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Abstract

The scaled total least square (STLS) problem, introduced by B.D. Rao in 1997, uni-
fies both the total least square (TLS) and the least square (LS) problems. The STLS
problems can be solved by the singular value decomposition (SVD). In this paper, we give
a rank-revealing two-sided orthogonal decomposition method for solving the STLS prob-
lem. An error analysis is presented. Our numerical experiments show that this algorithm
computes the STLS solution as good as the SVD method with less computation.

1 Introduction

Rao [8] unified the least squares (LS) and the total least squares (TLS) problems and intro-
duced the scaled total least square (STLS) problem: Given A € R™*™ (m > n), b € R™,
and a scalar A > 0, find £ € R™*™ and r € R™ such that
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Paige and Strakos [7] suggested a slightly different but equivalent formulation:
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If [Estrs,TsTLs] solves the above problem (1), then the solution zgrrg for =z in (A +
Estis)Az = A\b — rg7rs is called the scaled total least square solution.

*The first and second authors are partially supported by the Natural Sciences and Engineering Research
Council of Canada. The third author is supported by the National Natural Science Foundation of China and
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Obviously, when A = 1, the STLS (1) reduces to the total least square (TLS) problem.
It is also shown in [11] that zgTrs approaches to zrg, the solution of the least square (LS)
problem min, ||Az — b||2, as A — 0. In the STLS literatures [6, 7, 8], A is assumed to be of
full rank. In this paper, we consider the case when A is rank-deficient.

The conditions for the existence of the STLS solution and explicit expressions of the
STLS solution are given in [11]. To state the results in [11], we denote the SVD of

C:=[AN]=UxVT, (2)

where U € R™*("*1) has orthonormal columns, V e R(+D*(+1) jg orthogonal and ¥ =
diag(c1(C), -+, 0n41(C)), 01(C) = 02(C) = -+ = 0341(C) > 0p42(C) = -+ = 0p41(C) =
0, 0, (C) the k-th singular value of C, and k = rank(A). Then we partition U, ¥ and V' in

(2):
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such that 31 = diag(o1(C),---,0%(C)), 39 = diag(or+1(C),0,---,0), Uy and Uy are respec-
tively the first k columns and last n + 1 — k columns of U, Vi; € Rk 1,5 € Rrx(nt1-k)
Vo1 € Rk, and vgy € Rk,
Accordingly, we denote the SVD of A as
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where Ugq € R™*™ and V4 € R™ " are orthogonal, ¥4 = diag(oi(A),---,0%(4)), 01(4) >
-+ > 0r(A) > 0, and Uay and Uy are respectively the first k& columns and the last m — k
columns of Ujy4.

It is shown in [11] that (1) has a unique minimal norm solution if b ¢ range(A4) and
ULb # 0, which imply o4(A) > ok41(C). Then, from [11], the STLS solution can be
explicitly expressed as

AzgLs = —Via(v3e) T = (V1) Tvar = (ATA — VoS3V T (AATD — VioS3u),  (4)

where (vdy)* denotes the pseudoinverse of vd,.

For most STLS problems, the condition Uglb # 0 is satisfied. So, in this paper, we
assume U4,b # 0. It then remains to check the condition of(A) > oy1(C). As shown
above, the STLS problem can be solved by using the SVD. As we know, computing the SVD
is expensive. In this paper, we present an algorithm for solving the STLS problem using a
rank revealing decomposition. This algorithm is more efficient than the SVD method and
it is particularly efficient for the STLS problems with same coefficient matrix but multiple
right hand side vectors. In section 2, we first describe a complete orthogonal decomposition
(COD) [3] to illustrate the ideas behind our algorithm. Then we present a practical algorithm
for solving the STLS problem using the rank revealing ULV decomposition (RRULVD) [9].
The details of computing the RRULVD are described in Section 3. A perturbation analysis
of our STLS algorithm is given in Section 4 and numerical experiments are presented in
Section 5.



2 Algorithm

The STLS solution expression (4) shows that to compute the solution, we need only Vi9 and

v22, which, from the partition of V' in (3), form the null space and the right singular vector

corresponding to the smallest nonzero singular value of the augmented matrix C' defined in

(2). It is unnecessary to compute all the individual singular values and singular vectors.
Suppose that

| L 0| =
C:P[O O]QT

is the COD of C, where P e R+ has orthonormal columns, Q € RMTHx(n+1) jg
orthogonal, and L is a (k + 1)-by-(k + 1) nonsingular lower triangular matrix. Let w be the
right singular vector corresponding to the smallest nonzero singular value oy1(L) of L and

L=U;S;[Vg w]”

be the SVD of L, then

T
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is the SVD of C'. Comparing the above SVD and the SVD in (2) and using the partition of

V in (3), we have
V12 A w 0
IR

Partitioning Q = [Q1 Q2] such that Q1 and Qs are respectively the first k¥ + 1 and the last
n — k columns of Q, we get

Vi _ _
[ 7 ] = [Qw Q2].
V22

It is shown in [10] that when U7,b # 0, Vi1 is of full rank and vy is a nonzero vector. Then
we can find an (n — k+ 1)-by-(n — k + 1) Householder matrix H, such that Q = [Q1w Q2]H

and Q(n+1, 2:n—k+1) = 0. That is vl H = |Juaa|2[1,0, ..., 0]. Thus, from (4),

ArsTis = —Vig(va)t = —Via(vigvan) Tvae = —|lvaallz 2 (VieH) (vg H)"
= —|jvgellz Va2 H [1,0,...,0]"
= —Q(1:n,1)/Q(n+1,1). 5)
Note that @(n + 1,1) = ||vea]|2 # 0, since wvyy is a nonzero vector.

Now, we have described a COD method for computing the STLS solution. This method
has the following issues to be dealt with. First, the COD is sensitive to perturbations and
rounding errors when the matrix is rank deficient. Second, we still need to compute the



right singular vector corresponding to the smallest nonzero singular value of C'. Third, we
may want to check the solution existence condition o (A) > oj41(C), recalling that o4 (A)
and o4 1(C) are the smallest nonzero singular values of A and C' respectively. To alleviate
these problems, we propose a rank revealing ULV decomposition [9] (RRULVD) algorithm.
The RRULVD of A € R™*" is defined as

L
AzPA[H‘i FA]QQ (6)

where L4 and Fj4 are lower triangular, L4 is of order k, the numerical rank of A, ||F4ll2 ~
ok+1(A) and ||H4l|2 is sufficiently small so that ||Fall2+ ||Hall2 = 0k+1(A4). Thus RRULVD
reveals the numerical rank of A. When both ||H 4||2 and ||F4|2 are small, the RRULVD can
be viewed as an approximation of the COD of a rank-deficient matrix. In addition, in the
next Section, we will show that in the computation of the decomposition of A, we get an
estimate for o;(A). Moreover, the RRULVD can be efficiently updated when a column Ab
is appended to A. Also, in updating the decomposition, we can get estimates for o 1(C)
and the corresponding right singular vector. All the information needed for computing the
STLS solution and checking the condition o (A) > oj11(C) can be obtained. Letting

sz[AAb]chlﬁlg FO]Q% (7)

be the updated RRULVD after Ab is appended to A, we present the following algorithm.
The details of computing the RRULVD, the crucial part of the algorithm, is given in the
next section.

Algorithm 1 ( STLS Algorithm based on RRULVD)
Given A, b, A, this algorithm computes STLS solution xg7rg using the RRULVD.

1. Compute the RRULVD (6) and an estimate of oi(A);

2. Append Ab to A, update the RRULVD, and compute the estimates for oy1(C) and the
corresponding right singular vector w;

3. if (O’k(A) = O‘k+1(0)) quz’t end;

4. Partition Q¢ = [Qc1 Qo) such that Qo1 and Qoo contain the first k+ 1 and the last
n — k columns of Q¢ respectively;

5. Find a Householder matriz H such that Q = [Qciw Qoo)H and Q(n+1, 2 : n—k+1) =
0;

6. ArsTLS = _@(1 -, 1)/@(” +1, 1).



3 Computing RRULVD

In [2] and [4], two RRULVD algorithms for a rank-deficient matrix A are presented. Both
of them first apply the QL decomposition to A, then some techniques are used to reveal
the rank. Although the QL decomposition can be applied in our case, it is inaccurate
and unstable due to the rank deficiency and the rounding errors. The RRULVD algorithm
presented in this section is based on Stewart’s method [9]. It is a column updating scheme
in that the RRULVD of A is efficiently updated when a column is added to A.

We assume that the RRULVD (6) of A is available and a column a is appended to A.

We will show how the RRULVD of A can be efficiently updated to the RRULVD of the
augmented matrix [A a] where a := Ab.

Let
— PTCL — Y1 ’
Yy A l Vs

then, from (6), we have

_ T._ Ly 0 70

[Aa] = PLQ '_PA[HA Fiy yQ]l 0 1] (8)
What we need to do next is to triangularize L and update P and @ correspondingly.
While there are several ways of eliminating y; and ys, we want to choose one that keeps the
rank revealing structure as much as possible. If ||yz||2 is small, then rank(A) = rank([A al)
and the RRULVD can be updated by postmultiplying a sequence of rotations to eliminate
y1 and ya. If ||y2]|2 is not too small, we premultiply a sequence of plane rotations G ; to
transform yo into ne;, n = ||y2|l2. Since each rotation G;; creates a bulge in the lower
triangular F4, we simultaneously postmultiply a sequence of rotations K;; to restore the
lower triangular structure. The following figure illustrates this process. For simplicity, we

only show the part [Hy Fa yo] that is modified.
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The above figure also shows that the entries of the updated H4 and F4 stay small. The
procedure is given as follows.

Algorithm 2 (Triangularization 1.)
Given the decomposition (8), this algorithm transforms ys into ne; and updates P and
@ while keeping H 4 and F4 small and F4 lower triangular.

1. fori=m:-1:k+2

2. Generate the rotation G;_1; to zero out the ith entry using the (i — 1)th entry in y;
3 Apply Gi—1,; to the rows i —1 and i of L;

4. Update P by applying G;TF_LZ- to the columns i and i — 1 of P;

5

. Generate the rotation Kiin—m—1,i+n—m to restore the lower triangular structure of
Fa;

)

Apply Kiyn—m—1,i4+n—m to the columns of i +n—m —1 and i +n—m of L;

=

Update Q by applying Kitn—m—1,i4n—m to the columnsi+n—m—1andi+n—m
of Q;

8. end

After the above procedure, the L matrix in the decomposition (8) of the augmented matrix
has the following structure:

(9)
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Now, we triangularize the matrix in (9) by postmultiplying plane rotations. At the same

time, we want to keep the rank revealing structure as much as possible. The following
example shows how it works:
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As shown in the above figure, if = ||y2]|2 is not small, the row k + 1 of L is not small and
the numerical rank of the augmented matrix may be k + 1. The following is the algorithm.

Algorithm 3 (Triangularization 2.)
Given the matrix in (9), this algorithm restores the lower triangular structure.

1. fori=1:n

2. Generate the rotation K;,1 to eliminate the ith entry in y using the ith diagonal
element;

3. Apply K; y1 to the columns ¢ and n+1 to L;
4. Update Q by applying K; n+1 to the columns i and n+ 1 of Q;
5. end

Applying these two processes, we can add a column to A and restore the triangular structure
of L while keeping its rank revealing structure as much as possible. The structure of the new
lower triangular matrix shows that the numerical rank of the augmented matrix is either
k+1 or k. So, the remaining problem is to determine the numerical rank.

We use the deflation proposed in [9] to find the numerical rank. Assume that w is the
right singular vector corresponding to the smallest singular value, denoted by oj41(L), of
the order k + 1 leading principal submatrix of L, or the large block. Then a product K of
plane rotations can be found such that

Kw =|lwlz | | = lwleen.



Consequently, we obtain
opi1(L) = [Lwllz = |[GLK" Kwllz = [(GLK " )en]l2,

where G is an orthogonal matrix such that GLK? is lower triangular. This equation shows
that the (k + 1,k + 1)-entry of L, equals oj41(L).

Suppose that w is an approximation of the right singular vector corresponding to o1 (L),
then the (k 4+ 1,k + 1)-entry is an approximation of oy, 1(L). Therefore, given a tolerance
for the numerical rank, if L, , is larger than the tolerance then the numerical rank of L is
k + 1, otherwise, the numerical rank is at most k.

The following figures depict the deflation procedure. We first find a sequence of planes
rotations K 1; such that Kjyqp- - Kojw = ||w||2en:

w 0 0 0

w Ko1 w Ks2 0 Kag 0
— — —

w w w 0

w w w ||w]|2

Next, we postmultiply L with KZT+1Z and simultaneously find G;y1; to restore its lower
triangularity:

1 00 0 I 100 1 000 1 0 0 0
zzoo@zzoo%lzoo@zzio
I 1 1 0 I 11 0 11 1 0 1 1 1 0
1111 1111 1111 1111
1 000 1 000 1 000
Gz 1 1 0 0 Kiy 1 1 00 Gl 1 00
11 1 0 111 I 11 1 0
111 1 1111 1111

After this procedure, we determine the numerical rank of L by comparing its (k+ 1,k + 1)-

entry with the tolerance.
In the following algorithm for the deflation, we use Van Loan’s 2-norm condition estimator

[5] to compute the approximations of the smallest singular value and its corresponding right
singular vector.

Algorithm 4 (Deflation)

1. Using Van Loan’s condition estimator to compute an approximation of the smallest
singular value, denoted by oy11(L), of the order k+1 leading principal submatriz of L
and its corresponding right singular vector w;

2. if op1(L) > tol, return k+1 as the numerical rank of L, op11(L) as an approximation
Of Uk+1(C) end;



Generate Kii1,; to eliminate w; using wiy1;

Update Q by apply K11, to the columns i and i+ 1 of Q;

3

4

5. Apply KZT+1Z to the columns i and i + 1 of L;

6

7. Generate Git1; to eliminate the (i,i+ 1)-entry of L using the (i + 1,7+ 1)-entry;
8

Apply Git1; to the rows i and i+ 1 of L to restore the lower triangular structure of

9.  Update P by applying Gl?ji-l,i to the columns i and i + 1 of P;
10. end
11. Do refinement (Algorithm 5, optional, described soon).

Since from (4) the STLS solution can be expressed by the null space and the right singular
vector corresponding to the smallest nonzero singular value of C, the accuracy of the STLS
solution computed by the above algorithm depends on the quality of the approximations of
ok+1(L) and w. It is shown in [1] that the quality of the subspaces obtained by the RRULVD
algorithm depends on the quality of the condition estimator on the lower triangular matrix
L. Thus we propose the following improvement on the approximations of oy41(L) and w.

To simplify the discussion, let Lo be the order £+ 1 leading principal submatrix of L. We
first use Van Loan’s method [5] to get an approximation of y, the right singular vector of Lg.
Then we solve the linear system Loz = y. Now, ||z||2 is an approximation of o11(L¢), the
smallest singular value of L¢, and w = x/||z|| is its corresponding right singular vector. Since
L¢ is lower triangular, the linear systems can be solved cheaply. Furthermore, the accuracy
of the approximation of the smallest singular value and its right singular vector is improved
significantly, especially when o1 (L¢) is large. Table 1 compares the results before and after
the improvement. As shown in the first three columns in Table 1 we generate three random
matrices of different orders with specified smallest singular values and the relative gaps be-
tween the two smallest singular values, that is gap = (0 (L¢) — ok+1(Lc))/0k+1(Le). The
fourth column gives the approximations of the singular values, o,;, using Van Loan’s method
without improvement. The fifth column shows the approximations, o,,, with improvement.
Also, the sixth and seventh columns of Table 1 are cosines of the angles between the exact
singular vectors and the vectors obtained from Van Loan’s method without and with im-
provement, that is cosf,; = ||v,:£+1vvl||2 and cos@,, = ||v,:£+1vm||2 where vg11, vy, and vy,
are right singular vectors corresponding to ox1(L¢), 0y, and o, respectively. From Table
1, we see that it improves the singular value and singular vector estimates significantly. In
particular, when the singular value is large, for example, ox41(Lc) = 10, the relative error
in the approximated singular value is almost 30% for the original version while it is only 5%
after the improvement.



n | gap | oxr1(Lle) | ou Om | cosby | cosbp,
16 | 10 | 0.0280 | 0.0320 | 0.0280 | 1.0000 | 1.0000
6 | 2 0.0280 | 0.0435 | 0.0281 | 0.9655 | 0.9990
64 | 5 1.0000 | 1.8189 | 1.0135 | 0.8874 | 0.9962
128 | 1.5 | 10.0000 | 13.4835 | 10.5153 | 0.9051 | 0.9697

Table 1: Comparison of the smallest singular value and singular vector estimates computed
by Van Loan’s method with and without improvement.

The accuracy of the STLS solution depends not only on the quality of the computed
singular values and singular vectors, but also on the quality of the null space. Thus the
remaining problem is to improve the null space approximation by making the off diagonal
block He in (7) small. To motivate the refinement technique [9], we assume that L has
numerical rank k + 1 and consider the order k£ + 2 leading principal submatrix:

L 0
Tk+2:lh1q f]’

of L, where L¢ is a (k + 1) x (k + 1) lower triangular matrix, A’ is a row vector of order
k+1 and £ is a scalar.

Now suppose we find an orthogonal matrix GG partitioned according to the partition of
Ty4o such that Ty o is transformed into a block upper triangular matrix:

G 912 Lo 0 _ Le¢ i} (10)
95 92 ht ¢ 0 ¢
Specifically, G can be a product of a sequence of rotations which eliminate h using the rows
of L¢ from bottom to top. It then follows that

Egia=nh
and
gnLc + gnh! = 0.

Let ox11(Lc) be the smallest singular value of L¢, then

oer1(Lo)llgallz < lgn Lellz = llgizh™ ll2 < [|B]l2,

that is Il
T 2

9oille £ ————.

g ort+1(Le)

Applying this inequality to £ g1o = fL, we obtain

€]
k

hlly = <
Al = [I€ g12]l2 < oot (L0)

[1]]2-

10



In other words, ||R||2 is decreased by a factor of |€|/ok41(L¢), which is the ratio between the
smallest singular values of T;5 and L¢o. Next, we postmultiply an orthogonal matrix K to
restore the lower triangular structure:

el

0 ¢ ht ¢

Specifically, K can be a product of a sequence of rotations that eliminate h using the columns
of Lo from left to right. Now, we can conclude from the above analysis that ||kl <
(|€]/oks1(Le))? ||k]|2. When the ratio |€|/ops1(Le) is small, ||Allz is much smaller than
||h]|2. Hence if we apply this refinement to the last m — k — 1 rows of L, the off diagonal

elements in those rows become significantly small. Consequently, the quality of the null
space is improved. The refinement algorithm is as follows.

Algorithm 5 (Refinement)
Given the lower triangular matrix L produced by the first 10 steps in Algorithm 3, this

algorithm applies refinement on its last (m — k — 1) rows, where k + 1 is the numerical rank
of L.

1. while m > k+1
fori=m-1:-1:1
Generate rotation G;y, to eliminate the (m,i)-entry of L using its (i,1)-entry;

Apply G, to the rows i and m of L;

2
3
4
5. Update P by applying G;{m to the columns i and m of P;
6. end

7. fori=1:m-1

8 Generate rotation K; , to eliminate the (i,m)-entry of L using its (i,i)-entry;
9 Apply K; , to the columns i and m of L;

10. Update Q by applying K; , to the columns © and m of Q;

11.  end

2. m=m-—-1;

13. end

In summary, to compute the RRULVD of A, starting with the RRULVD of the first
column of A, we append the columns of A, one column at a time, and update the RRULVD
using Algorithms 1, 2, and 3. Then, we append Ab to A and update the RRULVD. Re-
finement Algorithm 5 may be applied in updating to improve the quality of the null space.
Since only one right singular vector and the null space of C are required for solving the STLS
problems, updating P is unnecessary when we compute the RRULVD of C.

11



4 Perturbation Analysis
Algorithm 1 first computes an RRULVD:

C=[A ] = l IL{C Fs 1 Q. (11)

where the blocks Ho and F¢ are introduced by rounding errors and approximations. Then
the algorithm computes the STLS solution using the truncated RRULVD as the COD:

Pc [ LOC 0 1 QL =: [A Xb) = C. (12)

Since He and Fe are introduced by rounding errors, we assume that

~ 0 0
E:=C- C:—P[HC FG]QT,
is small, specifically,

[Hcll2 + [Follz = cu|Cll2 =: 0, (13)
where ¢ is a moderate constant and u is the unit of rouildoff.AWAhat is the difference between
the solution corresponding to C' = [A Ab] and that of C' = [A A\b]? In this section, we derive
an upper bound for the error lxsTrs — ZsTLs||2, where zsrrs and ZgTrs denote the solutions
corresponding to C' and C respectively.

Before deriving the error bound, it is necessary to verify the existence condition. From
(13), it follows that

or(A ) Uk+1(é) R R
k(A) = 0k 1(C) + o1 (A) — o1 (A) + 0441(C) — 0% 11(C)
k(A) — o 1(C) — 2.

Q

>

Q

Thus, if ox(A) — 0x41(C) > 2, then the existence condition oy(A) > o4y1(C) for the
perturbed STLS problem is satisfied.

Now, we derive the error bound. Using the SVD (2) of C' and the partitions (3), we
define

Ep:=A—UpSoVE =UiS1 Vi and ey := Ab — UpSovgy = U D10
Then, from (4), it can be verified that
Azgris = (Vi) Tva = AE ey (14)

Note that when o1 (A) > 0341(C), Vi1 is of full column rank [10], implying that I = V;1V;; =
VE (V)T Consequently,

Eazstrs = Ui 21 Viizstis = AU S Vi (V) Togr = AU 81091 = e

12
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Similarly, letting C = USVT be the SVD of 6’, partitioning U , i, and V according to

(3), and defining
EZ = A\ — [7222‘712 = [7121V1€ and )\ei) = )\B — [72%2@22 = [7121’/0\21,
we have the solution
TSTLS = E}ei). (15)
Comparing the two solutions (14) and (15), we get
TSTLS — TSTLS = TSTLS — EjTe,;

_ R +r. e (e _

= astis — ExEqastis + B Eqrstis — E2ep — B (¢ — e)

= T3TLS — E}EZQJSTLS + E}EZQJSTLS - E}EAQJSTLS - E:’:\(e(} —ep)

= (I — E}E;‘\)l’STLS + E}(EA\ — EA)l'STLS — E}(eé — eb).

Obviously, |[(I — E}Eg)xSTLSHQ < [|zsTLs|l2- From E; = A — Uy, Vh, we have

(@)

ok(E7) = 0i(A) — [|U2E2Vh 2 > ok(A) — oppa (

a ) 2 0k(A) — 041(C) — 21,

which implies that

1
EX|ls = (on(E) ! < 16
15l = ()™ € (16)
since rank(E';) = k. Furthermore, we have
IE;— Eallz = |A—A— U5V + UaXaVibla
< A= Allg + [T2Z0Vibll2 + Vo T2V o
< ||C_C||2+O'k+1(0)+0'k+1(0)
< N4 0k41(C) + 0k4+1(C) (17)
< 20+ 20411(C) (18)
and
”613 — eng = Hg —b— )\_1(7222622 + )\_IUQZQ'UQQHQ
< b= bll2 + AN (0k41(C) + 0x41(C)) (19)
= 742 (20611(C) + 7). (20)

Putting the above three inequalities (16), (18), and (20) together, we get

lzstis — Zstusll < llwstusllz + 1EX2[1E 7 — Eallzllwstislla + |1 EX2]le; — el

204+1(C) + 21
TsTLS|]2 + TSTLS||2
| | o,(A) — o41(C) —277” |

IN

13



A 20441(C) + 77)
o(A) — op41(C) —
)

= 9k(A) + o1 (C ||$STLS||2 N A1 20441(C) + 1) +1
op(A) — op41(C) — on(A) — 011 () — 21
ok (A)|zsrLs|l2 + 0k+1( Y(lzsTislla + 207 + (AL +1)p

ok(A) —o+1(C) — 21
< (on(4) + 041 (C))(llzsTis |2 + A+
or(A) — or+1(C) — 21 ’
since 7 < 0;(A) —o+1(C). The above argument is valid for any small perturbation E. Thus
we obtain the following theorem.

Theorem 4.1 Suppose that C = [A\b] and C = C+E =: [A Xb] and || E||2 ~ cu||C|2 =: 7,
where ¢ is a moderate constant and u isAthe unit of roundoff. Let xsTrs and Tstrs be the
STLS solutions corresponding to C and C respectively, then

lzsTLs — ZsTLS |2 (01(A) + 0111 (O) (llzsTisllz + A1) + 1

provided that oi(A) — op4+1(C) > 2n.

This theorem shows that if the perturbation n = ||E||2 is small, we can expect a small error
lxsTLs — ZsTLs||2 as long as o (A) and o;41(C) are not very close to each other. If o (A)
is very close to o;41(C), the computed solution Zgrr,s may be very different from the exact
solution zgrrg. Moreover, as A approaches to zero, both oy 1(C) and oj1(C) approach to
zero as fast as A does. Specifically, limy_,g ox11(C)/A = ||r||2, where r is the residual of the
least square problem Az =~ b [11]. Thus, from (16), (17), and (19), the inequality in the
theorem reduces to

~ n
zsTLs — TstLs|l2 < (1 + ——)|lzsTLs||2 + 1+ |72 + |[r]2
| 2 < ( (A ))H | k(A)( (72 + [I7]l2)-

It shows that the difference between zgrrs and Zstrs is independent of the scalar A, when
A approaches to zero.

5 Numerical Experiments

In the STLS formulation (1), a scalar A is introduced to the right side vector b. The residual
to be minimized is [E,r], same as the TLS problem. In this section, we compare STLS
with TLS. The STLS problem is solved by the RRULVD method presented in the previous
section, whereas the TLS problem is solved by the SVD method.

All of our numerical experiments were performed in MATLAB on a Sun SPARC work-
station Ultra 10 using double precision. The rank deficient matrices were generated as the

product
_ >0 T
A—Ul0 Z}V’
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where U € R™*™ and V € R"*", (m > n) are random matrices with orthonormal columns,
> diagonal of order k, whose diagonal elements are random variables uniformly distributed
over [0,1], and Z a zero matrix of order n — k. The right-hand side vectors were generated
as random vectors uniformly distributed over [0,1]. The random perturbations E and r on
A and b respectively were constructed by

E = ¢randn(m,n), r = {randn(m, 1),

where £ is a parameter controlling the magnitude of the perturbations, and the entries of
FE and r are random variables normally distributed with zero mean and variance one. In
all examples, we set £ = 3 x 1078 and the numerical rank tolerance to 2 x 107°. Since the
perturbations are smaller than the numerical rank tolerance, all matrices are numerically
rank deficient.

To compare STLS and TLS, we denote g and 07 as the angles between b and AxsTrs

and between b and Azrs, respectively, that is cos fg := ||b7 Azstrs|2/(||AzsTLs2]/b|l2) and
cos O := ||bT Azrrs|l2/ (|| AzTLs|2]|b]l2). Also, we denote the residuals resg := ||[EsTLs, TsTLS]||F
which is equal to o11(C) [11], and resy := ||[ErLs, TTLs]||F = 0k+1(C) [10]. Note that 67

and resp are independent of .
Tables 2, 3, and 4 show the results for three rank-deficient problems of various sizes.
From the results, we can see that

e For small values of A\, Azgrrg is closer to b than Azrrs is, and the STLS residual is
much smaller than the TLS residual;

e When A is small, fg is insensitive to the change of A;

e When A > 1, cosfg may be smaller than cos 7. See, for example, A = 5 in Tables 2
and 4.

We note that

e In theory, when A = 1, xsTrs = x1rs. The differences in the tables when A = 1 are
due to the different algorithms used to solve the STLS problem and the TLS problem.
However, we can see that the corresponding values are in the same magnitude order.

e For large values of A, large vectors A\b are appended to A to form C. Consequently,
the right singular vectors corresponding to oy41(C) of the resulting matrices C' vary
little. Recall that the STLS solution depends on the right singular vector and the null
space. Thus, the STLS solutions vary little for large values of A.

Conclusion: Choose )\ < 1.
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