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Programming L anguage Par adigms

| mper ative Programming L anguages
Statemenorientedlanguages

Every statementhangeshemachinestate
Object-oriented languages
Organisingthe stateinto objects with individual stateandbehaviour
Messageassingaradigm(insteadof subprograncall)
Rule-Based (L ogical) Programming L anguages
Specifyrule thatspecifiegproblemsolution(Prolog,BNF Parsing)

OtherexamplesDecisionproceduresirammarnules(BNF)

Programmingonsistof specifyingtheattributesof theanswer

Functional (Applicative) Programming L anguages
Goalisto understandhefunctionthatproducesheanswer

Functioncompositions majoroperation

Programmingonsistf building thefunctionthatcomputesheanswer
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Historical Development of Programming L anguages

Emphasiaschanged:

— from makinglife easierfor thecomputer

— to makingit easierfor theprogrammer

Easier for the programmer means:

— Uselanguageshatfacilitatewriting error-free programs

— Uselanguageshatfacilitatewriting programghatareeasy to maintain
Goal of languagealevelopment:

— Developersconcentraten design(or evenjust specification)

— Programmings trivial or handledoy computer

(executablespecificatiodanguages,rapid prototyping
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Haskell

 functional — programsarefunctiondefinitions; functionsare“first-class
citizens”

* pure (referentiallytransparent— “no side-effects”
e non-strict (lazy)— argumentsaareevaluatedonly whenneeded
o statically strongly typed — all typeerrorscaughtat compile-time

 type classes— safeoverloading

« Standardisethnguagerersion: Haskell 98
o Severalcompilersandinterpretersvailable

« Comprehense website: http://haskell.org/



FP 2005 2.15

| mportant Points



FP 2005 2.16

| mportant Points

« Execution of Haskell programs



FP20052.17

| mportant Points

» Execution of Haskell programsis expression evaluation

45



FP20052.18

| mportant Points

» Execution of Haskell programsis expression evaluation

— (for the time being)

46



FP20052.19

| mportant Points

e Executionof Haslell programgs expression evaluation

— (for the time being)

e Definingfunctionsin Haslell

47



FP20052.20

Important Points

« Executionof Haslell programss expressionevaluation

— (for the time being)

« Definingfunctionsin Haslell is morelik e defining functionsin
mathematics

48



FP20052.21 49

Important Points

e Executionof Haslell programss expressionevaluation

— (for the time being)

» Definingfunctionsin Haslell is morelik e defining functionsin mathematics
thanlik e definingprocedures C or classesindmethodsn Java



FP 2005 2.22 50

Important Points

» Execution of Haskell programsis expressionevaluation

— (for the time being)

» Defining functionsin Haskell ismorelike defining functionsin mathematics
than like defining proceduresin C or classes and methodsin Java

e One Haskell function may be defined by severa “equations’



FP 2005 2.23 51

Important Points

» Execution of Haskell programsis expressionevaluation

— (for the time being)

» Defining functionsin Haskell ismorelike defining functionsin mathematics
than like defining proceduresin C or classes and methodsin Java

* One Haskell function may be defined by several “equations’ — the first that
matchesis used



FP 2005 2.24 52

| mportant Points

» Execution of Haskell programsis expression evaluation

— (for the time being)

« Defining functionsin Haskell ismorelike defining functionsin mathematics
than like defining proceduresin C or classes and methodsin Java

* One Haskell function may be defined by several “equations’ — thefirst that
matchesisused

o Listsarean easy-to-use datastructure with lots of language and library
support



FP 2005 2.25 53

| mportant Points

» Execution of Haskell programsis expression evaluation

— (for the time being)

« Defining functionsin Haskell ismorelike defining functionsin mathematics
than like defining proceduresin C or classes and methodsin Java

* One Haskell function may be defined by several “equations’ — thefirst that
matchesisused

» Listsarean easy-to-usedatastructurewithlotsof language and library support
— therefore, listsare heavily used in beginners’ material.



FP 2005 2.26 54

| mportant Points

» Execution of Haskell programsis expression evaluation
— (for the time being)

« Defining functionsin Haskell ismorelike defining functionsin mathematics
than like defining proceduresin C or classes and methodsin Java

* One Haskell function may be defined by several “equations’ — thefirst that
matchesisused

» Listsarean easy-to-usedatastructurewithlotsof language and library support
— therefore, listsare heavily used in beginners’ material.

In many cases, advanced Haskell programmerswill use other datastructures,
for example Sets, or FiniteMapsinstead of association lists.
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Simple Expression Evaluation

The Haskdll interpretershugs, ghci , and hi accept any expression at their

prompt and print (after the first ENTER) the value resulting from eval uation of
that expression.

Prel ude> 4*(5+6) -2
42

Expression evaluation proceeds by applying rulesto subexpressions:

4% (5+6) - 2
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Simple Expression Evaluation

The Haskdll interpretershugs, ghci , and hi accept any expression at their

prompt and print (after the first ENTER) the value resulting from eval uation of
that expression.

Prel ude> 4*(5+6) -2
42

Expression evaluation proceeds by applying rulesto subexpressions:

4* (5+46) - 2 [subtraction & mult. impossiblée]
= (addition)
4*11-2 [ subtraction impossible]
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Simple Expression Evaluation

The Haskell interpretershugs, ghci , and hi accept any expression at their
prompt and print (after the first ENTER) the value resulting from eval uation of
that expression.

Prel ude> 4*(5+6) - 2
42

Expression evaluation proceeds by applying rulesto subexpressions:
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Simple Expression Evaluation

The Haskdll interpretershugs, ghci , and hi accept any expression at their
prompt and print (after the first ENTER) the value resulting from eval uation of
that expression.

Prel ude> 4*(5+6) -2
42

Expression evaluation proceeds by applying rulesto subexpressions:

4* (5+46) - 2 [subtraction & mult. impossiblée]
= (addition)

4*11-2 [ subtraction impossible]
= (multiplication)

44- 2
= (subtraction)

42
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« |f for obtaining aresult from an application of afunction f to a number of
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called strict in its i-th argument

o Therefore: If f isstrict initsi-th argument, then the i-th argument hasto be
evaluated whenever aresult isneeded from f.
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called strict in its i-th argument
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e Simpler: A one-argument function f isstrict iff f undefined = undefined.
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o |f for obtaining a result from an application of afunction f to a number of
arguments, the value of the argument at position i isalways needed. then f is
called strict in its i-th argument
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Simple ExpressionEvaluation — Explanation

« Argumentsto afuction or operation are evaluated only whenneeded.

o |f for obtaining a result from an application of afunction f to a number of
arguments, the value of the argument at position i isalways needed. then f is
called strict in its i-th argument

 Therefore: If f isstrict initsi-th argument, then the i-th argument hasto be
evaluated whenever aresult isneeded from f.

e Simpler: A one-argument function f isstrict iff f undefined = undefined.

— Constantfunctions are non-strict: (const 5) undefined =5
— Checking alist for emptynessisstrict: null undefined = undefined
— List constructionisnon-strict: null (undefined : undefined) = False

— Standard arithmetic operatorsare strict in both arguments
O Oundefined = undefined
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Unfolding Definitions

Assume the following definitions to be in scope:

answer = 42
magic = 7

Expression evaluation will unfold (or expand) definitions:

Prel ude> (answer - 1) * (nmagic * answer -
11111

23)
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Unfolding Definitions

Assume the following definitions to be in scope:

answer = 42
magic = 7

Expression evaluation will unfold (or expand) definitions:

Prel ude> (answer - 1) * (nagic * answer - 23)
11111

(answer - 1) * (magic * answer - 23)
= (42 - 1) * (magic * 42 - 23) (answer)
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Unfolding Definitions

Assume the following definitionsto be in scope:

answer = 42
magic = 7

Expression evaluation will unfold (or expand) definitions:

Prel ude> (answer - 1) * (nmagic * answer - 23)
11111

(answer - 1) * (nagic * answer - 23)
= (42 - 1) * (magic * 42 - 23) (answer)
41 * (magic * 42 - 23) (subtraction)
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Unfolding Definitions

Assume the following definitionsto be in scope:

answer = 42
magic = 7

Expression evaluation will unfold (or expand) definitions:

Prel ude> (answer - 1) * (nmagic * answer - 23)
11111

(answer - 1) * (nagic * answer - 23)
= (42 - 1) * (magic * 42 - 23) (answer)
=41 * (magic * 42 - 23) (subtraction)
=41 * (7 * 42 - 23) (magi c)
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Unfolding Definitions

Assume the following definitionsto be in scope:

answer = 42
magic = 7

Expression evaluation will unfold (or expand) definitions:

Prel ude> (answer - 1) * (nmagic * answer - 23)
11111

(answer - 1) * (nagic * answer - 23)

= (42 - 1) * (magic * 42 - 23) (answer)
= 41 * (magic * 42 - 23) (subtraction)
= 41 * (7 * 42 - 23) (magi c)

= 41 * (294 - 23) (multiplication)
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Unfolding Definitions

Assume the following definitionsto be in scope:

answer = 42
magic = 7

Expression evaluation will unfold (or expand) definitions:

Prel ude> (answer - 1) * (nmagic * answer - 23)
11111

(answer - 1) * (nagic * answer - 23)

= (42 - 1) * (magic * 42 - 23) (answer)
=41 * (magic * 42 - 23) (subtraction)
= 41 * (7 * 42 - 23) (magi c)

= 41 * (294 - 23) (multiplication)

41 * 271 (subtraction)
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Unfolding Definitions

Assume the following definitionsto be in scope:

answer = 42
magic = 7

Expression evaluation will unfold (or expand) definitions:

Prel ude> (answer - 1) * (nmagic * answer - 23)
11111

(answer - 1) * (nagic * answer - 23)

= (42 - 1) * (magic * 42 - 23) (answer)
=41 * (magic * 42 - 23) (subtraction)
= 41 * (7 * 42 - 23) (magi c)

= 41 * (294 - 23) (multiplication)
= 41 * 271 (subtraction)

= 11111 (multiplication)
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How did | find those number s?
Easy!

Prelude> [ n| n<- [1 .. 400] , 11111 ‘nod' n == 0 ]
[1, 41, 271]

Thisisalist comprehension:

e returnalln
« wheren istakenfromthenlist[1 .. 400]

e andaresultisreturned only if n divides11111.
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Conditional Expressions

Prelude> if 11111'mod’ 41==0then 11111°div' 41else5
271

The patternis:

If condition then expressionl el se expression2

— If the condition evaluatesto True, the conditional expression evaluatesto the
value of expressionl

— If the condition evaluatesto False, the conditional expression evaluatesto the
value of expression2.
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Conditional Expressions

Prelude> if 11111‘mod’ 41==0then 11111°div' 41else5
271

The patternis:
If condition then expressionl el se expression2

— If the condition evaluatesto True, the conditional expression evaluatesto the
value of expressionl

— If the condition evaluatesto False, the conditional expression evaluatesto the
value of expression2.

Therefore: “if _then else’ isstrict in the condition.
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Conditional Expressions

Prelude> if 11111'mod’ 41==0then 11111°div' 41else5
271

The patternis:
If condition then expressionl el se expression2

— If the condition evaluatesto True, the conditional expression evaluatesto the
value of expressionl

— If the condition evaluatesto False, the conditional expression evaluatesto the
value of expression2.

Therefore: “if _then €else” isstrict in the condition.

In C: ( condition ? expressionl: expression?)
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f act
f act

Expanding Function Definitions

| nt eger -> | nteger

| f

== 0 then 1 el se

* fact (n-1)

89
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f act
f act =

Expanding Function Definitions

| nt eger -> | nteger
| f == 0 then 1 el se * fact (n-1)

90

fact 3
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Expanding Function Definitions

91

fact | nt eger -> | nteger
fact = |f == 0 then 1 el se * fact (n-1)
fact 3

=if 3

O then 1 else 3 * fact (3-1)
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Expanding Function Definitions

fact :: Integer -> Integer
fact = |f == 0 then 1 el se * fact (n-1)
fact 3

92

if 3 ==0then 1 else 3 * fact (3-1)
| f False then 1 else 3 * fact (3-1)
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Expanding Function Definitions

93

fact :: Integer -> |nteger
fact = |f == 0 then 1 el se * fact (n-1)
fact 3

if 3 ==0then 1 else 3 * fact (3-1)
| f False then 1 else 3 * fact (3-1)
3 * fact (3-1)
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Expanding Function Definitions

94

fact :: Integer -> Integer
fact = |f == 0 then 1 el se * fact (n-1)
fact 3

if 3 ==0then 1 else 3 * fact (3-1)

| f False then 1 else 3 * fact (3-1)

3 * fact (3-1)

3 *if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)
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Expanding Function Definitions

95

fact :: Integer -> |nteger
fact = |f == 0 then 1 el se * fact (n-1)
fact 3

if 3 ==0then 1 else 3 * fact (3-1)

| f False then 1 else 3 * fact (3-1)

3 * fact (3-1)

3 *if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)
3*if 2==0then 1 else 2 * fact (2-1)
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Expanding Function Definitions

96

fact :: Integer -> |nteger
fact = |f == 0 then 1 el se * fact (n-1)
fact 3

if 3 ==0then 1 else 3 * fact (3-1)

| f False then 1 else 3 * fact (3-1)

3 * fact (3-1)

3 *if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)
3*if 2==0then 1 else 2 * fact (2-1)

3 * if False then 1 else 2 * fact (2-1)
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Expanding Function Definitions

97

fact :: Integer -> |nteger
fact = |f == 0 then 1 el se * fact (n-1)
fact 3

if 3 ==0then 1 else 3 * fact (3-1)

| f False then 1 else 3 * fact (3-1)

3 * fact (3-1)

3 *if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)
3*if 2==0then 1 else 2 * fact (2-1)

3 * if False then 1 else 2 * fact (2-1)

3 * 2 * fact (2-1)
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Expanding Function Definitions

fact :: Integer -> |nteger
fact = |f == 0 then 1 el se * fact (n-1)
fact 3

Wwww
* * %

if 3 ==0then 1 else 3 * fact (3-1)

| f False then 1 else 3 * fact (3-1)

3 * fact (3-1)

3 *if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)
*1f 2 ==0then 1 else 2 * fact (2-1)

| f False then 1 else 2 * fact (2-1)

2 * fact (2-1)

2 * if (2-1) == 0then 1 else (2-1) * fact ((2-1)-1)
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Expanding Function Definitions

fact :: Integer -> |nteger
fact = |f == 0 then 1 el se * fact (n-1)
fact 3

if 3 ==0then 1 else 3 * fact (3-1)

| f False then 1 else 3 * fact (3-1)

fact (3-1)

If (3-1) == 0 then 1 else (3-1) * fact ((3-1)-1)

if 2 ==0then 1 else 2 * fact (2-1)

| f False then 1 else 2 * fact (2-1)

2 * fact (2-1)

2 * if (2-1) == 0then 1 else (2-1) * fact ((2-1)-1)
2 * if 1 ==0then 1 else 1 * fact (1-1)

WWWwWwwww

S T
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Expanding Function Definitions

100

f act | nt eger -> | nteger
f act = if == 0 then 1 el se * fact (n-1)
fact 3

WWWwWwwwww

| f

O then 1 else 3 * fact (3-1)

I f False then 1 else 3 * fact (3-1)
fact (3-1)
If (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)

* %k ok ok kX * ok

| f

2

== 0 then 1 else 2 * fact (2-1)
i f False then 1 else 2 * fact (2-1)
fact (2-1)
If (2-1) == 0 then 1 else (2-1) * fact ((2-1)-1)

NNDNDN

*
*
*
*

if 1 == 0then 1 else 1 * fact (1-1)
| f False then 1 else 1 * fact (1-1)
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Expanding Function Definitions

fact :: Integer -> Integer
f act = if == 0 then 1 el se * fact (n-1)
fact 3

If 3 ==0then 1 else 3 * fact (3-1)
I f False then 1 else 3 * fact (3-1)

= 3 * fact (3-1)

=3 *if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)
=3*if 2==0then 1 else 2 * fact (2-1)

=3 * if False then 1 else 2 * fact (2-1)

=3 * 2 * fact (2-1)

=3* 2*if (2-1) == 0then 1 else (2-1) * fact ((2-1)-1)
=3*2*if 1 ==0then 1 else 1 * fact (1-1)

=3*2* if False then 1 else 1 * fact (1-1)

=3*2* 1* fact
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Expanding Function Definitions

fact :: Integer -> Integer
f act = if == 0 then 1 el se * fact (n-1)
fact 3

If 3 ==0then 1 else 3 * fact (3-1)
I f False then 1 else 3 * fact (3-1)
3 * fact (3-1)

=3 *if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)
=3*if 2==0then 1 else 2 * fact (2-1)

=3 * if False then 1 else 2 * fact (2-1)

=3 * 2 * fact (2-1)

=3* 2*if (2-1) == 0then 1 else (2-1) * fact ((2-1)-1)
=3*2*if 1 ==0then 1 else 1 * fact (1-1)

=3*2* if False then 1 else 1 * fact (1-1)

=3*2* 1* fact

=3*2*1*if == 0 then 1 el se * fact ( -1)
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Expanding Function Definitions

fact :: Integer -> Integer
f act = if == 0 then 1 el se * fact (n-1)
fact 3

If 3 ==0then 1 else 3 * fact (3-1)
I f False then 1 else 3 * fact (3-1)
3 * fact (3-1)

=3 *if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)
=3*if 2==0then 1 else 2 * fact (2-1)

=3 * if False then 1 else 2 * fact (2-1)

=3 * 2 * fact (2-1)

=3* 2*if (2-1) == 0then 1 else (2-1) * fact ((2-1)-1)
=3*2*if 1 ==0then 1 else 1 * fact (1-1)

=3*2* if False then 1 else 1 * fact (1-1)

=3*2* 1* fact

=3*2*1*if == 0 then 1 el se * fact ( -1)
=3*2*1*if == 0 then 1 el se * fact (0-1)
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Expanding Function Definitions

104

fact :: Integer -> Integer
f act = if == 0 then 1 el se * fact (n-1)
fact 3

If 3 ==0then 1 else 3 * fact (3-1)
I f False then 1 else 3 * fact (3-1)
3 * fact (3-1)

=3 *if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)
=3*if 2==0then 1 else 2 * fact (2-1)

=3 * if False then 1 else 2 * fact (2-1)

=3 * 2 * fact (2-1)

=3* 2*if (2-1) == 0then 1 else (2-1) * fact ((2-1)-1)
=3*2*if 1 ==0then 1 else 1 * fact (1-1)
=3*2* if False then 1 else 1 * fact (1-1)
=3*2* 1* fact

=3*2*1* if == 0 then 1 el se * fact (
=3*2*1*if == 0 then 1 el se * fact (0-1)
=3*2*1* if True then 1 else 0 * fact (0-1)

_1)
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Expanding Function Definitions

fact :: Integer -> Integer
f act = if == 0 then 1 el se * fact (n-1)
fact 3

If 3 ==0then 1 else 3 * fact (3-1)

I f False then 1 else 3 * fact (3-1)

3 * fact (3-1)

*if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)

=3

=3*if 2==0then 1 else 2 * fact (2-1)

=3 * if False then 1 else 2 * fact (2-1)

=3 * 2 * fact (2-1)

=3* 2*if (2-1) == 0then 1 else (2-1) * fact ((2-1)-1)
=3*2*if 1 ==0then 1 else 1 * fact (1-1)

=3*2* if False then 1 else 1 * fact (1-1)

=3*2* 1* fact

=3*2*1*if == 0 then 1 el se * fact ( -1)
=3*2*1*if == 0 then 1 el se * fact (0-1)
=3*2*1* if True then 1 else 0 * fact (0-1)
=3*2*1*1
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Expanding Function Definitions

fact :: Integer -> Integer
f act = if == 0 then 1 el se * fact (n-1)
fact 3

If 3 ==0then 1 else 3 * fact (3-1)
I f False then 1 else 3 * fact (3-1)
3 * fact (3-1)

=3 *if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)
=3*if 2==0then 1 else 2 * fact (2-1)

=3 * if False then 1 else 2 * fact (2-1)

=3 * 2 * fact (2-1)

=3* 2*if (2-1) == 0then 1 else (2-1) * fact ((2-1)-1)
=3*2*if 1 ==0then 1 else 1 * fact (1-1)

=3*2* if False then 1 else 1 * fact (1-1)

=3*2* 1* fact

=3*2*1*if == 0 then 1 el se * fact ( -1)
=3*2*1*if == 0 then 1 el se * fact (0-1)
=3*2*1* if True then 1 else 0 * fact (0-1)
=3*2*1*1

=3* 2*1
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Expanding Function Definitions

fact :: Integer -> |nteger
fact = |f == 0 then 1 el se * fact (n-1)
fact 3

if 3 ==0then 1 else 3 * fact (3-1)

| f False then 1 else 3 * fact (3-1)

3 * fact (3-1)

*1f (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)

=3

=3 *if 2 =0then 1 else 2 * fact (2-1)

=3 * if False then 1 else 2 * fact (2-1)

=3 * 2* fact (2-1)

=3* 2*if (2-1) == 0then 1 else (2-1) * fact ((2-1)-1)
=3*2*if 1 ==0then 1 else 1 * fact (1-1)

=3* 2* if False then 1 else 1 * fact (1-1)

=3* 2* 1* fact

=3* 2*1* if == 0 then 1 el se * fact ( -1)
=3*2* 1*if == 0 then 1 el se * fact (0-1)
=3*2*1* if True then 1 else 0 * fact (0-1)
=3*2*1*1

=3*2*1

=3 * 2
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Expanding Function Definitions

fact :: Integer -> Integer
f act = if == 0 then 1 el se * fact (n-1)
fact 3

If 3 ==0then 1 else 3 * fact (3-1)

I f False then 1 else 3 * fact (3-1)

3 * fact (3-1)

*if (3-1) == 0then 1 else (3-1) * fact ((3-1)-1)

=3

=3*if 2==0then 1 else 2 * fact (2-1)

=3 * if False then 1 else 2 * fact (2-1)

=3 * 2 * fact (2-1)

=3* 2*if (2-1) == 0then 1 else (2-1) * fact ((2-1)-1)
=3*2*if 1 ==0then 1 else 1 * fact (1-1)

=3*2* if False then 1 else 1 * fact (1-1)

=3*2* 1* fact

=3*2*1*if == 0 then 1 el se * fact ( -1)
=3*2*1*if == 0 then 1 el se * fact (0-1)
=3*2*1* if True then 1 else 0 * fact (0-1)
=3*2*1*1

=3* 2*1

=3 * 2

=6
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f act
f act
f act

M atching Function Definitions

| nt eger -> | nteger
1

= n * fact (n-1)

109
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M atching Function Definitions

fact :: Integer -> |nteger
fact 0 = 1
fact n = n * fact (n-1)

fact 3
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M atching Function Definitions

fact :: Integer -> |nteger
fact 0 = 1
fact n = n * fact (n-1)

fact 3
= 3 * fact (3-1) (fact n)
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M atching Function Definitions

fact :: Integer -> |nteger
fact 0 = 1
fact n = n * fact (n-1)

fact 3
3 * fact (3-1) (fact n)
3 * fact 2 (determiningwhichf act rule matches)
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M atching Function Definitions

fact :: Integer -> |nteger
fact 0 = 1
fact n = n * fact (n-1)

fact 3
= 3 * fact (3-1) (fact n)
=3 * fact 2 (determiningwhichf act rule matches)

3 * (2 * fact (2-1)) (fact n)
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M atching Function Definitions

fact :: Integer -> |nteger
fact 0 = 1
fact n = n * fact (n-1)

fact 3
= 3 * fact (3-1) (fact n)
=3 * fact 2 (determiningwhichf act rule matches)
=3 * (2 * fact (2-1)) (fact n)

3 * (2 * fact 1) (determiningwhich f act rule matches)
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f act
f act
f act

M atching Function Definitions

| nt eger -> | nteger
0 =1
n =n%* fact (n-1)

115

() T O N 1 I |
W wwww™—™

act 3

*

*
*
*
*

fact (3-1)

fact 2

(2 * fact (2-1))

(2 * fact 1)

(2 * (1 * fact (1-1)))

(fact n)
(determiningwhichf act rule matches)
(fact n)
(determiningwhich f act rule matches)
(fact n)
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f act
f act
f act

0O =

M atching Function Definitions

| nt eger -> | nteger

1

n =n%* fact (n-1)

116
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act 3
fact
fact

(2
(2
(2
(2

(3-1)

2

fact (2-1))

fact 1)

(1 * fact (1-1)))
(1 * fact 0))

(fact n)
(determiningwhichf act rule matches)
(fact n)
(determiningwhich f act rule matches)
(fact n)
(determining which f act rule matches)
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M atching Function Definitions

fact :: Integer -> Integer
fact 0 = 1
fact n = n * fact (n-1)

117

fact 3
3 * fact

W wwww

(3-1)

f act
f act
(1~
(1~
(1~

(2-1))

1)

fact (1-1)))
fact 0))

1))

(fact n)
(determining which f act rule matches)
(fact n)
(determining which f act rule matches)
(fact n)
(determining which f act rule matches)
(fact 0)
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M atching Function Definitions

fact :: Integer -> Integer
fact 0 = 1
fact n = n * fact (n-1)

118

fact 3
3 * fact
3 * fact

(2~
(2
(2
(2
(2

* O OF kX *
* Ok *  *

W wwwww

(3-1)

f act
f act
(1~
(1~
(1~
1)

(2-1))

1)

fact (1-1)))
fact 0))

1))

(fact n)

(determining which f act rule matches)
(fact n)

(determining which f act rule matches)
(fact n)

(determining which f act rule matches)
(fact 0)

(multiplication)
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M atching Function Definitions

fact :: Integer -> Integer
fact 0 = 1
fact n = n * fact (n-1)

119

fact 3
3 * fact
3 * fact

(2~
(2
(2
(2
(2

* * * *

W wwwwwow

* ok % ok Kk

(3-1)

f act
f act
(1~
(1~
(1~
1)

(2-1))

1)

fact (1-1)))
fact 0))

1))

(fact n)

(determining which f act rule matches)
(fact n)

(determining which f act rule matches)
(fact n)

(determining which f act rule matches)
(fact 0)

(multiplication)

(multiplication)
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M atching Function Definitions

fact :: Integer -> Integer
fact 0 = 1
fact n = n * fact (n-1)

fact 3

= 3 * fact (3-1) (fact n)

= 3 * fact 2 (determiningwhich f act rule matches)
=3 * (2 * fact (2-1)) (fact n)

=3 * (2 * fact 1) (determiningwhich f act rule matches)
=3* (2* (1* fact (1-1))) (fact n)

=3* (2* (1* fact 0)) (determiningwhich f act rule matches)
=3 * (2* (1* 1)) (fact 0)

=3* (2* 1) (multiplication)

=3 * 2 (multiplication)

=6 (multiplication)
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Lists

« List display: between square brackets explicitly listing all elements, separated
by commas:
[1, 4,9, 16, 25]
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Lists

« List display: between square brackets explicitly listing all elements, separated
by commas:

[1,4,9,16,25]
 Enumeration lists. denoted by ellipsis®.. ” inside square brackets; defined
by beginning (and end, if applicable):
1 .. 101 = [1,2,3,4,5,6,7,8,9,10]
1,3 .. 10] = [1,3,5,7,9]
1,3 .. 11] = [1,3,5,7,9,11]
11,9 .. 1] = [11,9,7,5,3,1]
O | N |
1 .. ] = [1,2,3,4,5,6,7,8,9,10, ..] - infinite |ist
1,3 .. 1 = [1,35,7,911, . ~ infinite |ist
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List Construction
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List Construction

Display and enumeration lists are syntactic sugar
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List Construction

Display and enumeration lists are syntactic sugar: A listis
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List Construction

Display and enumeration lists are syntactic sugar: A listis

— either theempty list: [ ],

— or non-empty
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List Construction

Display and enumeration lists are syntactic sugar: A listis

— either theempty list: [ ],

— or non-empty, and constructed from ahead x and atail xs
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List Construction

Display and enumeration lists are syntactic sugar: A listis

— either theempty list: [],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)



FP 2005 2.101 129

List Construction

Display and enumeration lists are syntactic sugar: A listis

— either theempty list: [ ],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes’.
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List Construction

Display and enumeration lists are syntacticsugar. A listis

— either theempty list: [],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes'.

“" Isused asinfix list constructor
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List Construction

Display and enumeration lists are syntacticsugar. A listis

— elther theempty list: [],
— or non-empty, and constructed from ahead x and atail xs (read: “xes’)
X . XS — read: “x consxes’.

“" Isused asinfix list constructor

3. []
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List Construction

Display and enumeration lists are syntacticsugar. A listis

— elther theempty list: [],
— or non-empty, and constructed from ahead x and atail xs (read: “xes’)
X . XS — read: “x consxes’.

“" Isused asinfix list constructor

3 []

[ 3]
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List Construction

Display and enumeration lists are syntacticsugar. A listis

— either theempty list: [],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes'.

“" Isused asinfix list constructor

3 ¢ []
2 . [3]

[ 3]
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List Construction

Display and enumeration lists are syntacticsugar. A listis

— either theempty list: [],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes'.

“" Isused asinfix list constructor

3 : [] [ 3]
2 : [3] = [2, 3]

134
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List Construction

Display and enumeration lists are syntacticsugar. A listis

— either theempty list: [],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes'.

“" Isused asinfix list constructor

3 [] = [ 3]
2 : [3] = [2, 3]
1 : [2, 3]
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List Construction

Display and enumeration lists are syntacticsugar. A listis

— either theempty list: [],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes'.

“" Isused asinfix list constructor

3 : [] = [ 3]
1: 02 3] = [1, 2, 3
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List Construction
Display and enumeration lists are syntacticsugar. A listis
— elther theempty list: [ ],
— or non-empty, and constructed from ahead x and atail xs (read: “xes’)
X . XS — read: “X consxes’.

“" Isused asinfix list constructor

3. [] = [ 3]
2 . [3] = [ 2, 3]
1: 12, 3] = [1, 2, 3

Asan infix operator, “:” associateso theright



FP20052.110 138

List Construction

Display and enumeration lists are syntacticsugar. A listis
— elther theempty list: [],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes'.

“" Isused asinfix list constructor

3 : [] = [ 3]
1: 02 3] = [1, 2, 3

Asan infix operator, “:” associateso theright:

X:y:ys = x:(y:ys)



FP20052.111 139

List Construction

Display and enumeration lists are syntacticsugar. A listis

— either theempty list: [ ],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes'.

" 1sused asinfix list constructor

3. [] = [ 3]
2 . [3] = [ 2, 3]
1: 12, 3] = [1, 2, 3

Asaninfix operator, “:” associateso theright:

X:y:ys = x:(y:ys)

Example:
1:2:[34]
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List Construction

Display and enumeration lists are syntacticsugar. A listis
— elther theempty list: [],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes'.

“" Isused asinfix list constructor

3 : [] = [ 3]
1: 02 3] = [1, 2, 3

Asan infix operator, “:” associateso theright:

X:y:ys = x:(y:ys)

Example:
1:2:[34] = 1:(2:[3,4])
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List Construction

Display and enumeration lists are syntacticsugar. A listis
— elther theempty list: [],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes'.

“" Isused asinfix list constructor

3 : [] = [ 3]
1: 02 3] = [1, 2, 3

Asan infix operator, “:” associateso theright:

X:y:ys = x:(y:ys)

Example:
1:2:[34 =1:(2:[3,4]) = 1:[2,3,4]
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List Construction

Display and enumeration lists are syntacticsugar. A listis
— elther theempty list: [],

— or non-empty, and constructed from ahead x and atail xs (read: “xes’)

X : XS — read: “x consxes'.

“" Isused asinfix list constructor

3 : [] = [ 3]
1: 02 3] = [1, 2, 3

Asan infix operator, “:” associateso theright:

X:y:ys = x:(y:ys)

Example:
1:2:[34 =1:(2:[3,4]) =1:[2,3,4] =[], 2, 3,4]
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ConsisNot Associative

143
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The convention that “:”
certain cirtcumstances.

ConsisNot Associative

associatesto theright allowsto save parenthesesin

144
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alistof integers
1 : (2 : [3,4])
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alist of integers.
1: (2 : [3,4) =1: 2 : [3,4]
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alistof integers
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alist of integers.
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]

e (1 : 2) : [3,4]



FP 2005 2.122 150

ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alistof integers
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]

e (1 : 2) : [3,4] ISnonsense
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alistof integers
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]

e (1 : 2) : [3,4] ISnonsense, since 2 isnot alist!
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alistof integers
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]

e (1 : 2) : [3,4] ISnonsense, since 2 isnot alist!

o Alistof listsof integers.
[2] @ [[3,4,5], [6,7]]
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alistof integers
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]

e (1 : 2) : [3,4] ISnonsense, since 2 isnot alist!

o Alistof listsof integers.
[2] @ [[3,4,5], [6,7]] =1[[2],[3,4,5],[6,7]]
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alistof integers
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]

e (1 : 2) : [3,4] ISnonsense, since 2 isnot alist!

o Alistof listsof integers.
[2] @ [[3,4,5], [6,7]] =1[[2],[3,4,5],[6,7]]

o Another list of listsof integers:
(1 :[2]) : [[3,45], [6,7]]
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alistof integers
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]

e (1 : 2) : [3,4] ISnonsense, since 2 isnot alist!

o Alistof listsof integers.
[2] @ [[3,4,5], [6,7]] =1[[2],[3,4,5],[6,7]]

o Another list of listsof integers:
(1 :[2]) : [[3,45], [6,7]] =1[1,2],[3,4,5].,[6,7]]
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alistof integers
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]

e (1 : 2) : [3,4] ISnonsense, since 2 isnot alist!

A list of listsof integers.
[2] @ [[3,4,5], [6,7]] =1[[2],[3,4,5],[6,7]]

Another list of listsof integers:
(1 :[2]) : [[3,45], [6,7]] =1[1,2],[3,4,5].,[6,7]]

1 ([2] - [[3,4,5], [6,7]])

156
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alist of integers.
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]

e (1 : 2) : [3,4] Isnonsense, since 2 isnot alist!

A list of listsof integers.
(2] = [[3,4,5], [6,7]] =1[2],[3,4,5],[6,7]]

Another list of listsof integers:
(1 :[2]) : [[3,45], [6,7]] =1[1,2],[3,4,5],[6,7]]

1: ([2] : [[3,4,5], [6,7]]) ISnonsense again!
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ConsisNot Associative

The convention that “:” associatesto theright allowsto save parenthesesin
certain cirtcumstances.

However, “:” isnot associative:

o Alistof integers
1: (2: [3,4) =1: 2: [3,4 = [1, 2, 3, 4]

e (1 : 2) : [3,4] ISnonsense, since 2 isnot alist!

A list of listsof integers.
[2] @ [[3,4,5], [6,7]] =1[[2],[3,4,5],[6,7]]

Another list of listsof integers:
(1 :[2]) : [[3,45], [6,7]] =1[1,2],[3,4,5].,[6,7]]

1 : ([2] : [[3,4,5], [6,7]]) ISnonsense again!
Reason: 1 and [ 2] cannot be members of the samelist (typeerror).
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List Comprehensions

General shape:
[ term| generator {, generator_or_constraint }* ]
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List Comprehensions

General shape:

[ term| generator {, generator_or_constraint}" ]

Examples:
[ nOn | n < [1..5]]
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List Comprehensions

General shape:

[ term| generator {, generator_or_constraint }* ]

Examples:

[ nOn|n~[1..5]]=114,9,16,25]
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List Comprehensions

General shape:
[ term| generator {, generator_or_constraint}™ ]
Examples:

[ nOn|n~[1..5]]=114,9,16,25]
[ nCn | n < [1..10], even n ]



FP 2005 2.135 163

List Comprehensions

General shape:
[ term| generator {, generator_or_constraint}™ ]
Examples:

[ nOn | n < [1..5]]=1[14,9,16,25]
[ Nnn | n <~ [1..10],evenn] =[4,16,36,64,100]



FP 2005 2.136

List Comprehensions

General shape:
[ term| generator {, generator_or_constraint}™ ]

Examples:

 nOn|n<~[1..5]]=1[14,9,16,25]
nn|n<~[1.10],evenn] =1[4,16,36,64,100]
 mOn|m«< [13,5],n< [2,4,6] ]

164
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List Comprehensions

General shape:
[ term| generator {, generator_or_constraint}™ ]

Examples:

 nOn|n<~[1..5]]=1[14,9,16,25]
nn|n<~[1.10],evenn] =1[4,16,36,64,100]
 mOn|m«<[13,5],n~[2,4,6]] =1[2,4,6,6,12,18,10,20,30]
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List Comprehensions

General shape:

[ term| generator {, generator_or_constraint}™ ]

Examples:
 nn|n<[1..5]]=1[14,9,16,25]
nn|n<~[1.10],evenn] =1[4,16,36,64,100]

‘mOn|m< [13,5],n< [2,4,6]] =[2,4,6,6,12,18,10,20,30]

Note:

— Theleft generator “ generates slower”.
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List Comprehensions

General shape:
[ term| generator {, generator_or constraint}” ]

Examples:
‘nOn|n<[1.5]]=1[14,9,16,25]
nn|n <~ [1.10],evenn] =1[4,16,36,64,100]

‘m0On|m< [1,3,5],n< [2,4,6]] =[2,4,6,6,12,18,10,20,30]

Note:
— Theleft generator “ generates slower”.

— Haskell code fragmentswill frequently be presented like abovein aform that
ISmore readable than plain typewriter text — inthat case, the“comesfrom”
arrow “<-" ingeneratorsturnsinto* "
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The Type Language

Haslell hasa full-fledgedtype language, with

o SimplepredefinedlatatypesBool ,Char, I nt eger, ...

Predefinedype constructors lists,tuplesfunctions,...

Typesynoryms

Userdefineddatatypesndtypeconstructors

Typevariables— to expressparametric polymor phism

170



FP20053.3

Bool

Char

| nt eger

| nt

FI oat

Doubl e

Conpl ex Fl oat
Conpl ex Doubl e

truthvalues
“Unicode” characters
Integers
“machineintegers”
realfloatingpoint
realfloatingpoint
comple floatingpoint

comple floatingpoint

171

Simple Predefined Datatypes

False,True

(in GHC:1S0O-10646)
arbitrary precision
> 32Dits

singleprecision
doubleprecision
singleprecision

doubleprecision
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List Types

If t iIsatype, thenthelist type [t] Isthetype of listswith elements of
type t.
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42
limt :: Int
limt = 100
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

lim¢t :: Int
limt = 100
Then:;

e [ 1, 2, 3, answer] ::. ?7??
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

lim¢t :: Int
limt = 100
Then:;

e [ 1, 2, 3, answer] :: [Integer]
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

limt :: Int

limt = 100

Then:

e [ 1, 2, 3, answer] :: [Integer]

e[ 1 .. limt ] :: 2?7
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

limt :: Int

limt = 100

Then:

e [ 1, 2, 3, answer] :: [Integer]

e[ 1 .. linmit ] :: [Int]
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

lim¢t :: Int
limt = 100
Then:;

1, 2, 3, answer] :: [Integer]
e[ 1 .. Iimt ] :: [Int]
[ 12 .. Ilimt ], [ 2..limt ] ] :: ?2?7?
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

limt :: Int

limt = 100

Then:

e [ 1, 2, 3, answer] :: [Integer]

e[ 1 .. limt ] :: [Int]

e [ [ 2 .. 1limt ], [ 2 .. Iimt ] ] :: [[Int]]
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

limt :: Int
limt = 100

Then:

1, 2, 3, answer] :: [Integer]
e[ 1 .. Iimt ] :: [Int]
* [

1 .. limt ], [ 2.. limt 1] :: [[Int]]
e[ 'h, "e, 1, 10, "o ] i 7




FP20053.13 181

List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

lim¢t :: Int
limt = 100
Then:;

1, 2, 3, answer] :: [Integer]
e[ 1 .. Iimt ] :: [Int]
* [

1. limit ], [ 2. limt ] ] :: [[Int]]
e[ 'h, e, ’1', "l’, "0 ] :: [Char]
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

lim¢t :: Int
limt = 100
Then:;

1, 2, 3, answer] :: [Integer]
e[ 1 .. Ilimt ] :: [Int]
. [ 1 .. limt ] , [ 2 .. limt ] ] :: [[Int]]
e[ 'h, e, 717, 17, 70" ] i [Char]
e "hell 0" :: ???
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

lim¢t :: Int
limt = 100
Then:;

1, 2, 3, answer] :: [Integer]
e[ 1 .. limt ] :: [Int]

[ 1 .. Ilimt ] , [ 2 .. limt ] ] :: [[Int]]
e[ 'h, e, 717, 17, 70" ] i [Char]
e "hello" :: [Char]
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

lim¢t :: Int
limt = 100
Then:;

1, 2, 3, answer] :: [Integer]
e[ 1 .. limt ] :: [Int]
. [ 2 .. Ilimt ] , [ 2 .. limt ] ] :: [[Int]]
e[ 'h, e, 717, 17, 70" ] i [Char]
"hell 0" :: [Char]
[ "hello", "world" | :: 7?7?7?
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

lim¢t :: Int
limt = 100
Then:;

1, 2, 3, answer] :: [Integer]
e[ 1 .. Iimt ] :: [Int]
. [ 2 .. Ilimt ] , [ 2 .. limt ] ] :: [[Int]]
e[ 'h, e, 717, 17, 70" ] i [Char]
"hell 0" :: [Char]
[ "hello", "world" ] :: [[Char]]
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

lim¢t :: Int
limt = 100
Then:;

1, 2, 3, answer] :: [Integer]
e[ 1 .. limt ] :: [Int]
. [ 2 .. Ilimt ] , [ 2 .. limt ] ] :: [[Int]]
e[ "Hh, e, 1", 1", "0 ] :: [Char]
"hell 0" :: [Char]
[ "hello", "world" ] :: [[Char]]
[["first", "line"], ["second", "line"]] :: 7?77
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List Types

If t isatype, thenthelist type [t] isthetypeof listswith elements of
type t.

answer :: | nteger
answer = 42

limt :: Int

limt = 100

Then:

e [ 1, 2, 3, answer] :: [Integer]

e[ 1 .. limt ] :: [Int]

e [ [ 2 .. 1limt ], [ 2 .. Iimt ] ] :: [[Int]]
e[ 'H, e, 1", 1", "0 ] :: [Char]

Jhello" . [ Char]
[ "hello", "world" ] :: [[Char]]
[["first", "line"], ["second", "line"]] :: [[[Char]]]
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:

e (answer, limt) :: 27?7
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:

e (answer, limt) :: (lInteger, Int)



FP 2005 3.23 191

Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:
e (answer, limt) :: (lInteger, Int)

e(limt, answer) ::. 7?77
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:
e (answer, limt) :: (lInteger, Int)

e(limt, answer) :: (Int, |Integer)
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:
e (answer, limt) :: (lInteger, Int)
e(limt, answer) :: (Int, |Integer)

o ("?7?7?", answer) . ?7?7
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:
e (answer, limt) :: (lInteger, Int)
e(limt, answer) :: (Int, |Integer)

o ("?7?27?", answer) :: ([Char], Integer)
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:

e (answer, limt) :: (lInteger, Int)
e(limt, answer) :: (Int, |Integer)

o ("?7?27?", answer) :: ([Char], Integer)

o ("?2?27?", (limt, answer)) :: ?7??
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:

e (answer, limt) :: (lInteger, Int)
e(limt, answer) :: (Int, |Integer)

o ("?7?27?", answer) :: ([Char], Integer)

o ("?2?2?", (limt, answer)) :: ([Char], (Int, Integer))
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:

e (answer, limt) :: (lInteger, Int)

e(limt, answer) :: (Int, |Integer)

o ("?7?27?", answer) :: ([Char], Integer)

o ("??2?", (limt, answer)) :: ([Char], (Int, Integer))

e ("27?", 'X) :: 227
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:

e (answer, limt) :: (lInteger, Int)

e(limt, answer) :: (Int, |Integer)

o ("?7?27?", answer) :: ([Char], Integer)

o ("??2?", (limt, answer)) :: ([Char], (Int, Integer))

« ("7, 7 X)) i ([Onar], Cnar)
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:

e (answer, limt) :: (lInteger, Int)

e(limt, answer) :: (Int, |Integer)

o ("?7?27?", answer) :: ([Char], Integer)

o ("??2?", (limt, answer)) :: ([Char], (Int, Integer))

« ("7, 7 X)) i ([Onar], Cnar)

e(limt, ("227", "X)) :: 222



FP 2005 3.32 200

Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:

e (answer, limt) :: (Integer, Int)

e(limt, answer) :: (Int, Integer)

o ("7?7??", answer) :: ([Char], I|nteger)

o ("?2?2?", (limt, answer)) :: ([Char], (Int, Integer))

o ("??27?", "X ) . ([Char], Char)
e(limt, ("?2?2?", "X)) :: (Int, ([Char], Char))
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Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:

e (answer, limt) :: (Integer, Int)

e(limt, answer) :: (Int, Integer)

o ("7?7??", answer) :: ([Char], I|nteger)

o ("?2?2?", (limt, answer)) :: ([Char], (Int, Integer))

o ("??27?", "X ) . ([Char], Char)
e(limt, ("?2?2?", "X)) :: (Int, ([Char], Char))

+ (True, [("X',linit), ("Y', 5)]) 11 222



FP 2005 3.34 202

Product Types (Pairs)

If t and u aretypes, thenthe product type (t, u) isthetype of
pairswith first component of type t and second component of type u
(mathematically: t x u).

Examples:

e (answer, limt) :: (Integer, Int)

e(limt, answer) :: (Int, Integer)

o ("7?7??", answer) :: ([Char], I|nteger)

o ("?2?2?", (limt, answer)) :: ([Char], (Int, Integer))

o ("??27?", "X ) . ([Char], Char)
e(limt, ("?2?2?", "X)) :: (Int, ([Char], Char))

e (True, [("X",lImt),("Y",5)]) :: (Bool, [([Char], Int)])
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Tuple Types

If n# lisanatural number andt,, ..., t aretypes, thenthetupletype

(t,, ..., t) isthetypeof ntupleswiththeith component of type
t.

I

Examples:

e (answer, 'c’, Iimt) :: (Integer, Char, Int)

e (answer, 'c’, limt, "all") :: (Integer, Char, Int, [Char])
() o ()

— thereisexactly one zero-tuple.
Thetype() of zero-tuplesisalso called the unit type.



Simple Type Synonyms
If t isatype not containing any type variables, and Nameisan identifier
with a capital first letter, then
type Name=t

definesName asatype synonym for t, i.e., Name can now be used
Interchangeably with t.

Examples:

type String = [Char] — — predefined
type Point = (Double, Double) -—- (1.5, 2.7)

type Triangle = (Point, Point, Point)

type CharEntity = (Char, String) - — CAY?,  "&uuml;")

type Dictionary = [(String,String)] - — [("day","jour")]



FP 2005 3.37 205

Type Variables and Polymorphic Types

|dentifiers with lower-casefirst |etter can be used astype variables.

Type variables can be used like other typesin the construction of types, e.g.:

[(a, b)]
(Bool, (a, Int))

[ ( String, [(key, val)] ) ]

A type containing at least onetype variableiscalled polymorphic

Polymorphic types can be instantiated by instantiating type variableswith
types, e.q..

[ (&, b) ] = [ (Char, b)]

[ (a, b)] = [ (Char,Int)]

[ (&, b) ] = [ (a,[(String,Int)])]
[ (&, b) ] = [ (a,[(String,c)])]




Typing of List Construction

« Theempty listcanbeused at any listtype: [] :: [a]

e [fanelement x :: a andalist xs :: [a] aregiven, then
(x : xs) :: [4Q]

Examples:

2 cooInt

[ ] o [Int]

(2] =2 [] o [Int]

([3,4,5], [6,7]] o [[Int]]

(2] : [[3,4,5], [6,7]] o [[Int]]

1 : ([2] : [[3,4,5], [6,7]]) — — cannot betyped!
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Function Typesand Function Application

If t and u aretypes, thenthe function type t- >u isthetype of all
functions accepting arguments of type t and producing resultsof type u
(mathematically: t — u).

Then:

If afunction f :: a -> b andanargument x :: a aregiven,thenwe
have (f x) :: b.

If afunction f :: a -> b isgivenandweknowthat (f x) :: b, then
the argument x isused at typea.

If anargument x :: a isgivenandweknowthat (f x) :: b, thenthe
functionf isused at type a -> b.
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Type Inference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’', False)
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Type Inference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’', False) .. Char
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Type I nference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’, False) .. Char

["hello", fst (x, 17)]
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Type I nference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’, False) .. Char

["hello", fst (x, 17)] = X :: String



FP 2005 3.44 212

Type I nference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’, False) .. Char
["hello", fst (x, 17)] = X :: String

f p=1limt + fst p
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Type I nference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’, False) .. Char
["hello", fst (x, 17)] = X :: String

f p=1limt + fst p = p :: (Int,a)
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Type I nference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’, False) : . Char
["hell 0", fst (x, 17)] = X .. String
f p=1limt + fst p = p :: (Int,a)

f .. (Int,a) -> Int
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Type I nference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’, False) .. Char
["hello", fst (x, 17)] = X :: String
f p=1limt + fst p = p :: (Int,a)
f .. (Int,a) -> Int

gh=1fst (h"") : [limt]

215
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Type I nference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’, False) .. Char
["hello", fst (x, 17)] = X :: String
f p=1limt + fst p = p :: (Int,a)
f .. (Int,a) -> Int

gh=1*Fst (h"") : [limt]
= h:: String -> (Int,a)

216



FP 2005 3.49 217

Let’sPlay the Evaluation GameAgain — 1

hl :: String -> (Int, String)
hl str = (length str, ™ " : str)

gh=*fst (h"") : [limt]
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Let’sPlay the Evaluation GameAgain — 1

hl :: String -> (Int, String)
hl str = (length str, * ' : str)

gh=*fst (h"") : [linit]

Then:
g hl
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Let’sPlay the Evaluation GameAgain — 1

hl :: String -> (Int, String)

hl str = (length str, ™ " : str)
gh=+fFfst (h"") . [limt]

Then:

g hl
= fst (h1 "") : [limt]
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Let’sPlay the Evaluation GameAgain — 1

hl :: String -> (Int, String)
hl str = (length str, * ' : str)
gh=1*fst (h"") : [limt]

Then:

g hl
= fst (h1 "") : [limt]
= fst (length "", " - "")y ¢ [limt]
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Let’sPlay the Evaluation GameAgain — 1

hl :: String -> (Int, String)
hl str = (length str, * ' : str)

gh=*fst (h"") : [linit]

Then:

g hl

= fst (h1 "") : [limit]

= fst (length "™, * ' : "") : [linmt]

= length "" : [limt]
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Let’sPlay the Evaluation GameAgain — 1

hl :: String -> (Int, String)
hl str = (length str, * ' : str)

gh=*fst (h"") : [linit]

Then:

g hl

= fst (h1 "") : [limt]

= fst (length "™, " " ¢ "")y © [limt]
= length "" : [limt]

=0 : [limt]



FP 2005 3.55 223

Let’sPlay the Evaluation GameAgain — 1

hl :: String -> (Int, String)
hl str = (length str, * ' : str)

gh=*fst (h"") : [linit]

Then:

g hl

= fst (h1 "") : [limt]

= fst (length "™, " " ¢ "")y © [limt]
= length "" : [limt]

=0 : [limt]

= [0, 100]
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Let’sPlay the Evaluation GameAgain — 2

h2 :: String -> (Int, Char)
h2 str = (sum (map ord (notCQccCaps str)), head str)

not OccCaps :: String -> String
not OccCaps str = filter (‘notElem str) ["A .. 2]

gh=*fst (h"") : [linmit]
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Let’sPlay the Evaluation GameAgain — 2

h2 :: String -> (Int, Char)
h2 str = (sum (map ord (notCQccCaps str)), head str)

not OccCaps :: String -> String
not OccCaps str = filter (‘notElem str) ["A .. 2]

gh=*fst (h"") : [linmit]

Then:
g h2
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Let’sPlay the Evaluation GameAgain — 2

h2 :: String -> (Int, Char)
h2 str = (sum (map ord (notCQccCaps str)), head str)

not OccCaps :: String -> String

not OccCaps str = filter (‘notElem str) ["A .. 2]
gh=1*fst (h"") : [limt]

Then:

g h2
= fst (h2 "") : [limt]
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Let’ sPlay the Evaluation GameAgain — 2

h2 :: String -> (Int, Char)
h2 str = (sum (map ord (notQccCaps str)), head str)

not CccCaps :: String -> String
not CccCaps str = filter (‘notElenmt str) ["TA .. 2]
gh=1*fst (h"") : [limt]

Then:

h2
fst (h2 "") : [limt]
= fst (sum (map ord (notQGccCaps "")), head "") : [limt]
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Let’sPlay the Evaluation GameAgain — 2

h2 :: String -> (Int, Char)
h2 str = (sum (map ord (notCQccCaps str)), head str)

not OccCaps :: String -> String
not OccCaps str = filter (‘notElem str) ["A .. 2]

gh=*fst (h"") : [linmit]

Then:

g h2

=fst (h2 "") : [limt]

= fst (sum (map ord (notQCccCaps "")), head "") : [lIimt]
= sum (map ord (notQccCaps "")) : [limt]
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Let’ sPlay the Evaluation GameAgain — 2

h2 :: String -> (Int, Char)
h2 str = (sum (map ord (notQccCaps str)), head str)

not CccCaps :: String -> String
not CccCaps str = filter (‘notElenmt str) ["TA .. 2]

gh=fst (h"") : [limt]

Then:

g h2

= fst (h2 "") : [limt]

= fst (sum (map ord (notQGccCaps "")), head "") : [limt]
= sum (map ord (notQccCaps "")) : [limt]



FP 2005 3.62 230

Let’sPlay the Evaluation GameAgain — 2

h2 :: String -> (Int, Char)
h2 str = (sum (map ord (notCQccCaps str)), head str)

not OccCaps :: String -> String
not OccCaps str = filter (‘notElem str) ["A .. 2]
gh=+fFfst (h"") : [limt]

Then:

g h2

=fst (h2 "") : [limt]

= fst (sum (map ord (notQCccCaps "")), head "") : [lIimt]
= sum (map ord (notQccCaps "")) : [limt]

= 2015 : [limt]
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Let’sPlay the Evaluation GameAgain — 2

h2 :: String -> (Int, Char)
h2 str = (sum (map ord (notCQccCaps str)), head str)

not OccCaps :: String -> String
not OccCaps str = filter (‘notElem str) ["A .. 2]

gh=*fst (h"") : [linmit]

Then:

g h2

=fst (h2 "") : [limt]

= fst (sum (map ord (notQCccCaps "")), head "") : [lIimt]
= sum (map ord (notQccCaps "")) : [limt]

= 2015 : [limt]
= [2015, 100]
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Higher-Order Functions

gh=fst (h"") : [limt]
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Higher-Order Functions
gh=+fst (h"") : [limt]

Functional Programming:
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Higher-Order Functions
gh=~"Fst (h"") : [limt]
Functional Programming:

* Functionscan be argumentsof other functions. g h2

234
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Higher-Order Functions
gh=+"fst (h"") : [linit]
Functional Programming:
* Functionscan be argumentsof other functions. g h2

 Functionscan be componentsof datastructures (7, hl), [ hl, h2]
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Higher-Order Functions
gh=*Fst (h"") : [linmt]
Functional Programming:
* Functionscan be argumentsof other functions. g h2
 Functionscan be componentsof datastructures (7, hl), [ hl, h2]

« Functionscan beresultsof function application: succ . succ
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Higher-Order Functions
gh=~*Ffst (h"") : [linit]
Functional Programming:
* Functionscan be argumentsof other functions. g h2
e Functionscan be componentsof data structures (7, hl), [ hl, h2]
« Functionscan beresultsof function application: succ . succ
A first-order function accepts only non-functional values as arguments.

A higher-order function expectsfunctions as arguments.
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Higher-Order Functions
gh=*Fst (h"") : [linmt]
Functional Programming:
* Functionscan be argumentsof other functions. g h2
 Functionscan be componentsof datastructures (7, hl), [ hl, h2]
« Functionscan beresultsof function application: succ . succ
A first-order function acceptsonly non-functional values as arguments.

A higher-order function expectsfunctions as arguments.

g Isasecond-order function: it expectsfirst-order functionslikehl, h2
as arguments.
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Type I nference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’', False) .. Char
["hello", fst (x, 17)] = X :: String
f p=Ilimt + fst p = p :: (Int,a)
f . (Int,a) -> Int

gh=1fst (h"") : [limt]
= h:: String -> (Int,a)
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Type I nference Examples

fst :: (a,b) -> a
fst (X,y) = X

fst ('c’, False) .. Char
["hello", fst (x, 17)] = X :: String
f p=1limt + fst p = p :: (Int,a)
f .. (Int,a) -> Int

gh=1fst (h"") : [limt]
= h:: String -> (Int,a)
g :: (String -> (Int,a)) -> [Int]

240
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Curried Functions

« Function application associatesto theleft, i.e.,

f xy = (f x)vy
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Curried Functions

« Function application associatesto theleft, i.e.,
f xy = (f x)vy

o Multi-argument functionsin Haskell aretypically defined ascurried function,
1.e., “they accept their argumentsone at atime”:

cylVol r h = (pi :: Double) * r * r * h
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Curried Functions

« Function application associatesto theleft, i.e.,
f xy = (f x)vy
o Multi-argument functionsin Haskell aretypically defined ascurried function,
1.e., “they accept their argumentsone at atime”:
cylVol r h = (pi :: Double) * r * r * h

Sincetheright-nand side, r , and h obvioudly all have type Doubl e, we
have,

(cylVol r) :: 7?2?27
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Curried Functions

« Function application associatesto theleft, i.e.,
f xy = (f x)vy
o Multi-argument functionsin Haskell aretypically defined ascurried function,
1.e., “they accept their argumentsone at atime”:
cylVol r h = (pi :: Double) * r * r * h

Sincetheright-nand side, r , and h obvioudly all have type Doubl e, we
have,

(cylVol r) :: Double -> Double
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Curried Functions

« Function application associatesto theleft, i.e.,
f xy = (f x)vy
o Multi-argument functionsin Haskell aretypically defined ascurried function,
1.e., “they accept their argumentsone at atime”:
cylVol r h = (pi :: Double) * r * r * h

Sincetheright-nand side, r , and h obvioudly all have type Doubl e, we
have,

(cylVol r) :: Double -> Double
cyl Vol DL P77
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Curried Functions

« Function application associatesto theleft, i.e.,
f xy = (f x)vy
o Multi-argument functionsin Haskell aretypically defined ascurried function,
1.e., “they accept their argumentsone at atime”:
cylVol r h = (pi :: Double) * r * r * h

Sincetheright-nand side, r , and h obvioudly all have type Doubl e, we
have,

(cylVol r) :: Double -> Double
cyl Vol .. Doubl e -> (Double -> Doubl e)
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Curried Functions

* Function application associatesto theleft, i.e.,
f xy = (f xX)vy
« Multi-argument functionsin Haskell aretypically defined ascurried function,
l.e., “thegy accept their argumentsone at atime”:
cylvol r h = (pi :: Double) * r * r * h

Sincetheright-nand side, r , and h obvioudly all have type Doubl e, we
have,

(cylvol r) :: Double -> Double
cyl Vol .. Double -> (Double -> Doubl e)

* Function type construction associatestotheright,i.e.,

a->b->c = a->(b->c¢)
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“Rartial Application”

L et values with the following types be given:

f:rasbosc
X 1 a
y i b
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“Rartial Application”

L et values with the following types be given:

f:ra-b-c

X .. a

y i b

Thetypeof f isthefunctiontype a - (b - ¢)
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“Rartial Application”

L et values with the following types be given:
f:ra-b-c

X .. a

y i b

Thetypeof f isthefunctiontype a - (b - c), with
e argument type a,

e resulttype b - c.
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“Rartial Application”

L et values with the following types be given:

f:ra-b-c

X .. a

y i b

Thetypeof f isthefunctiontype a - (b - c), with
e argument type a,

e resulttype b - c.

Therefore, we can apply f to x and obtain:
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“Rartial Application”

L et values with the following types be given:

f:ra-b-c

X .. a

y i b

Thetypeof f isthefunctiontype a - (b - c), with
e argument type a,

e resulttype b - c.

Therefore, we can apply f to x and obtain:
(fx)::b>c
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“Rartial Application”

L et values with the following types be given:

f:ra-b-c

X .. a

y i b

Thetypeof f isthefunctiontype a - (b - c), with
e argument type a,

e resulttype b - c.

Therefore, we can apply f to x and obtain:
(fx)::b>c

The application of a“two-argument function” to asingle argument isa
“one-agument function”
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“Rartial Application”

L et values with the following types be given:

f:ra-b-c

X .. a

y i b

Thetypeof f isthefunctiontype a - (b - c), with
e argument type a,

e resulttype b - c.

Therefore, we can apply f to x and obtain:
(fx)::b>c

The application of a“two-argument function” to asingle argument isa
“one-agument function”, which can then be applied to a second argument:

(fx)y::c = fxy

254
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Partial Application — Example

g :: (String - (Int, a)) - [Int]
g h=fst (h™) : [limit]
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Partial Application — Example

g :: (String - (Int, a)) - [Int]
g h=fst (h™) : [limit]

k nstr = (n O (length str + 1), unwords (replicate n str))
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Partial Application — Example

g :: (String - (Int, a)) - [Int]
gh=fst (h™) : [limit]

k :: Int - String - (Int, String)
k nstr = (n O (length str + 1), unwords (replicate n str))
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Partial Application — Example

g :: (String - (Int, a)) - [Int]
gh=fst (h™) : [limit]

k :: Int - String - (Int, String)
k nstr = (n O (length str + 1), unwords (replicate n str))

g (k3)



FP 2005 3.91 259

Partial Application — Example

g :: (String - (Int, a)) - [Int]
gh=fst (h™) : [limit]

k :: Int - String - (Int, String)
k nstr = (n O (length str + 1), unwords (replicate n str))

g (k3)
= fst (k3") : [limit]
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Partial Application — Example

g :: (String - (Int, a)) - [Int]
gh=fst (h™) : [limit]

k :: Int - String - (Int, String)
k nstr = (n O (length str + 1), unwords (replicate n str))

g (k3)
= fst (k3") : [limit]
= fst (3 O (length ™ + 1), unwords (replicate 3™)) : [limit]
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Partial Application — Example

g :: (String - (Int, a)) - [Int]
gh=fst (h™) : [limit]

k :: Int - String - (Int, String)
k nstr = (n O (length str + 1), unwords (replicate n str))

g (k3)

= fst (k3") : [limit]

= fst (3 O (length ™ + 1), unwords (replicate 3™)) : [limit]
= (3 U (length™ + 1)) : [limit]
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Partial Application — Example

g :: (String - (Int, a)) - [Int]
gh=fst (h™) : [limit]

k :: Int - String - (Int, String)
k nstr = (n O (length str + 1), unwords (replicate n str))

g (k3)

= fst (k3") : [limit]

= fst (3 O (length ™ + 1), unwords (replicate 3™)) : [limit]
= (3 U (length™ + 1)) : [limit]

=(30(0+1)) : [limit]
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Partial Application — Example

g :: (String - (Int, a)) - [Int]
gh=fst (h™) : [limit]

k :: Int - String - (Int, String)
k nstr = (n O(length str + 1), unwords (replicate 3 str))

g (k3)

= fst (k3") : [limit]

= fst (3 O (length ™ + 1), unwords (replicate n"™")) : [limit]
= (3 U (length™ + 1)) : [limit]

=(30(0+1)) : [limit]

= (3 01 : [limit]
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Partial Application — Example

g :: (String - (Int, a)) - [Int]
gh=fst (h™) : [limit]

k :: Int - String - (Int, String)
k nstr = (n O (length str + 1), unwords (replicate n str))

g (k3)

= fst (k3") : [limit]

= fst (3 O (length ™ + 1), unwords (replicate 3™)) : [limit]
= (3 U (length™ + 1)) : [limit]

=(30(0+1)) : [limit]

= (3 01 : [limit]

=3 : [limit]

264



FP 2005 3.97 265

Partial Application — Example

g :: (String - (Int, a)) - [Int]
gh=fst (h™) : [limit]

k :: Int - String - (Int, String)
k nstr = (n O (length str + 1), unwords (replicate n str))

g (k3)

= fst (k3") : [limit]

= fst (3 O (length ™ + 1), unwords (replicate 3™)) : [limit]
= (3 U (length™ + 1)) : [limit]

=(30(0+1)) : [limit]

= (3 01 : [limit]

=3 : [limit]

= [3, 100]
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Operationson Functions

id:: a->a - — identity function
ld X = X

(.) ;v (b->¢) ->(a->Db) ->(a->c) -- functioncomposition
(f . 9 x = 1 (g9 X

flip:: (a->b->c¢) ->(b->a->¢) - — argument swapping

flipf xy = fyx

curry :: ((a,b) ->¢) ->(a->b ->c¢) - — currying
curry g x y =g (x,y)

uncurry :: (a->b ->¢) ->((a,b) -> c)
uncurry f (x,y) =f xvy

Exercise (necessary!): Copy only the definitionsto a sheet of paper, and then
Infer the types yourself!
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Operator Sections

 Infix operatorsare turned into functions by surrounding them with
parentheses:

(+) 23 = 2+ 3

e Thisisnecessary in type declarations.

(+) :: Int ->1Int -> Int — — not the “natural” type of ( +)
(:) :: a ->7[a] ->[a]
(++) :: [a] ->[a] -> [4q]

 |tisalsopossibleto supply only one argument (which hasto be an atomic
expression):

(2 +) 3 = 2 + 3 = (+3 ) 2

(8,3 /) 2.5 = 8.3/ 2.5 = (/ 2.5) 8.3

(7 ) [l = 7 ] = ([l )7
((2%17) =) (16:[]) = (2717) - 16 : [] = (¢ (16:[])) (2717)
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Turning Functionsinto I nfix Operators

Surrounding a function name by backquotesturnsit into an infix operator.

Frequently used examples (not the “natural” typesthroughout):

div, nod, max, mn :: Int ->Int -> Int
elem:: Int ->[Int] -> Bool

12 “divt 7 = 1

12 ‘nmod* 7 = 5

12 ‘max‘ 7 12

12 ‘mn* 7 = 7

12 ‘elem [1 .. 10] = Fal se
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Defining FunctionsOver Listsby Pattern Matching

Some functionstaking lists as arguments can be defined directly via pattern
matching:

null .. [a] - Bool
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Defining Functions Over Listsby Pattern Matching

Some functions taking lists as arguments can be defined directly via pattern
matching:

null .. [a] - Bool
null [] =
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Defining Functions Over Listsby Pattern Matching

Some functions taking lists as arguments can be defined directly via pattern
matching:

null .. [a] - Bool
null [] =

null (X : xs) =
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Defining Functions Over Listsby Pattern Matching

Some functions taking lists as arguments can be defined directly via pattern
matching:

null .. [a] - Bool
null [] = True
null (x : xs) =
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Defining Functions Over Listsby Pattern Matching

Some functions taking lists as arguments can be defined directly via pattern
matching:

null .. [a] - Bool
null [] = True
null (x : xs) = False



FP 2005 3.106 274

Defining Functions Over Listsby Pattern Matching

Some functions taking lists as arguments can be defined directly via pattern
matching:

null .. [a] - Bool
null [] = True
null (x : xs) = False

head o [a] - a
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Defining Functions Over Listsby Pattern Matching

Some functions taking lists as arguments can be defined directly via pattern
matching:

null .. [a] - Bool
null [] = True
null (x : xs) = False

head o [a] - a
head (X : XS) = X
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Defining Functions Over Listsby Pattern Matching
Some functions taking lists as arguments can be defined directly via pattern
matching:

null .. [a] - Bool
null [] = True
null (x : xs) = False

head o [a] - a
head (X : XS) = X

tail o [a] - [a]
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Defining FunctionsOver Listsby Pattern Matching

Some functionstaking lists as arguments can be defined directly via pattern
matching:

null .. [a] - Bool
null [] = True
null (x : xs) = False

head . [a] - a
head (X : XS) = X

tail o [a] - [a]
tail (X : Xs) = Xxs
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Defining Functions Over Listsby Pattern Matching
Some functions taking lists as arguments can be defined directly via pattern
matching:

null .. [a] - Bool
null [] = True
null (x : xs) = False

head o [a] - a
head (X : XS) = X

tail o [a] - [a]
tail (X : Xs) = xs

(head and tail are partial functions— both are undefined on the empty list.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
induction:

length o [a] - Int concat 2 [[a]] - [a]
product :: [Integer] - Integer
(+) ::[a] - [a] - [a]
sum :: [ Integer] - Integer

(‘elem‘) :: Int - [Int] - Bool

279
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
Induction:

length o [a] - Int concat [[a]] - [a]
length [ ] = concat [ ] =

length (x : xs) = concat (Xs : Xss) =

(+) ::[a] - [a] - [a] sum [ ] =

[ ] +H ysS = sum (X : Xs) =

(X : Xs) H ys =
product [ ] =
product (x : xs) =

X ‘elem’ []

X ‘elem' (y :ys)

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
Induction:

length o [a] - Int concat [[a]] - [a]
length [ ] =0 concat [ ] =

length (x : xs) = concat (Xs : Xss) =

(+) ::[a] - [a] - [a] sum [ ] =

[ ] +H ysS = sum (X : Xs) =

(X : Xs) H ys =
product [ ] =
product (x : xs) =

X ‘elem’ []

X ‘elem' (y :ys)

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
Induction:

length o [a] - Int concat 2 [[a]] - [a]
length [ ] =0 concat [ ] =

length (x : xs) = 1+ length xs concat (Xs : Xss) =

(+) = [a] - [a] - [a] sum [ ] =

[] +H ys = sum (X : Xs) =

(X : Xs) H ys =
product [ ] =
product (x : xs) =

X ‘elem’ []

X ‘elem' (y :ys)

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
Induction:

length o [a] - Int concat 2 [[a]] - [a]
length [ ] =0 concat [ ] =

length (x : xs) = 1+ length xs concat (Xs : Xss) =

(+) = [a] - [a] - [a] sum [ ] =

[ ] H ys = ys sum (X : Xs) =

(X : Xs) H ys =
product [ ] =
product (x : xs) =

X ‘elem’ []

X ‘elem' (y :ys)

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
Induction:

length o [a] - Int concat 2 [[a]] - [a]
length [ ] =0 concat [ ] =

length (x : xs) = 1+ length xs concat (Xs : Xss) =

(+) = [a] - [a] - [a] sum [ ] =

[ ] H ys = ys sum (X : Xs) =

(X :XS) H+ys = X : (Xxs + ys)
product [ ] =
product (x : xs) =
X ‘elem’ [] =
X ‘elem' (y :ys) =

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
Induction:

length o [a] - Int concat 2 [[a]] - [a]
length [ ] =0 concat [ ] = []

length (x : xs) = 1+ length xs concat (Xs : Xss) =

(+) = [a] - [a] - [a] sum [ ] =

[] +H yS = ysS sum (X : Xs) =

(X :XS) H+ys = X : (Xxs + ys)
product [ ] =
product (X : xs) =
X ‘elem’ [] =
X ‘elem' (y :ys) =

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
Induction:

length o [a] - Int concat 2 [[a]] - [a]
length [ ] =0 concat [ ] = []

length (x : xs) = 1+ length xs concat (Xs : xss) = xs + concat xss
(+) = [a] - [a] - [a] sum [ ] =

[] H ys = ys sum (X : Xs) =

(X :XS) H+ys = X : (Xxs + ys)
product [ ] =
product (x : xs) =
X ‘elem’ [] =
X ‘elem' (y :ys) =

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
induction:

length o [a] - Int concat 2 [[a]] - [a]
length [ ] =0 concat [ ] = []

length (x : xs) = 1+ length xs concat (XS : XSS) = XS + concat xss
(+) :[a]l - [a] - [a] sum [ ] =0

[] +H yS = yS sum (X : Xs) =

(X : XS) H ys = X : (Xs H+ ys)
product [ ] =
product (x : xs) =
X ‘elem*’ [] =
X ‘elem' (y :ys) =

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
Induction:

length o [a] - Int concat 2 [[a]] - [a]
length [ ] =0 concat [ ] = []

length (x : xs) = 1+ length xs concat (Xs : xss) = xs + concat xss
(+) . [a] - [a] - [a] sum [ ] =0

[] +H yS = ysS sum (X : XS) = X + sum Xs

(X :XS) H+ys = X : (Xxs + ys)
product [ ] =
product (x : xs) =
X ‘elem’ [] =
X ‘elem' (y :ys) =

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural
induction:

length o [a] - Int concat [[a]l] - [a]
length [ ] =0 concat [ ] = []

length (x : xs) = 1+ length xs concat (Xs : Xxss) = xs + concat xss
(+) ::[a] - [a] - [a] sum [ ] =0

[] +H yS = yS sum (X : XS) = X + sum Xs

(X : XS) H ys = X : (Xs H+ ys)
product [ ] =0
product (x : xs) =
X ‘elem*’ [] =
X ‘elem' (y :ys) =

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural

induction:
length o [a] - Int
length [ ] =0

length (x : xs) = 1+ length xs

(+) ::[a] - [a] - [a]
[ ] Hys =ys
(X : XS) H ys = X : (Xs H+ ys)

X ‘elem*’ [] =
X ‘elem' (y :ys) =

concat 2 [[a]] - [a]
concat [ ] = []
concat (XS : XSS) = XS + concat xss

sum [ ] =0
sum (X : XS) = X + sum XS

product [ ] =0
product (x : xs) = x product xs

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural

induction:
length o [a] - Int
length [ ] =0

length (x : xs) = 1+ length xs

(+) ::[a] - [a] - [&]

[] Hys =ys
(X : XS) + ys = X

X ‘elem*’ [] =
X ‘elem' (y :ys) =

. (XS H ys)

False

concat 2 [[a]] - [a]
concat [ ] = []
concat (XS : XSS) = XS + concat xss

sum [ ] =0
sum (X : XS) = X + sum XS

product [ ] =0
product (x : xs) = x [ product xs

(All these functionsare in the standard prelude.)
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Defining FunctionsOver Listsby Structural Induction

Many functionstaking lists as arguments can be defined via structural

induction:
length o [a] - Int
length [ ] =0

length (x : xs) = 1+ length xs

(+) ::[a] - [a] - [&]

[] Hys =ys
(X : XS) + ys = X

X ‘elem*’ [] =
X ‘elem' (y :ys) =

. (XS H ys)

False

concat 2 [[a]] - [a]
concat [ ] = []
concat (XS : XSS) = XS + concat Xss

sum [ ] =0
sum (X : XS) = X + sum XS

product [ ] =0
product (x : xs) = x product xs

X=y || x ‘elem’ ys

(All these functionsare in the standard prelude.)
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Guarded Definitions

X X X
ALV
OoO
TINTIT
m O
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Guarded Definitions

sgnx | x> 0 =1
|X:: = 0
| x< 0 =-1

choose :: Ord all (a,b) - (a,b) - b
choose (x,v) (y,w)
| x >y
| x <y
| otherwise = error "l cannot decide!"

W
\Y
W
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Guarded Definitions

sgnx | x> 0 =1
|X:: = 0
| x< 0 =-1

choose :: Ord all (a,b) - (a,b) - b
choose (x,v) (y,w)
| x >y
| x <y
| otherwise = error "l cannot decide!"

W
\Y
W

If no guard succeeds, the next pattern istried:

take while p (x : xs) | p X

= X : take _while p xs
take_while p xs = |

]
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Guarded Definitions

sgnx | x> 0 =1
|X:: = 0
| x< 0 =-1

choose :: Ord all (a,b) - (a,b) - b
choose (x,v) (y,w)
| x >y
| x <y
| otherwise = error "l cannot decide!"

W
\Y
W

If no guard succeeds, the next pattern istried:

take while p (X : Xxs) | px =
take while p xs =

take_while ( <5) [1, 2, 3]

X : take while p xs
[

]
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Guarded Definitions

sgnx | x> 0 1
| Xx== 0
| x< 0 =-1
choose :: Ord all (a,b) - (a,b) - b
choose (x,v) (y,w)
| x >y
| x <y
| otherwise = error "l cannot decide!"

W
\Y
W

If no guard succeeds, the next pattern istried:

take while p (x : xs) | p X

= X : take _while p xs
take_while p xs = |

]

take_while ( <5) [1, 2, 3]
= take while ( <5) (1:2:3:1[])
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Guarded Definitions

sgnx | x> 0 1
| Xx== 0
| x< 0 =-1
choose :: Ord all (a,b) - (a,b) - b
choose (x,v) (y,w)
x>y =V
I X<y =w
| otherwise = error "l cannot decide!"

If no guard succeeds, the next pattern istried:

take while p (x : xs) | p X

= X : take _while p xs
take while p xs = [

]

take_while ( <5) [1, 2, 3]
= take_while ( <5) (1:2:3:[])
= 1: take while ( <5) (2:3:[])
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Guarded Definitions

sgnx | x> 0 1
| Xx== 0
| x< 0 =-1
choose :: Ord all (a,b) - (a,b) - b
choose (x,v) (y,w)
| x >y
| x <y
| otherwise = error "l cannot decide!"

W
\Y
W

If no guard succeeds, the next pattern istried:

take while p (x : xs) | p X

= X : take _while p xs
take while p xs = [

]

take_while ( <5) [1, 2, 3]

take while ( <5) (1:2:3:1[])
1: take while ( <5) (2:3:1[])
1:2 : take while ( <5) (3:[])
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Guarded Definitions

sgnx | x> 0 1
| Xx== 0
| x< 0 =-1
choose :: Ord a0 (a,b) - (a,b) - b
choose (x,v) (y,w)
| x >y
| x <y
| otherwise = error "l cannot decide!"

w
Vv
W

If no guard succeeds, the next pattern istried:

take while p (X : xs) | px = x : take while p xs
take_while p xs = []

take_while ( <5) [1, 2, 3]
take while ( <5) (1:2:3:[])
1: take while ( <5) (2:3:[])
1:2: take_while ( <5) (3:1[])
1:2:3: take while ( <5) []

300
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Guarded Definitions
sgnx | x> 0 1
| Xx== 0
| x< 0 =-1
choose :: Ord a0 (a,b) - (a,b) - b
choose (x,v) (y,w)
| x >y
| x <y
| otherwise = error "l cannot decide!"

w
Vv
W

If no guard succeeds, the next pattern istried:

take while p (X : Xs) | p X
take while p xs

X : take while p xs
[

]

take_while ( <5) [1, 2, 3]
take while ( <5) (1:2:3:[])
1: take while ( <5) (2:3:[])
2 : take_while ( <5) (3:[])
2 . 3 : take _while ( <5) []
2:3:1[]

1:
1:
1:
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Guarded Definitions

sgnx | x> 0 =1
|X:: = 0
| x< 0 =-1

choose :: Ord al (a,b) - (a,b) - b
choose (x v) (y
| x >y
| x <y
| otherwise = error "l cannot decide!"

W)
v
W

If no guard succeeds, the next pattern istried:

take while p (X : Xs) | p X
take while p xs

X : take while p xs
[

]

take_while ( <5) [1, 2, 3]

take while ( <5) (1:2:3:[])
1: take while ( <5) (2:3:[])
2 . take_while ( <5) (3:11])
2 : 3 take_whlle (<5) []
2:3:1[]

2, ]

1:
1:
1:
[1,
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (X : Xs) | p X
take while p xs

X : take _while p xs
[

]
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (X : Xs) | p X
take while p xs

X : take _while p xs
[

]
take while ( <5) [1,2,3,2,3,4,3,4,5,4,3,4,5, 6]

304
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (X : Xs) | p X
take while p xs

X : take _while p xs
[

]

take while ( <5) [1,2,3,2,3,4,3,4,5,4,3,4,5, 6]
= take while ( <5) (1:2:3:2:3:4:3:4:5:4:3:4:5:6:1])
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (X : Xs) | p X
take while p xs

X : take _while p xs
[

]

take while ( <5) [1,2,3,2,3,4,3,4,5,4,3,4,5, 6]
= take while ( <5) (1:2:3:2:3:4:3:4:5:4:3:4
=1:take while (<5)(2:3:2:3:4:3:4:5:4:3:4

o1 O1

o O

— r—
[N Ry S
SN N’

306
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (X : xs) | px = x : take while p xs
take_while p xs = []

take while ( <5) [1,2,3,2,3,4,3,4,5,4,3,4,5, 6]

= take while ( <5) (1:2:3:2:3:4:3:4:5:4:3:4:5:6:1])
=1:take while (<5)(2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:2:take while (<5)(3:2:3:4:3:4:5:4:3:4:5:6:1[])
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (X : Xs) | p X X : take _while p xs
take_while p xs [ ]

take while ( <5) [1, 2, 3, 2, 3,4, 3, 4,
= take while ( <5) (1:2:3:2:3:4
=1:take while ( <5) (2:3:2:3:4
=1:2:take while (<5)(3:2:3:4
=1:2:3:take while ( <5) (2:3:4

, 4,3, 4,

5
3
3
3
3

I N N N N
WwWwwwo
o O OO

IS N NG N
U1 O U1 O
IS N NG N
U1 01 U1 O
————
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (X : xs) | p X

X : take _while p xs
[

take_while p xs ]

take while ( <5) [1,2,3,2,3,4,3,4,5,4,3,4,5, 6]

= take while ( <5) (1:2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:take while (<5)(2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:2:take while (<5)(3:2:3:4:3:4:5:4:3:4:5:6:11])
=1:2:3:take while (<5)(2:3:4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:take while (<5)(3:4:3:4:5:4:3:4:5:6:1])
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (X : Xs) | p X

X : take _while p xs
[

take_while p xs ]

take while ( <5) [1,2,3,2,3,4,3,4,5,4,3,4,5, 6]

= take while ( <5) (1:2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:take while (<5)(2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:2:take while (<5)(3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:2:3:take while (<5)(2:3:4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:take while (<5)(3:4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:3:take while (<5)(4:3:4:5:4:3:4:5:6:1])
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (x : xs) | px = x : take while p xs
take_while p xs = []

take while ( <5) [1,2,3,2,3,4,3,4,5,4,3,4,5, 6]

= take while ( <5) (1:2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:take while (<5)(2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:2:take while (<5)(3:2:3:4:3:4:5:4:3:4:5:6:1])
=1:2:3:take while (<5)(2:3:4:3:4:5:4:3:4:5:6:1[1])
=1:2:3:2:take while (<5)(3:4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:3:take while (<5)(4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:3:4:take while (<5)(3:4:5:4:3:4:5:6:1[])
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (x : xs) | p x =

take while p xs

take _while ( <5) [1, 2, 3, 2, 3, 4, 3,
= take _while ( <5) (1:2:

= 1: take while ( <5) (2:

. take_while ( <5) (
take while ( <5) (2:3:
. 2 : take_while ( <5) (3:
take _while ( <5) (4

1
NN DNDNDNDDNDDN

3
3

3
3
3

213
1 2:3:4:
2:3:4:3:

take_while ( <5) (3:

=[]

, 4,
3:2:3:4
3:2:3:4
3:2:3:4:
4
4

oooooooooooou"

take_while ( < 5) (

, 4,3

4
4
4
14
4
4
4
4

. B

o1 01 01 O1 O1 01 O1 O1
e S e T i e i e

X : take _while p xs

WWWWwwwwwo

T

AP DS

o1 01 01 O1 01 01 O1 O1

OO O OO OO O

N’ N N’ N N N N N
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (X : Xs) | p X
take while p xs

take _while ( <5) [1, 2, 3, 2, 3, 4, 3,

= take _while ( <5) (1:2:
= 1: take while ( <5) (2:

1
NN DNDNDNDNDDNDN

W wwwww

NN DNDNDDN

3:
- 3
3

G

. take_while ( <5) (
. take_while ( <5) (2:3:
. take_while ( <5) (3
take _while ( <5) (4
4 : take while ( <5) (3:
take_while ( <5) (4

1413
:4:3:4:

= X : take _while p

=[]

A
w

-h-h-h-h-b-h-h-

: 4
3:2:3:4
3:2:3:4
3:2:3:4:
4
4

take while ( <5) (

. B

e S S S S e e i O

5
5
5
5
5
5
5
5
5

XS

WWWWwwWwwwwwo

T

EE S S N ST ST S L SN

o1 01 01 01 O1 01 01 01 O1

OO OO OO OO O

N N’ N N N N N N N
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (x : xs) | px = x : take while p xs
take_while p xs = []

take while ( <5) [1,2,3,2,3,4,3,4,5,4,3,4,5, 6]

= take while ( <5) (1:2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:take while (<5)(2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:2:take while (<5)(3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:2:3:take while (<5)(2:3:4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:take while (<5)(3:4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:3:take while (<5)(4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:3:4:take while (<5)(3:4:5:4:3:4:5:6:1[])
=1:2:3:2:3:4:3:take while (<5)(4:5:4:3:4:5:6:1[])
=1:2:3:2:3:4:3:4:take while (<5)(5:4:3:4:5:6:1[])
=1:2:3:2:3:4 4 1]
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Guarded Definitions — Fall-Thr ough

If no guard succeeds, the next pattern istried:

take while p (x : xs) | px = x : take while p xs
take_while p xs = []

take while ( <5) [1,2,3,2,3,4,3,4,5,4,3,4,5, 6]

= take while ( <5) (1:2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:take while (<5)(2:3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:2:take while (<5)(3:2:3:4:3:4:5:4:3:4:5:6:1[])
=1:2:3:take while (<5)(2:3:4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:take while (<5)(3:4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:3:take while (<5)(4:3:4:5:4:3:4:5:6:1])
=1:2:3:2:3:4:take while (<5)(3:4:5:4:3:4:5:6:1[])
=1:2:3:2:3:4:3:take while (<5)(4:5:4:3:4:5:6:1[])
=1:2:3:2:3:4:3:4:take while (<5)(5:4:3:4:5:6:1[])
=1:2:3:2:3:4:3:4:]]

=11, 2,3,2,3,4, 3, 4]
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case Expressions

sign x = case conpare x 0 of
GIr -> 1
EQ-> O
LT -> -1
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case Expressions

sign X = case conpare x 0 of

GT -> 1
EQ-> 0
LT -> -1

The prelude datatype Ordering hasthree elements

data Ordering = LT | EQ | GT
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case Expressions

sign x = case conpare x 0 of

GT -> 1
EQ-> 0
LT -> -1

The prelude datatype Ordering hasthree e ementsand isused mostly asresult
type of the prelude function compare:

data Ordering = LT | EQ | GT

compare :: Ord all a - a —» Ordering
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case Expressions

sign X = case conpare x 0 of

GT -> 1
EQ-> 0
LT -> -1

The prelude datatype Ordering hasthree elementsand is used mostly as result
type of the prelude function compare:

data Ordering = LT | EQ | GT
compare :: Ord all a - a —» Ordering

Another example:

choose (x,v) (y,w) = case compare X y of
GT - v
LT - w
EQ - error "l cannot decide!"
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I1f ...then ...el se ..andcase Expressions

Thetype Bool can be considered as a two-element enumeration type:

data Bool = False | True
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I1f ...then ...el se ..andcase Expressions

Thetype Bool can be considered as a two-element enumeration type:

data Bool = False | True

Conditional expressionsare “syntactic sugar” for case expressionsover Bool:

If condition
then exprl
else expr2

case condition of
True - exprl
False - expr2

321
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I1f ...then ...el se ..andcase Expressions

Thetype Bool can be considered as a two-element enumeration type:
data Bool = False | True

Conditional expressionsare “syntactic sugar” for case expressionsover Bool:

If condition __ | case condition of
then exprl True - exprl
else expr2 False - expr2

Two ways of defining functions:

Pattern Matching case

not True = False not b = case b of

not False = True True - False
False - True
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case Expressionsare “Anonymous’ Pattern Matching

commaWords :: [ String] — String
commaWords [] =[]
commaWords (X : Xs) = X + case xs of

[1 - 11

N - commawords xs
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case Expressionsare “Anonymous’ Pattern Matching

commaWords :: [ String] — String
commaWords [] =[]
commaWords (X : Xs) = X + case xs of

[1 - 11

- " " commawWords xs

Every use of acase expression can be transformed into the use of an auxiliary
function defined by pattern matching
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case Expressionsare “Anonymous’ Pattern Matching

commaWords :: [ String] — String
commaWords [] =[]
commaWords (X : Xs) = X + case xs of

[1 - 11

- " " commawWords xs

Every use of acase expression can be transformed into the use of an auxiliary
function defined by pattern matching:

commaWords :: [ String] — String
commaWords [] =[]

commawWords (x : Xxs) = x + commaWordsAux Xs
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case Expressionsare “Anonymous’ Pattern Matching

commaWords :: [ String] — String
commaWords [] =[]
commaWords (X : Xs) = X + case xs of

[1 - 11

- " " commawWords xs

Every use of acase expression can be transformed into the use of an auxiliary
function defined by pattern matching:

commaWords :: [ String] — String
commaWords [] =[]

commawWords (x : Xxs) = x + commaWordsAux Xs

commawWordsAux [ ]
commawWordsAux Xs

[]

" " commaWords xs
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wher e Clauses
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wher e Clauses

If an auxiliary definition isused only locally, it should be inside alocal
definition
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wher e Clauses

If anauxiliary definitionisused only locally, it should beinsidealocal definition,
e.g..
commaWords :: [ String] — String
commaWords [] =[]
commawWords (x : Xxs) = x + commaWordsAux Xs
where
commawWordsAux [] = []
commaWordsAux xs ="," : commaWords xs
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wher e Clauses

330

If anauxiliary definitionisused only locally, it should beinsidealocal definition,

eg.:

commaWords :: [ String] — String

commaWords [] =[]
commawWords (x : Xxs) = x + commaWordsAux Xs

where

commaWordsAux [ ]
commawordsAux Xs

[]

commawWords xs

wher e clausesarevisibleonly within their enclosing clause, here“commawords

(X :xs) = ...
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wher e Clauses

If anauxiliary definitionisused only locally, it should beinsidealocal definition,
e.g..
commaWords :: [ String] — String
commaWords [] =[]
commawWords (x : Xxs) = x + commaWordsAux Xs
where
commaWordsAux [] =[]
commaWordsAux xs ="," . commaWords xs

wher e clausesarevisibleonly within their enclosing clause, here“commawords
(x :xs) = ...7

wher e clausesare visible within al guards:

f Xy y > z =

y == 7 ju—

y < z =

where z = x * X
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| et Expressions

Local definitions can also be part of expressions:

f kn=1let m=k ‘“nmd' n
In 1 f m==
t hen n

else f nm
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| et Expressions

Local definitions can also be part of expressions:

f kn=1let m=k ‘“nmd' n
In 1 f m==
t hen n

else f nm

h xy = let x2 X

X
y2 y y
In sqrt (x2 + y2)

*
*
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| et Expressions

Local definitions can also be part of expressions:

f kn=1let m=k ‘“nmd' n
In 1 f m==
t hen n

else f nm

h xy = let x2 X * X
y2 y *y
In sqrt (x2 + y2)

Definitions can use pattern bindings.

gkn=1let (d,m = divMd k n
inif d ==
then [ ni
elsegdn++ [m
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| et Expressions

Local definitions can also be part of expressions:

f kn=1let m=k ‘“nmd' n
In 1 f m==
t hen n

else f nm

h xy = let x2 X * X
y2 y *y
In sqrt (x2 + y2)

Definitions can use pattern bindings.

gkn=1let (d,m = divMd k n
inif d ==
then [ ni
elsegdn++ [m

Guards, | et and wher e bindings, and case casesall are layout sensitive!

335
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| et or wher e?
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| et or wher e?

e | et bindingsi n expression

ISan expression
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| et or where?
e | et bindingsi n expression
ISan expression
 fname patterns guardedRHSswher e bindings

Isaclausethat ispart of adefinition
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| et or wher e?

e | et bindingsi n expression

ISan expression

« fname patterns guardedRHSswher e bindings

Isaclause that ispart of adefinition

e (Wher e clausescan also modify case cases)
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| et or wher e?

e | et bindingsi n expression

ISan expression

 fname patterns guardedRHSswher e bindings

Isaclausethat ispart of adefinition

e (Wher e clausescan also modify case cases)

Freguently, the choice between | et and wher e isamaitter of style

e wher e clausesresult in atop-down presentation

o | et expressionslend themselvesalso to bottom-up presentations

340
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SomePreludeFunctions— Elementary List Access

head
head (Xx: )

| ast
| ast [ X]
| ast ( _:

tail
tail (_:xs)

| nit
init [x]
Init (X:XS)

nul |
nul |l []
nul | (_:

- [a] ->a
X
- [a] -> a
X
| ast Xs
[a] -> [4a]
XS
[a] -> [a]
[
X : init xs

[a] -> Bool
True
Fal se
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| engt h
| engt h

SomePrelude Functions— List Indexing

[a] -> Int
foldl” (\n _->n+ 1) 0

[b] -> Int -> b
X

| n>0 = xs !'! (n-1)
= error "PreludeList.!!: negative index"
= error "PreludeList.!!: index too |arge"
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SomePrelude Functions— Positional List Splitting

take c Int > [a] -> [4]
take 0 _ =[]
take _ [] =l
take n (X:xs) | n>0 = x : take (n-1) xs
take = error "take: negative argument"
drop 2 Int > [a] -> [4]
drop 0 xs = XS
drop _ ] =]
drop n (_:xs) | n>0 = drop (n-1) xs
drop _ = error "drop: negative argument"
splitAt o Int > [a] -> ([a], [a])
splitAt 0O xs = ([],xs)
splitAt ~ _ ] = (L1
splitAt n (X:xs) | n>0 = (X:Xs’,xs”)
where (xs’,xs”) = splitAt (n-1) xs

splitAt = error "splitAt: negative  argument"
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SomePrelude Functions— Concatenation,lteration

(++) o [a] ->[4]

[ ] ++ys
(X:XS) ++ ys

concat :: [[a]]

concat = fold

|terate
lterate f X

r epeat
repeat x
{- repeat X

replicate
replicate n x

cycl e
cycl e xs

I

YS
X .

- >

(++)

-> [a]

(Xs ++ ys)

[ a]
[]

> a -> [a]

Iterate f (f x)

(a -> a)
X

a ->[a]
XS where
X

| nt

[ a]

XS’

XS

repeat x -}

-> a -> [a]
take n (repeat x)

-> [a]
wher e

XS’

X.

XS
— — for understanding

XS ++ XS’
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Separ ation of Concerns: Generation and Consumption

345
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Separ ation of Concerns: Generation and Consumption

replicate 3 !’

346
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Separ ation of Concerns: Generation and Consumption

replicate 3 '!"’
= take 3 (repeat '!’) -—replicate

347
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Separ ation of Concerns: Generation and Consumption

replicate 3 !’
= take 3 (repeat '!’) -—replicate
=take 3 (! : repeat '!") - — repeat
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Separ ation of Concerns: Generation and Consumption

replicate 3 '!"’

= take 3 (repeat '!’) -—replicate
=take 3 ("!’ : repeat '!’) - — repeat
='1" . take (3 - 1) (repeat '!’) - — t ake (iii)
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Separ ation of Concerns: Generation and Consumption

replicate 3 '’

= take 3 (repeat '!’) -—replicate
=take 3 (! : repeat '!") - — repeat
='1" . take (3 - 1) (repeat '!’) - — t ake (iii)

='1" . take 2 (repeat '!’) - — subtraction
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Separ ation of Concerns: Generation and Consumption

replicate 3 '’

= take 3 (repeat '!’) -—replicate
=take 3 (! : repeat '!") - — repeat
='1" . take (3 - 1) (repeat '!’) - — t ake (iii)
='1" . take 2 (repeat '!’) — — subtraction

=17 : take 2 ('!’ : repeat '!’) - — repeat
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replicate 3 '’
take 3 (repeat '!’")

take 3 (!’

repeat '!’)

take (3 - 1) (repeat '!’)
take 2 (repeat '!")

take 2 (!’

repeat '!’)
take (2 - 1) (repeat '!’)

Separ ation of Concerns: Generation and Consumption

replicate
r epeat

t ake (iii)
subtraction

r epeat

t ake (i)
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replicate 3 '’
take 3 (repeat '!’")

take 3 (!’

repeat '!’)

take (3 - 1) (repeat '!’)
take 2 (repeat '!")

take 2 (!’

repeat '!’)
take (2 - 1) (repeat '!’)
take 1 (repeat '!’)

Separ ation of Concerns: Generation and Consumption

replicate
r epeat

t ake (iii)
subtraction

r epeat

t ake (i)
subtraction
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replicate 3 '’
take 3 (repeat '!’")
take 3 ('!" : repeat '!’)

take (3 - 1) (repeat '!’)

take 2 (repeat '!")

take 2 ('!" : repeat '!’)

‘17 take (2 - 1) (repeat '!’)
17 . take 1 (repeat '!")

17 take 1 ("!" : repeat '!")

Separ ation of Concerns: Generation and Consumption

replicate
r epeat

t ake (iii)
subtraction

r epeat

t ake (i)
subtraction

r epeat

354



FP 2005 3.187 355

Separ ation of Concerns: Generation and Consumption

replicate 3 '’

= take 3 (repeat '!’) -—replicate
=take 3 (! : repeat '!") - — repeat
='1" . take (3 - 1) (repeat '!’) - — t ake (iii)
='1" . take 2 (repeat '!’) — — subtraction
=17 : take 2 ('!’ : repeat '!’) - — repeat
="' 0" take (2 - 1) (repeat '!’) - — take (i)
=17 "1’ take 1 (repeat '!’) — — subtraction
=1 71 take 1 ('!’ . repeat '!’) - — repeat

="t take (1 - 1) (repeat ') —-— take (iii)
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Separ ation of Concerns: Generation and Consumption

replicate 3 '’

= take 3 (repeat '!’) -—replicate
=take 3 (! : repeat '!") - — repeat
='1" . take (3 - 1) (repeat '!’) - — t ake (iii)
='1" . take 2 (repeat '!’) — — subtraction
=17 : take 2 ('!’ : repeat '!’) - — repeat
="' 0" take (2 - 1) (repeat '!’) - — take (i)
=17 "1’ take 1 (repeat '!’) — — subtraction
=1 71 take 1 ('!’ . repeat '!’) - — repeat

=1 ot take (1 - 1) (repeat '!) —- take (iii)
=1 0o take 0 (repeat 1) — — subtraction
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Separ ation of Concerns: Generation and Consumption

replicate 3 '’

= take 3 (repeat '!’) -—replicate
=take 3 ("!’ : repeat '!’) - — repeat
='1" . take (3 - 1) (repeat '!’) - — t ake (iii)
='1" . take 2 (repeat '!’) — — subtraction
=17 : take 2 ('!’ : repeat '!’) - — repeat
=1 "1’ take (2 - 1) (repeat '!’) - — t ake (iii)
=17 1" . take 1 (repeat '!’) — — subtraction
=1 "1 take 1 ('!’ . repeat '!’) - — repeat
=1 o s take (1 - 1) (repeat ') —- take (iii)
=1 o take 0 (repeat ') — — subtraction

= ] - - take (i)
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Separ ation of Concerns: Generation and Consumption

replicate 3 '’

= take 3 (repeat '!’) -—replicate
=take 3 ("!’ : repeat '!’) - — repeat
='1" . take (3 - 1) (repeat '!’) - — t ake (iii)
='1" . take 2 (repeat '!’) — — subtraction
=17 : take 2 ('!’ : repeat '!’) - — repeat
=1 "1’ take (2 - 1) (repeat '!’) - — t ake (iii)
=17 1" . take 1 (repeat '!’) — — subtraction
=1 "1 take 1 ('!’ . repeat '!’) - — repeat
=1 o s take (1 - 1) (repeat ') —- take (iii)
=1 o take 0 (repeat ') — — subtraction

= ] - - take (i)
INE
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What We Have Seen So Far
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What We Have Seen So Far

e Functional programming:
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What We Have Seen So Far

* Functional programming: Higher-order functions
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

e Typesystems:
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

e Typesystems. type constants and type constructors
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

e Typesystems. type constantsand type constructors, parametric
polymorphism
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

« Typesystems. type constantsand type constructors, parametric
polymorphism (type variables)
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

o Typesystems. type constantsand type constructors, parametric
polymorphism (type variables), type inference
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

* Typesystems. type constantsand type constructors, parametric
polymorphism (type variables), type inference

e Operator precedencerules:
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

o Typesystems. type constantsand type constructors, parametric
polymorphism (type variables), type inference

e Operator precedencerules. juxtaposition asoperator
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

* Typesystems. type constantsand type constructors, parametric
polymorphism (type variables), type inference

e Operator precedencerules. juxtaposition asoperator, “associate to
the left/right”
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

* Typesystems. type constantsand type constructors, parametric
polymorphism (type variables), type inference

e Operator precedencerules. juxtaposition asoperator, “associate to
the left/right”

e Argument passing:
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

* Typesystems. type constantsand type constructors, parametric
polymorphism (type variables), type inference

e Operator precedencerules. juxtaposition asoperator, “associate to
the left/right”

e Argument passing: not by value or reference
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

* Typesystems. type constantsand type constructors, parametric
polymorphism (type variables), type inference

e Operator precedencerules. juxtaposition asoperator, “associate to
the left/right”

« Argument passing: not by value or reference, but by name
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

* Typesystems. type constantsand type constructors, parametric
polymorphism (type variables), type inference

e Operator precedencerules. juxtaposition asoperator, “associate to
the left/right”

« Argument passing: not by value or reference, but by name

e Powerful datatypeswith smple interface:
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

* Typesystems. type constantsand type constructors, parametric
polymorphism (type variables), type inference

e Operator precedencerules. juxtaposition asoperator, “associate to
the left/right”

« Argument passing: not by value or reference, but by name

« Powerful datatypeswith simpleinterface: Integer, lists, listsof listsof ...
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What We Have Seen So Far

* Functional programming: Higher-order functions, functions as arguments
and results

* Typesystems. type constantsand type constructors, parametric
polymorphism (type variables), type inference

e Operator precedencerules. juxtaposition asoperator, “associate to
the left/right”

« Argument passing: not by value or reference, but by name
« Powerful datatypeswith simpleinterface: Integer, lists, listsof listsof ...

« Non-local control (evaluation on demand): modularity (e.g., generate
/ prune)
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SomePreludeFunctions— List Splitting with Predicates

t akeWi | e .. (a ->Bool) ->[a] ->[4a]
takeWhile p [] =[]
takeVhile p (X:XxS)
| p X = X : takeWiile p xs
| otherw se = []
dr opWi | e .. (a ->Bool) ->[a] ->[4a]
dropWiile p [] =[]
dropWhile p Xxs@x: xs’)
| p X = dropWiile p xs’
| otherw se = xs
span, break .. (a ->Bool) ->[a] -> ([a],[a])
span p [] = (1. [1)
span p Xs@x: xs’)
| p X = let (ys,zs) = span p Xxs' in (xX:ys,zs)
| otherwse = ([], XS)
break p = span (not . p)
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as-Patterns

dr opWi | e .. (a -> Bool) ->1Ja] ->[4a]
dropWiile p [] =[]
dropWiile p Xs@ x: xs’ )

| p X = dropWiile p xs’

| otherw se = Xxs
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as-Patterns

dr opWii | e .. (a ->Bool) ->[a] ->[4a]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’ )

| p X = dropWiile p xs’

| otherw se = Xxs

Consider matching of thethird clause against dropwhile (< 5) [1,2,3]:
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as-Patterns

dr opWi | e .. (a -> Bool) ->1Ja] ->[4a]
dropWiile p [] =[]
dropWiile p Xs@ x: xs’ )

| p X = dropWiile p xs’

| otherw se = Xxs

Consider matching of thethird clause against dropwhile (< 5) [1,2,3]:
[ J p j—

® XS =
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as-Patterns

dr opWi | e .. (a -> Bool) ->1Ja] ->[4a]
dropWiile p [] =[]
dropWiile p Xs@ x: xs’ )

| p X = dropWiile p xs’

| otherw se = Xxs

Consider matching of thethird clause against dropwhile (< 5) [1,2,3]:
* p=(<53)

® XS =
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as-Patterns

dr opWi | e .. (a -> Bool) ->1Ja] ->[4a]
dropWiile p [] =[]
dropWiile p Xs@ x: xs’ )

| p X = dropWiile p xs’

| otherw se = Xxs

Consider matching of thethird clause against dropwhile (< 5) [1,2,3]:
* p=(<53)
e xs = [1,2,3]

[ ] X:
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as-Patterns

dr opWi | e .. (a -> Bool) ->1Ja] ->[4a]
dropWiile p [] =[]
dropWiile p Xs@ x: xs’ )

| p X = dropWiile p xs’

| otherw se = Xxs

Consider matching of thethird clause against dropwhile (< 5) [1,2,3]:
* p=(<53)

e xs = [1,2,3]
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as-Patterns

dr opWi | e .. (a -> Bool) ->1Ja] ->[4a]
dropWiile p [] =[]
dropWiile p Xs@ x: xs’ )

| p X = dropWiile p xs’

| otherw se = Xxs

Consider matching of thethird clause against dropwhile (< 5) [1,2,3]:
* p=(<5)

e xs = [1,2,3]

e x =1

e xs' =1[2,3]

384
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as-Patterns

dr opWi | e .. (a -> Bool) ->1Ja] ->[4a]
dropWiile p [] =[]
dropWiile p Xs@ x: xs’ )

| p X = dropWiile p xs’

| otherw se = Xxs

Consider matching of thethird clause against dropwhile (< 5) [1,2,3]:
* p=(<53)

e xs = [1,2,3]
e x =1
e xs' =1[2,3]

PpXx =(<5)1=1<5=True
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as-Patterns

dr opWi | e .. (a -> Bool) ->1Ja] ->[4a]
dropWiile p [] =[]
dropWiile p Xs@ x: xs’ )

| p X = dropWiile p xs’

| otherw se = Xxs

Consider matching of thethird clause against dropwhile (< 5) [1,2,3]:
* p=(<53)

e xs = [1,2,3]
e x =1
e xs' =1[2,3]

* px =(<5)1=1<5=True

Therefore: dropWhile (< 5) [1,2,3] =
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as-Patterns

dr opWii | e .. (a ->Bool) ->[a] ->[4a]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’ )

| p X = dropWiile p xs’

| otherw se = Xxs

Consider matching of thethird clause against dropwhile (< 5) [1,2,3]:
* p=(<53)

e xs = [1,2,3]
e x =1
e xs' =1[2,3]

e px =(<5)1=1<5="True

Therefore: dropWhile (< 5) [1,2,3] = dropWhile (< 5) [2,3]
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as-Patterns— 2

dr opWii | e .. (a -> Bool) ->[a] ->[4a]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’)

| p X = dropWiile p xs’

| otherw se = Xxs

Consider matching of the third clause against dropwhile (< 5) [5,4,3]:
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as-Patterns— 2

dr opWii | e .. (a ->Bool) ->[a] ->[4]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’)

| p X = dropWile p xs’

| otherw se = Xxs

Consider matching of the third clause against dropwhile (< 5) [5,4,3]:
[ p j—

® XS =
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as-Patterns— 2

dr opWii | e .. (a ->Bool) ->[a] ->[4]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’)

| p X = dropWile p xs’

| otherw se = Xxs

Consider matching of the third clause against dropwhile (< 5) [5,4,3]:
* p=(<5)

® XS =



FP 2005 3.223 391

as-Patterns— 2

dr opWii | e .. (a ->Bool) ->[a] ->[4]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’)

| p X = dropWile p xs’

| otherw se = Xxs

Consider matching of the third clause against dropwhile (< 5) [5,4,3]:
* p=(<5)
e Xxs = [5,4,3]

[ ] X:
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as-Patterns— 2

dr opWii | e .. (a ->Bool) ->[a] ->[4]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’)

| p X = dropWile p xs’

| otherw se = Xxs

Consider matching of the third clause against dropwhile (< 5) [5,4,3]:
* p=(<5)

e Xxs = [5,4,3]
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as-Patterns— 2

dr opWii | e .. (a ->Bool) ->[a] ->[4]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’)

| p X = dropWile p xs’

| otherw se = Xxs

Consider matching of the third clause against dropwhile (< 5) [5,4,3]:
* p=(<5)

e Xxs = [5,4,3]

* X =5

e XS’ = [4,3]
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as-Patterns— 2

dr opWii | e .. (a ->Bool) ->[a] ->[4]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’)

| p X = dropWile p xs’

| otherw se = Xxs

Consider matching of the third clause against dropwhile (< 5) [5,4,3]:
* p=(<5)

e Xxs = [5,4,3]
* X =5
e XS’ = [4,3]

px=(<5)5=5<5=False
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as-Patterns— 2

dr opWii | e .. (a ->Bool) ->[a] ->[4]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’)

| p X = dropWile p xs’

| otherw se = Xxs

Consider matching of the third clause against dropwhile (< 5) [5,4,3]:
* p=(<5)

e Xxs = [5,4,3]
* X =5
e XS’ = [4,3]

* px =(<5)5=5<5 = False

Therefore: dropWhile (< 5) [5,4,3] =
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as-Patterns— 2

dr opWii | e .. (a ->Bool) ->[a] ->[4]
dropWiile p [] =[]
dropWiile p Xxs@ x: xs’)

| p X = dropWile p xs’

| otherw se = Xxs

Consider matching of the third clause against dropwhile (< 5) [5,4,3]:
* p=(<5)

e Xxs = [5,4,3]
* X =5
e XS’ = [4,3]

* px =(<5)5=5<5 = False

Therefore: dropWhile (< 5) [5,4,3] = [5,4,3]
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SomePreludeFunctions— List Splitting with Predicates

t akeWi | e .. (a ->Bool) ->[a] ->[4a]
takeWhile p [] =[]
takeVhile p (X:XxS)
| p X = X : takeWiile p xs
| otherw se = []
dr opWi | e .. (a ->Bool) ->[a] ->[4a]
dropWiile p [] =[]
dropWhile p Xxs@x: xs’)
| p X = dropWiile p xs’
| otherw se = xs
span, break .. (a ->Bool) ->[a] -> ([a],[a])
span p [] = (1. [1)
span p Xs@x: xs’)
| p X = let (ys,zs) = span p Xxs' in (xX:ys,zs)
| otherwse = ([], XS)
break p = span (not . p)
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| 1 nes

| 1 nes ""

| i nes s

Wor ds
words s

unl i nes
unl | nes
unl i nes

unwor ds
unwor ds
unwor ds
unwor ds

[
(

A~~~ 1 r—

SomePrelude Functions— Text Processing

]
|

ST ..

String -> [String]

[]

let (I,s)

I n |

case S’

= break (’\n'==) s

of [] -> ]

( :s") ->1lines g”

. String -> [String]
= case dropWil e IsSpace s of

[ Stri

1's)

ws)

-> ]

S

-> W

wor ds s”

where (w,s”) = break iIsSpace s’

ng] -> String

[]

| ++ '\n’

W
W ++ '’

unlines I|Is

[String] -> String

unwor ds ws

398



map andfilter

map :: (a->b) ->([a] ->[Db])

map f [] [ ]
map f (X:XS) f x: mp f xs



FP 2005 3.232

map .. (a -> b)

map andfilter

-> (la] ->[b])

map f [] =[]

map f (x:xs) =f x : map f xs

filter :: (a ->Bool) -> ([a] ->[a])

filter p[] =[]

filter p (x : xs) =if p x then x : rest else rest

wher e rest

= filter p xs
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map andfilter

map :: (a->b) ->([a] ->[Db])

map f [] =[]
map f (x:xs) =f x : map f xs

filter :: (a ->Bool) -> ([a] ->[a])
filter p[] =[]
filter p (x : xs) =if p x then x : rest else rest

where rest = filter p xs

These functions could also be defined vialist comprehension:

map f xs = f x| X <- xs ]
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map andfilter

map :: (a->b) ->([a] ->[Db])

map f [] =[]
map f (x:xs) =f x : map f xs

filter :: (a ->Bool) -> ([a] ->[a])
filter p[] =[]
filter p (x : xs) =if p x then x : rest else rest

where rest = filter p xs

These functions could also be defined vialist comprehension:
map f xs = f x| X <- xs ]

filter p xs = | X | X <- Xs, p x ]
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map andfilter

map :: (a->b) ->([a] ->[Db])

map f [] =[]
map f (x:xs) =f x : map f xs

filter :: (a ->Bool) -> ([a] ->[a])
filter p[] =[]
filter p (x : xs) =if p x then x : rest else rest

where rest = filter p xs

These functions could also be defined vialist comprehension:
map f xs = f x| X <- xs ]

filter p xs = | X | X <- Xs, p x ]

Examples:
mp (7 *) [1.. 6] =[7, 14, 21, 28, 35, 42]
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map andfilter

map :: (a->b) ->([a] ->[Db])

map f [] =[]
map f (x:xs) =f x : map f xs

filter :: (a ->Bool) -> ([a] ->[a])
filter p[] =[]
filter p (x : xs) =if p x then x : rest else rest

where rest = filter p xs

These functions could also be defined vialist comprehension:
map f xs = f x| X <- xs ]

filter p xs = | X | X <- Xs, p x ]

Examples:
map (7 *) [1 .. 6]
filter even [1 .. 6]

[7, 14, 21, 28, 35, 42]
[2, 4, 6]
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foldrl
foldrl ( ®) [X]
foldrl ( ®) (x:Xxs)

foldrl
(a->a->a) ->[a] ->

- X

X ® (foldrl ( ®) xs)

a
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foldrl
foldrl ( ®) [Xx]
foldrl ( ®) (x:XxS)

foldrl (®) [x, X,

(a

foldrl
->a->a) ->[a] ->
X

X ® (foldrl ( ®) xs)

a
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foldrl

foldrl .. (a->a->a) ->[a] -> a
foldrl ( ®) [X] = X
foldrl ( ®) (x:XxSs) =X ® (foldrl ( ®) xs)

foldrl (®) [x, X, Xg X, X ]

2 3 4

=x, ® (foldrl (®) [x, X5 X, X:1)
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foldrl

foldrl . (a->a->a) ->[a] -> a
foldrl ( ®) [X] = X
foldrl ( ®) (x:XxS) =X ® (foldrl ( ®) xs)

foldrl (®) [x, X, Xg X, X ]
= x, ® (foldrl (®) [x, X5 X, X;])

=X, ® (x,® (foldrl (®) [X, X, X:1))



foldrl

foldrl .. (a->a->a) ->[a] -> a
foldrl ( ®) [X] = X
foldrl ( ®) (x:XxSs) =X ® (foldrl ( ®) xs)

foldrl ( ®) [xl, Xoy Xg Xy x5]

=x, ® (foldrl (®) [x, X5 X, X:1)

=x,® (x,® (foldrl (®) [X, X, X:1))
=X, ® (X, ® (x,® (foldrl (®) [x, X:1)))



fol drl
foldrl . (a->a->a) ->[a] -> a
foldrl ( ®) [X] = X
foldrl ( ®) (x:Xxs)

X ® (foldrl ( ®) xs)

foldrl (®) [x, X, Xg X, X ]

=X, ® (foldrl (®) [X, X5 X, X])
=X, ® (x,® (foldrl (®) [X, X, X:1))

X, ® (X, ® (x;® (foldrl (®) [x, X5])))

X, ® (X, ® (X;® (x,® (foldrl (®) [x51))))



foldrl

foldrl

. (a->a->a) ->[a] -> a

foldrl ( ®) [X] = X

foldrl ( ®) (x:XxS)

X ® (foldrl ( ®) xs)

foldrl (®) [X, X, X, X, X

Xl®
Xl®
X1®
X1®
X1®

2 Xy Xp Xg |
(foldrl (®) [X, Xu X, Xc1)
(x, ® (foldrl (®) [X, X, X.1))
(X, ® (x,® (foldrl (®) [x, Xc1)))
(X, ® (X3 ® (x,® (foldrl (®) [X5]1))))
(X, ® (X3 ® (X, ®X5)))
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f ol dr

f ol dr . (a->b->Db) ->b ->J]a] ->b
foldr (®) z [] = Z
foldr (®) z (x:xs) =x ® (foldr (®) z xs)
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fol dr X

foldrX (a-b->b)osb-sJal b
foldrX (LI11) z [] =z
foldrX ([IJ) z (x:xs) = x [ (foldrX ([LLI) z xs)
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f ol dr
f ol dr
f ol dr

f ol dr

(®) z []
(®) z (X:XS)

(®) z [x, X,

f ol dr
(a ->b ->b)

- Z

= X ® (foldr

Xg Xz Xg ]

> b -> [a]

(®) z XS)

-> Db
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f ol dr

f ol dr . (a->b->Db) ->b ->J]a] ->b
foldr (®) z [] = Z
foldr (®) z (x:xs) =x ® (foldr (®) z xs)

foldr (®) z [Xr Xoy Xg Xy x5]

=x, ® (foldr (®) z [x, X, X, Xc])
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f ol dr

f ol dr . (a->b->Db) ->b ->J]a] ->b
foldr (®) z [] = Z
foldr (®) z (x:xs) =x ® (foldr (®) z xs)

foldr (®) z [Xr Xoy Xg Xy x5]

=x, ® (foldr (®) z [x, X, X, Xc])

=X, ® (x,® (foldr (®) z [x, X, X))



f ol dr

f ol dr . (a->b ->Db) ->b ->J]a] ->0b
foldr (®) z [] = Z
foldr (®) z (x:xs) =x ® (foldr (®) z xs)

foldr (®) z [x, X, X5 X, X ]

= X, ® (foldr (®) z [X2, Xy Xy XS])
=X, ® (x,® (foldr (®) z [X, X, X 1))

=X, ® (X, ® (X, ® (foldr (®) z [x, X:1)))



f ol dr

f ol dr . (a->b->Db) ->b ->J]a] ->b
foldr (®) z [] = Z
foldr (®) z (x:xs) =x ® (foldr (®) z xs)

foldr (®) z [Xr Xoy Xg Xy x5]

=x, ® (foldr (®) z [x, X, X, Xc])
=X, ® (x,® (foldr (®) z [x, X, X))
=X, ® (X, ® (x,® (foldr (®) z [Xx, X,1)))

=X, ® (X, ® (X;3® (x,® (foldr (®) z [x5]))))



f ol dr

fol dr . (a->b->b) ->b ->[a] ->b
foldr (®) z [] = Z
foldr (®) z (x:xs) =x ® (foldr (®) z xs)

foldr (®) z [x, X, X5 X

Xl®
Xl®
X1®
Xl®
X1®

» Xy Xp Xg |
(foldr (®) z [X, X5z X, X 1)
(x, ® (foldr (®) z [Xx5; X, Xc1))
(X, ® (X, ® (foldr (®) z [x, X:])))
(x, ® (X;® (x, ® (foldr (®) z [x5]))))

(X, ® (X3 ® (X, ® (x5 © (ftoldr (®) z[])))))



f ol dr

fol dr . (a->b->b) ->b ->[a] ->b
foldr (®) z [] = z
foldr (®) z (x:xs) =x ® (foldr (®) z xs)

foldr (®) z [x, X, X5 X

» Xy Xp Xg |
(foldr (®) z [x, X5 X, X 1)
(x, ® (foldr (®) z [X5; X, Xc1))
(X, ® (X, ® (foldr (®) z [X, X:1)))
(X, ® (X;® (x, ® (foldr (®) z [x:]))))
(X, ® (X;38 (X, ® (xg® (foldr (®) z[])))))

(X, ® (X338 (X, ® (X538 2))))
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fol dr

foldr f z []
foldr f z (X:XS)
foldrl

foldrl f [Xx]
foldrl f (Xx:Xs)
f ol dl

foldl f z []

foldl f z (Xx:xs)

foldl 1
foldl 1 f (x:xs)

List Folding

(a->b -> b)

Z

> b -> [a]

f x (foldr f z xs)

(a ->a -> a)

X

-> [a]

f x (foldrl f xs)

(a ->Db -> a)

Z
f ol dl

(a ->a -> a)

f ol dl

->

a

> a -> [b]

f (f z x) Xs

f x Xxs

-> [a]

->

a

->

->

b

a

421
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Unfolding Definitions

A simple definition:
limit=10" 2
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Unfolding Definitions

A simple definition:
limit=10"2

Expanding this definition:
4 0 (limit + 1)
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Unfolding Definitions

A simple definition:
limit=10"2
Expanding this definition:

4* (limit + 1)
=4* (107 2) + 1)
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Unfolding Definitions

A simple definition:
limit=10"2
Expanding this definition:

4* (limit + 1)
=4* (107 2) + 1)
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Unfolding Definitions

A simple definition:
limit=10"2
Expanding this definition:

4* (limit + 1)
=4* (107 2) + 1)

Another definition;

concat = foldr (+) []
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Unfolding Definitions

A ssmple definition:
limt=10"2
Expanding this definition:

4* (limit + 1)
=4* (10" 2) + 1)

Another definition:
concat = foldr (+) []
Expanding thisdefinition:
concat [[1,2,3],[4,5]]
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Unfolding Definitions

A simple definition:
limit=10"2
Expanding this definition:

4* (limit + 1)
=4* (107 2) + 1)

Another definition:
concat = foldr (+) []
Expanding this definition:

concat [[1,2,3],[4,5]]
= (foldr (+) []) [[1,2,3],[4,5]]



FP 2005 3.261

Enumeration Type Definitions

data Bool = False | True deriving (Eq, Ord, Read, Show)
data Ordering = LT | EQ | GT  deriving (Eq, Ord, Read, Show)

data Suit = Diamonds | Hearts | Spades | Clubs deriving (Eq, Ord)
Pattern matching:

not False = True
not True = False

lexicalCombineOrdering :: Ordering — Ordering — Ordering
lexicalCombineOrdering LT _ = LT

lexicalCombineOrdering EQ x = X

lexicalCombineOrdering GT _ = GT
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Simpledata Type Definitions

data Point = Pt Int Int deriving (EQ) —— screen coordinates
data Transport = Feet

| Bike

| Train Int ——pricein cent

This defines at the same time data constructors
Pt :: Int - Int - Point

Feet :: Transport
Bike :: Transport
Train :: Int » Transport

Pattern matching:
addPt (Pt x1yl) (Pt x2y2) =Pt (x1+ x2) (yl1l+ y2)

cost Feet = 0
cost Bike = 0
cost (Train Int) = Int
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Simple Polymorphic data Type Definitions

The prelude type constructor s Maybe, Either, Complex are defined asfollows:

data Maybe a = Nothing | Just a deriving (Eq, Ord, Read, Show)
data Either a b = Left a | Right b

data Complex r = r :+ r deriving (Eq, Read, Show)
This defines at the sasmetime data constructors

Nothing :: Maybe a
Just :: a - Maybe a

Left :: a — Either a b
Right :: b - Either a b

(+) ::r - r - Complex r



