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Sums–motivatingexample

PhysicalAddr={firstlast:String,addr:String}

VirtualAddr={name:String,email:String}

Addr=PhysicalAddr+VirtualAddr

inl:“PhysicalAddr→PhysicalAddr+VirtualAddr”

inr:“VirtualAddr→PhysicalAddr+VirtualAddr”

getName=λa:Addr.

caseaof

inlx⇒x.firstlast

|inry⇒y.name;
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Newsyntacticforms

t::=...terms

inlttagging(left)

inrttagging(right)

casetofinlx⇒t|inrx⇒tcase

v::=...values

inlvtaggedvalue(left)

inrvtaggedvalue(right)

T::=...types

T+Tsumtype
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NewtypingrulesΓ`t:T

Γ`t1:T1

Γ`inlt1:T1+T2

(T-Inl)

Γ`t1:T2

Γ`inrt1:T1+T2

(T-Inr)

Γ`t0:T1+T2

Γ,x1:T1`t1:TΓ,x2:T2`t2:T

Γ`caset0ofinlx1⇒t1|inrx2⇒t2:T
(T-Case)
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Newevaluationrulest−→t
′

case(inlv0)

ofinlx1⇒t1|inrx2⇒t2

−→[x17→v0]t1

(E-CaseInl)

case(inrv0)

ofinlx1⇒t1|inrx2⇒t2

−→[x27→v0]t2

(E-CaseInr)

t0−→t
′

0

caset0ofinlx1⇒t1|inrx2⇒t2

−→caset
′

0ofinlx1⇒t1|inrx2⇒t2

(E-Case)
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t1−→t
′

1

inlt1−→inlt
′

1

(E-Inl)

t1−→t
′

1

inrt1−→inrt
′

1

(E-Inr)
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SumsandUniquenessofTypes

Problem:

IfthastypeT,theninlthastypeT+UforeveryU.

I.e.,we’velostuniquenessoftypes.

Possiblesolutions:

�“Infer”Uasneededduringtypechecking

�Giveconstructorsdifferentnamesandonlyalloweachnametoappearin

onesumtype(requiresgeneralizationto“variants,”whichwe’llseenext)

—OCaml’ssolution

�Annotateeachinlandinrwiththeintendedsumtype.

Forsimplicity,let’schoosethethird.
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Newsyntacticforms

t::=...terms

inltasTtagging(left)

inrtasTtagging(right)

v::=...values

inlvasTtaggedvalue(left)

inrvasTtaggedvalue(right)
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NewtypingrulesΓ`t:T

Γ`t1:T1

Γ`inlt1asT1+T2:T1+T2

(T-Inl)

Γ`t1:T2

Γ`inrt1asT1+T2:T1+T2

(T-Inr)
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Evaluationrulesignoreannotations:t−→t
′

case(inlv0asT0)

ofinlx1⇒t1|inrx2⇒t2

−→[x17→v0]t1

(E-CaseInl)

case(inrv0asT0)

ofinlx1⇒t1|inrx2⇒t2

−→[x27→v0]t2

(E-CaseInr)

t1−→t
′

1

inlt1asT2−→inlt
′

1asT2

(E-Inl)

t1−→t
′

1

inrt1asT2−→inrt
′

1asT2

(E-Inr)
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Variants

Justaswegeneralizedbinaryproductstolabeledrecords,wecangeneralize

binarysumstolabeledvariants.
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Newsyntacticforms

t::=...terms

<l=t>asTtagging

casetof<li=xi>⇒ti
i∈1..n

case

T::=...types

<li:Ti
i∈1..n

>typeofvariants
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Newevaluationrulest−→t
′

case(<lj=vj>asT)of<li=xi>⇒ti
i∈1..n

−→[xj7→vj]tj

(E-CaseVariant)

t0−→t
′

0

caset0of<li=xi>⇒ti
i∈1..n

−→caset
′

0of<li=xi>⇒ti
i∈1..n

(E-Case)

ti−→t
′

i

<li=ti>asT−→<li=t
′

i>asT
(E-Variant)
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NewtypingrulesΓ`t:T

Γ`tj:Tj

Γ`<lj=tj>as<li:Ti
i∈1..n

>:<li:Ti
i∈1..n

>
(T-Variant)

Γ`t0:<li:Ti
i∈1..n

>

foreachiΓ,xi:Ti`ti:T

Γ`caset0of<li=xi>⇒ti
i∈1..n

:T
(T-Case)
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Example

Addr=<physical:PhysicalAddr,virtual:VirtualAddr>;

a=<physical=pa>asAddr;

getName=λa:Addr.

caseaof

<physical=x>⇒x.firstlast

|<virtual=y>⇒y.name;
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Options

JustlikeinOCaml...

OptionalNat=<none:Unit,some:Nat>;

Table=Nat→OptionalNat;

emptyTable=λn:Nat.<none=unit>asOptionalNat;

extendTable=

λt:Table.λm:Nat.λv:Nat.

λn:Nat.

ifequalnmthen<some=v>asOptionalNat

elsetn;

x=caset(5)of

<none=u>⇒999

|<some=v>⇒v;
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Enumerations

Weekday=<monday:Unit,tuesday:Unit,wednesday:Unit,

thursday:Unit,friday:Unit>;

nextBusinessDay=λw:Weekday.

casewof<monday=x>⇒<tuesday=unit>asWeekday

|<tuesday=x>⇒<wednesday=unit>asWeekday

|<wednesday=x>⇒<thursday=unit>asWeekday

|<thursday=x>⇒<friday=unit>asWeekday

|<friday=x>⇒<monday=unit>asWeekday;
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Terminology:“UnionTypes”

T1+T2isadisjointunionofT1andT2(thetagsinlandinrensure

disjointness)

(Wecouldalsoconsideranon-disjointunionT1∨T2,butitspropertiesare

substantiallymorecomplex,becauseitinducesaninterestingsubtyperelation.

We’llcomebacktosubtypinglater.)
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Recursion
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Recursioninλ→

�Inλ→,allprogramsterminate.(Cf.Chapter12.)

�Hence,untypedtermslikeomegaandfixarenottypable.

�Butwecanextendthesystemwitha(typed)fixed-pointoperator...
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Example

ff=λie:Nat→Bool.

λx:Nat.

ifiszeroxthentrue

elseifiszero(predx)thenfalse

elseie(pred(predx));

iseven=fixff;

iseven7;
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Newsyntacticforms

t::=...terms

fixtfixedpointoft

Newevaluationrulest−→t
′

fix(λx:T1.t2)

−→[x7→(fix(λx:T1.t2))]t2

(E-FixBeta)

t1−→t
′

1

fixt1−→fixt
′

1

(E-Fix)
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NewtypingrulesΓ`t:T

Γ`t1:T1→T1

Γ`fixt1:T1

(T-Fix)
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Amoreconvenientform

letrecx:T1=t1int2

def

=letx=fix(λx:T1.t1)int2

letreciseven:Nat→Bool=

λx:Nat.

ifiszeroxthentrue

elseifiszero(predx)thenfalse

elseiseven(pred(predx))

in

iseven7;
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Lists
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Lists—syntax

t::=...terms

nil[T]emptylist

cons[T]ttlistconstructor

isnil[T]ttestforemptylist

head[T]theadofalist

tail[T]ttailofalist

v::=...values

nil[T]emptylist

cons[T]vvlistconstructor

T::=...types

ListTtypeoflists
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Lists—evaluation

t1−→t
′

1

cons[T]t1t2−→cons[T]t
′

1t2

(E-Cons1)

t2−→t
′

2

cons[T]v1t2−→cons[T]v1t
′

2

(E-Cons2)

isnil[S](nil[T])−→true(E-IsnilNil)

isnil[S](cons[T]v1v2)−→false(E-IsnilCons)

t1−→t
′

1

isnil[T]t1−→isnil[T]t
′

1

(E-Isnil)
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head[S](cons[T]v1v2)−→v1(E-HeadCons)

t1−→t
′

1

head[T]t1−→head[T]t
′

1

(E-Head)

tail[S](cons[T]v1v2)−→v2(E-TailCons)

t1−→t
′

1

tail[T]t1−→tail[T]t
′

1

(E-Tail)

Notethatevaluationrulesdonotlookattypeannotations!
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Lists—typing

Γ`nil[T1]:ListT1(T-Nil)

Γ`t1:T1Γ`t2:ListT1

Γ`cons[T1]t1t2:ListT1

(T-Cons)

Γ`t1:ListT11

Γ`isnil[T11]t1:Bool
(T-Isnil)

Γ`t1:ListT11

Γ`head[T11]t1:T11

(T-Head)

Γ`t1:ListT11

Γ`tail[T11]t1:ListT11

(T-Tail)
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