector y has the form

y = [ y1 }
+Jioy1 |
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Denoting z := AT Ex = ATy, again from Lemma 6.1, the vector z also has the
form

| |
zZ = .
+J1 /221

If AT is partitioned as

(6.3) At = [ U } ,

Ul Ty
then z = ATy implies that
(6.4) z1 = (T1 £ UiJ12)y:1-

Using the partition (6.3) and At = JATJ, we can verify that Ty = Ji2T1J1 )2
and Uir = J1/2U1J]_/2.

In the following, we establish a relation between 11 + U1J; /o and T+ U Jy /5.
Specifically, we show that T1 £U;J; /5 is the Moore—Penrose inverse of T+U J /5.
We first present the following two lemmas.

LEMMA 6.2. Ifu € Range(A) and has the form

|

u= ,

+J1 0w

then

(6.5) uy = (T & UJyjo)(Ty £ UrJyjo)ur = (T1 £ UrJy o) (T & UJyjz)us.

Proor. From Lemma 6.1, if u = £Ju, then both v := Au and w := ATu
have the form:

a0 |
vV = an W = .
+J1/9v1 +J1 /5w

From the partitions (6.1) and (6.3), vi = (T £ UJio)u; and wy = (11 +
U1Jy/2)ur. When u € Range(4),

u=AATu= A" Au,
since A is symmetric. We then have
u=AATu=Aw and u=ATAu=A"v.

From the partitions (6.1) and (6.3), we have u; = (T' £ UJ;/2)w; and u; =
(Th £ U1 Jy/2)v1, and then (6.5) follows.

LEMMA 6.3. Ifu; € Range(T &+ UJy/3) or u; € Range(Ty = U1Jy)2) and

e
u= s
:l:Jl/QU.]_

then u € Range(A).
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PrOOF. When u; € Range(T + UlJy)3), let uy = (T &+ UJyjo)t for some
t € R™, then

[ (T £ UJ1/2) ]
:tJl/Q T:t UJl/Q)

(T + UJ1/2
UT +TJy o)t

t
=A
|: :tJl/Qt ]

noting that UT = Jl/QUJl/Q, T = Jl/QTJ1/27 and J1/2J1/2 = 1. ThllS, u <
Range(A). Similarly, when u; € Range(T: £ U1Jy/2), then we can show that
u € Range(A™), which implies that u € Range(A) since A is symmetric.

It follows from Lemma 6.2 and Lemma 6.3 that if u; € Range(T + UlJy/s)
or u; € Range(Ty &+ UJy/z), then the equations in (6.5) hold. Thus, for any
te R™,

(T % Uy o) (T £ UrJy o) (T £ Uy o)t = (T £ UJy o)t
and
(Ty £ UrJy o) (T £ UJyyo)(Ty £ UrJy o)t = (Ty £ UrJy o)t
which implies that
(T + Udyyo)(Tr £UrJy o) (T £ Ulyjo) =T £ UJy o
and
(Ty % UpJy o) (T & Uy o) (T % UyJy o) = Ty & Uy .

In other words, T1 £ Uy Jy /2 is a {1, 2}-inverse of T'+ UJy /5 [2].

We then show that T' & UlJ;/, and T &= U1Jy 5 commute, thus 77 4= U Jy /2
is the group inverse of T' £ UJ; /5 [2]. First, we show that Range(T £+ UJy/2) N
Null(T'+ UJy/2) = {0}. Indeed, if t € Range(T + UJ; ), then from Lemmas 6.2
and 6.3,

t = (11 £ UrJy2)(T £ UJypo)t.

So, if t is also in Null(7' + UJ;/3), then t = 0. Then, we know that Range(T +
UJi/z) and Null(T' & UJy /) are complementary subspaces of R™, because
dim(Range(T' £ UJi2)) 4+ dim(Null(T' + UJy/2)) = m. Finally, we can prove
that T' = UJy/, and T1 £ UyJi/, commute. From Lemmas 6.2 and 6.3, for
any u; € Range(T + UJy/3) or u; € Range(Ty £ Uy Jy)2), (6.5) holds. Thus,
Range(T + UJ,2) = Range(T1 + U1Jy/2). Consequently, we also have Null(7" +
UJi2) = Null(Ty & UiJy2), since Range(T' = UJyjp) @ Null(T £ UJy/n) =
Range(T1 U1 Jy /o) © Null(Ty £ U1 J; /2) = R™. Now, for any vector x € R™, we
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can write it as X = x; +Xo, where x; € Range(T'+ UJ; /2) = Range(T1 £U1J; /2)
and xo € Null(T' £ UJ 2) = Null(Ty £ U1J;5). Thus,

(T + UJl/Q)(T]_ + U1J1/2)X =(T+ UJl/Q)(T]_ + U1J1/2)(X1 + X2)

= (T £ UJ12)(T1 £ UrJ1p2)x1

)

)

- (Tl + U1J1/2)(T:|: UJ]_/2
= (T]_ + U]_Jl/Q)(T:l: UJl/Q X,

X1

which implies that 7'+ UJ; /3 and Ty &+ Uy J; /5 commute.

In this case, since T is symmetric and UT = J1/2UJy 2, TEUJ, /5 is symmetric,
which means the group inverse of T' & UlJ, 5 is its Moore-Penrose inverse [2].
Thus, from (6.4), we have

z, = (T + UJ1/2)+y1.

Now, we have

T+ UJ )+y1
ol -l 255
|| x” H |: :l:Jl/QZ]_ :l:Jl/Q(TZt UJ1/2)+y]_

< (T £ Uha)*| H[ y1 ]H
Y1

Finally,
¢ < (T £ UJiy2) |l 1,

since

H[ " ]H = llyll = 18] < |||

Now, we consider the case when n is odd, n = 2m — 1 for some integer m.
Partition

T U
ur T

n U

AT =
and UlT T

(6.6) A=

)

where T' and T} are symmetric and of order m = [n/2], then, in this case, T and
T; are symmetric and of order m — 1 and U and U; are m-by-(m — 1). Defining
an (m — 1)-by-m matrix

0 1 0
(6.7) Jija = s
|1 0 0
we partition J as
S 2o
AVERY
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where

From the structure of JAl /2, We get
Jij2dyyy = Im—1, and  J5,J1/5 = Iy — D.
From the partitions in (6.6) and JAJ= A and JATJ = A%, we can verify that
T=J12T T UT = J12TD+ iUy
and
Ty = JiyoTidy}s, UL = J1y2TaD + JuysUsJyjs.

Also, in this case of odd n, if a vector ¢ = £Jc, then ¢ has the form:

CcC =

c1
ifl/zcl ] ’
where ¢ is an m-vector. Then (6.4) becomes
z1 = (T1 + U1jl/2)}’1
For Lemma 6.2, it is easy to see that
w = (T+ UJA1/2) (Ty + U1<71/2)111 = (v + Ulf:l/z) (T + UJA1/2)111

As for Lemma 6.3, we can show that if u; € Range(T =+ UJ1/2) or u; €
Range(T) + Uy J1/2> then u € Range(A). Specifically,

(T +UJy)0)t
u = ~ ~ ~ )
(J1)2U 12 £ J12T)t

(T+UTy )t
(UT + j—\'j\l/g)t

B t
U £yt |
mmgmmUﬂ;mﬂD+imam%%mﬁm_l—DaMT Jmﬂhz

Then, analogous to the case of even n, Ty £ Ui Jy/p is the group inverse of
T+ UJ1/2 and

7z = (T:thl/g)#yl,
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where A% denotes the group inverse of A. Consequently,
o < (T UT ) #]| 1]
Putting things together, redefine

J Jij2 in (6.2) when n is even
1z = f1/2 in (6.7) when n is odd

then we can unify the two cases.

THEOREM 6.4. For 8§ = {symmetric Toeplitz}, assume A is partitioned as
in (6.6), where m = [n/2], and the solution x satisfies x = Jx, then the condi-
tion number
b

=l

&S < (T + U o) || | Al + |AT

For no perturbation on the right hand side,

@+ v
Ko ATl

Note that when n is even, T + UlJ /5 is symmetric and (T + UJy )% = (T +
Uly2)t.

It arises in signal processing that the first column of a symmetric Toeplitz
matrix is determined by

a = Zt? cos((k — 1wj).

In this example, we set n = 6, M = 2, w1 = 0.638227w, we = 0.0022817,
t; = 0.20766, and t2 = 0.16112. Then the first column of the symmetric Toeplitz
matrix is given by

i 1 1 1 [ 0.0691 7
COSwi  COSWsy 0.0078
cos 2wy  COS2wo t1 —0.0019
cosdwy cos3ws [ to } - 0.0675
cosdwy cosdws 0.0188

L cosbwi cosdws | L —0.0096 |

and the rank of the symmetric Toeplitz matrix is M = 2. For this matrix, we
have

(T + UJy o) = 8.7306, || Al =0.1584, and [A™"| =5.4734 x 10°.

Thus, HOS is much smaller than 5. Also, this example shows that by exploiting
the structure, x£§ can be much smaller than k.
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Now, we remove the assumption x = Jx. For a general n-vector solution x,
we partition
u
X = ,
v

where u is an m-vector, m = [n/2]. Denoting

1
y1i= 2(u+Jir/2v), y = [ 1 ],

J1/2¥1
1 VAl
= —JE =
V1 2(“ 1/2"): z { 1o ] )
we have
Jy=y and Jz= -z,
and

X=Yy+z,

noting that Jj /o JlT/2 = I. From the above argument, we have

|A* Bx]| = [ A*E(y + 2)]| < |[(T + Udyo)* | Iyll + |(T — U )| [zl

7 Hankel.

For the Hankel structure, we have the following results.
THEOREM 7.1. For the structure S = { Hankel},
+

&Hankel > 2||A || ||b||

[l

and
KHankel 1

> )
K V2|A] [ At

PRrROOF. Let E = A/|A|| in (2.8), we have
oo latax] _ x|
Al IA]"
which implies that
e AL+ AT ol > %[+ [1A* [ bl = 23/ A* (| [b] |-
Consequently, from (2.11) in Theorem 2.1,

2|4+ | Il
x|

1

Hankel +

K > (el Al + AT b)) = \/
V2[lx|
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Since ||x|| < [|A*|| ||b]|, we have k% > /2. Then it follows from (1.3) that

K:Hankel 1

> )
K V2| Al | A*]

Like the circulant case, this shows that we may expect a smaller condition
number for Hankel least squares problems.

8 Generalized inverse.

Similar to the definition (2.1) of the condition number kS for structured least
squares, we define
A+ AA)T — AT

+6”A)+” I anaes |aqy geA}

as the condition number for the generalized inversion of matrix A.
For AA satisfying (2.2), we have (2.3), which implies that

I(A+AA)T — AT|| m [|AT(AA)AT|| < e 47|12 || Al

k% (A) := limsup { it

Thus, we have
RS(4) < AT Al

On the other hand, let AA = €A, then AA and A have the same structure
and ||AA| = €||A]|. Since for this particular AA

IAT(AA)AT]| _ [lATAAT]
e[| A*]] [ A*]] ’
we have £5(A) > 1. Thus, in general,
1< k5(A) < [|AT] A
As expected, for S = {symmetric, skewsymmetric}, the condition number is
the same as the unstructured condition number
K(A4) = AT IA].
It turns out that this is also the same for circulant structure.
THEOREM 8.1. For S = {symmetric, skewsymmetric, circulant},
&S (A) = AT 1Al
ProOF. We show that k5 (A) > | At ||A|. Recall that the matrix E is defined

by AA = €||A||E such that E € S and ||E| < 1. In the following, we show that
there is an E such that | AT EA*|| > ||A*||?, which implies that

I(A+AA)T = AT [[AT(AA)AT| _ [All|ATEAT]
e A e A [A*]]

for this particular E. It then follows that x5 (A) > || A || A]l.

> AT ]Il
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Case 1 (symmetric). Let AT = UXVT be the SVD of AT and u and v
the singular vectors corresponding to the largest singular value of AT, then
A*v = ||A*||lu. From Lemma 3.1, there exists a symmetric E so that Fu = v
and ||E| = 1. Thus

[ATEATV| = [ AT| AT Eul| = AT [Afv] = [|AT]?
and we have ||[ATEAT| > ||AT|?.

Case 2 (skewsymmetric). Let AT = USVT be the SVD of A*. Suppose that
u and v are the singular vectors such that ATv = ||A*|lu. Since A" is also
skewsymmetric, we have AT = —(A*)T = —VXUT. From this another form
of the SVD of A*, we have ATu = —||At|v. Let E = A1/||A*||, then E is
skewsymmetric, ||E|| =1, and

|A*EA* V] = | A*|| |A* Bul = || AT ]| |A*v]| = AT
Thus, [|A* EA*|| > || A% |2

Case 3 (circulant). For a circulant matrix A, choosing E = AT /||A™|| and
using the Fourier transformation diagonalization AT = F~1DF, we get

(A% _

A+EA+ — H
IATEATN =4y

1A,

and F is circulant and || E| = 1.

Conclusion.

The condition number & for the general least squares (LS) problem is a well-
studied subject. This paper considers the case when the coefficient matrix is
structured. In this case, it makes sense to require that the coefficient matrix
and its perturbation matrix have the same structure. Based on this assumption,
first we have defined and derived the condition number x° for the LS problems
with structure S. Then we have discussed special structures. For symmetric,
skew symmetric, and persymmetric structures, we have shown that the con-
dition numbers for structured and general LS problems are identical. For circu-
lant, symmetric Toeplitz, and Hankel structures, we have presented a condition
number x° for S = {circulant, symmetric Toeplitz, Hankel} and studied the
condition number for each of the three structures. Our analysis has shown that
xS can be smaller than x when the structure S is circulant or symmetric Toeplitz
or Hankel. Finally, the condition numbers for the related problem: generalized
inversion of a structured matrix is also discussed. We have shown no improve-
ment on the condition number for the generalized inverse when the structure
S = {symmetric, skewsymmetric, circulant}.
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