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Syntaxand Semantics

Syntax — Shape of PL constructs
 Whatarethetokensof thelanguage?— Lexical syntax,‘wordlevel”

 How areprogramsuilt from tokens?— Mostly useContext-Free
Grammars (CFG)or Backus-NaurForm (BNF) to describesyntax atthe
“sentencdevel”

“Static semantics”: aspect®f programstructurethatarechecledatcompile
time, but cannotbe capturecby CFGs ( — contet-sensitve syntax):
— Scope®f names

— Typing
Semantics— Meaning of PL constructs

Threemajorapproaches:
— Axiomatic semantics: {p} Prog {q}

— Denotational semantics: Pr og denotes a mathematical function[[Pr og]]
— Operational semantics: statetransitionsof anabstractmachine
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Simple Semantic Domains

Fromthetextbook:

A semanticdomainis any setwhosepropertiesandoperationsre
Independentlyvell-understooéanduponwhichthefunctionsthat
definethesemantic®f alanguageareultimatelybased.

Primitivedomains. B = {True, False}, IN, Z, Char, seq Char, ldent

Domainsfor Program States:

L ocations areusuallynaturalnumbers:Loc = IN
Valuesare,in asimplecontet, integers: Val , = Z

Memory states canbeconsidereaspartialfunctions: Mem, = IN + Val
Simple environments arepartialfunctionstoo: Env, = Ident + Loc
A simplestateis pair: Sate, = Env, x Mem,

A simple store directly mapsdentifiersto values: Sore, = ldent + Val
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Relation Overriding
GivenQ,R: A < B.

Therelation Q & Rrelateseverything in the domain of R to the same objectsas
R does, and everything else in the domain of Q to the same objectsas Q does.

Q®R={(xYy):Q | x¢ domR}UR
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Relation Overriding

GivenQ,R: A < B.

Therelation Q & Rrelateseverything in the domain of Rto the same objectsas
R does, and everything else in the domain of Q to the same objectsas Q does.

QdR={(X,y):Q | x¢ domR}UR

e & isnot commutative
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Relation Overriding

GivenQ,R: A < B.

Therelation Q & Rrelateseverything in the domain of R to the same objectsas
R does, and everything else in the domain of Q to the same objectsas Q does.

Q®R={(xYy):Q | x¢ domR}UR

e & isnot commutative

e Textbook: “overriding union” operator “U”
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Relation Overriding

GivenQ,R: A < B.

Therelation Q & Rrelateseverything in the domain of Rto the same objectsas
R does, and everything else in the domain of Q to the same objectsas Q does.

QdR={(xy):Q | x¢ domR} UR
e @ isnot commutative

o Textbook: “overriding union” operator “U”

o Haskell:
addListToFM :: Ord key O FiniteMap k v - [ (k, v)] - FiniteMap k v
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Relation Overriding

GivenQ,R: A < B.

Therelation Q & Rrelateseverything in the domain of Rto the same objectsas
R does, and everything else in the domain of Q to the same objectsas Q does.

QdaR={(x,y):Q | x¢ domR} UR

@ isnot commutative

Textbook: “overriding union” operator “U”

Haskell:
addListToFM :: Ord key OO FiniteMap k v - [ (k, v)] - FiniteMap k v

If Q and R are both partial functions, then Q & Risapartial function, too.
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Relation Overriding

GivenQ,R: A < B.

Therelation Q & Rrelateseverything in the domain of Rto the same objectsas
R does, and everything else in the domain of Q to the same objectsas Q does.

QdaR={(x,y):Q | x¢ domR} UR

@ isnot commutative

« Textbook: “overriding union” operator “U”

e Haskell:
addListToFM :: Ord key OO FiniteMap k v - [ (k, v)] - FiniteMap k v

 |If QandRareboth partial functions, then Q & Risapartial function, too.

* ¢ isusedto model
— writing into memory or store locations

— Insertion into environments (shadowing previous bindings)



SE3E03, 2003 1.9

Operational Semantics

Two kinds of assertions:

— Evaluating expression e starting in store o producesvalue v

o(e) =V

11
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Operational Semantics

Two kinds of assertions:

— Evaluating expression e starting in store o producesvalue v o(e) =V
— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,
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Operational Semantics

Two kinds of assertions:

— Evaluating expression e starting in store o producesvalue v o(e) =V
— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,
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Operational Semantics

Two kinds of assertions:

— Evaluating expression e starting in store o producesvalue v o(e) =V
— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,

Execution axioms. o(c) = cC o(V)=ocv ifvedomo
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Operational Semantics

Two kinds of assertions:

— Evaluating expression e starting in store o producesvalue v o(e) =V
— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,

Execution axioms. o¢(C) = C o(V)=ocv ifvedomo

Execution rules:

premise or premisel premisen
conclusion conclusion




SE3EQ3, 2003 1.14 16

Operational Semantics

Two kinds of assertions:

— Evaluating expression e starting in store o producesvalue v o(e) =V
— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,

Execution axioms. o(c) = C o(V) =ocv ifvedomo
Execution rules:

premise or premisel premisen
conclusion conclusion

Example rule— addition:
o(e) = vy o(e) = Vs,

a(e1+ &) =>V,+V,
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Operational Semantics

Two kinds of assertions:

— Evaluating expression e starting in store o producesvalue v o(e) =V
— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,

Execution axioms. o¢(C) = C o(V)=ocv ifvedomo

Execution rules:

premise or premisel premisen
conclusion conclusion

Example rule— addition:
o(e) =V, o(e) =V,

a(e1+ &)=V, +V,

(Theleft “ +” issyntax, theright “ +” isamathematical operation on
numbers.)
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M echanized Operational Semantics. Interpreter

Two kinds of assertions:
— Evaluating expression e starting in store o producesvalue v o(e) =V

— Execution of statement sstartingin store o, resultsinstoreo,,  o,(s) = o,
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M echanized Operational Semantics. Interpreter

Two kinds of assertions:
— Evaluating expression e starting in store o producesvalue v o(e) =V

— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,

Thisnotation stands for two ternary relations, which are partial functionsfor
deterministic programming languages
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M echanized Operational Semantics. Interpreter

Two kinds of assertions:
— Evaluating expression e starting in store o producesvalue v o(e) =V

— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,

Thisnotation stands for two ternary relations, which are partial functionsfor
deterministic programming languages.

— expression evaluation: eval : State xExpr + Val,

— statement execution:  exec : Sate x3mt + Jate,
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M echanized Operational Semantics. Interpreter

Two kinds of assertions:
— Evaluating expression e starting in store o producesvalue v o(e) =V

— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,

Thisnotation stands for two ternary relations, which are partial functionsfor
deterministic programming languages.

— expression evaluation: eval : State xExpr + Val,

— statement execution:  exec : Sate x3mt + Jate,

Note: one syntactic and one semantic argument.
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M echanized Operational Semantics. Interpreter

Two kinds of assertions:
— Evaluating expression e starting in store o producesvalue v o(e) =V
— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,

Thisnotation stands for two ternary relations, which are partial functionsfor
deterministic programming languages.

— expression evaluation: eval : State xExpr + Val,

— statement execution:  exec : Sate x3mt + Jate,

Note: one syntactic and one semantic argument.

Two interpreter functions (assuming deter ministic semantics):

evalExpr :: Expression - Statel — Maybe Valuel
interpStmt ;. Statement - Statel - Maybe Statel
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M echanized Operational Semantics. Interpreter

Two kinds of assertions:
— Evaluating expression e starting in store o producesvalue v o(e) =V

— Execution of statement sstarting in store o, resultsinstoreo,,  o,(s) = o,

Thisnotation stands for two ternary relations, which are partial functionsfor
deterministic programming languages.

— expression evaluation: eval : State xExpr + Val,

— statement execution:  exec : Sate x3mt + Jate,

Note: one syntactic and one semantic argument.

Two interpreter functions (assuming deter ministic semantics):

evalExpr :: Expression - Statel — Maybe Valuel
interpStmt ;. Statement - Statel - Maybe Statel

data Valuel = Valint Int | ValBool Bool
type Statel = FiniteMap Variable Valuel —— even simpler than Sate,
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Interpreter: Expression Evaluation

evalExpr :: Expression - Statel - Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel —— even simpler than Sate,

24
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Interpreter: Expression Evaluation

evalExpr :: Expression - Statel — Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel

evalExpr (Var v) s =

25
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Interpreter: Expression Evaluation

evalExpr :: Expression - Statel - Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel

evalExpr (Var v) s = lookupFM s v

26
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Interpreter: Expression Evaluation

evalExpr :: Expression - Statel — Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel

evalExpr (Var v) s = lookupFM s v
evalExpr (Value (Litint i)) s = Just (Valint i)
evalExpr (Value (LitBool b)) s = Just (ValBool b)
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Interpreter: Expression Evaluation

evalExpr :: Expression - Statel - Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel

evalExpr (Var v) s = lookupFM s v

evalExpr (Value (Litint i)) s = Just (Valint i) —— better: function litToVal
evalExpr (Value (LitBool b)) s = Just (ValBool b)

28
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Interpreter: Expression Evaluation

evalExpr :: Expression - Statel - Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel

evalExpr (Var v) s = lookupFM s v

evalExpr (Value (Litint i)) s = Just (Valint i) —— better: function litToVal
evalExpr (Value (LitBool b)) s = Just (ValBool b)

evalExpr (Binary (MKkArithOp Plus) el e2) s =

29
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Interpreter: Expression Evaluation

evalExpr :: Expression - Statel - Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel

evalExpr (Var v) s = lookupFM s v

evalExpr (Value (Litint i)) s = Just (Valint i) —— better: function litToVal
evalExpr (Value (LitBool b)) s = Just (ValBool b)

evalExpr (Binary (MKkArithOp Plus) el e2) s =

case (evalExpr el s, evalExpr e2 s) of

30
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Interpreter: Expression Evaluation

evalExpr :: Expression - Statel - Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel —— even simpler than Sate,

evalExpr (Var v) s = lookupFM s v
evalExpr (Value (Litint i)) s = Just (Valint i) —— better: function litToVal
evalExpr (Value (LitBool b)) s = Just (ValBool b)
evalExpr (Binary (MKkArithOp Plus) el e2) s =
case (evalExpr el s, evalExpr e2 s) of
(Just (Valint v1), Just (Vallint v2)) -

31
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Interpreter: Expression Evaluation

evalExpr :: Expression - Statel - Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel

evalExpr (Var v) s = lookupFM s v

evalExpr (Value (Litint i)) s = Just (Valint i) —— better: function litToVal
evalExpr (Value (LitBool b)) s = Just (ValBool b)

evalExpr (Binary (MKkArithOp Plus) el e2) s =

case (evalExpr el s, evalExpr e2 s) of

(Just (Valint v1), Just (Valint v2)) - Just (Valint (vl + v2))

32
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Interpreter: Expression Evaluation

evalExpr :: Expression - Statel - Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel

evalExpr (Var v) s = lookupFM s v

evalExpr (Value (Litint i)) s = Just (Valint i) —— better: function litToVal
evalExpr (Value (LitBool b)) s = Just (ValBool b)
evalExpr (Binary (MKkArithOp Plus) el e2) s =
case (evalExpr el s, evalExpr e2 s) of
(Just (Valint v1), Just (Valint v2)) - Just (Valint (vl + v2))
. — Nothing

33
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Interpreter: Expression Evaluation (Maybe Monad)

evalExpr :: Expression - Statel - Maybe Valuel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel

evalExpr (Var v) s = lookupFM s v
evalExpr (Value (Litint i)) s = Just (Valint i) —— better: function litToVal
evalExpr (Value (LitBool b)) s = Just (ValBool b)

evalExpr (Binary (MKkArithOp Plus) el e2) s =do
Valint vl « evalExpr el s

Valint v2 — evalExpr e2 s
Just (Vallnt (vl + v2))
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Assignment

o(e) = v
o(X:=€) =0 ® {X—V}

For example:

* Assumeo, = {X+ 39,y — 7}

e Then:

gi(X :=X+3) =

35
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Assignment

o(e) = v
o(X:=€) =0 {X—V}

For example:

* Assumeo, = {X+> 39,y > 7}

e Then:

o(X+3) =

36
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Assignment

o(e) = v
o(X:=€) =0 ® {X—V}

For example:

* Assumeo, = {X+ 39,y — 7}

e Then:

oy(X) = o4(3) =

o(X+3) =

gi(X :=X+3) =

37
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Assignment

o(e) = v
o(X:=€) =0 {X—V}

For example:

* Assumeo, = {X+> 39,y > 7}

e Then:

o,(X) = 39 04(3) =

o(X+3) =

38
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Assignment

o(e) =V
oc(X: =€) =0 ®{Xx—V}

For example:

* Assumeo, = {X+> 39,y > 7}

e Then:

g.(x) = 39 04(3) = 3
o(X+3) =

g/X 1= X+3) =

39
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Assignment

o(e) =V
oc(X: =€) =0 ®{Xx—V}

For example:

* Assumeo, = {X+> 39,y > 7}

e Then:

g.(x) = 39 04(3) = 3
oi(X+3) = 42

g/X 1= X+3) =

40
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Assignment

o(e) =V
oc(X: =€) =0 ®{Xx—V}

For example:

* Assumeo, = {X+> 39,y > 7}

e Then:

g.(x) = 39 04(3) = 3
oi(X+3) = 42
o(X:=X+3) = {X—42,y— 7}

41
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Assignment

o(e) =V
o(X:=€) = o {Xx—V}

For example:

* Assumeo, = {X+> 39,y > 7}

e Then:

g.(x) = 39 04(3) = 3
oi(X+3) = 42
o(X:=X+3) = {X—42,y— 7}

sinceo, ® {X— 42} = {X—=> 42,y — 7}

42
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Interpreter: Assignment

evalExpr ::. Expression - Statel - Maybe Valuel
interpStmt :: Statement - Statel — Maybe Statel

data Valuel = Valint Int
| ValBool Bool
type Statel = FiniteMap Variable Valuel
o(e) =V
o(X =€) = o ®d{X—V}
interpStmt ( Assignment var ) s =
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Interpreter: Assignment

evalExpr ::. Expression - Statel - Maybe Valuel
interpStmt :: Statement - Statel — Maybe Statel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel
o(e) =V

o(X:=€) =0 ®{X—V}
interpStmt (Assignment var e) s = case evalExpr e s of
Just val - Just (addToFM s var val)

Nothing - Nothing
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Interpreter: Assignment

evalExpr :: Expression - Statel — Maybe Valuel
interpStmt :: Statement - Statel - Maybe Statel

data Valuel = Valint Int
| ValBool Bool

type Statel = FiniteMap Variable Valuel
o(e) =V

o(X:=€) = o @ {X—V}
interpStmt ( Assignment var e) s = case evalExpr e s of
Just val - Just (addToFM s var val)

Nothing - Nothing

45

(Using the Maybe monad:)

interpStmt ( Assignment var e) s = do
val — evalExpr e s of
Just (addToFM s var val)
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Sequencing, Conditionals, L oops

o4(S) = 05 0,(S,) = 03
01(S); ) = 03
o(b) = True o(s) = o4

o(if bthen s, else s, fi) = o4

o(b) = False o(s,) = o,
o(if bthen s, else s, fi) = o,

o(b) = True a(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

46
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o(b) = True

L oop Example

P = whilex <50do X := 2 % Xod

{x— 7}P) =

o(s) = o, o4(while bdo sod) = o,

o(while bdo sod) = o,

o(b) = False

o(while bdo sod) = o

47
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L oop Example

P = whilex <50do X := 2 % Xod

{x— 7} (x < 50) =

o(b) = True

{x— 7}P) =

o(s) = o, o4(while bdo sod) = o,

o(while bdo sod) = o,

o(b) = False

o(while bdo sod) = o

48
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L oop Example

P = whilex <50do X := 2% Xod

{x— 7} (X < 50) = True

o(b) = True

{x— 7}P) =

o(s) = o, o4(while bdo sod) = o,

o(while bdo sod) = o,

o(b) = False

o(while bdo sod) = o

49
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{x— 7} (x < 50) = True

L oop Example

P = whilex <50do X := 2 % Xod

{X—=7}(X:=2%xXx)=>

{x— 7}P) =

o(b) = True o(s) = o, o4(while bdo sod) = o,

o(while bdo sod) = o,

o(b) = False

o(while bdo sod) = o

50
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{x— 7} (x < 50) = True

L oop Example

P = whilex <50do X := 2 % Xod

X7} (X :=2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o, o4(while bdo sod) = o,

o(while bdo sod) = o,

o(b) = False

o(while bdo sod) = o

51
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{x— 7} (x < 50) = True

L oop Example

P = whilex <50do X := 2 % Xod

{x+— 14}(P) =

X7} (X :=2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o, o4(while bdo sod) = o,

o(while bdo sod) = o,

o(b) = False

o(while bdo sod) = o

52
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L oop Example

P = whilex <50do X := 2 % Xod

{x— 14} (x < 50) =

{x— 14}P) =
{x— 7} (x < 50) = True X7} (X :=2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o

53
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L oop Example

P = whilex <50do X := 2 % Xod

{x— 14} (x < 50) = True

{x— 14}P) =
{x— 7} (x < 50) = True X7} (X :=2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x— 14} (x < 50) = True {X— 14} (X := 2% X) =

{x— 14}P) =
{x— 7} (x < 50) = True X7} (X :=2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o

55
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L oop Example

P = whilex <50do X := 2 % Xod

{x+— 14} (x < 50) = True  {X+— 14} (X ;= 2% X) = {X+— 28}

{x— 14}P) =
{x— 7} (x < 50) = True X7} (X :=2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o

56
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L oop Example

P = whilex <50do X := 2 % Xod

{x— 28}(P) =
{x+— 14} (x < 50) = True  {X+— 14} (X ;= 2% X) = {X+— 28}

{x— 14}P) =
{x— 7} (x < 50) = True X7} (X :=2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x— 28} (x < 50) =

{x— 28}(P) =
{Xx— 14} (x < 50) = True  {X+— 14} (X ;= 2xX) = {X+— 28}

{x— 14}(P) =
{X—=T7}(x<50)= True {x—7}(X:=2x%x)= {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x— 28} (x < 50) = True

{x— 28}(P) =
{Xx— 14} (x < 50) = True  {X+— 14} (X ;= 2xX) = {X+— 28}

{x— 14}(P) =
{X—=T7}(x<50)= True {x—7}(X:=2x%x)= {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x—28} (x <50) = True  {x—28}(X:=2xX)=

{x— 28}(P) =
{Xx— 14} (x < 50) = True  {X+— 14} (X ;= 2xX) = {X+— 28}

{x— 14}(P) =
{X—=T7}(x<50)= True {x—7}(X:=2x%x)= {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x — 28} (x < 50) = True {x— 28} (X := 2xX) = {X+— 56}

{x— 28}(P) =
{Xx— 14} (x < 50) = True  {X+— 14} (X ;= 2xX) = {X+— 28}

{x— 14}(P) =
{X—=T7}(x<50)= True {x—7}(X:=2x%x)= {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x+— 28} (x <50) = True  {x— 28} (X :=2x*X) = {x+— 56} {x— 56}(P) =

{x— 28}(P) =
{x— 14} (x < 50) = True {x— 14} (X := 2% X) = {X+— 28}

{X— 14}(P) =
{x— 7} (X < 50) = True {X—= 7} (X 1= 2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x — 56} (x < 50) = False

{x+ 28} (x <50) = True  {x+— 28} (X = 2x*X) = {x+— 56} {x— 56}(P) =

{x— 28}(P) =
{x— 14} (x < 50) = True {x— 14} (X := 2% X) = {X+— 28}

{X— 14}(P) =
{x— 7} (X < 50) = True {X—= 7} (X 1= 2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x — 56} (x < 50) = False

{x+ 28} (x <50) = True  {x+— 28} (X = 2x*X) = {x+— 56} {x— 56}(P) = {x — 56}

{x— 28}(P) =
{x— 14} (x < 50) = True {x— 14} (X := 2% X) = {X+— 28}

{X— 14}(P) =
{x— 7} (X < 50) = True {X—= 7} (X 1= 2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x — 56} (x < 50) = False

{x+ 28} (x <50) = True  {x+— 28} (X = 2x*X) = {x+— 56} {x— 56}(P) = {x — 56}

{x — 28}(P) = {x+— 56}
{x— 14} (X < 50) = True {x— 14} (X := 2% X) = {X+— 28}

{X— 14}(P) =
{x— 7} (X < 50) = True {X—= 7} (X 1= 2%xXx) = {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x — 56} (x < 50) = False

{x+ 28} (x <50) = True  {x+— 28} (X = 2x*X) = {x+— 56} {x— 56}(P) = {x — 56}

{x — 28}(P) = {x+— 56}
{x— 14} (X < 50) = True {x— 14} (X := 2% X) = {X+— 28}

{x— 14}(P) = {x+— 56}
{X—=7}(x<50) = True {x—7}(X:=2x%Xx)= {x— 14}

{x— 7}P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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L oop Example

P = whilex <50do X := 2 % Xod

{x — 56} (x < 50) = False

{x+ 28} (x <50) = True  {x+— 28} (X = 2x*X) = {x+— 56} {x— 56}(P) = {x — 56}

{x — 28}(P) = {x+— 56}
{x— 14} (X < 50) = True {x— 14} (X := 2% X) = {X+— 28}

{x— 14}(P) = {x+— 56}
{X—=7}(x<50) = True {x—7}(X:=2x%Xx)= {x— 14}

{x— 7}P) = {x+— 56}

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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Sequencing, Conditionals, L oops

o4(S) = 05 0,(S,) = 03
01(S); ) = 03
o(b) = True o(s) = o4

o(if bthen s, else s, fi) = o4

o(b) = False o(s,) = o,
o(if bthen s, else s, fi) = o,

o(b) = True a(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o
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Additional Control Structures

do{...}while (...)
* repeat {...}until (...)

e for(...,...,..0{...}
e fori =begtoenddo{...}
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Additional Control Structures
e do{...}while(...)

* repeat {...}until (...)

e for(...,...,..0{...}
e fori =begtoenddo{...}

Options:

— Directdefinition using new operational semanticsrules
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Additional Control Structur es

e do{...}while(...)
* repeat {...}until (...)

e for(...,...,..0{...}
e fori =begtoenddo{...}

Options:

— Directdefinition using new operational semanticsrules

04(S) = 0, 0,(b) = False o04(S) =0, 0,(b) = True o,(do swhile (b)) = o5

o4( do swhile (b)) = o, o4( do swhile (b)) = o5
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Additional Control Structur es

e do{...}while(...)
* repeat {...}until (...)

e for(...,...,..0{...}
e fori=begtoenddo{...}

Options:

— Directdefinition using new operational semanticsrules

0.(8) = 0, 0y(b) = False 04(S) = 0, 0,(b) = True o,(do Swhile (b)) = o5

o4( do swhile (b)) = o, o4( do swhile (b)) = o3

— Translation into core language— derived features
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Additional Control Structur es

e do{...}while(...)
* repeat {...}until (...)

e for(...,...,..0{...}
e fori=begtoenddo{...}

Options:

— Directdefinition using new operational semanticsrules

0.(8) = 0, 0y(b) = False 04(S) = 0, 0y(b) = True o,(do swhile (b)) = o4

o4( do swhile (b)) = o, o4( do swhile (b)) = o3

— Translation into core language— derived features

o.(S; while bdo sod) = o,

o,( do swhile (€)) = o,
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Additional L anguage Features

— Qutput: print (e)

— Input: read (e)

— Nested Scopes (declarationsin inner blocks)
— Function and procedure calls

— Side-effecting expressions
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Additional Language Features

— Qutput: print (€)

— Input: read (€)

— Nested Scopes (declarationsin inner blocks)
— Function and procedure calls

— Side-effecting expressions

Main tasks:
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Additional Language Features

— Qutput: print (€)

— Input: read (e)

— Nested Scopes (declarationsin inner blocks)
— Function and procedure calls

— Side-effecting expressions

Main tasks:
» Define an appropriate state space
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Additional Language Features

— Qutput: print (€)

— Input: read (€)

— Nested Scopes (declarationsin inner blocks)
— Function and procedure calls

— Side-effecting expressions

Main tasks:

» Define an appropriate state space
e Adapt assertion schemasif necessary
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Additional Language Features

Output: print (€)

Input: read (e)

Nested Scopes (declarationsin inner blocks)
Function and procedure calls

Side-effecting expressions

Main tasks:

Define an appropriate state space

» Adapt assertion schemasif necessary

e.g., expression evaluation with side-effects: o(e) = (o', V)
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Additional L anguage Features

— Qutput: print (e)

— Input: read (e)

— Nested Scopes (declarationsin inner blocks)
— Function and procedure calls

— Side-effecting expressions

Main tasks:
» Define an appropriate state space
» Adapt assertion schemasif necessary
e.g., expression evaluation with side-effects. o(e) = (o', V)
o “Port” all existing feature definitionsto the new states
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Additional L anguage Features

— Qutput: print (e)

— Input: read (e)

— Nested Scopes (declarationsin inner blocks)
— Function and procedure calls

— Side-effecting expressions

Main tasks:
» Define an appropriate state space
» Adapt assertion schemasif necessary
e.g., expression evaluation with side-effects. o(e) = (o', V)
o “Port” all existing feature definitionsto the new states
« Appropriately define the new features
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Additional L anguage Features

Output: print (e)

Input: read (€)

Nested Scopes (declarationsin inner blocks)
Function and procedure calls

Side-effecting expressions

Main tasks:

Define an appropriate state space

Adapt assertion schemasif necessary

e.g., expression evaluation with side-effects. o(e) = (o', V)
“Port” all existing feature definitionsto the new states
Appropriately define the new features

Prove “consenetive extension”
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Additional L anguage Features

Output: print (e)

Input: read (€)

Nested Scopes (declarationsin inner blocks)
Function and procedure calls

Side-effecting expressions

Main tasks:

Define an appropriate state space

Adapt assertion schemasif necessary

e.g., expression evaluation with side-effects. o(e) = (o', V)
“Port” all existing feature definitionsto the new states
Appropriately define the new features

Prove “ consenative extension”: mapping from old statesto new isinjective
and preservestransitions.
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New L anguage Feature Example: Output

Assume a new statement “ print (€)”

83
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New L anguage Feature Example: Output

Assume anew statement “ print (e)” that printstheinteger expression eto
the screen.
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New L anguage Feature Example: Output

Assume anew statement “ print (e)” that printstheinteger expression eto
the screen.

* New typing rule: the argument of PRINT hasto be of type integer.
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New L anguage Feature Example: Output

Assume anew statement “ print (e)” that printstheinteger expression eto
the screen.

* New typingrule: the argument of PRINT hasto be of type integer.

* New abstract syntax constructor: Print :: Expression - Statement
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New L anguage Feature Example: Output

Assume anew statement “ print (e)” that printstheinteger expression eto
the screen.

* New typing rule: the argument of PRINT hasto be of type integer.
« New abstract syntax constructor: Print :: Expression — Statement

* New state space: Jate, = Sate x[Z]
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New L anguage Feature Example: Output

Assume anew statement “ print (e)” that printstheinteger expression eto
the screen.

* New typingrule: the argument of PRINT hasto be of type integer.
* New abstract syntax constructor: Print :: Expression - Statement
* New state space: Sate, = Sate x[Z]

* New statement assertion schema: (o, out,)(s) = (o, out,)
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New L anguage Feature Example: Output

Assume anew statement “ print (e)” that printstheinteger expression eto
the screen.

 New typing rule: the argument of PRINT hasto be of type integer.
* New abstract syntax constructor: Print :: Expression - Statement
* New state space: Jate, = Sate x[Z]

* New statement assertion schema: (o, out,)(s) = (o, Out,)

Adapted rules

89
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New L anguage Feature Example: Output

Assume anew statement “ print (e)” that printstheinteger expression eto
the screen.

 New typing rule: the argument of PRINT hasto be of type integer.
* New abstract syntax constructor: Print :: Expression - Statement

* New state space: Jate, = Sate x[Z]

New statement assertion schema: (o, out,)(s) = (o, out,)

Adapted rules, e.q.: o(e) = v
(o,0ut)(X := €) = (o @ {X+— vV}, out)

90
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New L anguage Feature Example: Output

Assume anew statement “ print (e)” that printstheinteger expression eto
the screen.

New typing rule: the argument of PRINT hasto be of type integer.
New abstract syntax constructor: Print :: Expression - Statement
New state space: Sate, = Sate,x[Z]

New statement assertion schema: (o, out,)(s) = (o, out,)

Adapted rules, e.q.: o(e) = v
(o,0ut)(X := €) = (o @ {X+— vV}, out)

Rulesfor new feature:

91
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New L anguage Feature Example: Output

Assume anew statement “ print (e)” that printstheinteger expression eto
the screen.

 New typing rule: the argument of PRINT hasto be of type integer.
* New abstract syntax constructor: Print :: Expression - Statement
* New state space: Jate, = Sate x[Z]

* New statement assertion schema: (o, out,)(s) = (o, Out,)

Adapted rules, e.q.: o(e) = v
(o,0ut)(X := €) = (o @ {X+— vV}, out)

Rulesfor new feature: o(e) =i
(o,out)( print (e)) = (o,out + [i])

92
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New L anguage Feature Example: Output

Assume anew statement “ print (e)” that printstheinteger expression eto
the screen.

 New typing rule: the argument of PRINT hasto be of type integer.
* New abstract syntax constructor: Print :: Expression - Statement
* New state space: Jate, = Sate x[Z]

* New statement assertion schema: (o, out,)(s) = (o, Out,)

Adapted rules, e.q.: o(e) = v
(o,0ut)(X := €) = (o @ {X+— vV}, out)

Rulesfor new feature: o(e) =i
(o,out)( print (e)) = (o,out + [i])

» Check determinism, add to interpreter.
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Exceptions

94
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Exceptions

« Anexception isan event that needsto be handled in a special way
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Exceptions

* Anexception isan event that needsto be handled in a special way

o Examples: system errors, program errors, user errors, undefined operations
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Exceptions

« Anexception isan event that needsto be handled in a special way

o Examples. system errors, program errors, user errors, undefined operations

* Most importantly: eventsthat cannot be conveniently handled where
generated
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Exceptions

* Anexception isan event that needsto be handled in a special way

o Examples: system errors, program errors, user errors, undefined operations

« Most importantly: eventsthat cannot be conveniently handled where
generated

Exception Handling
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Exceptions

« Anexception isan event that needsto be handled in a special way
o Examples. system errors, program errors, user errors, undefined operations

* Most importantly: eventsthat cannot be conveniently handled where
generated

Exception Handling:

» A generated exception isthrown to a higher part of the code
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Exceptions

« Anexception isan event that needsto be handled in a special way

o Examples. system errors, program errors, user errors, undefined operations

* Most importantly: eventsthat cannot be conveniently handled where
generated

Exception Handling:

» A generated exception isthrown to a higher part of the code

A thrown exception is caught by an appropriate exception handler that
processes the exception
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Exceptions

« Anexception isan event that needsto be handled in a special way
o Examples. system errors, program errors, user errors, undefined operations

* Most importantly: eventsthat cannot be conveniently handled where
generated

Exception Handling:
» A generated exception isthrown to a higher part of the code

A thrown exception is caught by an appropriate exception handler that
processes the exception

« Benefitsof an exception handling mechanism:

— Exception-handling code can be separ ated from regular code
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Exceptions

« Anexception isan event that needsto be handled in a special way

o Examples. system errors, program errors, user errors, undefined operations

* Most importantly: eventsthat cannot be conveniently handled where
generated

Exception Handling:

» A generated exception isthrown to a higher part of the code

A thrown exception is caught by an appropriate exception handler that
processes the exception

« Benefitsof an exception handling mechanism:

— Exception-handling code can be separ ated from regular code

— EXxceptions can be handled at the most appropriate place in the code, not
necessarily where they are generated
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Exceptionsin Java
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Exceptionsin Java

In Java, exceptions are represented by objectsin the java.lang.Throwable class.
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Exceptionsin Java

In Java, exceptions are represented by objectsin the javalang.Throwable class.

Thr owabl e hastwo subclasses:
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Exceptionsin Java

In Java, exceptions are represented by objectsin the javalang.Throwable class.

Thr owabl e hastwo subclasses:

e Excepti on: Exceptionswhich can be thrown and caught
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Exceptionsin Java

In Java, exceptions are represented by objectsin the javalang.Throwable class.

Thr owabl e hastwo subclasses:
« Excepti on: Exceptionswhich can be thrown and caught
o Error: Nonrecoverableerrorsthrown by the system
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Exceptionsin Java

In Java, exceptions are represented by objectsin the javalang.Throwable class.

Thr owabl e hastwo subclasses.
e Excepti on: Exceptionswhich can be thrown and caught
o Error: Nonrecoverableerrorsthrown by the system

Two kinds of Exceptions:
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Exceptionsin Java

In Java, exceptions are represented by objectsin the java.lang.Throwable class.

Thr owabl e hastwo subclasses.
e Excepti on: Exceptionswhich can be thrown and caught
e Error: Nonrecoverableerrorsthrown by the system

Two kinds of Exceptions:

» Checked Exceptionswhich must be declared with at hr ows clauseina
method declaration
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Exceptionsin Java

In Java, exceptionsarerepresentedy objectsn thejava.lang.Throwable class.

Thr owabl e hastwo subclasses:

 Excepti on: Exceptionsvhich canbethronn andcaught
e Error: Nonrecoverableerrorsthrovn by thesystem

Two kindsof Exceptions:

» Checked Exceptionswhich mustbedeclaredwvith at hr ows clausen a
methoddeclaration:

All userdefinedexceptions)OExc., ClassNotFoundExc., ...
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Exceptionsin Java

In Java, exceptionsarerepresentedy objectsn thejava.lang.Throwable class.

Thr owabl e hastwo subclasses:
 Excepti on: Exceptionsvhich canbethronn andcaught
e Error: Nonrecoverableerrorsthrovn by thesystem

Two kindsof Exceptions:

» Checked Exceptionswhich mustbedeclaredwvith at hr ows clausen a
methoddeclaration:

All userdefinedexceptions)OExc., ClassNotFoundExc., ...

 Runti neExcepti on: Abnormalruntimeeventswhichneednotbedeclared
with at hr ows clause:

ArithmeticExc., ClassCastExc., lllegalArgumentExc., IndexOutOfBoundsEXxc.,
NullPointerExc., ...
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Exception Handling in Java
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Exception Handling in Java

 Any Java code can construct an exception and then throw it
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Exception Handling in Java

 Any Java code can construct an exception and then throw it

» Exceptionsare caught and handled with a try—catch—finally statement
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Exception Handling in Java

« Any Java code can construct an exception and then throw it
o Exceptionsare caught and handled with a try—catch—finally statement

— Raising an exception terminates the current block
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Exception Handling in Java

« Any Java code can construct an exception and then throw it
o Exceptionsare caught and handled with a try—catch—finally statement
— Raising an exception terminates the current block

— EXxceptions propagate up through the code until they are caught by a catch
substatement
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Exception Handling in Java

« Any Java code can construct an exception and then throw it
o Exceptionsare caught and handled with a try—catch—finally statement
— Raising an exception terminates the current block

— EXxceptions propagate up through the code until they are caught by a catch
substatement

» Every checked exception that can bethrowninamethod must be either caught
In the method or declared in the method with a throws clause
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Exception Handling in Java

Any Java code can construct an exception and then throw it

Exceptions are caught and handled with a try—catch—finally statement
— Raising an exception terminates the current block

— EXxceptions propagate up through the code until they are caught by a catch
substatement

Every checked exception that can bethrown in amethod must be either caught
In the method or declared in the method with athrows clause

Benefits of Java's exception handling mechanism:
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Exception Handling in Java

« Any Java code can construct an exception and then throw it
» Exceptionsare caught and handled with a try—catch—finally statement
— Raising an exception terminates the current block

— EXxceptions propagate up through the code until they are caught by a catch
substatement

» Every checked exception that can bethrowninamethod must be either caught
In the method or declared in the method with athrows clause

» Bendfitsof Java'sexception handling mechanism:

— A classof exceptionscan be subclassed
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Exception Handling in Java

« Any Java code can construct an exception and then throw it
» Exceptionsare caught and handled with a try—catch—finally statement
— Raising an exception terminates the current block

— EXxceptions propagate up through the code until they are caught by a catch
substatement

» Every checked exception that can bethrowninamethod must be either caught
In the method or declared in the method with athrows clause

» Bendfitsof Java'sexception handling mechanism:
— A classof exceptionscan be subclassed

— Thereisan enforced discipline for checked exceptions
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Try-Catch-Finally Statement

try {
try body

}

catch ( Exceptionvar,) {
catd”n1 body

}

catch ( Exceptiogvar,) {
catd"n2 body

}

catch ( Exceptionvar ) {
catch, body

}
finally {

finally body
}
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Try-Catch-Finally Example

iImport java.io x;
class Readl {
public static void main(String[] args) {

1}

BufferedReader in =
new BufferedReader(new InputStreamReader (System.in));
try { System.out.printin("How old are you?");

String inputLine = inreadLine();

Int age = Integer .parselnt(inputLine);

age++;

System.out .printin("Next year, you'll be " + age);
}
catch (IOException exception)
{ System.out .printin("Input/output error " + exception); }
catch (NumberFormatException exception)
{ System.out printin("Input was not a number"); }
finally {if (in # null) { try {in.close();}

catch (IOException exception) {} }}
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Ways of Handling Exceptions
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Ways of Handling Exceptions

o Captureit and execute some codeto deal with it
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Ways of Handling Exceptions

o Captureit and execute some code to deal with it

« Captureit, execute some code, and then rethrow the exception
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Ways of Handling Exceptions

o Captureit and execute some codeto deal with it
« Captureit, execute some code, and then rethr ow the exception

« Captureit, execute some code, and then throw a new exception
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Ways of Handling Exceptions

Capture it and execute some code to deal with it

Capture it, execute some code, and then rethrow the exception

Capture it, execute some code, and then throw a new exception

Capture it and execute no code (ignore the exception)
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Ways of Handling Exceptions

Capture it and execute some code to deal with it

Capture it, execute some code, and then rethrow the exception

Capture it, execute some code, and then throw a new exception

Capture it and execute no code (ignore the exception) — bad idea!

128
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Ways of Handling Exceptions

o Captureit and execute some codeto deal with it

« Captureit, execute some code, and then rethr ow the exception

« Captureit, execute some code, and then throw a new exception

« Captureit and execute no code (ignore the exception) — bad idea!

 Donot captureit (let it propagate up)
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Ways of Handling Exceptions

o Captureit and execute some codeto deal with it

« Captureit, execute some code, and then rethr ow the exception

« Captureit, execute some code, and then throw a new exception

« Captureit and execute no code (ignore the exception) — bad idea!

« Donot captureit (let it propagate up) — may need to declare!
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131

Exceptions— Example

class Simulate4 {

private static void printin(String s)
{System.out .printin(s);}

public staticint _q =0;

public static void main(String[] a)

{ints =g (2);
printin("* "+s+" "+ _q);

}

public static int f(int k, int m) {
printin("f("+k+","+m+")");
_Qq t=m;
intr =g(k) +_q;
printin("f("+k+","+m+")="+r);
returnr;

public static int g(int n) {
printin("g(" + n +")");
INntt =3 *n;
if (t<10){
ry{t=( (n+1,_0q))
}

catch (Exception e) {
printin("g: caught exception!");
_q+=n,
}
}
t=t/ _Qq;
printin("g("+n +")="+1);
return t;
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Operational Semanticsof Exceptions
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Operational Semanticsof Exceptions

Originally: Two kinds of assertions;

o(e) = v — evauating expression e starting in state o can produce value v
o,(s) = o, — execution of statement sstarting in state o, can successfully
terminatein state o,
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Operational Semanticsof Exceptions

Originally: Two kinds of assertions;

o(e) = v — evauating expression e starting in state o can produce value v

o,(s) = o, — execution of statement sstarting in state o, can successfully
terminatein state o,

Now an additional possibility:

o,(s) = (0,,X) — execution of statement s starting in state o, can terminatein
state o, rasing exception x
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Operational Semanticsof Exceptions

Originally: Two kinds of assertions:

o(e) = v — evaluating expression e starting in state o can produce value v
o,(s) = o, — execution of statement s starting in state o, can successfully
terminate in state o,

Now an additional possibility:

a,(S) =N (0,,X) — execution of statement sstarting in state o, can terminate in
state o, rasing exception x

Two additional sequencingrules:
01(81) :l> (021 Z)
oy(sy; S) = (0,2)
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Operational Semanticsof Exceptions

Originally: Two kinds of assertions:

o(e) = v — evauating expression e starting in state o can produce value v
o,(s) = o, — execution of statement sstarting in state o, can successfully
terminatein state o,

Now an additional possibility:

o,(S) = (0,,X) — execution of statement sstarting in state o, can terminate in
state o, rasing exception x

Two additional sequencing rules:
o.(S) = (0,,2) a.(S) = 0, 0,(S,) = (03,2)
1Sy S) = (0,,2) oi(Sy $) = (03,2)
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Operational Semanticsof Exceptions

Originally: Two kinds of assertions:

o(e) = v — evaluating expression e starting in state o can produce value v
o,(s) = o, — execution of statement s starting in state o, can successfully
terminate in state o,

Now an additional possibility:

a,(S) =N (0,,X) — execution of statement sstarting in state o, can terminate in
state o, rasing exception x

Two additional sequencingrules:
o.(S) = (0,,2) o.(s) = 0, 0,(S,) = (03,2)

oi(S; S) = (0, 2) oS ) > (04,2)
Two additional if rules (no exceptionsin expression evaluation yet):

o(b) = True a(s) = (0,%) o(b) = False a(s) = (0%

o(if bthen s else s, fi) = (04, X) o(if bthen s, else s, fi) = (05, X)
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Exceptions— Inter preter

Original statementinterpretation:

interpStmt ;. Statement - Statel - Maybe Statel
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Exceptions— Inter preter

Original statementinterpretation:
interpStmt :: Statement - Statel - Maybe Statel
meaning:

o,(8) = o, Iff interpStmt s o, = Just o,
—do, @ 0,(s) = 0, Iff interpStmt S o, € { L, Nothing}
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Exceptions— Inter preter

Original statementinterpretation:

interpStmt :: Statement - Statel - Maybe Statel

meaning:
o,(8) = o, Iff interpStmt s o, = Just o,
—do, @ 0,(s) = 0, Iff interpStmt S o, € { L, Nothing}

Statement interpretation with exceptions
interpStmtExc :: Statement - Statel - Maybe (Either Statel ( Statel, Exc))
meaning:

o,(8) = o, Iff

o () = (0,,x) iff
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Exceptions— Inter preter

Original statementinterpretation:

interpStmt :: Statement - Statel - Maybe Statel

meaning:
o,(8) = o, Iff interpStmt s o, = Just o,
—do, @ 0,(s) = 0, Iff interpStmt S o, € { L, Nothing}

Statement interpretation with exceptions
interpStmtExc :: Statement - Statel - Maybe (Either Statel ( Statel, Exc))
meaning:

o,(8) = o, Iff interpStmt S o, = Just (Left 0,)

o () = (0,,x) iff
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Exceptions— Inter preter

Original statementinterpretation:

interpStmt :: Statement - Statel - Maybe Statel

meaning:
o,(8) = o, Iff interpStmt s o, = Just o,
—do, @ 0,(s) = 0, Iff interpStmt S o, € { L, Nothing}

Statement interpretation with exceptions
interpStmtExc :: Statement - Statel - Maybe (Either Statel ( Statel, Exc))
meaning:

o,(8) = o, Iff interpStmt S o, = Just (Left 0,)

a,(8) = (0, X) Iff interpStmt s o, = Just (Right (o,, X))
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Exceptions— Inter preter

Original statementinterpretation:

interpStmt :: Statement - Statel - Maybe Statel

meaning:
o,(8) = o, Iff interpStmt s o, = Just o,
—do, @ 0,(s) = 0, Iff interpStmt S o, € { L, Nothing}

Statement interpretation with exceptions

interpStmtExc :: Statement - Statel - Maybe (Either Statel (Statel, Exc))

meaning:
o,(8) = o, Iff interpStmt s o, = Just (Left 0,,)
0,(S) = (0, X) iff  interpStmt s o, = Just (Right (o, X))

Iff interpStmt S o, € { L, Nothing}
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Exceptions— Inter preter

Original statementinterpretation:

interpStmt :: Statement - Statel - Maybe Statel

meaning:
o,(8) = o, Iff interpStmt s o, = Just o,
—do, @ 0,(s) = 0, Iff interpStmt S o, € { L, Nothing}

Statement interpretation with exceptions

interpStmtExc :: Statement - Statel - Maybe (Either Statel (Statel, Exc))

meaning:
o,(8) = o, Iff interpStmt s o, = Just (Left 0,,)
0,(S) = (0, X) iff  interpStmt s o, = Just (Right (o, X))

—Jo, X e o(8) =0,V

o,(S) =N (0,,X) Iff interpStmt S o, € { L, Nothing}
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Exceptionsin Expression Evaluation

Exercise
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Another Loop Example

P = whilex#0dos:=s+x;X:=X—1od

{s—0,x— —4}(P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

{s+—0,
X —4}<X7é0):>

{s—0,x— —4}(P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+x;X:=X—1od

{s+—0,
s _4}(x7é 0) = True
{s+— 0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+x;X:=Xx—1od
{s—0, {s—0, o Dy oy
XH_4}(X#O):>True X}_>_4}(s._s+x,x._x 1 =
{s+— 0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

150

P = whilex#0dos:=s+X;X:=X—1od
{s—0, {s—0, o v {s—~ —4,
XH_4}(X7&O):>True XI—>—4}(S'_S+X’X'_X 1 = X — 5}
{s— 0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

{s— —4, (P) =

{ { { X+— — 5}
s— 0, s— 0, o v o v S— — 4,
XH_4}(X7&O):>True XI—>—4}(S'_S+X’X'_X 1 = X — 5}
{s—0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

15— —4, (x#0) =

X +— — 5}
[ —
N _5}(P):>
{)S(:>>0_,4}(X7é 0) = True {)S(:O_,4}(s = S+X; X::X—l)j{)s(: :f-:,}

{s—0,x— —4}(P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

s —4, (X # 0) = True

X +— — 5}
[ —
N _5}(P):>
{)S(:>>0_,4}(X7é 0) = True {)S(:O_,4}(s = S+X; X::X—l)j{)s(: :f-:,}

{s—0,x— —4}(P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

{s— =4 w10 =T 187 =4 (g _g4x:x=x—1) =
XH—S}( 7 0) = True Xl%—5}( ' o )

{s— —4,
X > —5}(P) ~
{s+—0,

{80, (SZ:S+X;X::X—1)${S'_> —4
X+ —4}

X+ — 4} X+— — 5}

{s—0,x— —4}(P) =

(X # 0) = True

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

{s— =4 w10 =T {sS— =4 g _s+x x=x_1 = 157 —9,
XH—S}( 7 0) = Tue Xl%—5}( ' L ) X+ —6}

{s— —4,
X > —5}(P) ~
{s+—0,

{80, (SZ:S+X;X::X—1)${S'_> —4
X+ —4}

X+ — 4} X+— — 5}

{s—0,x— —4}(P) =

(X # 0) = True

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

{s— —9, (P) =

X+— — 6}
{)S(: :g} (X # 0) = True {)S(: :g} (Si=s+x;Xx=X-1D = {)S(: :2}
{s— —4,
X — —5}(P):>
50, (X # 0) = True {s—0, (s::s+x;x::x—1):>{s'_>_4’

X+— — 4} X+— — 4} X +— — 5}

{s—0,x— —4}(P) =

o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False
o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

{s— —9,
X — —6}()(#0):>

{s— —9, (P) =

{ { { X+— — 6}
S— — 4, S— —4, . o v S— —9,
XH_L__)}(xscéO):>True XH_5}(3._5+x,x._x D= X — 6}
{s— —4,
{ { { Xn—>—5}(P):>
s— 0, s+ 0, . Sy v S— —4,
XH_Ar}(x;éO):>True X}_>_4}(s._s+x,x._x 1= X — 5}
{s+— 0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

{s— —9,
s _6}(x;é0):>True

{s— —9, (P) =

{ { { X+— — 6}
S— — 4, S— —4, . o v S— —9,
XH_L__)}(xscéO):>True XH_5}(3._5+x,x._x D= X — 6}
{s— —4,
{ { { Xn—>—5}(P):>
s— 0, s+ 0, . Sy v S— —4,
XH_Ar}(x;éO):>True X}_>_4}(s._s+x,x._x 1= X — 5}
{s+— 0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

{s= =9 (vLo)= T 57 =9 (g _gex:x=x—1 =
XH—G}( 7 0) = True x»—>—6}( ' o )

{s— —9, (P) =

{ { { X+— — 6}
S— — 4, S— —4, . o v S— —9,
XH_L__)}(xscéO):>True XH_5}(3._5+x,x._x D= X — 6}
{s— —4,
{ { { Xn—>—5}(P):>
s— 0, s+ 0, . Sy v S— —4,
XH_Ar}(x;éO):>True X}_>_4}(s._s+x,x._x 1= X — 5}
{s+— 0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+X;X:=X—1od

{s= =9 (vLo)= T {s =9 (g sty x=x_1 = (5= —15
XH—G}( 7 0) = Tue XI—>—6}( ' o ) X— —7}

{s—= —9, (P) =

{ { { X+— — 6}
S— — 4, S— —4, . o v S— —9,
XH_L__)}(xscéO):>True XH_5}(3._5+x,x._x D= X — 6}
{s— —4,
{ { { Xn—>—5}(P):>
s— 0, s+ 0, . Sy v S— —4,
XH_Ar}(x;éO):>True X}_>_4}(s._s+x,x._x 1= X — 5}
{s+— 0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example
P = whilex#0dos:=s+X;X:=X—1od

{s— _15’(P) N

s =9, (X # 0) = True {5 -9, (s::s+x;x::x—1):>{SH —L xe -7
X+— — 6} X+ — 6} X+ — 7}

{s— —9, (P) =

{ { { X+— — 6}
S— — 4, S— —4, . o v S— —9,
XH_L__)}(xscéO):>True XH_5}(3._5+x,x._x D= X — 6}
{s— —4,
{ { { Xn—>—5}(P):>
s— 0, s+ 0, . Sy v S— —4,
XH_Ar}(x;éO):>True X}_>_4}(s._s+x,x._x 1= X — 5}
{s+— 0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+x;X:=X—1od

{s+— —15,Xx+—~ — 7} (X+£0) =

{s— — 15,
{;5(: :%}(X%O)éﬁue {i: :%}(s ::s+x;x::x—1):>{i: :f} X+—= — 7} F)=

{s— —09,
X —6}(P) -

{s+— —4, X T {s+— —4, S':s+X'X':x—1:>{S'_>_9’
x+—>—5}( 7 0) = Tue X|—>—5}( ' o ) X+— —6}

{S|—> — 4, (P) —

( ( ( S
S— 0, s+— 0, . vy S— —4,
XH_4}(X7§O):>True XH_4}(S._s+x,x._x D= X 5}
{s—0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+x;X:=X—1od

{s— —15,Xx+— — 7} (X 0) = True

{s— — 15,
{;5(: :%}(X%O)éﬁue {i: :%}(s ::s+x;x::x—1):>{i: :f} X+—= — 7} F)=

{s— —09,
X —6}(P) -

{s+— —4, X T {s+— —4, S':s+X'X':x—1:>{S'_>_9’
x+—>—5}( 7 0) = Tue X|—>—5}( ' o ) X+— —6}

{S|—> — 4, (P) —

( ( ( S
S— 0, s+— 0, . vy S— —4,
XH_4}(X7§O):>True XH_4}(S._s+x,x._x D= X 5}
{s—0,x— —4}(P) =
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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Another Loop Example

P = whilex#0dos:=s+x;X:=X—1od

{s— —15,Xx+— — 7} (X 0) = True

{s— — 15,
{;5(: :%}(X%O)éﬁue {i: :%}(s ::s+x;x::x—1):>{i: :f} X+—= — 7} F)=

{s— —09,
X —6}(P) -

{s+— —4, X T {s+— —4, S':s+X'X':x—1:>{S'_>_9’
x+—>—5}( 7 0) = Tue X|—>—5}( ' o ) X+— —6}

{S|—> — 4, (P) —

{ { { e
S— 0, s+— 0, . vy S— —4,
XH_4}(X7§O):>True X}_>_4}(s._s+x,x._x 1= X 5}
{s+— 0,x— —4}(P) =
Thisisnot adirect proof of non-termination!
o(b) = True o(s) = o0,  o4(while bdo sod) = o, o(b) = False

o(while bdo sod) = o, o(while bdo sod) = o
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From Operational to Relational Denotational Semantics

The derivable assertions of shape “o(e) = V'
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From Operational to Relational Denotational Semantics

The derivable assertions of shape “o(e) = V', meaning:
“Ev aluating expressione starting in states canproducevalue Vv’
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From Operational to Relational Denotational Semantics

The derivable assertions of shape “o(e) = V', meaning:
“Ev aluating expressione starting in states canproducevalue Vv’

giveriseto aternary relation evalExpr, : IP (Sate xExprxValue)
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From Operational to Relational Denotational Semantics

The derivable assertions of shape “o(e) = V', meaning:

“Ev aluating expressione starting in states canproducevalue Vv’
giveriseto aternary relation evalExpr, : IP (State xExpr xValue)
which isequivalent to atotal relation-valued function:

MExpr . Expr — IP (State xValue)
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From Operational to Relational Denotational Semantics

The derivable assertions of shape “o(e) = V', meaning:
“Ev aluating expressione starting in states canproducevalue Vv’
giveriseto aternary relation evalExpr, : IP (State xExpr xValue)
which isequivalent to atotal relation-valued function:
MExpr . Expr — IP (State xValue)

MExpr : Expr — (Sate, +» Value)
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From Operational to Relational Denotational Semantics

The derivable assertions of shape “o(e) = V', meaning:

“Ev aluating expressione starting in states canproducevalue Vv’
giveriseto aternary relation evalExpr, : IP (State xExpr xValue)
which isequivalent to atotal relation-valued function:

MExpr . Expr — IP (State xValue)

MExpr : Expr — (Sate, +» Value)

If expression evaluation isdeterministic, the result relationsare all partial
functions
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From Operational to Relational Denotational Semantics

The derivable assertions of shape “o(e) = V', meaning:

“Ev aluating expressione starting in states canproducevalue Vv’
giveriseto aternary relation evalExpr, : IP (State xExpr xValue)
which isequivalent to atotal relation-valued function:

MExpr . Expr — IP (State xValue)

MExpr : Expr — (Sate, +» Value)

If expression evaluation isdeterministic, the result relationsare all partial
functions:

MExpr  Expr — (Sate, + Value)
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From Operational to Relational Denotational Semantics

The derivable assertions of shape “o(e) = v’, meaning:

“Ev aluating expressione starting in stateo canproducevalue Vv’
giveriseto aternary relation evalExpr, : IP (State xExpr xValue)
which isequivalent to atotal relation-valued function:

MExpr : Expr — IP (Sate xValue)

MExpr . Expr — (Sate, «» Value)

If expression evaluation isdeterministic, the result relationsare all partial

functions:
MExpr . Expr — (Sate, + Value)
This corresponds to the Haskell type we have chosen:

evalExpr :: Expression - (Statel -~ Maybe Valuel)
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From Operational to Relational Denotational Semantics

The derivable assertions of shape “o(e) = v’, meaning:

“Ev aluating expressione starting in stateo canproducevalue Vv’
giveriseto aternary relation evalExpr, : IP (State xExpr xValue)
which isequivalent to atotal relation-valued function:

MExpr : Expr — IP (Sate xValue)

MExpr . Expr — (Sate, «» Value)

If expression evaluation isdeterministic, the result relationsare all partial

functions:
MExpr . Expr — (Sate, + Value)
This corresponds to the Haskell type we have chosen:

evalExpr :: Expression - (Statel -~ Maybe Valuel)

Note: For an expression e, we write “[[e]| " instead of “M_ _ (€)".
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Relational Denotational Statement Semantics

The derivable assertions of shape “o(s) = ¢'”, meaning:
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Relational Denotational StatementSemantics

The derivable assertions of shape “o(s) = ¢'”, meaning:

“Executing statementsstarting in statec canterminate in stateo"”
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Relational Denotational StatementSemantics

The derivable assertions of shape “o(s) = ¢, meaning:
“Executing statementsstarting in statec canterminate in stateoc"”

giveriseto aternary relation execStmt, : IP (Sate xSmix3ate,)
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Relational Denotational StatementSemantics

The derivable assertions of shape “o(s) = ¢'”, meaning:

“Executing statementsstarting in statec canterminate in stateo"”
giverisetoaternary relation execStmt, : IP (State, xSmtxJate,)
which isequivalent to atotal relation-valued function:

Mg, - SNt — (Sate, +» Sate))
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Relational Denotational StatementSemantics

The derivable assertions of shape “o(s) = ¢, meaning:
“Executing statementsstarting in statec canterminate in stateoc"”
giveriseto aternary relation execStmt, : IP (Sate xSmix3ate,)
which isequivalent to atotal relation-valued function:
Mg, - Mt — (Sate, « Sate))

If statement execution isdeterministic, we have partial functionsagain:

Mg, - Mt — (Sate, + Sate))



SE3E03, 20031.177

Relational Denotational StatementSemantics

The derivable assertions of shape “o(s) = ¢'”, meaning:
“Executing statementsstarting in statec canterminate in statec'
giverisetoaternary relation execStmt, : IP (Sate, xSmixJate,)
which isequivalent to atotal relation-valued function:
Mg - Mt — (Sate, + Jate))

If statement execution isdeterministic, we have partial functionsagain:

Mg, - Mt — (Sate, + Sate))

Note: For astatement s, we write“[[s]|;” instead of “M_,_(S)”.
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Relational Denotational StatementSemantics

The derivable assertions of shape “o(s) = ¢'”, meaning:
“Executing statementsstarting in statec canterminate in statec'
giverisetoaternary relation execStmt, : IP (Sate, xSmixJate,)
which isequivalent to atotal relation-valued function:
Mg - Mt — (Sate, + Jate))

If statement execution isdeterministic, we have partial functionsagain:

Mg, - Mt — (Sate, + Sate))

Note: For astatement s, we write“[[s]|;” instead of “M_,_(S)”.

Thiscan be used for proving undefinedness

180
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Relational Denotational StatementSemantics

The derivable assertions of shape “o(s) = ¢'”, meaning:
“Executing statementsstarting in statec canterminate in statec'
giverisetoaternary relation execStmt, : IP (Sate, xSmixJate,)
which isequivalent to atotal relation-valued function:
Mg - Mt — (Sate, + Jate))

If statement execution isdeterministic, we have partial functionsagain:

Mg, - Mt — (Sate, + Sate))

Note: For astatement s, we write“[[s]|;” instead of “M_,_(S)”.

Thiscan be used for proving undefinedness

[while x# 0do s :=s+X; X := Xx— lod]

181
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Relational Denotational StatementSemantics

The derivable assertions of shape “o(s) = ¢'”, meaning:
“Executing statementsstarting in statec canterminate in statec'
giverisetoaternary relation execStmt, : IP (Sate, xSmixJate,)
which isequivalent to atotal relation-valued function:
Mg - Mt — (Sate, + Jate))

If statement execution isdeterministic, we have partial functionsagain:

Mg, - Mt — (Sate, + Sate))

Note: For astatement s, we write“[[s]|;” instead of “M_,_(S)”.

Thiscan be used for proving undefinedness

dom [Jwhile x# 0do s :=s+X; X := X— 1od]

182
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Relational Denotational StatementSemantics

The derivable assertions of shape “o(s) = ¢'”, meaning:
“Executing statementsstarting in statec canterminate in statec'
giverisetoaternary relation execStmt, : IP (Sate, xSmixJate,)
which isequivalent to atotal relation-valued function:
Mg - Mt — (Sate, + Jate))

If statement execution isdeterministic, we have partial functionsagain:

Mg, - Mt — (Sate, + Sate))

Note: For astatement s, we write“[[s]|;” instead of “M_,_(S)”.

Thiscan be used for proving undefinedness

{s+— 0,x— — 4} ¢ dom [[while x# 0do s :=s+X; X := X— lod]
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Relational Denotational StatementSemantics

The derivable assertions of shape “o(s) = ¢'”, meaning:
“Executing statementsstarting in statec canterminate in statec'
giverisetoaternary relation execStmt, : IP (Sate, xSmixJate,)
which isequivalent to atotal relation-valued function:
Mg - Mt — (Sate, + Jate))

If statement execution isdeterministic, we have partial functionsagain:

Mg, - Mt — (Sate, + Sate))

Note: For astatement s, we write“[[s]|;” instead of “M_,_(S)”.

Thiscan be used for proving undefinedness

{s+— 0,x— — 4} ¢ dom [[while x# 0do s :=s+X; X := X— lod]

184

This usegpropertiesof mathematicalobject found asdenotationalsemantics

of a statement.
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Denotational Semanticsis Compositional

evalExpr :: Expression - (Statel - Maybe Valuel)
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Denotational Semanticsis Compositional

evalExpr :: Expression - (Statel - Maybe Valuel)
We canreflecttheseparentheseis thedefinition:

evalExpr (Var v) =A s - lookupFM s v
evalExpr (Value lit) = const (Just (litToVal lit))
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Denotational Semanticsis Compositional

evalExpr :: Expression - (Statel — Maybe Valuel)
We canreflecttheseparentheseis thedefinition:

evalExpr (Var v) =A s - lookupFM s v

evalExpr (Value lit) = const (Just (litToVal lit))

evalExpr (Binary (MKkArithOp Plus) el e2) = A s -

case ((evalExpr el) s, (evalExpr e2) s) of

(Just (Valint v1), Just (Valint v2)) - Just (Valint (vl + v2))
— Nothing

187
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Denotational Semanticsis Compositional

evalExpr :: Expression - (Statel - Maybe Valuel)
We canreflecttheseparentheseis thedefinition:

evalExpr (Var v) =A s - lookupFM s v

evalExpr (Value lit) = const (Just (litToVal lit))

evalExpr (Binary (MKArithOp Plus) el e2) = A s -

case ((evalExpr el) s, (evalExpr e2) s) of

(Just (Valint v1), Just (Valint v2)) - Just (Valint (vl + v2))
— Nothing

Translatinghelastcasebackinto mathematicahotation:
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Denotational Semanticsis Compositional

evalExpr :: Expression - (Statel - Maybe Valuel)
We canreflecttheseparentheses thedefinition:

evalExpr (Var v) =A s - lookupFM s v

evalExpr (Value lit) = const (Just (litToVal lit))

evalExpr (Binary (MKArithOp Plus) el e2) = A s -

case ((evalExpr el) s, (evalExpr e2) s) of

(Just (Vallnt v1), Just (Valint v2)) - Just (Valint (vl + v2))
— Nothing

Translatinghelastcasebackinto mathematicahotation:

[e,+e]l. == As — [ell_s+[e]_s
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Denotational Semanticsis Compositional

evalExpr :: Expression - (Statel - Maybe Valuel)
We canreflecttheseparentheses thedefinition:

evalExpr (Var v) =A s - lookupFM s v

evalExpr (Value lit) = const (Just (litToVal lit))

evalExpr (Binary (MKArithOp Plus) el e2) = A s -

case ((evalExpr el) s, (evalExpr e2) s) of

(Just (Vallnt v1), Just (Valint v2)) - Just (Valint (vl + v2))
— Nothing

Translatinghelastcasebackinto mathematicahotation:

[e,+e]l. == As — [ell_s+[e]l_s (usingpartialoperations)
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Denotational Semanticsis Compositional

evalExpr :: Expression - (Statel - Maybe Valuel)
We canreflecttheseparentheses thedefinition:

evalExpr (Var v) =A s - lookupFM s v

evalExpr (Value lit) = const (Just (litToVal lit))

evalExpr (Binary (MKArithOp Plus) el e2) = A s -

case ((evalExpr el) s, (evalExpr e2) s) of

(Just (Vallnt v1), Just (Valint v2)) - Just (Valint (vl + v2))
— Nothing

Translatinghelastcasebackinto mathematicahotation:

[e,+e]l. == As — [ell_s+[e]l_s (usingpartialoperations)

Compositional Semantics

Thesemanticof ead syntacticconstructis definedin termsof the
semanticf its constituents.
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Seguencing, Conditionals, L oopsin Operational Semantics

04(S) = 0 05(S,) = 03
01(Sy; S) = 03
o(b) = True o(s) = o4 o(b) = False o(s,) = o,
o(if bthen s, else s, fi) = o0, o(if bthen s, else s, fi) = o,
o(b) = False

o(while bdo sod) = ¢

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,
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Seguencing, Conditionals, L oopsin Operational Semantics

04(S) = 0 05(S,) = 03
01(Sy; S) = 03
o(b) = True o(s) = o4 o(b) = False o(s,) = o,
o(if bthen s, else s, fi) = o0, o(if bthen s, else s, fi) = o,
o(b) = False

o(while bdo sod) = ¢

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

Thelast operational semanticsrulehereis not compositional!
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Interpreter: Sequencing

o.(S) = 0, 0,(S,) = 03
01(S1; S) = 03
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Interpreter: Sequencing

o.(S) = 0 0,(S) = 03
01(S1; ) = 03

This correspondsto a special case of our Jay ASTSs:
interpStmt ( MkBlock [ stmtl, stmt2]) =
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Interpreter: Sequencing

oy(S) = 05 0,(S,) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:
interpStmt ( MkBlock [ stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
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Interpreter: Sequencing

o.(S) = 0 0,(S) = 03
01(S1; ) = 03

This correspondsto a special case of our Jay ASTSs:

interpStmt ( MkBlock [ stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just sl -
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Interpreter: Sequencing

oy(S) = 05 0,(S,) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:

interpStmt ( MkBlock [ stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
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Interpreter: Sequencing

o.(S) = 0, 0,(S,) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:

interpStmt (MkBlock [stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing
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Interpreter: Sequencing

o.(S) = 0, 0,(S) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:

interpStmt (MkBlock [stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing

Generd case:

interpStmt (MkBlock stmts) = A s — interpBlock stmts s

200
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Interpreter: Sequencing

o.(S) = 0, 0,(S,) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:

interpStmt (MkBlock [stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing

Generd case:

interpStmt (MkBlock stmts) = A s — interpBlock stmts s

interpBlock :: [ Statement] - (Statel — Maybe Statel)
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Interpreter: Sequencing

o.(S) = 0, 0,(S,) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:

interpStmt (MkBlock [stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing

Generd case:

interpStmt (MkBlock stmts) = A s — interpBlock stmts s

interpBlock :: [ Statement] - (Statel — Maybe Statel)
interpBlock [] =
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Interpreter: Sequencing

o.(S) = 0, 0,(S,) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:

interpStmt (MkBlock [stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing

Generd case:

interpStmt (MkBlock stmts) = A s — interpBlock stmts s

interpBlock :: [ Statement] - (Statel — Maybe Statel)
interpBlock [] = Just
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Interpreter: Sequencing

o.(S) = 0, 0,(S) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:

interpStmt (MkBlock [stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing

Generd case:

interpStmt (MkBlock stmts) = A s — interpBlock stmts s

interpBlock :: [ Statement] - (Statel — Maybe Statel)
interpBlock [] = Just

interpBlock (stmt : stmts) =

204
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Interpreter: Sequencing

o.(S) = 0 0,(S) = 03
01(S1; ) = 03

This correspondsto a special case of our Jay ASTSs:

interpStmt ( MkBlock [ stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing

Genera case:

interpStmt ( MkBlock stmts) = A s - interpBlock stmts s

interpBlock :: [ Statement] - (Statel — Maybe Statel)
interpBlock [] = Just

interpBlock (stmt : stmts) = A s -
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Interpreter: Sequencing

oy(S) = 05 0,(S,) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:

interpStmt ( MkBlock [ stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing

Genera case:

interpStmt (MkBlock stmts) = A s — interpBlock stmts s

interpBlock :: [ Statement] - (Statel — Maybe Statel)
interpBlock [] = Just

interpBlock (stmt : stmts) = A s - case interpStmt stmt s of
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Interpreter: Sequencing

o.(S) = 0 0,(S) = 03
01(S1; ) = 03

This correspondsto a special case of our Jay ASTSs:

interpStmt ( MkBlock [ stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing

Genera case:

interpStmt ( MkBlock stmts) = A s - interpBlock stmts s

interpBlock :: [ Statement] - (Statel — Maybe Statel)
interpBlock [] = Just

interpBlock (stmt : stmts) = A s - case interpStmt stmt s of
Just s1 -
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Interpreter: Sequencing

oy(S) = 05 0,(S,) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:

interpStmt ( MkBlock [ stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing

Genera case:

interpStmt (MkBlock stmts) = A s — interpBlock stmts s

interpBlock :: [ Statement] - (Statel — Maybe Statel)
interpBlock [] = Just

interpBlock (stmt : stmts) = A s - case interpStmt stmt s of
Just sl - interpBlock stmts sl
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Interpreter: Sequencing

o.(S) = 0, 0,(S,) = 03
01(S1; S) = 03

Thiscorrespondsto a special case of our Jay ASTs:

interpStmt (MkBlock [stmtl, stmt2]) = A s - case (interpStmt stmtl) s of
Just s1 - (interpStmt stmt2) sl
Nothing — Nothing

Generd case:

interpStmt (MkBlock stmts) = A s — interpBlock stmts s

interpBlock :: [ Statement] - (Statel - Maybe Statel)
interpBlock [] = Just

interpBlock (stmt : stmts) = A s - case interpStmt stmt s of
Just s1 - interpBlock stmts sl

Nothing — Nothing
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) =
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
Just (ValBool False) -
Just (ValBool True) -
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
Just (ValBool False) - Just s
Just (ValBool True) -
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Interpreter: Loops

o(b) = True a(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
Just (ValBool False) — Just s
Just (ValBool True) — case (interpStmt body ) s of
Just sl -
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
Just (ValBool False) - Just s
Just (ValBool True) - case (interpStmt body ) s of
Just s1 - (interpStmt (Loop cond body)) sl
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Interpreter: Loops

o(b) = True a(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
Just (ValBool False) — Just s
Just (ValBool True) — case (interpStmt body ) s of
Just s1 - (interpStmt (Loop cond body)) sl
Nothing — Nothing
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
Just (ValBool False) - Just s
Just (ValBool True) - case (interpStmt body ) s of
Just s1 - (interpStmt (Loop cond body)) sl
Nothing — Nothing
Just (Vallnt i) —» Nothing
Nothing — Nothing
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
Just (ValBool False) — Just s
Just (ValBool True) - case (interpStmt body ) s of
Just s1 — (interpStmt (Loop cond body)) sl
Nothing — Nothing
Just (Valint 1) —» Nothing
Nothing — Nothing

Thisisnot compositional
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
Just (ValBool False) — Just s
Just (ValBool True) - case (interpStmt body ) s of
Just s1 — (interpStmt (Loop cond body)) sl
Nothing — Nothing
Just (Valint 1) —» Nothing
Nothing — Nothing

Thisisnot compositional, but recursive
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
Just (ValBool False) — Just s
Just (ValBool True) - case (interpStmt body ) s of
Just s1 — (interpStmt (Loop cond body)) sl
Nothing — Nothing
Just (Valint 1) —» Nothing
Nothing — Nothing

Thisisnot compositional, but recursive:

“interpStmt (Loop cond body)”
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Interpreter: Loops

o(b) = True o(S) = o4 o,(while bdo sod) = o,
o(while bdo sod) = o,

o(b) = False
o(while bdo sod) = o

interpStmt (Loop cond body) = A s - case (evalExpr cond) s of
Just (ValBool False) — Just s
Just (ValBool True) - case (interpStmt body ) s of
Just s1 — (interpStmt (Loop cond body)) sl
Nothing — Nothing
Just (Valint 1) —» Nothing
Nothing — Nothing

Thisisnot compositional, but recursive:

“interpStmt (Loop cond body)” occursalso on theright-hand side.
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Recur sive Definitions?
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Recur sive Definitions?

Trand ating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]l, = F( [while bdo sod];)
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Recur sive Definitions?

Tranglating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]]s = F( [while bdo sod]|)

|n mathematics:
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Recur sive Definitions?

Tranglating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]]s = F( [while bdo sod]|)
In mathematics:

e “X = {{term not containing x))"
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Recursie Definitions?

Tranglating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]]s = F( [while bdo sod]|)
In mathematics:

« “X = ((term not containing x))" isan explicit definition of x
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Recursie Definitions?

Tranglating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]]s = F( [while bdo sod]|)
In mathematics:

« “x = ((term not containing x))" isan explicit definition of x
¢ “X=F(x)"
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Recursie Definitions?

Trand ating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]| = F( [while bdo sod]|)
|n mathematics:

e “X = ((term not containing x))" isan explicit definition of x
e “x=F(x)” Isanequation
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Recursie Definitions?

Trand ating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]| = F( [while bdo sod]|)
|n mathematics:

e “X = ((term not containing x))" isan explicit definition of x
* “X=F(X)" I1sanequationthat may have many solutions!



SE3E03, 2003 1.229 231

Recursie Definitions?

Trand ating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]| = F( [while bdo sod]|)
|n mathematics:

e “X = ((term not containing x))" isan explicit definition of x
* “X=F(X)" I1sanequationthat may have many solutions!
* “Xx=F(x)" canbeused asimplicit definition of x
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Recur sive Definitions?

Trand ating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]l, = F( [while bdo sod];)
In mathematics:
e “X = ((term not containing x))" isan explicit definition of x
* “x=F(x)" iIsanequation that may have many solutions!

o “X=F(x)” canbeused asimplicit definition of x only if the equation is
known to have exactly one solution!
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Recur sive Definitions?

Trand ating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]l, = F( [while bdo sod];)
In mathematics:
e “X = ((term not containing x))" isan explicit definition of x
* “x=F(x)" iIsanequation that may have many solutions!
« “x=F(x)" canbeused asimplicit definition of x only if the equationis

known to have exactly onesolution! (l.e., writing such a definition produces
aproof obligation of well-definedness)
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Recur sive Definitions?

Trand ating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]l = F( [[while b do sod]|;)
In mathematics:
e “X = ((term not containing x))" isan explicit definition of x
* “x=F(x)" iIsanequation that may have many solutions!
* “Xx=F(x)" canbeused asimplicit definition of x only if the equation is
known to have exactly onesolution! (l.e., writing such a definition produces
aproof obligation of well-definedness)

In denotational semantics
“[[while b do sod]| = F( [while b do sod]|.)"
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Recur sive Definitions?

Tranglating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]]s = F( [while bdo sod]|)
In mathematics:

e “X = ((term not containing x))" isan explicit definition of x

¢ “X=F(X)” Isanequation that may have many solutions!

e “X=F(x)” canbeused asimplicit definition of x only if the equation is
known to have exactly one solution! (l.e., writing such adefinition produces
aproof obligation of well-definedness)

In denotational semantics
“[[lwhile b do sod]ls = F([Iwhile bdo sod];)" considered asequationin
“[while bdo Sod]]S”
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Recur sive Definitions?

Tranglating the Haskell definition back into the mathematical notation we obtain
something of the following shape:

[while b do sod]]s = F( [while bdo sod]|)
In mathematics:
« “Xx = ((term not containing x))" isan explicit definition of x
* “Xx=F(x)" isanequation that may have many solutions!
« “x=F(x)" canbeused asimplicit definition of x only if the equationis

known to have exactly one solution! (l.e., writing such adefinition produces
aproof obligation of well-definedness)

|n denotational semantics.
“[while b do sod]l = F([[while bdo sod],)” considered asequation in

“[while bdo sod]l” usually hasmany solutions!
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Recur sive Function Definitions

How to convert arecursive function definition into an explicit definition?
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Recur sive Function Definitions

How to convert arecursive function definition into an explicit definition?
Start (Haskell):

fact n = if n=0then lelse n Ofact (n—-1)
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Recur sive Function Definitions

How to convert arecursive function definition into an explicit definition?
Start (Haskell):

fact n = if n=0then lelse n Ofact (n—-1)

Principleof extensionality: twofunctionsareequal iff all their resp. applications
to the same argument are equal:
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Recur sive Function Definitions

How to convert arecursive function definition into an explicit definition?
Start (Haskell):

fact n = if n=0then lelse n Ofact (n—-1)

Principleof extensionality: twofunctionsareequal iff all their resp. applications
to the same argument are equal:

fact = A n - if n=0then lelse n Ufact (n—-1)
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Recur sive Function Definitions

How to convert arecursive function definition into an explicit definition?
Start (Haskell):

fact n = if n=0then lelse n Ofact (n—-1)

Principleof extensionality: twofunctionsareequal iff all their resp. applications
to the same argument are equal:

fact = A n - if n=0then lelse n Ufact (n—-1)
Reverse 3-reduction to isolate the RHS occurrence of fact:

fact = (A f - A n - ifn=0thenlelsen 0Of (n-1)) fact
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Recur sive Function Definitions

How to convert arecursive function definition into an explicit definition?
Start (Haskell):
fact n = if n=0then lelse n Ofact (n—-1)
Principleof extensionality: twofunctionsareequal iff all their resp. applications
to the same argument are equal:
fact = A n - if n=0then lelse n Ufact (n—-1)
Reverse 3-reduction to isolate the RHS occurrence of fact:
fact = (A f - A n - ifn=0thenlelsen 0Of (n-1)) fact
Defining (via an explicit definition)

T=Af s An-ifn=0thenlelsen Of (n-1)



SE3E03, 2003 1.241 243

Recur sive Function Definitions

How to convert arecursive function definition into an explicit definition?
Start (Haskell):

fact n = if n=0then lelse n Ofact (n—-1)
Principleof extensionality: twofunctionsareequal iff all their resp. applications
to the same argument are equal:
fact = A n - if n=0then lelse n Ufact (n—-1)
Reverse 3-reduction to isolate the RHS occurrence of fact:
fact = (A f - A n - ifn=0thenlelsen 0Of (n-1)) fact
Defining (via an explicit definition)
T=AfsAnsifn=0thenlelsen Of (n-1)
we recognise afixedpoint equation (stating that fact isafix edpointof 1):

fact = 1 fact
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Fixedpoint Approximation

For the functional T associated with the definition of the factorial function fact,
we observe:

P 1L = 1 = {}
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Fixedpoint Approximation

For the functional T associated with the definition of the factorial function fact,
we observe:

L = 1 = {}
71l = 7L = {0—1}
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Fixedpoint Approximation

For the functional T associated with the definition of the factorial function fact,
we observe:

1L = 1 = {}

71l = 7L = {0—1}
™ 1 = 7(r 1) = {0—1 1—1}
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Fixedpoint Approximation

For the functional T associated with the definition of the factorial function fact,
we observe:

™1l = 1 = {}

71l = 7L = {0—1}

™ 1 = 7(r 1) = {0~—1,1—1}

™1 = 7 1) = {0—~1, 1—1,2~2}
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Fixedpoint Approximation

For the functional T associated with the definition of the factorial function fact,
we observe:

Pl = 1 = {}

Tl = 71 = {0—1}

™ 1 = 7(r 1) = {0—1 1—1}

™1 = 71((( 1) = {0—~1 1—1,2~2}

™ 1 = 71(((r 1)) =  {0—1, 1~1,2—2,3—6}
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Fixedpoint Approximation

For the functional T associated with the definition of the factorial function fact,
we observe:

1L = 1 = {3

Tl = 71 = {0—~1}

™ 1 = 7(r 1) = {0—1 1—1}

=1L = 7(r(r 1)) =  {0—1,1—1 22}

™ 1 = 71((r(r 1)) = {0—~1,1—~1,2—2,3—6}

1l = 7@ @E L)) = {0—11-12-2 36 424}
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Fixedpoint Approximation

250

For the functional T associated with the definition of the factorial function fact,

we observe:

90 1
i
2

\]

S
B~ W
- -

\]
(6]

In addition:;

1

T L

T(r L)

T(r (1 1))
T(r (7 (7 L))
T(r (7 (7 (v 1))

{
{0—1}

{0—1, 11}

{0—1,1—~1,2~2}

{0—1, 1~1,2—2,3—6}
{0—1,1—1,2—2,3—6,4—24}

lCrlCcA21lCc21lLCcLC™ L E...ETLOOO’OOO 1 C ...
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Fixedpoint Approximation

For the functional T associated with the definition of the factorial function fact,
we observe:

Pl = 1 = {}

Tl = 71 = {0—1}

™ 1 = 7(r 1) = {0—1 1—1}

™1 = 7 1) = {0—~1,1—1,2~2}

™ 1 = 71((( 1)) = {0~1,1—1,2—2,3—6}

1l = 7@ @EE L)) = {0~11-12-2 36,424}
In addition:

lCcrlCc2lCclCcAlLlCcr 1L C.. ceoo ) = o

Iterated application of T yieldsbetter and better finite approximationd
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Fixedpoint Approximation

For the functional T associated with the definition of the factorial function fact,
we observe:

™1l = 1 = {

Tl = 71 = {0—1}

™ 1 = 7(r 1) = {0—1 1—1}

™1 = 7 1) = {0—~1,1—1,2~2}

™ 1 = 71((( 1)) = {0~1,1—1,2—2,3—6}

1l = 7@ @EE L)) = {0~11-12-2 36,424}
In addition:

lCcrlCcP?2lCc2LlCraLCr 1L C..Cpho0m ) o
Iterated application of T yieldsbetter and better finite approximationd

Theunion of all these approximationsis the factorial function.
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For partial functions, the least upper bound of an ascending chain isgiven by
set-theoretic union over all elementsof the chain.
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Fixedpoint Semanticsfor Recursion

For partial functions, the least upper bound of an ascending chain isgiven by
set-theoretic union over all elementsof the chain.

254
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Fixedpoint Semanticsfor Recursion

For partial functions, the least upper bound of an ascending chain isgiven by
set-theoretic union over all elementsof the chain.

Semanticsfor arecursivefunction f isarrived at asfollows:



SE3EQ3, 2003 1.254 256

Fixedpoint Semanticsfor Recursion

For partial functions, the least upper bound of an ascending chain isgiven by
set-theoretic union over all elementsof the chain.

Semanticsfor arecursivefunction f isarrived at asfollows:

* Therecursive definition istransformed into a fixedpoint equationf = 7 f.
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Fixedpoint Semanticsfor Recursion

For partial functions, the least upper bound of an ascending chain isgiven by
set-theoretic union over all elementsof the chain.

Semanticsfor arecursivefunction f isarrived at asfollows:
* Therecursive definition istransformed into a fixedpoint equationf = 7 f.

e The“functional” 7 isextracted from that equation.
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Fixedpoint Semanticsfor Recursion

For partial functions, the least upper bound of an ascending chain isgiven by
set-theoretic union over all elementsof the chain.

Semanticsfor arecursivefunction f isarrived at asfollows:
* Therecursive definition istransformed into a fixedpoint equationf = 7 f.
e The“functional” 7 isextracted from that equation.

o User for fixedpoint iteration
L CrlCcr?LlLC 1 LC..
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Fixedpoint Semanticsfor Recursion

For partial functions, the least upper bound of an ascending chain isgiven by
set-theoretic union over all elementsof the chain.

Semanticsfor arecursivefunction f isarrived at asfollows:
* Therecursive definition istransformed into a fixedpoint equationf = 7 f.
e The“functional” 7 isextracted from that equation.

o User for fixedpoint iteration
L CrlCcr?LlLC 1 LC..

 Thesemanticsof f istheleast upper bound of thischain:

[f]=U{k: N e7¢ 1}
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Fixedpoint Semanticsfor Recursion

For partial functions, the least upper bound of an ascending chain isgiven by
set-theoretic union over all elementsof the chain.

Semanticsfor arecursivefunction f isarrived at asfollows:

* Therecursive definition istransformed into a fixedpoint equationf = 7 f.

The*functional” T isextracted from that equation.

Use 7 for fixedpoint iteration
L CrlCcr?LlLC 1 LC..

The semanticsof f istheleast upper bound of thischain:

[f]=U{k: N e7¢ 1}

Thisleast upper bound isthe least fixedpoint of



SE3EQ03, 2003 1.259 261

Fixedpoint Semanticsfor Recursion

For partial functions, the least upper bound of an ascending chain isgiven by
set-theoretic union over all elementsof the chain.

Semanticsfor arecursivefunction f isarrived at asfollows:

e Therecursive definition istransformed into a fixedpoint equationf = 7 f.

The“functional” 7 isextracted from that equation.

Use 7 for fixedpoint iteration
Ll CrlC#?1LC1LC..
The semanticsof f isthe least upper bound of thischain:
[fl=U{k: N e7* 1}
Thisleast upper bound isthe least fixedpoint of 7

| Wewrite® Y 77 for theleast fixedpoint of 7.
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while-L oop Semantics

[ I : Smt— (Sate + Sate)

For p : Smt and e : Expr:

[while e do p]|.

=Y (Af :Sate + Satee A s: Sate o

(f([pll(s) if [e]l(s) = True )

S

L L

if [e]lc(s) = False
otherwise

262

/



SE3EQ3, 2003 1.261 263

Example Statement Semantics

[while True do skip]| =
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Example Statement Semantics

[while True do skip]l= Y(\ f : State ++ State e A s : Sate o f ([[skip]l(9)))

264
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Example Statement Semantics

[while True do skip]l;=Y(A f : State +» State o X s : Sate o f([[skip]l(s)))
=Y(\f . Sate + Satee \ s: Sate o f(9))



SE3EQ3, 2003 1.264 266

Example Statement Semantics

[while True do skip]l= Y(\ f : State ++ State e A s : Sate o f ([[skip]l(9)))
=Y(\f :Sate + Satee A\ s: Sate e f(3))
=Y(\f :Sate + Satee f)
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Example Statement Semantics

[while True do skip]l;=Y(A f : State +» State o X s : Sate o f([[skip]l(s)))
=Y(\f . Sate + Satee \ s: Sate o f(9))
=Y(\f :Sate + Sate e f)
= 1
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Example Statement Semantics

[while True do skip]l= Y(\ f : State ++ State e A s : Sate o f ([[skip]l(9)))
=Y(\f :Sate + Satee A\ s: Sate e f(3))
=Y(\f :Sate + Satee f)
= L

For k : IN, we have:
[whilen>0do (r :=nxr; n:=n-D]({n=k,r—1}) = {n—0, r—k!}
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Summary
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Summary

» The syntax of programming languagesis best described mathematically.
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Summary

» The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
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Summary

e The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.
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Summary

e The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.

— Formalisations can be used by lexer / parser generators etc.
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Summary

e The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.

— Formalisations can be used by lexer / parser generators etc.
— Formalising scope and typing rules can be more involved.
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Summary

» The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.

— Formalisations can be used by lexer / parser generators etc.
— Formalising scope and typing rules can be more involved.

* The semanticsof programming languagesis best described mathematically.



SE3EQ3, 20031.274 276

Summary

» The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.

— Formalisations can be used by lexer / parser generators etc.
— Formalising scope and typing rules can be more involved.

* The semanticsof programming languagesis best described mathematically.
— Different formalisation paradigms. operational, denotational, axiomatic.
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Summary

» The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.

— Formalisations can be used by lexer / parser generators etc.
— Formalising scope and typing rules can be more involved.

* The semanticsof programming languagesis best described mathematically.
— Different formalisation paradigms. operational, denotational, axiomatic.

— Correctnessproofsfor programsonly make sense if the semantics
Isformalised!



SE3EQ3, 2003 1.276 278

Summary

» The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.

— Formalisations can be used by lexer / parser generators etc.
— Formalising scope and typing rules can be more involved.

* The semanticsof programming languagesis best described mathematically.
— Different formalisation paradigms. operational, denotational, axiomatic.

— Correctnessproofsfor programsonly make senseif the semantics
Isformalised!
— Formalising semantics can employ alarge mathematical tool box.
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Summary

e The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.

— Formalisations can be used by lexer / parser generators etc.
— Formalising scope and typing rules can be more involved.

e Thesemanticsof programming languagesis best described mathematically.
— Different formalisation paradigms. operational, denotational, axiomatic.

— Correctnessproofsfor programsonly make sense if the semantics
Isformalised!
— Formalising semantics can employ alarge mathematical tool box.

— Much of the complexity can be hidden in ssmple calculi like Hoare logic.
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Summary

e The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.

— Formalisations can be used by lexer / parser generators etc.
— Formalising scope and typing rules can be more involved.

e Thesemanticsof programming languagesis best described mathematically.
— Different formalisation paradigms. operational, denotational, axiomatic.

— Correctnessproofsfor programsonly make sense if the semantics
Isformalised!
— Formalising semantics can employ alarge mathematical tool box.

— Much of the complexity can be hidden in ssmple calculi like Hoare logic.

« Some programming languages have a“mor e mathematical semantics’
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Summary

e The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.

— Formalisations can be used by lexer / parser generators etc.
— Formalising scope and typing rules can be more involved.

e Thesemanticsof programming languagesis best described mathematically.
— Different formalisation paradigms. operational, denotational, axiomatic.

— Correctnessproofsfor programsonly make sense if the semantics
Isformalised!
— Formalising semantics can employ alarge mathematical tool box.

— Much of the complexity can be hidden in ssmple calculi like Hoare logic.

« Some programming languages have a “mor e mathematical semantics’:
mathematical rules of reasoning can be applied directly to program constructs
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Summary

e The syntax of programming languagesis best described mathematically.

— Different formalisation paradigms. grammars, regular expressions,
automata.
— Formalising context-free syntax is easy.

— Formalisations can be used by lexer / parser generators etc.
— Formalising scope and typing rules can be more involved.

e Thesemanticsof programming languagesis best described mathematically.
— Different formalisation paradigms. operational, denotational, axiomatic.

— Correctnessproofsfor programsonly make sense if the semantics
Isformalised!
— Formalising semantics can employ alarge mathematical tool box.

— Much of the complexity can be hidden in ssmple calculi like Hoare logic.

« Some programming languages have a “mor e mathematical semantics’:
mathematical rules of reasoning can be applied directly to program constructs

* Programmingisa mathematical activity
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Semanticswith Exceptions— Simple Statements

[ Is: Smt — (Sore ++ (Store + (Store x Num)))
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Semanticswith Exceptions— Simple Statements

[ Is: Smt — (Sore ++ (Store + (Store x Num)))

[skip]lq = Left

284



Semanticswith Exceptions— Simple Statements

[_ls: Stmt — (Store + (Store + (Store x Num)))

[skip], = Left

| [s], ® if [s]l(s) = Left
[s;; sl (9) = {Right(t, €) if [s,]l(s) = Right (t, e)
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Semanticswith Exceptions— Simple Statements

[_ls: Smt — (Sore +» (Store + (Store x Num)))

[skip]ls = Left

[s].

[[Sl ; 52]]5 (s) = { Right(t, €

[try s, catch(i) sz]]S (s) =

<

if [s,]l(s) = Left t
if [[51]]5(5) = Right (t, )

[t if [s]l(s) = Left t
[s]t{i—e}) if[s]l(s)=Right (t €

\L if s¢ dom [[s]|
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Semanticswith Exceptions— Expressions

Expr — (Store — (Val + Num))
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Semanticswith Exceptions— Expressions

Expr — (Sore — (Val + Num))

Right (s, val) if [e]lc(s) = Left val
Right (s, exc) if [efl-(s) = Right exc

[throw ef(s) = {
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Semanticswith Exceptions— Expressions

Expr — (Store — (Val + Num))

Right (s, val) if [efl_(s) = Left val
Right (s, exc) if [e]lc(s) = Right exc

[throw e]l(s) = {

Iv= s — {Left (s@ {vval}) it [€]l.(s) = Left val

Right (s, exc) if [e]lc(s) = Right exc



Semanticswith Exceptions— Expressions

Expr — (Store — (Val + Num))

[ Right (s, val) if [efl_(s) = Left val
[throw e]l(s) = {Right (S, exc) if [e]lc(s) = Right exc
B Left (s {v+— val}) if [efl-(s) = Left val
[v:=el(® = Right (s, exc) if [e]l(s) = Right exc
([s0(s) if [b]l_(s) = Left True
[if bthens elSesz]]s(S) :< [[S.Z]]S(S) if (P(6) = Left False
Right (s, excg) if [[b]]_(s) = Left n A nc Num
\ Right (s,exc) if [b]l_(s) = Right exc
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while-Semanticswith Exceptions
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while-Semanticswith Exceptions

Exerclsel
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Output

Semantic Domainsfor simple imperative programswith print statements:
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Output

Semantic Domainsfor simple imperative programswith print statements:

Sval = Bool + Num storable values
Sore = 1d + Sval (smple) stores
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Output

Semantic Domainsfor simple imperative programswith print statements:

Sval = Bool + Num storable values
Sore = 1ld + Sval (ssmple) stores
Sate — Sore™ x [Num] statesincluding output
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Output

296

Semantic Domainsfor simple imperative programswith print statements:

Sval

Sore

Sate

Val

Sore + Val
Sate — Jate

= Bool + Num

= |d + Sval

— Store x [Num]
= Sval

storable values

(smple) stores
statesincluding output
values

(expression semantics)
(new statement semantics)
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Output

Semantic Domainsfor simple imperative programswith print statements:

Sval = Bool + Num storable values

Sore = 1ld + Sval (ssmple) stores

Sate — Sore™ x [Num] statesincluding output
Val = Sval values

Sore + Val (expression semantics)
Sate — Jate (new statement semantics)

In case of program errorsor nontermination, previous output isnot lost!

_ B _ . (s,n:ns) if n= [e]l_(s) € Num
[print e]s =2 (5,1n5) - Sate {( 1 ,ns) otherwise
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Output

Semantic Domainsfor simple imperative programswith print statements:

Sval = Bool + Num storable values

Sore = 1ld + Sval (ssimple) stores

Sate — Store x [Num] statesincluding output
Val = Sval values

Sore + Val (expression semantics)
Sate — Sate (new statement semantics)

In case of program errorsor nontermination, previous output isnot lost!

(s,n:ns) if n=[e]-(s) € Num
i = A (s,ns) : Sate o =
[print e]]S (5,19 {( 1 ,ns) otherwise
Note: statement semantics hereisoversimplified— fixpoint construction in
Sate — Jate doesnot work, except with Haskell-like list domains.
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| nput
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| nput

« Output isreflectedoy theintroductionof astatecomponentepresentingast
output:

State = Store™ x [Num]
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| nput

« Output isreflectedoy theintroductionof astatecomponentepresentingast
output:

State = Soret x [Num]
« (Additional)Input isreflectedoy theintroductionof a statecomponent
representindutureinput:

State = Store™ x [Num] x [Num]
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| nput

« Output isreflected by theintroduction of a state component representing past
output:

State = Soret x [Num]
« (Additional) Input isreflected by the introduction of a state component
representing future input:

State = Store™ x [Num] x [Num]

[read v], =

(s ® {v—in},outs,ins’) if ins=in:ing

A (S, 0uts, Ins) : Sate o _ .
( L ,outs,ins) If iIns= ]
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Scope

Nested scopeswith shadowing of identifiersare modelled as stacks (lists) of
environments

Env =1d + Sval™* environments (with L for uninit. var.)
Sore = [Env] stores

Sate = Soret x [Num] x [Num] statesincluding /O
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Records

Semantic Domains. Only storable values change:

Sval = Bool + Num + (Id +> Sval) storable values

Sate = |d + Sval (smple) stores

Sate + Sval (expression semantics)
Sate + Sate (statement semantics)

New record field expressions:

[e.fl.=As:Satee ([e]-(9)) f
New record construction expressions (not in C or Oberon, but e.g. in Ada):
[record(f,=e,...f =¢)]_=As:Satee {f ~[e] (s)....T ~[e] ()}
New record field assignment statements:

[r.f:=e]l=As:Sateesd {r—((sr) @ {f~>[el(9}}
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Semantics Semantics Semantics Semantics Semantics Semantics Semantics

Semantics Semantics Semantics Semantics Semantics Semantics Semantics
Semantics Semantics



SE3EQ3, 2003 306

L ecture?2

AXxiomatic Semantics
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Axiomatic Semantics
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Axiomatic Semantics

Derivation of judgementswritten as“Hoare triples’

1P}S1Q}
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Axiomatic Semantics

Derivation of judgementswritten as“Hoare triples’
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Axiomatic Semantics

Derivation of judgementswritten as“Hoare triples’
{P}S{Q}
where P and Q are formulae denoting conditions on execution states.

e Pistheprecondition
e Sisaprogram fragment (statement)
e Qisthe postcondition

A Hoaretriple {P}S{Q} hastwo readings
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Axiomatic Semantics

Derivation of judgementswritten as“Hoare triples’
{P}S{Q}
where P and Q are formulae denoting conditions on execution states:

e Pistheprecondition
e Sisaprogram fragment (statement)
e Qisthe postcondition

A Hoaretriple {P}S{Q} hastwo readings:

Total correctness: If Sstartsin a state satisfying P,
then it terminatesand itsterminating state satisfies Q
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Axiomatic Semantics

Derivation of judgementswritten as“Hoare triples’
{P}S{Q}
where P and Q are formulae denoting conditions on execution states:

e Pistheprecondition
e Sisaprogram fragment (statement)
e Qisthepostcondition

A Hoaretriple {P}S{Q} hastwo readings:

Total correctness: If Sstartsin a state satisfying P,
then it terminates and itsterminating state satisfies Q

Partial correctness: If Sstartsin astate satisfying P and terminates
then itsterminating state satisfies Q
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Axiomatic Semantics

Derivation of judgementswritten as“Hoare triples’
{P}S{Q}
where P and Q are formulae denoting conditions on execution states.

e Pistheprecondition
e Sisaprogram fragment (statement)
e Qisthe postcondition

A Hoaretriple {P}S{Q} hastwo readings:

Total correctness: If Sstartsin astate satisfying P,
then it terminatesand itsterminating state satisfies Q

Partial correctness: If Sstartsin astate satisfying P and terminates
then itsterminating state satisfies Q

(“terminates’ means “terminates without run-time error”)
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Axiomatic Semantics

Derivation of judgementswritten as“Hoare triples’
{P}S{Q}
where P and Q are formulae denoting conditions on execution states:

e Pistheprecondition
e Sisaprogram fragment (statement)
e Qisthe postcondition

A Hoaretriple {P}S{Q} hastwo readings:

Total correctness: If Sstartsin a state satisfying P,
then it terminatesand itsterminating state satisfies Q

Partial correctness: If Sstartsin astate satisfying P and terminates,
then itsterminating state satisfies Q

(“terminates’ means “ terminates without run-time error”)
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Axiomatic Semantics

Derivation of judgementswritten as“Hoare triples’

{P1S1Q}

where P and Q are formulae denoting conditions on execution states:

e Pistheprecondition
e Sisaprogram fragment (statement)
e Qisthe postcondition

A Hoaretriple {P}S{Q} hastwo readings:

Total correctness: If Sstartsin a state satisfying P,
then it terminatesand itsterminating state satisfies Q

— “Sistotally correct with respect to P and Q"

Partial correctness: If Sstartsin astate satisfying P and terminates
then itsterminating state satisfies Q

— “Sispartially correct with respect toP and Q”

(“terminates’ means “terminates without run-time error”)
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Axiomatic Semanticsvs. Operational Semantics

e Operational semanticsrelates states via statements
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Axiomatic Semanticsvs. Operational Semantics

e Operational semanticsrelates states via statements

e AXiomatic semanticsreates conditionson states via statements
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Axiomatic Semanticsvs. Operational Semantics

e Operational semanticsrelates states via statements

e AXiomatic semanticsreates conditionson states via statements

Therefore:

o Operational semanticsfacilitatesinvestigation of examples
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Axiomatic Semanticsvs. Operational Semantics

e Operational semanticsrelates states via statements

e AXiomatic semanticsreates conditionson states via statements

Therefore:

« Operational semanticsfacilitatesinvestigation of examples (“testing”)
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Axiomatic Semanticsvs. Operational Semantics

e Operational semanticsrelates states via statements

e AXiomatic semanticsreates conditionson states via statements

Therefore:

« Operational semanticsfacilitatesinvestigation of examples (“testing”)

« AXxiomatic semanticsfacilitatesrelating a program with its specification
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Axiomatic Semanticsvs. Operational Semantics

o Operational semanticsrelates states via statements

e AXxiomatic semanticsrelates conditionson statesvia statements

Therefore:

« Operational semanticsfacilitatesinvestigation of examples (“testing”)

o Axiomatic semanticsfacilitatesrelating a program with its specification
— verification
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
« AXxiomatic semanticsrelates conditionson states via statements
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
e AXxiomatic semanticsrelates conditionson statesvia statements

Relating stateswith conditions on states:
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Relating Axiomatic and Operational Semantics
o Operational semanticsrelates states via statements
« AXxiomatic semanticsrelatesconditionson states via statements

Relating states with conditions on states:
« “sEP” means “condition P holds orisvalid, in state s’
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
« AXxiomatic semanticsrelates conditionson states via statements
Relating stateswith conditions on states:

« “sEP” means “condition P holds, or isvalid, in state s’

For example: « {X—5Yy—7} £ X>0
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Relating Axiomatic and Operational Semantics

e Operational semanticsrelates states via statements

« AXxiomatic semanticsrelatesconditionson states via statements
Relating stateswith conditions on states:

« “sEP” means “condition P holds orisvalid, in state s’

For example: ¢« {x—5Yy—7} £ x>0

¢« X—5y—~T} E 2100255
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Relating Axiomatic and Operational Semantics

e Operational semanticsrelates states via statements

« AXxiomatic semanticsrelatesconditionson states via statements
Relating stateswith conditions on states:

« “sEP” means “condition P holds orisvalid, in state s’
For example: » {x—5y—7} £ x>0

10
" 0=55
e {X—=5y—T} ¥ x>y

e {X—=5y—T7} E
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
e AXxiomatic semanticsrelates conditionson statesvia statements

Relating stateswith conditions on states:
« “sEP” means “conditionP holds, or isvalid, in state s’
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
e AXxiomatic semanticsrelates conditionson statesvia statements

Relating stateswith conditions on states:
« “sEP” means “conditionP holds, or isvalid, in state s’
Thetwo readings of aHoaretriple {P}S{Q}:

Partial correctness. |f Sstartsin astate satisfying P and terminates,
then itsterminating state satisfies Q

330



SE3E03, 2003 2.24

Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
e AXxiomatic semanticsrelates conditionson statesvia statements

Relating stateswith conditions on states:
« “sEP” means “conditionP holds, or isvalid, in state s’

Thetwo readings of aHoaretriple {P}S{Q}:

Partial correctness. |f Sstartsin astate satisfying P and terminates,
then itsterminating state satisfies Q

|.e.: For all States o, and o,

331
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
« AXxiomatic semanticsrelatesconditionson states via statements

Relating stateswith conditions on states:
« “sEP” means “condition P holds orisvalid, in state s’

Thetwo readings of aHoaretriple {P}S{Q}:
Partial correctness. |If Sstartsin a state satisfying P and terminates,
then itsterminating state satisfies Q

|.e.: For all states o, and 0,
|f o, E P

332
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
« AXxiomatic semanticsrelatesconditionson states via statements

Relating stateswith conditions on states:
« “sEP” means “condition P holds orisvalid, in state s’

Thetwo readings of aHoaretriple {P}S{Q}:
Partial correctness. |f Sstartsin astate satisfying P and terminates

then itsterminating state satisfies Q

|.e.: For all states o, and T
if o, P and 0,(5 = o,

333
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
e AXxiomatic semanticsrelates conditionson statesvia statements

Relating stateswith conditions on states:
« “sEP” means “conditionP holds, or isvalid, in state s’

Thetwo readings of aHoaretriple {P}S{Q}:
Partial correctness. |f Sdtartsin astate satisfying P and terminates,

then itsterminating state satisfies Q

|.e.: For all States o, and 0
if o, P and 0,(5) = o,,theno, £ Q

334
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
« AXxiomatic semanticsrelatesconditionson states via statements

Relating stateswith conditions on states:
« “sEP” means “condition P holds orisvalid, in state s’

Thetwo readings of aHoaretriple {P}S{Q}:

Partial correctness. |If Sstartsin a state satisfying P and terminates,
then itsterminating state satisfies Q
l.e.. For all stateso, and o,
if o, P and 0,(5) = o,,theno, £ Q

Total correctness: If Sstartsin a state satisfying P,
then it terminatesand its terminating state satisfies Q

335
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
« AXxiomatic semanticsrelatesconditionson states via statements

Relating stateswith conditions on states:
« “sEP” means “condition P holds orisvalid, in state s’

Thetwo readings of aHoaretriple {P}S{Q}:
Partial correctness. |f Sstartsin astate satisfying P and terminates
then itsterminating state satisfies Q

|.e.: For all states o, and T
if o, F P and 0(S) = o, theno,  Q

Total correctness: If Sstartsin a state satisfying P,
then it terminatesand itsterminating state satisfies Q

|.e.: For all states o

336
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
e AXxiomatic semanticsrelates conditionson statesvia statements

Relating stateswith conditions on states:
« “sEP” means “conditionP holds, or isvalid, in state s’

Thetwo readings of aHoaretriple {P}S{Q}:
Partial correctness. |f Sdtartsin astate satisfying P and terminates,
then itsterminating state satisfies Q

|.e.: For all States o, and 0
if o, P and 0,(5) = o,,theno, £ Q

Total correctness: If Sstartsin a state satisfying P,
then it terminates and itsterminating state satisfies Q

l.e.. For all stateso,if o, P

337
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
e AXxiomatic semanticsrelates conditionson statesvia statements

Relating stateswith conditions on states:
« “sEP” means “conditionP holds, or isvalid, in state s’

Thetwo readings of aHoaretriple {P}S{Q}:

Partial correctness. |f Sdtartsin astate satisfying P and terminates,
then itsterminating state satisfies Q

|.e.: For all States o, and 0
if o, P and 0,(5) = o,,theno, £ Q

Total correctness: If Sstartsin a state satisfying P,
then it terminates and itsterminating state satisfies Q

l.e.. For all stateso,1f 0, P,
thenthereisastate o,

338
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
e AXxiomatic semanticsrelates conditionson statesvia statements

Relating stateswith conditions on states:
« “sEP” means “conditionP holds, or isvalid, in state s’

Thetwo readings of aHoaretriple {P}S{Q}:

Partial correctness. |f Sdtartsin astate satisfying P and terminates,
then itsterminating state satisfies Q

|.e.: For all States o, and 0
if o, P and 0,(5) = o,,theno, £ Q

Total correctness: If Sstartsin a state satisfying P,
then it terminates and itsterminating state satisfies Q

l.e.. For all stateso,1f 0, P,
thenthereisastate o,
suchthat ¢,(S) = o,

339
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Relating Axiomatic and Operational Semantics

o Operational semanticsrelates states via statements
e AXxiomatic semanticsrelates conditionson statesvia statements

Relating stateswith conditions on states:
« “sEP” means “conditionP holds, or isvalid, in state s’

Thetwo readings of aHoaretriple {P}S{Q}:

Partial correctness. |f Sdtartsin astate satisfying P and terminates,
then itsterminating state satisfies Q

|.e.: For all States o, and 0
if o, P and 0,(5) = o,,theno, £ Q

Total correctness: If Sstartsin a state satisfying P,
then it terminates and itsterminating state satisfies Q

l.e.. For all stateso,1f 0, P,
thenthereisastate o,
suchthat ¢,(S) = o,,ando, £ Q

340
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Total correctnessof {P} S{Q}
Isequivalent to
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Proving Partial and Total Correctness

Total correctnessof {P} S{Q}

ISequivalent to

partial correctnessof {P} S {Q} together with the fact that Sterminateswhen
started in a state satisfying P
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Proving Partial and Total Correctness

Total correctnessof {P} S{Q}

Isequivalent to

partial correctnessof {P} S{Q} together with the fact that S terminateswhen
started in a state satisfying P

= usually, separate ter mination proof!
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Proving Partial and Total Correctness

Total correctnessof {P} S{Q}
Isequivalent to

partial correctnessof {P} S{Q} together with the fact that Sterminateswhen
started in a state satisfying P

=- usually, separate ter mination proof!

» For partial correctness, it isrelatively easy to give adirect proof calculus
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Proving Partial and Total Correctness

Total correctnessof {P} S{Q}

ISequivalent to

partial correctnessof {P} S {Q} together with the fact that Sterminateswhen
started in a state satisfying P

= usually, separate ter mination proof!

« For partial correctness, it isrelatively easy to give adirect proof calculus

* Proving partial correctnesstherefore does not need operational semantics
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Proving Partial and Total Correctness

Total correctnessof {P} S{Q}

Isequivalent to

partial correctnessof {P} S{Q} together with the fact that S terminateswhen
started in a state satisfying P

= usually, separate ter mination proof!

» For partial correctness, it isrelatively easy to give adirect proof calculus
* Proving partial correctnesstherefore does not need operational semantics

* Inthefollowing, wewill study and use thiscalculus
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Proving Partial and Total Correctness

Total correctnessof {P} S{Q}
Isequivalent to

partial correctnessof {P} S{Q} together with the fact that Sterminateswhen
started in a state satisfying P

=- usually, separate ter mination proof!

For partial correctness, it isrelatively easy to give adirect proof calculus

Proving partial correctnesstherefore does not need operational semantics

In the following, we will study and use this calculus

(Termination proofs use different methods— well-ordered sets)
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Proving Partial and Total Correctness

Total correctnessof {P} S{Q}

Isequivalent to

partial correctnessof {P} S{Q} together with the fact that Sterminateswhen
started in a state satisfying P

=- usually, separate ter mination proof!

For partial correctness, it isrelatively easy to give adirect proof calculus

Proving partial correctnesstherefore does not need operational semantics

In the following, we will study and use this calculus

(Termination proofs use different methods— well-ordered sets)

Unlessexplicitly mentioned, weread “ {P} S{Q} " asmeaning partial
COr rectness
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Derivation Rulesfor Sequencing, Conditionals, L oops

L ogical consequence: P= P {P}S{Q} Q@ =0Q
P}SIQ}
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Derivation Rulesfor Sequencing, Conditionals, L oops

L ogical consequence: P=P {P}S{Q} Q=0Q
P}SIQ}
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Derivation Rulesfor Sequencing, Conditionals, L oops

L ogical consequence: P= P {P'}S{Q'} Q=0
{P}S{Q}
Sequence: {P}S{R} {R}S,{Q}

{P1S; S{Q}



Derivation Rulesfor Sequencing, Conditionals, L oops

L ogical consequence: P=P {P}S{Q} Q=0
{P}S{Q}

Sequence: {P}Si{R} {R}S{Q}
{P}Si; S,{Q}

Conditional: {P A b}S{Q} {P A -b}S,{Q}

{P}if bthen S;else S, fi{Q}



Derivation Rulesfor Sequencing, Conditionals, L oops

L ogical consequence: P=P {P}S{Q} Q=0Q
{P}S1Q}
Sequence: {P}Si{R} {R}S{Q}
{P}S; S,{Q}
Conditional: {P A Db}S{Q} {P A =b}S{Q}
{P}if bthen S, else S, fi{Q}
while-L oop: {INV A b}S{INV}

{INV }while bdo Sod{INV A —b}
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Axiom Schema for Assignments

{P[x\ g]}x := e{P}

Examples:
o {2=2}x:=2{x=2}
o {x+1=2}x:1=x+1{x=2}

e {n+1=2}x:=n+1{x=2}
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Axiom Schema for Assignments

{P[x\ g]}x := e{P}

Examples:
o {2=2}x:=2{x=2}
o {x+1=2}x:1=x+1{x=2}

e {n+1=2}x:=n+1{x=2}

Typically, Hoare triples are derived starting from the postcondition
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Axiom Schema for Assignments

{P[x\ g]}x := e{P}

Examples:
o {2=2}x:=2{x=2}
o {x+1=2}x:1=x+1{x=2}

e {n+1=2}x:=n+1{x=2}

Typically, Hoare triples are derived starting from the postcondition

— backward reasoning.



SE3EQ03, 20032.53 360

Axiom Schema for Assignments

{P[x\ g]}x := e{P}

Examples:
o {2=2}x:=2{x=2}
o {x+1=2}x:1=x+1{x=2}

e {n+1=2}x:=n+1{x=2}

Typically, Hoare triples are derived starting from the postcondition

— backward reasoning.

Considering thisaxiom schema as a way to calculate a precondition from
assignment and postcondition, it calculatesthe weakest precondition that
completesavalid Hoaretriple.
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Example Verification

n
{True}k :=0; s:= 0; whilek#ndok :=k+1 s:=s+Kkod{s= Zl}
i—1



Example Annotated Program

{True} = {0= ii} k :=0; {0= il}
s:=0; {s= Zk:i}

while k £ n
k+1

do {S:_zk:i/\kyé n}i{s+k+1:2i}
k =k+1 {s+k:zk:i}
=1

S:=s+Kk {szzk:i}

i—1
od

{s= _Ek:i ANk=n} = {s= En:i}
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Example Verification

n
{True}k :=0; s:= 0; whilek#ndok :=k+1 s:=s+Kkod{s= Zl}
i—1
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Example Verification

n
{True}k := 0; s:= O; whilek £ ndo k := k+1; s:= s+ kod{s= » i}
i—1

Kk
< {True}k :=0; s:= 0; whilek#ndo k :=k+1, s:=s+kod{s= Zi A K=n}
i—1
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Example Verification

n
{True}k := 0; s:= O; whilek £ ndo k := k+1; s:= s+ kod{s= » i}
i—1

Kk
< {True}k :=0; s:= 0; whilek#ndo k :=k+1, s:=s+kod{s= Zi A K=n}
i—1

< {True}k := 0; s:= 0{s = Ekii}

=1

A
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Example Verification

n
{True}k := 0; s:= O; whilek £ ndo k := k+1; s:= s+ kod{s= » i}
i—1

Kk
< {True}k :=0; s:= 0; whilek#ndo k :=k+1, s:=s+kod{s= Zi A K=n}
i—1

< {True}k := 0; s:= 0{s = Ekii}

i=1
Kk k

NA{s= Zi}whilek# ndok:=k+1 s:=s+kod{s= Zi Ak =n}
i=1 i=1
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Example Verification

n

{True}k := 0; s:= 0; whilek £ ndo k := k+ 1, s:= s+kod{s= > i}
i—1

Kk
< {True}k :=0; s:= 0; while K#ndo k :=k+ 1 s:= s+kod{s:Zi AK=n}
i—1
k
< {True}k := 0; s:= 0{s= > i}
i—1

k k
A{s= ) ilwhilek#ndok:=k+1 s:=s+kod{s= > i Ak=n}
i=1 i=1

< {True}k := 0{0 = il}

A
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Example Verification

n

{True}k := 0; s:= 0; whilek £ ndo k := k+ 1, s:= s+kod{s= > i}
i—1

Kk
< {True}k := 0; s:=0; whilek£ndo k :=k+1, s:=s+kod{s= Zi AK=n}
i—1

< {True}k := 0; s := 0{s= Ek:'}

k k
A{s= ) ilwhilek#ndok:=k+1 s:=s+kod{s= > i Ak=n}
i=1 i=1

< {True}k := 0{0 = il}
Kk

N {0 = Zk:i}s = 0{s= Zi}

=1

A



SE3EQ3, 2003 2.62 369

Example Verification

n

{True}k := 0; s:= 0; whilek#ndo k :=k+1, s:=s+kod{s= Zi}
i=1

Kk
< {True}k := 0; s:=0; whilek£ndo k :=k+1, s:=s+kod{s= Zi AK=n}
i—1

< {True}k := 0; s := O{s= Ek:'}

k k
A{s= ) ilwhilek#ndok:=k+1 s:=s+kod{s= > i Ak=n}
i=1 i=1

< {True}k := 0{0 = il}
Kk

N {0 = Zk:i}s = 0{s= Zi}

=1

A{S:Zk:i AK#n}k:=k+1; s::s+k{s:_zk:i}



Example Verification (ctd.)

0 0 k
< (Tue=0=) i) A {0=) itk:=0{0=) i}

=1
N True

/\{S:Zk:i/\k#n}k ::k+1{s+k:_zk:i}
Kk

AN{s+k= Zk:i}s = s+ k{s= Zi}

i=1



Example Verification (ctd.)

0 0 k
< (Tue=0=) i) A {0=) itk:=0{0=) i}

=1
N True

/\{S:Zk:i/\k#n}k ::k+1{s+k:_zk:i}
Kk

AN{s+k= Zk:i}s = s+ k{s= Zi}

i=1
< True

A
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Example Verification (ctd.)

<:(True:>0:20:i) A {O:_Zoji}k = O{O:Zk:i}

=1
N True

A{S:Zk:i/\k;én}k ::k+1{s+k:_zk:i}
K

A{s+k= Zk:i}s =s+k{s= Zi}

i=1

< True
k+1

k
As=Y iAk#En=s+k+1=) i
i=1 i=1

A

A

372
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Example Verification (ctd.)

< (True = 0= ZI) A {0= Zl}k_o{o ZI}

N True

/\{S:Zk:i/\k#n}k ::k+1{s+k:_zk:i}

AN{s+k= Zk:i}s = s+ k{s= zk:i}

i=1

< True
k+1

As—Z|/\k7én:>s+k+1 ZI

k+1

As+k+1= Zl}k = k+1{s+k= ZI}

A

373
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Example Verification (ctd.)

0 0 Kk
= (True=0=)» i) A {0=) ilk:=0{0=) i}
=1 =1 =1
A True
Kk k
As=) ink#nlk:=k+1s+k=) i}
=1 =1
K k
A{s+k:Zi}s =S+ k{s:Zi}
=1 =1
< True
K k+1
As=Y iAk#En=s+k+1=) i
=1 =1
K+1 Kk
As+k+1=>) iltk:=k+1s+k=> i}

=1 =1
N True

374
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Example Verification (ctd.)

0 0 Kk
= (True=0=)»_i) A {0=) itk:=0{0=) i}
i=1 i=1 i=1
A True
Kk K
A{s=) ink#nlk:=k+1{s+k=) i}
i=1 =1
K K
A{s+k= Zi}s =s+k{s= Zi}
i=1 i=1
< True
Kk kK+1
As=Y iAk#En=s+k+1=) i
i=1 i=1
k+1 k
As+k+1=) iltk:=k+1{s+k=) i}
i=1 i=1
A True

< True

375
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Finding Proofsof Partial Correctness

 Normally, Backward reasoning drivesthe proof
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Finding Proofsof Partial Correctness

« Normally, Backward reasoning drivesthe proof:

Start to consider the postcondition and how the last statement achievesit
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Finding Proofsof Partial Correctness

« Normally, Backward reasoning drivesthe proof:
Start to consider the postcondition and how the last statement achievesit

» Forward reasoning from the precondition can be useful for smple
assignment sequences and for exploration
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Finding Proofsof Partial Correctness

« Normally, Backward reasoning drivesthe proof:
Start to consider the postcondition and how the last statement achievesit

» Forward reasoning from the precondition can be useful for smple
assignment sequences and for exploration

e For while loops, the postcondition needsto consist of
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Finding Proofsof Partial Correctness

« Normally, Backward reasoning drivesthe proof:
Start to consider the postcondition and how the last statement achievesit

» Forward reasoning from the precondition can be useful for smple
assignment sequences and for exploration

* Forwhile Ioop_)s, the postcondition needsto consist of
— thelnvarlant of thisloop, and
— the negation of the loop condition
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Finding Proofsof Partial Correctness

« Normally, Backward reasoning drivesthe proof:
Start to consider the postcondition and how the last statement achievesit

» Forward reasoning from the precondition can be useful for smple
assignment sequences and for exploration

* Forwhile Ioop_)s, the postcondition needsto consist of
— thelnvarlant of thisloop, and
— the negation of the loop condition

Auxiliary variablesused in aloop areusually involved in theinvariant!
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Finding Proofs of Partial Correctness

« Normally, Backward reasoning drivesthe proof:

Start to consider the postcondition and how the last statement achievesit

« Forward reasoning from the precondition can be useful for ssmple
assignment segquences and for exploration

* Forwhile Ioops, the postcondition needsto consist of
— thelnvar lant of thisloop, and
— the negation of theloop condition

Auxiliary variablesused in aloop areusually involved in theinvariant!
Given aloop “while b do Sod” and a postcondition Q
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Finding Proofsof Partial Correctness

« Normally, Backward reasoning drivesthe proof:
Start to consider the postcondition and how the last statement achievesit

» Forward reasoning from the precondition can be useful for smple
assignment sequences and for exploration

* Forwhile Ioop_)s, the postcondition needsto consist of
— thelnvar lant of thisloop, and
— the negation of theloop condition

Auxiliary variablesused in aloop areusually involved in theinvariant!

Given aloop “while b do Sod” and a postcondition Q, use the consequence
rule to strengthen Q to Q’, such that
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Finding Proofsof Partial Correctness

« Normally, Backward reasoning drivesthe proof:

Start to consider the postcondition and how the last statement achievesit

» Forward reasoning from the precondition can be useful for smple
assignment sequences and for exploration

* Forwhile Ioop_)s, the postcondition needsto consist of
— thelnvarlant of thisloop, and
— the negation of the loop condition

Auxiliary variablesused in aloop areusually involved in theinvariant!

Given aloop “while b do Sod” and a postcondition Q, use the consequence
rule to strengthen Q to Q’, such that

-Q =0Q
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Finding Proofs of Partial Correctness

« Normally, Backward reasoning drivesthe proof:

Start to consider the postcondition and how the last statement achievesit

« Forward reasoning from the precondition can be useful for ssmple
assignment segquences and for exploration

* Forwhile Ioops, the postcondition needsto consist of
— thelnvar lant of thisloop, and
— the negation of theloop condition

Auxiliary variablesused in aloop areusually involved in theinvariant!

Given aloop “while b do Sod” and a postcondition Q, use the consequence
rule to strengthen Q to Q’, such that

— Q' = Q (strengthening)
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Finding Proofsof Partial Correctness

« Normally, Backward reasoning drivesthe proof:
Start to consider the postcondition and how the last statement achievesit

» Forward reasoning from the precondition can be useful for smple
assignment sequences and for exploration

* Forwhile Ioop_)s, the postcondition needsto consist of
— thelnvar lant of thisloop, and
— the negation of theloop condition

Auxiliary variablesused in aloop areusually involved in theinvariant!

Given aloop “while b do Sod” and a postcondition Q, use the consequence
rule to strengthen Q to Q’, such that

— Q' = Q (strengthening)
— Q' involvesall auxiliary variables
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Finding Proofsof Partial Correctness

« Normally, Backward reasoning drivesthe proof:
Start to consider the postcondition and how the last statement achievesit

» Forward reasoning from the precondition can be useful for smple
assignment sequences and for exploration

* Forwhile Ioop_)s, the postcondition needsto consist of
— thelnvarlant of thisloop, and
— the negation of the loop condition

Auxiliary variablesused in aloop areusually involved in theinvariant!

Given aloop “while b do Sod” and a postcondition Q, use the consequence
rule to strengthen Q to Q’, such that

— Q' = Q (strengthening)
— Q' involvesall auxiliary variables— gener alisation!
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Finding Proofsof Partial Correctness

« Normally, Backward reasoning drivesthe proof:
Start to consider the postcondition and how the last statement achievesit

» Forward reasoning from the precondition can be useful for smple
assignment sequences and for exploration

* Forwhile Ioop_)s, the postcondition needsto consist of
— thelnvarlant of thisloop, and
— the negation of the loop condition

Auxiliary variablesused in aloop areusually involved in theinvariant!

Given aloop “while b do Sod” and a postcondition Q, use the consequence
rule to strengthen Q to Q’, such that

— Q' = Q (strengthening)
— Q' involvesall auxiliary variables— gener alisation!
— Q'isof shapelINV A —b
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Simultaneous Assignments

{PIx,\e,...x \el}x,...x) = (e,..e ){P}
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Simultaneous Assignments

{Px;\ &y X V& IHK X)) = (86 ){P)
Examples:

e {1=2Yk,n) :=(0,){n=2¢}



Simultaneous Assignments

{Px;\ &y X V& IHK X)) = (86 ){P)
Examples:

e {1=2Yk,n) :=(0,){n=2¢}

« {y>x+2HXYy) =, X){x>y+2}
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Simultaneous Assignments

{P[x,\e,...x \eliX,...x) = (e,...e ){P}
Examples:

e {1=2Yk,n) :=(0,){n=2¢}

« {y>x+2Hxy) =, X){x>y+2}

Simultaneous assignments

— shorten code

— save auxiliary variables (for example for swapping)
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Simultaneous Assignments

PO\ &y o X\ TN - X)) = (6 ){PY
Examples:

e {1=2(k,n):= (0, D{n= 2

« {y>x+2}xy) = X){Xx>y+2}

Simultaneous assignments

— shorten code

— save auxiliary variables (for example for swapping)

— make proofseasier
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Simultaneous Assignments

{Px;\ &y X V& IHK X)) = (86 ){P)
Examples:

e {1=2Yk,n) :=(0,){n=2¢}

« {y>x+2HXYy) =, X){x>y+2}

Simultaneous assignments

— shorten code

— save auxiliary variables (for example for swapping)
— make proofseasier

— require simultaneous substitution
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Example Problems (with Simultaneous Assignments)

{n>0} (y,a,b):=(0,11;
whiley # ndo (y,a,b) .= (y+1,b,a+b)od {a=fib}

Given an n-element C-like array s, prove partial correctness:.

{True}
(i,a) := (0,0);
while i # n
do if x= g[i]
then (i,a) .= (i+1La+1)
fi od
fa=#{j:IN | §[j]=xA0<j<n}}

What doesthis program do?
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Semanticsand Language Design
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Semanticsand L anguage Design

 Weusetherulesof axiomatic semanticsto prove properties of programs
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Semanticsand L anguage Design

 Weusetherulesof axiomatic semanticsto prove properties of programs

 Weusetherulesoperational semanticsto demonstrate particular execution
paths
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Semanticsand L anguage Design

 Weusetherulesof axiomatic semanticsto prove properties of programs

 Weusetherulesoperational semanticsto demonstrate particular execution
paths

Therulesarenot sacrosanct!
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Semanticsand L anguage Design

 Weusetherulesof axiomatic semanticsto prove properties of programs

 Weusetherulesoperational semanticsto demonstrate particular execution
paths

Therulesarenot sacrosanct!

« Different languageshavedifferent rules

400
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Semanticsand L anguage Design

We usetherulesof axiomatic semanticsto prove propertiesof programs

We use therulesoperational semanticsto demonstrate particular execution
paths

Therulesarenot sacrosanct!

Different languages have different rules

Such rule setsare specifications of language implementations



SE3EQ03, 20032.95 402

Semanticsand Language Design

 Weusetherulesof axiomatic semanticsto prove properties of programs

 Weusetherulesoperational semanticsto demonstrate particular execution
paths

Therulesarenot sacrosanct!

« Different languageshavedifferent rules
e Suchrule setsare specifications of language implementations

 Wedefinetherulesfor language features and extensions
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Semanticsand Language Design

 Weusetherulesof axiomatic semanticsto prove propertiesof programs

 Weusetherulesoperational semanticsto demonstrate particular execution
paths

Therulesarenot sacrosanct!

« Different languageshavedifferent rules
e Suchrule setsare specifications of language implementations
 Wedefinetherulesfor language features and extensions

 Wejustify therulesagainst different presentations of the defined features
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Semanticsand L anguage Design

 Weusetherulesof axiomatic semanticsto prove properties of programs

 Weusetherulesoperational semanticsto demonstrate particular execution
paths

Therulesarenot sacrosanct!

o Different languageshavedifferent rules

e Suchrule setsare specifications of language implementations
 Wedefinetherulesfor language features and extensions

 Wejustify therulesagainst different presentations of the defined features

 Wederivetherulese.g. from source-to-source trandlations
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Fibonacci

{n>0} (y,a,b):=(0,11;
whiley # ndo (y,a,b) ;== (y+1b,a+b)od {a=fib}

405
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Fibonacci

{n>0} (y,a,b):=(0,11;
whiley # ndo (y,a,b) ;== (y+1b,a+b)od {a=fib}
< ( (‘right consequence) )
{n=0}; P{a=fib Ab=fib , Ay=n}
A(a=fib Ab=fib,  Ay=n=a=fib)

406
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Fibonacci
{in>0} (y,a,b):=(0,11;
whiley # ndo (y,a,b) ;= (y+1,b,a+b)od {a=fib }

< ( (‘right consequence) )

{n=0} P{a=fib Ab=fib , Ay=n}

/\(a:fibyAb:fiby+1/\y: n=-a=fib)
< ( ('sequence, logic) )

{n >0} (y,a,b) :=(0,1,1 {a= fiby A b= fiby+1} A

{a= fiby A b=fib . }whiley+# ndo Aod{a= fiby Ab= fiby+1/\ y=n}

y+1
A\ True
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Fibonacci (ctd.)

< ( (left consequence, while) )
(n>0= 1= fib, A 1=fib,, )
A {1=fiby A 1=fib,,,} (v,a,b) :=(0,1,1) {a= fib, Ab= fiby+1}
/\{a:fiby/\b:fiby+1/\y7é n} (y,a,b) ;== (y+1,b,a+b)
{a= fib, Ab= fiby+l}
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Fibonacci (ctd.)

< ( (left consequence, while) )
(n>0= 1= fib, A 1=fib,, )
AN{1=fib, A 1=fiby, .} (y.a,b) := (0,1 1) {a=fib, Ab=fib .}

Aa=fip, Ab=Tib,, Ay#n}(y.ab) = (y+1ba+b)
{a=fib, Ab=1fip,,}

< ( (arithmetic, assignment, left consequence) )
True A True
A (a= flby Ab= 1‘|by+1 AYy#£n= b= flby+l ANa+b= flb(y+l)+1)
A {b = fiby+l ANa+b= fib(y+l)+1} (y,a,b) ;= (y+1b,a+Db)

fa=fib Ab=fib,,}
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Fibonacci (ctd.)

< ( (left consequence, while) )
(n>0= 1= fib, A 1=fib,, )
AN{1=fib, A 1=fiby, .} (y.a,b) := (0,1 1) {a=fib, Ab=fib .}

Aa=fip, Ab=Tib,, Ay#n}(y.ab) = (y+1ba+b)
{a=fib, Ab=1fip,,}

< ( (arithmetic, assignment, left consequence) )
True A True
A (a= flby Ab= 1‘|by+1 AYy#£n= b= flby+l ANa+b= flb(y+l)+1)
A {b = fiby+l ANa+b= fib(y+l)+1} (y,a,b) ;= (y+1b,a+Db)

fa=fib Ab=fib,,}

< ( (arithmetic, assignment) )
True A True
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Array Traversal

Given an n-element C-like array s, prove partial correctness:.

{True}
(i,a) := (0,0);
while i # n
do if x= g[i]
then (i,a) ;== (i+lLa+1
fi od
{fa=#{] N | gj]=xA0<]j<n}}

{True} P{a=#{j:IN | §[[]=xA0<j<n}}

< ( (right consequence) )
{True} Init ; W{a=#{j :IN | Jj]=xA0<j<i}Ai=n}
Al(la=#{]:IN | 9[j]=xA0<] <i} Al =n)= Post)

< ( ('sequence, logic) )

411



{True} (i,@) := (0,0) {a=#{j:IN | gj]=xA0<|<i}}
ANa=#{:IN | gj]=xA0<j<i}}W
{fa=#{j:IN | j]=xA0<j<i}Ai=n}
N True
< ( (left consequence, while) )

(Tue=0=#{]:IN | §j]=xA0<j <0}

A{O=#{]:IN | fj]=xA0<j <0} }(i,a) :=(0,0)
{fa=#{:IN | §[j]=xA0<|<i}}

ANa=#{:IN | gj]=xA0<]j<i}Ai#n}B
fa=#{j:IN | j]=xA0<j<i}}

< ( (logicand arithmetic, assignment, conditional ) )

True A True

ANa=#{:IN | g[]l=xA0<]<i}Ai#nAXx=di]}
(iba):=(+La+D){a=#{:IN | g[j]=xA0<j<i}}

AN(@a=#{:IN | Jj]=XxA0<]<i}ATI£nAX£Yi])=a=4#{ :

N | g[j]l=xA0<)<i})
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< ( (left consequence, logic) )
(@=#{j:IN | J[j]=xA0<]<i} AT #£nAX=d])
=a+1=#{j:IN | Jj]=xA0<]<i+1]
AN{a+1=#{]:IN | gj]l=xA0<]<i+1}}(i,a:=(+La+1l
fa=#{]:IN | g[j]=xA0<j<i}}
N True
< ( (logic, assignment) )
True A True
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Array Traversal

Given an n-element C-like array s, prove partial correctness:.

{True}
(i,a) := (0,0);
while i £ n
do if x= 9]
then (i,a) == (i+la+1
fi od
{fa=#{]:IN | §[j]=xA0<j<n}}
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| nteger Squar e Root

{n >0}

(a,b) :=(0,n+1);
while a+ 1+ b

do d:=(a+b)/2;

ifdxd <n
then a ;= d
elseb :=d

fi
od

{@<n<(a+1%

All variables and expressions are of typeinteger.
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Exercise 11.1(a, b)

True
(arith.)
X2_5$X2_6 True
(arith.) (assign.)
X>—-5=5-x<11 {5—x<1}z:=5-x{z<11}

(conseq .)

{x> —-5}z:=5-x{z< 11}
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Exercise 11.1(a, b)

True
(aith.)
X> —5 = Xx> -6 True
(arith.) (assign.)
X>—-5=5-x<1 {5—x<1}z:=5—-x{z<11}

(conseq .)

{x> —-5}z:=5-x{z< 11}

{x> —-5}z:=5—x{z<UIAXx> -7}

< ( (left consequence) )
X>—-5=5-—-Xx<1UIAXx> -7
ANE—X<UAX>—-T7}z2:=5-x{z<UIAX> -7}

< ( (arithmetic, assignment) )
(X>—-5=X>—-6AX>—7) A True

<  ( (arithmetic) )
True
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Exercise 11.1(c)

{x> —-5}z:=5—-x{z<11Ax> —3}
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Exercise 11.1(c)
{x> —-5}z:=5—-x{z<11Ax> —3}

Using operational semantics, we can prove a counter example:

{X— —5}z:=5-X) =
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Exercise 11.1(c)
{x> —-5}z:=5—-x{z<11Ax> —3}

Using operational semantics, we can prove a counter example:

{X— —5}5—X) =

{X— —5z:=5—X) =
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Exercise 11.1(c)

{x> —-5}z:=5—-x{z<11Ax> —3}

Using operational semantics, we can prove a counter example:

{X+ —5}5) = {x+— —5}x) =

{Xx— —5}(5—X%) =

{X— —5}z:=5—-X%) =

421



SE3E03,20032.113

Exercise 11.1(c)

{x> —-5}z:=5—-x{z<11Ax> —3}

Using operational semantics, we can prove a counter example:

{X— —5}5) =5 {x— —5}x) =

{Xx— —5}(5—X%) =

{X— —5}z:=5—-X%) =

422
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Exercise 11.1(c)
{x> —-5}z:=5—-x{z<11Ax> —3}

Using operational semantics, we can prove a counter example:

{X— —5}(5) =5 {Xx+— —5}X) = —5

{X— —5}5—X) =

{X— —5z:=5—X) =
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Exercise 11.1(c)
{x> —-5}z:=5—-x{z<11Ax> —3}

Using operational semantics, we can prove a counterexample:

{X— —5}(5) =5 {Xx— —5}(x)= —5

{x—= —5}5—x) =10

{X— —5z:=5—X) =
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Exercise 11.1(c)
{x> —-5}z:=5—-x{z<11Ax> —3}

Using operational semantics, we can prove a counterexample:

{X— —5}(5) =5 {Xx— —5}(x)= —5

{x—= —5}5—x) =10

{x— —5z:=5-—Xx)= {x— —5,z— 10}
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Exercise 11.1(c)
{x> —-5}z:=5—-x{z<11Ax> —3}

Using operational semantics, we can prove a counter example:

{x— —5}5) =5 {x+— —5}X)= —5

{x+— —5}5—x) = 10

{Xx+— —5z:=5-—X) = {X— — 5,2~ 10}

Thislast state clearly doesnot satisfy {z < 11 A x > — 3}
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Exercise 11.1(d)

(x> —-5}z:=5—-x;x=x+2{z<11AXx> —3}
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Exercise 11.1(d)

{x> —-5}z:=5-x;Xx:=x+2{z<1UUAx> -3}
< ( seguencerule )
x> —-5}z:=5—-x{z<11 A x+2> -3}
ANMMz<1TI A X+2> —-3}x=x+2{z<UIAx> -3}
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Exercise 11.1(d)

(x> —-5}z:=5—-x;x=x+2{z<11AXx> —3}
< ( sequencerule )
x> —-5}z:=5—-x{z<11 A x+2> -3}
ANMMz<1TI A X+2> —-3}x=x+2{z<UIAx> -3}
< ( left consequence, assignment )
X>—-5=0B-—-x<11 A x+2> —23))
ANSE—X<TL A Xx+2> —-3}z:=5—-x{z<11 A x+2> -3}
N True
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Exercise 11.1(d)

(x> —-5}z:=5—-x;x=x+2{z<11AXx> —3}

< ( sequencerule )
x> —-5}z:=5—-x{z<11 A x+2> -3}
ANz<ITI A Xx+2> —-3}x:i=x+2{z<11AXx> —3}

< ( left consequence, assignment )
X>—-5=0B-—-x<11 A x+2> —23))
ANSE—X<TL A Xx+2> —-3}z:=5—-x{z<11 A x+2> -3}
N True

< (logicand arithmetic, assignment )
X>—-5=x>-6AX>—-5= x> —5)ATrue
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Exercise 11.1(d)

{x> —-5}z:=5-x;Xx:=x+2{z<1UUAx> -3}

< ( seguencerule )
{x> —-5}z:=5—x{z<11 A x+2> -3}
ANMMz<1TI A X+2> —-3}x=x+2{z<UIAx> -3}

< ( left consequence, assignment )
X>—-5=0B-—-x<11 A x+2> —23))
ANSE—X<TL A Xx+2> —-3}z:=5—-x{z<11 A x+2> -3}
A True

< (logicand arithmetic, assignment )
X>—-5=x>-6AX>—-5= x> —5)ATrue

< (arithmetic )
True
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Exercise 11.1(e)

{x> —-5}z:=5—-Xx;Xx:=x+z{z<11AXx=2}

432
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Exercise 11.1(e)
{x> —-5}z:=5—-Xx;Xx:=x+z{z<11AXx=2}

We again use operational semantics (expression evaluation not shown) to prove
acounterexample:

o, = {x+ 0}

0,={X+ 0,2+ 5}

0,={X— 52+ 5}

oi(5—X) =5 o5(X+2) =5

0z :=5—-X) = o, 05(X 1= X+ 2) = 04

0(Z2:=5—X; X:=X+2) = 0y

Although o, = {x — 0} satisfiesthe precondition {x > — 5}, thefinal state
0, = {X+ 5,Z+— 5} doesnot satisfy the postcondition {z < 11 A X = 2}



Exercise 11.1(f)

{z=abs(x)} if x> 0then z:= — zfi {xz2= — x*}
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Exercise 11.1(f)

one-sided conditional:

{z=abs(x)} if x> 0then z:= — zfi {xz2= — x*}

435



Exercise 11.1(f)

{PADb} S {Q} PA-b=0Q
{P}if bthen S fi {Q}

Rulefor one-sided conditional:

{z=abs(x)} if x> 0then z:= — zfi {xz2= — x*}
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Exercise 11.1(f)

{PAD} S {Q} PA-b=Q
{P}if bthen S fi {Q}

Rulefor one-sided conditional:

{z=abs(x)} if x > Othen z:= — zfi {xz= — x°}
< ( one-sided conditional )
{z=abs(X) AX>0}z:= —z{xz= — %}

A(z=abs(X) AX <0 =xz= — X
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Exercise 11.1(f)

{PAD} S {Q} PA-b=Q
{P}if bthen S fi {Q}

Rulefor one-sided conditional:

{z=abs(x)} if x > Othen z:= — zfi {xz= — x°}

< ( one-sided conditional )
{z=abs(X) AX>0}z:= —z{xz= — %}
A(z=abs(X) AX <0 =xz= — X

< ( left consequence, arithmetic )
(z=abs(X) AX>0=X-(—2)= — X9
ANMx-(-2)= —x}z:= —z{x2z= —x°}

ANMz= —X=X2= —X%)
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Exercise 11.1(f)

{PAD} S {Q} PA-b=Q
{P}if bthen S fi {Q}

Rulefor one-sided conditional:

{z=abs(x)} if x > Othen z:= — zfi {xz= — x°}

< ( one-sided conditional )
{z=abs(X) AX>0}z:= —z{xz= — %}
A(z=abs(X) AX <0 =xz= — X

< ( left consequence, arithmetic )
(z=abs(X) AX>0=X-(—2)= — X9
ANMx-(-2)= —x}z:= —z{x2z= —x°}
ANz= —X=%X2= —X°)

< (arithmetic, assignment, arithmetic )
(z=X=X-(—2)= — % A True A True

439
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Exercise 11.1(f)

{PAD} S {Q} PA-b=0Q
{P}if bthen S fi {Q}

Rulefor one-sided conditional:

{z=abs(x)} if x > Othen z:= — zfi {xz= — x°}

< ( one-sided conditional )
{z=abs(X) AX>0}z:= —z{xz= — %}
A(z=abs(X) AX <0 =xz= — X

< ( left consequence, arithmetic )
(z=abs(X) AX>0=X-(—2)= — X9
ANMx-(-2)= —x}z:= —z{x2z= —x°}
ANz= —X=%X2= —X°)

< (arithmetic, assignment, arithmetic )
(z=X=X-(—2)= — % A True A True

< (arithmetic )
True

440
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Exercise 11.1(g)

{z= 0} if x=0then w := True else z := U xfi {-w — xz= 1}

441
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Exercise 11.1(g)

{z= 0} if x=0then w := True else z := U xfi {-w — xz= 1}
< ( conditiona )
{z=0AX=0}wW := True {-w — xz= 1}
AN{z=0AX#0}z:=1Ux{-w—xz=1}

442
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Exercise 11.1(g)

{z=0}if x=0then w := True else z := Uxfi {—-w — xz= 1}

< ( conditiona )
{z=0AX=0}wW := True {-w — xz= 1}
AN{z=0AX#0}z:=1Ux{-w—xz=1}

< ( left consequence, left consequence )
(z=0AX=0= (—True — xz=1))
A {—=True —» xz= 1} W := True {-w — xz= 1}
ANZ=0AX£0= (—-w— x-(I/X)=1))
AN—w—=x-(UX)=1}z:=1Ux{-w—>xz=1}
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Exercise 11.1(g)

{z=0}if Xx=0then w := True else z := I/xfi {-w — xz= 1}

< ( conditiona )
{z=0AXx=0}w := True {-w — xz= 1}
AN{z=0AX#0}z:=1Ux{-w—xz=1}

< ( left consequence, left consequence )
(z=0AX=0= (—True —» x2=1))
A {—True — xz2= 1} w := True {—w — xz = 1}
AN(Zz=0AX#0= (—-w — X-(1/X) = 1))
A=W —X-(UX)=1} z:= UXx{-w— xz=1}

< (logic, assignment, logic, assignment )
(z=0AX=0= (False > x2=D)ATrue AN(X# 0= Xx-(1Ux)=1)
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Exercise 11.1(g)

{z=0}if Xx=0then w := True else z := I/xfi {-w — xz= 1}
< ( conditiona )
{z=0AX=0}w := True {-w — xz= 1}
AN{z=0AX#0}z:=1Ux{-w—xz=1}
< ( left consequence, left consequence )
(z=0AX=0= (—True - xz=1))
A {—True — xz2= 1} w := True {—w — xz = 1}
AN(Zz=0AX#0= (—-w — X-(1/X) = 1))
A=W —X-(UX)=1} z:= UXx{-w— xz=1}
< (logic, assignment, logic, assignment )
(z=0AX=0= (False > x2=D)ATrue AN(X# 0= Xx-(1Ux)=1)
< ( exfalsoquodlibet, arithmetic )
(z=0AX=0 = True) A True
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Exercise 11.1(g)

{z=0} if x=0then w := True else z := U xfi {-w — xz= 1}
< ( conditional )
{z=0AX=0}w := True {-w — xz= 1}
AN{z=0AX#£0}z:=1UX{-wW—xz=1}
< ( left consegquence, left consequence )
(z=0AX=0= (—True — xz=1))
A {—True = xz= 1} W := True {-w — xz= 1}
ANZ=0AX£0= (—-w—x-(IUX)=1)
A=W —X-(UX)=1} z:= UXx{-w— xz=1}
< (logic, assignment, logic, assignment )
(z=0AX=0= (False > x2=1D)ATrue A\(X#0=Xx-(1U/x)=1)
< ( exfalsoquodlibet, arithmetic )
(z=0AX=0= True) A True
< (logic )
True
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Operational Semantics:

repeat ... until ...

447
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repeat ... until ...

Operational Semantics:

o(S) = oy o4(b) = True

o(repeat suntil b) = o,

448
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Operational Semantics:

repeat ... until ...

o(S) = o

o,(b) = True

o(S) = oy

o(repeat suntil b) = o,

o,(b) = False

o,(repeat suntil b) = o,

o(repeat suntil b) = o,

449
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repeat ... until ...

Operational Semantics:

o(S) = o4 o,(b) = True

o(repeat suntil b) = o,

o(S) = oy o,(b) = False o,(repeat suntil b) = o,

o(repeat suntil b) = o,

Axiomatic Semantics:

{INV} S {INV}

{INV} repeat suntil b {INV A b}
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Proper for-Loops— Operational Semantics

Proper for-loop: Number of iterations determined at loop entrance:

 the upper limit cannot be changed
 theloop variable cannot be advanced or reset
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Proper for-Loops— Operational Semantics

Proper for-loop: Number of iterations determined at loop entrance:

 the upper limit cannot be changed
 theloop variable cannot be advanced or reset

Operational Semantics:

Vi:N|b<i<ee
obeg) =b o(end)=e op=0 (0, D{V—=i})(S) = 0i4q

o(for v = begto end do sod) = oayp e+ 1)

452
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Proper for-Loops— Operational Semantics

Proper for-loop: Number of iterations determined at loop entrance:

 the upper limit cannot be changed
 theloop variable cannot be advanced or reset

Operational Semantics:

Vi:N|b<i<ee
obeg) =b o(end)=e op=0 (0, D{V—=i})(S) = 0i4q

o(for v = begto end do sod) = oayp e+ 1)

* Thisresetsthe loop variable at the beginning of each iteration

o A dtatictest can prevent assignmentsto the loop variable

453
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Exercise11.2

{True}
(i,j,s) :==(0,0,0);

while i # ndo
ifi =]
then (i,],S) .= (i+1,0,s+ 1)
else (J,S) .= ( +1,s+2)
fi

od
{s=r*+2j}

454
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Exercisell.2— Proof

{True} (i,j,s) := (0,0,0) ; whilei £ ndo Bod {s=n*+2j}

455
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Exercisell.2— Proof

{True} (i,j,s) := (0,0,0) ; whilei £ ndo Bod {s=n*+2j}

< ( right consequence )
{True} (i,j,s) := (0,0,0) ; whilei £ ndo Bod {s=i°+2j Ai=n}
AS=1P+2] Ai=n=s=r?+2)

456
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Exercisell.2— Proof

{True} (i,j,s) := (0,0,0) ; whilei £ ndo Bod {s=n*+2j}
< ( right consequence )
{True} (i,j,s) := (0,0,0) ; whilei £ ndo Bod {s=i°+2j Ai=n}
AS=1P+2] Ai=n=s=r?+2)
< ( sequence, logic)
{True} (i,j,s) := (0,0,0) {s=i*+2j}
A{s=i*+2j} whilei£ndoBod {s=i+2j Ai=n}
A True
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Exercisell.2— Proof

{True} (i,j,9) := (0,0,0) ; whilei # ndo Bod {s=n*+ 2j}
< ( right consequence )
{True} (i,j,s) := (0,0,0) ; whilei £ ndo Bod {s=i°+2j Ai=n}
AS=1P+2] Ai=n=s=r?+2)
< ( sequence, logic)
{True} (i,j,s) := (0,0,0) {s=i*+2j}
A{s=i*+2j} whilei£ndoBod {s=i+2j Ai=n}
A True
< ( left consequence, while -rule )
(True = 0=0°+2-0)
A{0=0°+2-0}(i,j,s) := (0,0,0) {s=i2+2j}
A{s=i?+2j Ai£n}ifi=]then (i,j,s) :=({+10,s+1)
else (j,S) = (j + 1L, s+ 2)fi {s=i%+2j}
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Exercisell.2— Proof (ctd.)

< (arithmetic, assignment, conditiona )
True A True
As=iP+2f Ai£nAi=j}(,j,9):=(@{+107s+1 {s=i*+2j}
As=iP+2J ANi#nAi#£j}(,9):=({+1s+2) {s=i*+2j}
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Exercisell.2— Proof (ctd.)

< (arithmetic, assignment, conditiona )
True A True
As=iP+2f Ai£nAi=j}(,j,9):=(@{+107s+1 {s=i*+2j}
As=iP+2J ANi#nAi#£j}(,9):=({+1s+2) {s=i*+2j}
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Exercisell.2— Proof (ctd.)

< (arithmetic, assignment, conditiona )
True A True
As=iP+2f Ai£nAi=j}(,j,9):=(@{+107s+1 {s=i*+2j}
As=iP+2J ANi#nAi#£j}(,9):=({+1s+2) {s=i*+2j}
< ( left consequence, left consequence )
(s=iP+2j ANi#+nAi=j=>s+1=(+2°+2-0)
A{s+1=(+2?+2-0}(i,j,s) :=(+10,s+1) {s=i’+2j}
AS=i2+2J Ni£nAi#tj=>s+2=i?+2-(j+1)
As+2=1"+2-(+ D} (,9) = ( +15+2) {s=i*+2j}
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Exercisell.2— Proof (ctd.)

< (arithmetic, assignment, conditiona )
True A True
As=iP+2f Ai£nAi=j}(,j,9):=(@{+107s+1 {s=i*+2j}
As=iP+2J ANi#nAi#£j}(,9):=({+1s+2) {s=i*+2j}
< ( left consequence, left consequence )
(s=iP+2j ANi#+nAi=j=>s+1=(+2°+2-0)
A{s+1=(+2?+2-0}(i,j,s) :=(+10,s+1) {s=i’+2j}
AS=i2+2J Ni£nAi#tj=>s+2=i?+2-(j+1)
As+2=1"+2-(+ D} (,9) = ( +15+2) {s=i*+2j}
< (arithmetic, assignment, arithmetic, assignment )
True A True A True A True
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Exercisell.2— Stronger Postcondition

{True}
(i,j,s) :=(0,0,0);
while | # ndo
if i =]
then (i,],8) .= (i+1,0,s+ 1)
else (J,S) :=( +1,s+2)
fi
od

fs=r?}
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Exercisell.2— Stronger Postcondition

{True}
(i,j,s) :=(0,0,0);
while | # ndo
if i =]
then (i,],8) .= (i+1,0,s+ 1)
else (J,S) :=( +1,s+2)
fi
od

fs=r?}

Challenge: How can you prove this?

464
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Exercisell.2— Stronger Postcondition

{True}
(i,j,s) :=(0,0,0);
while | # ndo
if i =]
then (i,],8) .= (i+1,0,s+ 1)
else (J,S) :=( +1,s+2)
fi
od

fs=r?}

Challenge: How can you prove this?
Can you reformulate the program to make this easier?
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Operational and Axiomatic Semantics

* Operational Semantics proves statements of the following shape:

Sate, ( Satement ) = Sate,
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Operational and Axiomatic Semantics

* Operational Semantics proves statements of the following shape:
Sate, (Satement ) = Sate,

For some combinations of Satement and Statel, No such State2 exists...
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Operational and Axiomatic Semantics

* Operational Semantics proves statements of the following shape:
Sate, (Satement) = Sate,
For some combinations of Statement and Sate,, no such Jate, exists....

Proofs about a single execution path: (counter-)examplesrather than
verification of specifications
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Operational and Axiomatic Semantics

« Operational Semantics proves statements of the following shape:
Sate, (Satement ) = Sate,

For some combinations of Satement and Statel, no such State2 exists...

Proofs about a single execution path: (counter-)examplesrather than
verification of specifications

e Axiomatic Semantics proves statements of the following shape:
{ Precondition } Statement { Postcondition }

469
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Operational and Axiomatic Semantics

« Operational Semantics proves statements of the following shape:
Sate, (Satement ) = Sate,
For some combinations of Statement and Sate;, no such Jate, exists....
Proofs about a single execution path: (counter-)examplesrather than
verification of specifications
e Axiomatic Semantics proves statements of the following shape:
{ Precondition } Satement { Postcondition }

Proofs operate on conditionson statesinstead of states: abstracting away
from states
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Operational and Axiomatic Semantics

« Operational Semantics proves statements of the following shape:
Sate, (Satement ) = Sate,
For some combinations of Statement and Sate;, no such Jate, exists....
Proofs about a single execution path: (counter-)examplesrather than
verification of specifications
e Axiomatic Semantics proves statements of the following shape:
{ Precondition } Satement { Postcondition }

Proofs operate on conditionson statesinstead of states: abstracting away
from states

For different properties, different proofs along the same program structure.
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Denotational Semantics

e Denotational Semantics proves statements of the following shape:
[Satement]] = F

for some function or relation F.
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Denotational Semantics

e Denotational Semantics proves statements of the following shape:
[Satement]] = F

for some function or relation F.

F typically isarestricted kind of function between semantic domains.
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Denotational Semantics

« Denotational Semantics proves statements of the following shape:
[Satement]] = F

for some function or relation F.

F typically isarestricted kind of function between semantic domains.

Since F isasingle mathematical object, it may be used as starting point for
showing any kind of (functional) program properties
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Denotational Semantics

« Denotational Semantics proves statements of the following shape:
[Satement]] = F

for some function or relation F.

F typically isarestricted kind of function between semantic domains.

Since F isasingle mathematical object, it may be used as starting point for
showing any kind of (functional) program properties

In the textbook, denotational semantics appears mostly as a reorganisation of
operational semantics.

| n general, the denotational semanticsisfar more abstract than operational
semantics, and employs advanced concepts from discrete mathematics.
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Semantic Domainsfor Denotational Semantics

Usually, all semantics domains have
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Semantic Domainsfor Denotational Semantics

Usually, all semantics domains have

— adefinednessordering C
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Semantic Domainsfor Denotational Semantics

Usually, all semantics domains have

— adefinednessordering C , and

— aleast element 1 (read: “bottom”)wrt. C
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Semantic Domainsfor Denotational Semantics

Usually, all semantics domains have

— adefinednessordering C ,and

— aleast element 1 (read: “bottom”)wrt. C:
Vx:De L CX
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Semantic Domainsfor Denotational Semantics

Usually, all semantics domains have

— adefinednessordering C ,and

— aleast element 1 (read: “bottom”)wrt. C:
Vx:De L CX

— (least upper bounds of chainsx, C x, E X, C ...)
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Semantic Domainsfor Denotational Semantics

Usually, all semantics domains have

— adefinednessordering C ,and

— aleast element 1 (read: “bottom”)wrt. C:
Vx:De L CX

— (least upper bounds of chainsx, C x, E X, C ...)

For simple semanticsof imperative programs, setsof partial functionsA + B
can be used asdomains:

— the subset ordering C serves as definedness ordering:
Vi, g:A+BefCg:&fCg

— theempty function @ : A + Bisthealeast el ement of A + B.
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Semantic Domainsfor Simple I mperative Programs

Bool = {True, False} booleans
Num =2Z numbers

482
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Semantic Domainsfor Simple I mperative Programs

Bool = {True, False} booleans
Num =Z numbers
Sval — Bool + Num storable values
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Semantic Domainsfor Simple I mperative Programs

Bool = {True, False} booleans
Num =2Z numbers
Sval — Bool + Num storable values

Id Identifiers
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Bool
Num
Sval
Id
Sate

Semantic Domainsfor Simple I mperative Programs

= {True, False}
=Z
— Bool + Num

= |d + Sval

booleans
numbers
storable values
Identifiers
(smple) stores

485
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Bool
Num
Sval
Id
Sate
Val

Semantic Domainsfor Simple I mperative Programs

= {True, False}
—Z
= Bool + Num

= |d + Sval
= Sval

booleans
numbers
storable values
Identifiers
(smple) stores
values

486
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Semantic Domainsfor Simple I mperative Programs

Bool

Num

Sval

Id

Sate

Val

Sate + Val

= {True, False}
=Z
— Bool + Num

=Id + Sva
= Sval

booleans

numbers

storable values
Identifiers

(ssmple) stores

values

(expression semantics)

487
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Semantic Domainsfor Simple I mperative Programs

Bool

Num

Sval

Id

Sate

Val

Sate + Val
Sate + Jate

= {True, False}
=Z
— Bool + Num

=Id + Sva
= Sval

booleans

numbers

storable values
Identifiers

(smple) stores

values

(expression semantics)
(statement semantics)

488
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Direct Sums, or Digoint Unions

“A+ B” isthedirect sum of the two sets A and B.

489
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Direct Sums, or Digoint Unions

“A+ B’ isthedirect sum of the two sets A and B.
You may have seen the definition of the equivalent digoint union:
AdB={a:Ae(0,a)} U{b:Be(1b)}
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Direct Sums, or Digoint Unions

“A+ B” isthedirect sum of the two sets A and B.

You may have seen the definition of the equivalent digoint union:

AuB={a:Ae(0,a)}U{b:Be(1b)}

In Haskell, there isthe following prelude type constructor:
data Either a b = Left a | Right b

491
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Direct Sums, or Digoint Unions

“A+ B’ isthedirect sum of the two sets A and B.
You may have seen the definition of the equivalent digoint union:
AdB={a:Ae(0,a)} U{b:Be(1b)}

In Haskell, there isthe following prelude type constructor:
data Either a b = Left a | Right b

This producesthe two constructorsfor Either (which areinjections):

Left :: a — Either ab
Right :: b - Either a b

492
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Direct Sums, or Digoint Unions

“A+ B” isthedirect sum of the two sets A and B.

You may have seen the definition of the equivalent digoint union:
AugB={a:Ae(0,a)}U{b:Be(lLDh)}

In Haskell, there isthe following prelude type constructor:
data Either a b = Left a | Right b

This producesthe two constructorsfor Either (which areinjections):

Left :: a — Either ab
Right :: b - Either a b

and allows pattern matching:

valShow :: Either Integer Bool - String
valShow (Left i) ="int:" + show I
valShow (Right b) = "bool:" + show b

493
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Direct Sums, or Digoint Unions

“A+ B’ isthedirect sum of the two sets A and B.
You may have seen the definition of the equivalent digoint union:
AuB={a:Ae(0,a)} U{b:Be(1b)}

In Haskell, there isthe following prelude type constructor:
data Either a b = Left a | Right b

This producesthe two constructorsfor Either (which areinjections):

Left :: a — Either a b
Right :: b — Either a b

and allows pattern matching:

valShow :: Either Integer Bool - String
valShow (Left i) ="int:" + show i
valShow (Right b) = "bool:" + show b

In mathematical use, Left and Right are frequently not mentioned.

494
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Semantic Functions

[ : Expr — (Sate + Val) expression semantics

[l : Smt — (Sate +» Sate) statement semantics
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Semantic Functions

[_Ic : Expr — (Sate + Val) expression semantics
[ 1s : Smt — (State + State) statement semantics
[ Jo : Op— ((Val x Val) ++ Val) operator semantics (given)
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Semantic Functions

[ e : Expr — (Sate + Val) expression semantics
[ 1 - smt — (Sate + State) statement semantics
[_Io : Op— ((Val x Val) + Val) operator semantics (given)
Textbook: | |
. (Expr x Sate) + Val expression semantics
M . (Smt x Sate) + Sate statement semantics

ApplyBinary : (Op x Val x Val) + Val operator semantics
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Semantic Functions

[ e : Expr — (Sate + Val) expression semantics
[ 1 - smt — (Sate + State) statement semantics
[_Io : Op— ((Val x Val) + Val) operator semantics (given)
Textbook: | |
. (Expr x Sate) + Val expression semantics
M . (Smt x Sate) + Sate statement semantics

ApplyBinary : (Op x Val x Val) + Val operator semantics

 No clean separation between syntax and semantics
» Undefinedness ordering less obvious
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Expression Semantics
Expr ::=1d | Num | Bool | Expr Op Expr
[ Il : Expr — (Sate + Val)

Assumings : Sate, i.e, s: Id + Sval, we define:

forv :Id: [v]e () = s(V)
— undefined if s(Vv) isundefined!
for n : Num: [n]: (s) =n
for b : Bool: [b]l- (s) =b
fore,e, : Expr;op: Op: [e, op ez]]E (s) = [[op]]o([[el]]E (), [[ez]]E (9))

— undefined if [[e]|_ (s) or [[&,]]_ (s) undefined, or from [[op]] !
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EXxpression Semantics
Expr ::=1d | Num | Bool | Expr Op Expr
[l : Expr — (Sate + Val)

Assuming s : Sate, i.e, s:ld + Sval, wedefine:

forv:ld: vl (s) = (V)
— undefined if s(v) isundefined!
for n : Num: [n] (s) =n
for b : Bool: [b]l- (s) =b
fore,e, : Expr;op: Op: [e, op ez]]E (s) = [[op]]O([[el]]E (s), [[ez]]E (s))

— undefined if [[e,]]_ (s) or [&,]]_ (s) undefined, or from [op]] !

Where clear from the context, we write [[ ]| instead of [[e]|..
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ExpressionSemantics— Examples

Examples: Let s, = {x—5, y—42, z—0}:

501
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ExpressionSemantics— Examples

Examples: Let s, = {x—5, y—42, z—0}:

[x+yl(s) =1[x](s)+[yl(s) =s(X)+s(y) =5+42 =47



ExpressionSemantics— Examples

Examples: Let s, = {x—5,y—42, z—0}:
[x+yli(s) =1[xl(s)+yll(s) =s(X)+s(y) =5+42 =47

[7-dls) =M70(s)—[alls) =7—s@ =7-1L =1
uninit. var.!
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ExpressionSemantics— Examples

Examples: Let s, = {x—5, y—42, z—0}:

[[X + y]] (S]_) — [[X]](S]_ + [[y]] (Sl) — S]_(X) + Sl(y) =5+42

[[7_ Q]](Sl) = [[7]](51 — [[CI]](Sl) =/ — sl(q) —7— |

Writing“ L ” hereisshort-hand for indicating undefinedterms.

47

= |
uninit. var.!

504
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ExpressionSemantics— Examples

Examples: Let s, = {x—5, y—42, z—0}:

[x+vyl(s) =[xl(sy+ylls) =s(x)+s(y) =5+42 =47
[7—als) =[70(s)—[all(s) =7—-sa) =7—1L =1

uninit. var.!
[12/z](s) =[22[(s)/ [zll(s) =12/s(®) =12/0 = L

Writing“ L ” hereisshort-hand for indicating undefinedterms.



ExpressionSemantics— Examples

Examples: Let s, = {x—5, y—42, z—0}:

[x+yl(s) =1[x](s)+[yl(s) =s(X)+s(y) =5+42 =47

[7-dls) =M70(s)—[alls) =7—s@ =7-1L =1
uninit. var.!
[12/z](s) =[22[(s)/ [zll(s) =12/s(®) =12/0 = L

[x&&YI(s) = [x[(s) AIYll(s) =s,(X) As(y) =5n42 = 1
wrongtype!

Writing“ L ” hereisshort-hand for indicating undefinedterms.
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Statement Semantics

[ 1s : Smt— (Sate + Sate)

Fors:Sate i.e, s:ld + Sval, andp,p,p,: Imtande : Expr and v : Id:

]:Skip:[s (S) =S
[v:=e] (s) =s® {v—[e]. (9}
— undefined if [[e]l (s) is undefined!
[Py 5 Pl = [[p,, ° [Pl
| ( [p.]l, (s) if [eflz (s) = True
[it ethen p, de P, () —{ o] (s) if [€]l. (s) = False
.undefined otherwise
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Relating Simple Denotational and Oper ational Semantics

Simple Denotational Simple Oper ational

lele (¢) = v & o,(€) = Vv

[[S]]S (0,) = 0o, = o,(s) = o,
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Relating Simple Denotational and Oper ational Semantics

Simple Denotational Simple Oper ational
lele (¢) = v & o,(€) = Vv
[[S]]S (0,) = 0o, = o,(s) = o,

* [€ell. and [[s] are explicit functions
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Relating Simple Denotational and Oper ational Semantics

Simple Denotational Simple Oper ational
lele (¢) = v & o,(€) = Vv
[[S]]S (0,) = 0o, = o,(s) = o,

* [€ell. and [[s] are explicit functions

 These can be considered asresults of function abstraction from the
operational semanticsof eand s.
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A-Calculus (Textbook 8.1)— Moti vation for the A-Notation

The usual way to define functions:
f(X) = 2 X — 3



SE3EQ03, 20032.203 512

A-Calculus (Textbook 8.1)— Moti vation for the A-Notation

The usual way to define functions:
f(X) = 2 X — 3

Thisisnot an explicit definition!
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A-Calculus (Textbook 8.1)— Moti vation for the A-Notation

The usual way to define functions:
f(X) = 2 X — 3
Thisisnot an explicit definition!

For an explicit definition, the defined item needsto stand alone on the |eft-hand
sideof “ =".
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A-Calculus (Textbook 8.1)— Moti vation for the A-Notation

The usual way to define functions:
f(X) = 2 X — 3
Thisisnot an explicit definition!
For an explicit definition, the defined item needsto stand alone on the |eft-hand

sideof “ =". Therefore, we need away to denote afunction on the right-hand
side.
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A-Calculus (Textbook 8.1)— Moti vation for the A-Notation

The usual way to define functions:
f(X) = 2 X — 3
Thisisnot an explicit definition!
For an explicit definition, the defined item needsto stand alone on the |eft-hand

sideof “ =". Therefore, we need away to denote afunction on the right-hand
side. A-abstraction issuch a notation:

f=AXe2xXx—3
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A-Calculus (Textbook 8.1)— Moti vation for the A-Notation

The usual way to define functions:
f(X) = 2 X — 3
Thisisnot an explicit definition!

For an explicit definition, the defined item needsto stand alone on the |eft-hand
sideof “ =". Therefore, we need away to denote afunction on the right-hand
side. A-abstraction issuch anotation:

f=AXe2xXx—3

Thisisequivalent to the above.
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A-Calculus (Textbook 8.1)— Moti vation for the A-Notation

The usual way to define functions:
f(X) = 2 X — 3
Thisisnot an explicit definition!

For an explicit definition, the defined item needsto stand alone on the |eft-hand
sideof “ =". Therefore, we need away to denote afunction on the right-hand
side. A-abstraction issuch anotation:

f=AXe®2xXx—3
Thisisequivalent to the above. Therefore:

f5 = (AXxe2%xX—3)5 = 2%5— 3
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A-Calculus (Textbook 8.1)— Moti vation for the A-Notation

The usual way to define functions:
f(X) = 2 X — 3

Thisisnot an explicit definition!

For an explicit definition, the defined item needsto stand alone on the |eft-hand
sideof “ =". Therefore, we need away to denote afunction on the right-hand
side. A-abstraction issuch anotation:

f=AXe®2xXx—3
Thisisequivalent to the above. Therefore:
f5=(AXe2xx—3)5 = 2%x5—3

A-abstraction binds avariable (here: X).
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A-Calculus (Textbook 8.1)— Moti vation for the A-Notation

The usual way to define functions:
f(X) = 2 X — 3

Thisisnot an explicit definition!

For an explicit definition, the defined item needsto stand alone on the |eft-hand
sideof “ =". Therefore, we need away to denote afunction on the right-hand
side. A-abstraction issuch anotation:

f=AXe®2xXx—3
Thisisequivalent to the above. Therefore:
f5=(AXe2xx—3)5 = 2%x5—3

A-abstraction binds avariable (here: X). Application of a A-abstraction to an
argument isreducedto the body of the abstraction with the bound variable
replaced by the argument.



SE3EQ3, 20032.211 520

A-Terms

Now the formal definition of untyped A-terms. An untyped A-term iseither

e avariable Xx,y,z,..., or

« afunction application (M) N of oneuntyped A-term F (the function) to
another A (the argument), or

o afunction abstraction A x ¢ B of an untyped A-term B (the body) over a
variable x.
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A-Terms

Now the formal definition of untyped A-terms. An untyped A-term iseither

e avariable Xx,y,z,..., or

« afunction application (M) N of oneuntyped A-term F (the function) to
another A (the argument), or

o afunction abstraction A x ¢ B of an untyped A-term B (the body) over a
variable x.

Note: Every untyped A-term can be used as function in function applications!
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A-Terms

Now the formal definition of untyped A-terms. An untyped A-term iseither

e avariable Xx,y,z,..., or

« afunction application (M) N of oneuntyped A-term F (the function) to
another A (the argument), or

o afunction abstraction A x ¢ B of an untyped A-term B (the body) over a
variable x.

Note: Every untyped A-term can be used as function in function applications!

Note: We add and omit parentheses using the rulesthat are used in Haskell:
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A-Terms

Now the formal definition of untyped A-terms. An untyped A-term iseither

e avariable Xx,y,z,..., or

« afunction application (M) N of oneuntyped A-term F (the function) to
another A (the argument), or

o afunction abstraction A x ¢ B of an untyped A-term B (the body) over a
variable x.

Note: Every untyped A-term can be used as function in function applications!

Note: We add and omit parentheses using the rulesthat are used in Haskell:
o A-abstraction extends asfar right as possible, usually until an unmatched
closing parenthesis or the end of theterm.
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A-Terms

Now the formal definition of untyped A-terms. An untyped A-term iseither

e avariable Xx,y,z,..., or

« afunction application (M) N of oneuntyped A-term F (the function) to
another A (the argument), or

o afunction abstraction A x ¢ B of an untyped A-term B (the body) over a
variable x.

Note: Every untyped A-term can be used as function in function applications!

Note: We add and omit parentheses using the rulesthat are used in Haskell:
o A-abstraction extends asfar right as possible, usually until an unmatched

closing parenthesis or the end of theterm.
» Application associatesto the left, i.e., f X yisunderstood to mean (f x) .

According to the definition above, thiswould actually haveto be ((f) x) .
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A-Terms

Now the formal definition of untyped A-terms. An untyped A-term iseither

e avariable Xx,y,z,..., or

« afunction application (M) N of oneuntyped A-term F (the function) to
another A (the argument), or

o afunction abstraction A x ¢ B of an untyped A-term B (the body) over a
variable x.

Note: Every untyped A-term can be used as function in function applications!

Note: We add and omit parentheses using the rulesthat are used in Haskell:
o A-abstraction extends asfar right as possible, usually until an unmatched

closing parenthesis or the end of theterm.
» Application associatesto the left, i.e., f X yisunderstood to mean (f x) .

According to the definition above, thiswould actually haveto be ((f) x) .

The A-calculuswas intended by itsinventor, Alonzo Church (1903-1995), asa
foundation of mathematics based on functionsinstead of on sets.
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FreeVariables

Theset FV (M) of the variablesoccurring freeinthe A-term M isdefined
inductively over the construction of A-terms (thisiscalled: structural
Induction):

+ FV() = {x}
e FV(\AXeM)=FV(M)\ {x}

« FV(M N) = FV(M) UFV(N)
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Variable Replacement (auxiliary concept)

M[x\ y] denotesthe term resulting from M by replacing all free occurrences of
variable x with variabley:

y If v=xX
Vv If v£X

-v[x\y]:{

* (M N)[x\y]=M[x\y] N[x\y]

AVeM If v=X
: ()\VOM)[X\y]:{)\vo(I\/I[X\Y]) it v# X

— Variable replacement isonly used in the definition of a-conversion.



SE3EQ03, 20032.219 528

a-Conversion
If y¢ FV(M), and if thereisno A-binding for yin M, then the following
renaming of a bound variableisdefined:
AXeM = AyeM[x\y]

Thiscan also be applied in any context C[ ] (a context isaterm with exactly one
occurrence of the“hole” “[ ]7):

ClAxeM] = C[AyeM[x\y]]

a-Conversion renaming of bound variables
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Substitution

Substitution isreplacement of free variables by terms:

t If v=Xx
) V[X\t]:{v if v+ X

e (M N)[x\t]=M[x\ ] N[x\ t]

(AveM if v=xVx¢FV(M)
e AveM)[x\t]=¢Ave(M[x\t]) ifvEXAXeFV(M)AVEFV(T)
| not permitted!  if v# X AXeEFV(M) AveFV(t)
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Substitution

Substitution isreplacement of free variables by terms:

t If v=Xx
) V[X\t]:{v if v+ X

e (M N)[x\t]=M[x\ ] N[x\ t]

(AveM if v=xVx¢FV(M)
e AveM)[x\t]=¢Ave(M[x\t]) ifvEXAXeFV(M)AVEFV(T)
| not permitted!  if v# X AXeEFV(M) AveFV(t)

Where a substitution [x \ t] isnot permitted for aterm M, an a-conversion
M = M'"isawayspossible such that the substitution is permitted for M'.
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Substitution

Substitution isreplacement of free variables by terms:

t If v=Xx
) V[X\t]:{v if v+ X

e (M N)[x\t]=M[x\ ] N[x\ t]

(AveM if v=xVx¢FV(M)
e AveM)[x\t]=¢Ave(M[x\t]) ifvEXAXeFV(M)AVEFV(T)
| not permitted!  if v# X AXeEFV(M) AveFV(t)

Where a substitution [x \ t] isnot permitted for aterm M, an a-conversion
M = M'"isawayspossible such that the substitution is permitted for M'.

Example:
(Azef (zX))[x\T Z]
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Substitution

Substitution isreplacement of free variables by terms:

t If v=Xx
) V[X\t]:{v if v+ X

e (M N)[x\t]=M[x\ ] N[x\ t]

(AveM if v=xVx¢FV(M)
e AveM)[x\t]=¢Ave(M[x\t]) ifvEXAXeFV(M)AVEFV(T)
| not permitted!  if v# X AXeEFV(M) AveFV(t)

Where a substitution [x \ t] isnot permitted for aterm M, an a-conversion
M = M'"isawayspossible such that the substitution is permitted for M'.

Example:
(Azef (zx))[x\f 2zl = (Ayef (yx))[x\f Z
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Substitution

Substitution isreplacement of free variables by terms:

t If v=Xx
) V[X\t]:{v if v+ X

e (M N)[x\t]=M[x\ ] N[x\ t]

(AveM if v=xVx¢FV(M)
e AveM)[x\t]=¢Ave(M[x\t]) ifvEXAXeFV(M)AVEFV(T)
| not permitted!  if v# X AXeEFV(M) AveFV(t)

Where a substitution [x \ t] isnot permitted for aterm M, an a-conversion
M = M'"isawayspossible such that the substitution is permitted for M'.

Example:
(Azef zX)[x\f2Z] = (Ayef (yX)[x\fzl = Ayef (y(f2)
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3-Reduction

The central reduction rule of A-calculus:

(AXeB)A —

g

B[x\ Al

534
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3-Reduction

The central reduction rule of A-calculus:

(AxeB)A — , B[x\A]

g

Thiscan also be applied in any context CJ[ |

C[|(AxeB)A] — g C[ B[x\ A]]
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3-Reduction

The central reduction rule of A-calculus:

(AxeB)A — , B[x\A]

g

Thiscan also be applied in any context CJ[ |

C[|(AxeB)A] — g C[ B[x\ A]]

Example:

(AXeAXzeX(zX)(Ayezy) — 3

536
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3-Reduction

The central reduction rule of A-calculus:

(AxeB)A — , B[x\A]

g

Thiscan also be applied in any context CJ[ |

C[|(AxeB)A] — g C[ B[x\ A]]

Example:

(AXxeAzex(zX)(Ayezy) — 3 (AzeX (ZzX)[X\(\yezy)]
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3-Reduction

The central reduction rule of A-calculus:

(AxeB)A — , B[x\A]

g

Thiscan also be applied in any context CJ[ |

C[|(AxeB)A] — g C[ B[x\ A]]

Example:

(AXxeAzex(zX)(Ayezy) — 3 (AzeX (ZzX)[X\(\yezy)]
=a (Auex(uUXx))[x\ (Ayezy)]
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3-Reduction

The central reduction rule of A-calculus:

(AxeB)A — g B[x\ Al

Thiscan also be applied in any context CJ |-
C[|(AxeB)A] — g C[ B[x\ A]]

Example:

(AXxeAzex(zX)(Ayezy) — 3 (AzeX (ZzX)[X\(\yezy)]

o (Auex (UX)D[X\(A\yezy)]
- AUue ((Ayezy)(u(Ayezy)))



3-Reduction

The central reduction rule of A-calculus:

(AxeB)A — , B[x\A]

g

Thiscan also be applied in any context CJ |-
C[|(AxeB)A] — g C[ B[x\ A]]

Example:

1

3 (AzeX (zX))[xX\ (Ayezy)]

N (Auex (UX)D[X\(A\yezy)]
Aue((Ayezy)(u(Ayezy))

s Aue(zy)y\(u(ryezy))))

(AXeAXzeX(zX)(Ayezy)

1



3-Reduction

The central reduction rule of A-calculus:

(AxeB)A — , B[x\A]

g

Thiscan also be applied in any context CJ[ |

C[|(AxeB)A] — g C[ B[x\ A]]

Example:

1

3 (AzeX (zX))[xX\ (Ayezy)]

N (Auex (UX)D[X\(A\yezy)]
AUe((Ayezy)(u(Ayezy))

s Aue(zy)y\(u(ryezy))))
Aue(z(U(\yezy)))

(AXeAXzeX(zX)(Ayezy)

[
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Reduction Strategies

o Leftmost-outermost strategy: among all outermost redexesthe one starting
farthest to the | eft.
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Reduction Strategies
o Leftmost-outermost strategy: among all outermost redexesthe one starting
farthest to the | eft.

o Leftmost-innermost strategy: among all innermost redexesthe one starting
farthest to the | eft.
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Reduction Strategies
o Leftmost-outermost strategy: among all outermost redexesthe one starting
farthest to the | eft.

o Leftmost-innermost strategy: among all innermost redexesthe one starting
farthest to the | eft.

“Inner” and “outer” are determined by the abstract syntax tree.
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Reduction Strategies

o Leftmost-outermost strategy: among all outermost redexesthe one starting
farthest to the | eft.

o Leftmost-innermost strategy: among all innermost redexesthe one starting
farthest to the | eft.

“Inner” and “outer” are determined by the abstract syntax tree.

| mportant properties:

o Leftmost-outermost strategy (Haskell, Miranda, Clean):
— call by name, lazy evaluation
— terminatesif possible
— non-strict
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Reduction Strategies

o Leftmost-outermost strategy: among all outermost redexesthe one starting
farthest to the | eft.

o Leftmost-innermost strategy: among all innermost redexesthe one starting
farthest to the | eft.

“Inner” and “outer” are determined by the abstract syntax tree.

| mportant properties:

o Leftmost-outermost strategy (Haskell, Miranda, Clean):
— call by name, lazy evaluation
— terminatesif possible
— non-strict
o Leftmost-innermost strategy (OCaml, SML, LI1SP, Scheme).
— call by value, eager evaluation
— easler to implement
— strict: foralf wehavef( L )= L
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))

547
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))
Proof of fix edpointcombinator property — for every f, the following holds:
Y =

548
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))
Proof of fix edpointcombinator property — for every f, the following holds:
Y = (Afoe(AXxef (XX)(AXxef (XX)))f

549
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))

Proof of fix edpointcombinator property — for every f, the following holds:

Y = (Afoe(AXxef (XX)(AXxef (XX)))f
— 4 (Axef (XX)(AXef (XX))

550
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))

Proof of fix edpointcombinator property — for every f, the following holds:

Y = (Afoe(AXxef (XX)(AXxef (XX)))f
— 4 (Axef (XX)(AXef (XX))
= (Azef (zZ2))(AXxef (XX))

551
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))

Proof of fix edpointcombinator property — for every f, the following holds:

Y = (Afoe(AXxef (XX)(AXxef (XX)))f
— 4 (Axef (XX)(AXef (XX))
= (Azef (zZ2))(AXxef (XX))
— g f (Axef (XX)) (AXeof (XX)))

552



SE3EQ3, 2003 2.244

The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))

Proof of fix edpointcombinator property — for every f, the following holds:

Y f (Afoe(AXxef (XX)(AXxef (XX)))f
— 4 (Axef (XX)(AXef (XX))

= (Azef (zZ2))(AXxef (XX))

— g f (Axef (XX)) (AXeof (XX)))

—  f(Y1)

553
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))
Proof of fix edpointcombinator property — for every f, the following holds:
Y = (Afoe(AXxef (XX)(AXxef (XX)))f
— 5 (Axef (XX)N(AXef (XX))
— (Azef (z2)(AXxef (XX))
— g f (Axef (XX)) (AXeof (XX)))

= f(YT)
In thetheory of A-calculusthisyieldsthefix edpointequationY f = f (Y ).
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))
Proof of fix edpointcombinator property — for every f, the following holds:
Y = (Afoe(AXxef (XX)(AXxef (XX)))f
— 5 (Axef (XX)N(AXef (XX))
— (Azef (z2)(AXxef (XX))
— g f (Axef (XX)) (AXeof (XX)))

= f(YT)
In thetheory of A-calculusthisyieldsthefix edpointequationY f = f (Y ).
Therefore, for every f, afix edpointY f can be obtained via application of the

fixedpoint combinator Y.
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))
Proof of fix edpointcombinator property — for every f, the following holds:
Y = (Afoe(AXxef (XX)(AXxef (XX)))f
— 5 (Axef (XX)N(AXef (XX))
— (Azef (z2)(AXxef (XX))
— g f (Axef (XX)) (AXeof (XX)))

= f(YT)
In thetheory of A-calculusthisyieldsthefix edpointequationY f = f (Y ).
Therefore, for every f, afix edpointY f can be obtained via application of the

fixedpoint combinator Y.

All general fix edpointcombinatorsinvolve self-application like “x X
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The Fixedpoint Combinator Y

Church’sfix edpointcombinator “Y”:
Y = Afe(Axef (XX))(AXef (XX))
Proof of fix edpointcombinator property — for every f, the following holds:
Y = (Afoe(AXxef (XX)(AXxef (XX)))f
— 5 (Axef (XX)N(AXef (XX))
— (Azef (z2)(AXxef (XX))
— g f (Axef (XX)) (AXeof (XX)))

= f(YT)
In thetheory of A-calculusthisyieldsthefix edpointequationY f = f (Y ).
Therefore, for every f, afix edpointY f can be obtained via application of the

fixedpoint combinator Y.

All general fix edpointcombinatorsinvolve self-application like “x X" — this
possible in the untyped A-calculus, but not in most typed systems.
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General Fixedpoint Combinators

 Intyped A-calculi, no pure A-term is a fix edpointcombinator
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General Fixedpoint Combinators

 Intyped A-calculi, no pure A-term is a fix edpointcombinator

* One can awaysextend the calculus
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General Fixedpoint Combinators

 Intyped A-calculi, no pure A-term is a fix edpointcombinator

* One can awaysextend the calculus

— For at least sometypest, thefix edpointcombinator Y : (t —1t) —t isadded
to theterms.
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General Fixedpoint Combinators

 Intyped A-calculi, no pure A-term is a fix edpointcombinator

* One can awaysextend the calculus

— For at least sometypest, thefix edpointcombinator Y : (t —1t) —t isadded
to theterms.
— Thefix edpointrules Y f —, f (Y f) areadded totherules.
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General Fixedpoint Combinators

 Intyped A-calculi, no pure A-term is a fix edpointcombinator

* Onecan awaysextend the calculus
— For at least sometypest, thefix edpointcombinator Y : (t —1t) —t isadded
to theterms.
— Thefix edpointrules Y f —, f (Y f) areadded totherules.

 Note: Thisrule can give rise to non-termination with the left-most innermost
strategy:

WonT3 =y T3 =y T (w3 =y -
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General Fixedpoint Combinators

In typed A-calculi, no pure A-term is a fix edpointcombinator

One can aways extend the calculus

— For at least sometypest, thefix edpointcombinator Y : (t —1t) —t isadded
to theterms.

— Thefix edpointrules Y f —, f (Y f) areadded totherules.

Note: Thisrule can give riseto non-termination with the left-most innermost
strategy:

WonT3 =y T3 =y T (w3 =y -

Wewrite “Y” also asfix edpointcombinator in a mathematical context
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General Fixedpoint Combinators

 Intyped A-calculi, no pure A-term is a fix edpointcombinator

* One can awaysextend the calculus

— For at least sometypest, thefix edpointcombinator Y : (t —1t) —t isadded
to theterms.

— Thefix edpointrules Y f —, f (Y f) areadded totherules.

 Note: Thisrule can give rise to non-termination with the left-most innermost
strategy:

WonT3 =y T3 =y T (w3 =y -

 Wewrite “Y” also asfix edpointcombinator in a mathematical context

 Moreprecisely,welet “Y F” denotethe least fixedpoint of F
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General Fixedpoint Combinators

 Intyped A-calculi, no pure A-term is a fix edpointcombinator

* One can awaysextend the calculus

— For at least sometypest, thefix edpointcombinator Y : (t —1t) —t isadded
to theterms.

— Thefix edpointrules Y f —, f (Y f) areadded totherules.

 Note: Thisrule can give rise to non-termination with the left-most innermost
strategy:
YoonT3 v TMonT3 =y T (™3 =y -
 Wewrite “Y” also asfix edpointcombinator in a mathematical context
 Moreprecisely,welet “Y F” denotethe least fixedpoint of F

o Other notations. “u F”, or “fix F”
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Parameter Passing

Parameter passing has two sides— assume a parameterized subprogram P

e Formal Parameters. The namesused to refer to the parametersin the
definition of P.

e Actual Parameters. The expressionssupplied to P asinstancesof its
parametersfor the purpose of creating an incarnation of P.

If several actual parameters are supplied to a subprogram defined with several
formal parameters, how isa correspondence established?

e Positional correspondence: n-th actual parameter instantiates n-th formal
parameter

o Explicit parameter labels. allow arbitrary order asfar aslabelsare supplied
(often position al fallback).

Ada Sub( Y => B, X => 27 );
OCaml: sub ~y:b ~x:27
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L abelled Argumentsin OCaml

#Hlet f ~x~y=x-y,;; val f:xiint->y:int ->int =<fun> — xandy arelabels
#let x =3 andy =21inf ~x ~y;;— xandy arelabelledarguments - : int =1
#let x =3andy =2inf ~y ~X;;— labelledargumentsmay becommuted - : int =1

#let f ~xix1 ~y:yl =x1 - yl;; — x1landyl areformal parameters
val f : xiint ->yiint ->int = <fun> — x andy arelabels
#fo~x:3 ~yi 2y, - cint =1 #f ~yi2 ~x03;; - o int =1

#t 3 2;;— labelscanbeomittedif all argumentsaresupplied! - : int =1
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Typical Application of Labelled Argumentsin OCaml

ListLabels.fold right : f:("a->"b->"h) ->"alist ->init:"b->"D
val list predsplit : f:("a->bool) ->"alist ->"alist * "alist
let list predsplit ~f = ListLabels.fold right ~init:([],[])
~f (fun x (xs,ys) ->if f x then (x :: xs,ys) else (xs,x.:ys));;
val of psp: ((f *'a) list *f) ->"at let of psp (ps,tl) = let d=singletontl in
List.foldright ~init:dps ~f:(funpd->Ilet =feontostart pdind);;
(List.fold right ns ~init:[] ~f:(funnres ->
(try (match snd (Nodemap.find attrmap ~key:n) with
None -> res | Some (Left h) ->(n/h) :: res
| Some (Right g) -> res )
with Not found -> res )
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Optional Argumentsin OCaml

#l et bunp ?(step = 1) x = x + step;;
val bunp : ?step:int ->int ->int = <fun>
— optional arguments have alabel and a default value.

#ounmp 2; ;
- o 1int =3

#bunp ~step: 3 2;;
- . int =5

A function taking some optional arguments must also take at |east one
non-labeled argument. (Important for partial applications)
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OCamiBrowser

File View Modules

Search | by % Mame .. Type

Ary add_typing (v)
Arith_status add typing_ possibility (v
Array add_wvarid (v)

Array Labels add_vand_possibility (v]
Biy int applyRuleCache {v)
Bigarray attrule matching (v)
Buffer branch_svar interval (v’
Callback buildRC (v)

Camlinternal 00 capsT (¥)

char / lrans skeletnn nhi nnlyv |
Adv Graph

Adv Graph "\ |interval (m) N
]

val zml_of sgraph bottom vp
sources: HopsTypes node list -»
7withsources bool -» HopsTypes. sgraph -» string
vzl dot_output .
labelconw: (graph:HopsTypes. sgraph —»
HopsTypes. node -» HopsTypes.node displaydef) -3
paramf ; (out charnel -3 unit) -3
ocout charnel -:
graph:HopsTypes. sgraph -»
HopsTypes. node list -» HopsTypes.node arcay
wal rawlnsertNode -
HopsTypes. noderec —» HopsTypes. sgraph —» HopsTypes. node
wal caps skeleton obhj only
graph;HopsTypes. sgraph -»
start:HopsTypes, node -=3>
stop ansTvpea node list -: HopsTypes. nodeset

Detac I Impl | Intf | Close all |

570
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Evaluation Aspectsof Parameter Passing

o Call by value: Actual parameter expression isevaluated to avalue before
Instantiation of formal parameter.
— leftmost-innermost strategy in A-calculus
— OCaml, C, Java, Oberon, Ada, ...
— strict function call semantics: unde- |# const 4 (3 / 0);;
fined arguments always produce unde- | Exception: Division_by_zero.
fined results

o Call by name: Formal parameter f isinstantiated with unevaluated actual
parameter expression e — several occurrencesof f result in several copies of
e
— leftmost-outermost strategy in A-calculus

e Lazy evaluation: call by namewith sharing instead of copying: eisnever
duplicated; all occurrencesof f are instantiated with referencesto single e,
which isevaluated at most once.
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— graph reduction implementation of |eftmost-outermost
— most Haskell implementations

— non-strict function call semantics: Prel ude> const 4 (3 / 0)
undefined arguments need not produce 4
undefined results
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Storage Aspectsof Parameter Passing

« Call by constant value: value available aslocal constant
« Call by copy (call by value): value copied into local variable

« Call by reference: actual parameter needsto be areference, or define a
reference; thisisused asvalue of formal parameter.

o Call by value-result: actual parameter needsto be areference, or define a
referencer; local variablel isinitialized from r-value of r, and on subprogram
exit, r isoverwritten with contentsof |.

o Call by result: Similar, but | startsout uninitialized.
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Call by value, Call by reference, and Scoping

MODULE Scopel; PROCEDURE A(y, x: | NTEGER
| MPORT Qut ; VAR result: INTEGER);
VAR n . | NTEGER, BEG N
PROCEDURE B(VAR x : I NTEGER, IFx =0
Z . INTEGER); THEN resul t: =1;
VAR hv : | NTEGER, ELSE Ay, x-1, result);
BEG N B(result, vy) END;
IFz =0 END A
THEN x := 0 BEG N
ELSE hv := x; n:=0;
B(x, z-1); A(2,1,n);
X ;= x+hv END Qut.Int(n,0); CQut.Ln

END B; END Scopel.
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Call by value, Call by reference, and Scoping

MODULE Scopel; PROCEDURE A(y, x: | NTEGER
| MPORT Qut ; VAR result: INTEGER);
VAR n . | NTEGER, BEG N
PROCEDURE B(VAR x : I NTEGER, IFx =0
Z . INTEGER); THEN resul t: =1;
VAR hv : | NTEGER, ELSE Ay, x-1, result);
BEG N B(result, vy) END;
IFz =0 END A
THEN x := 0 BEG N
ELSE hv := x; n:=0;
B(x, z-1); A(2,1,n);
X ;= x+hv END Qut.Int(n,0); CQut.Ln
END B; END Scopel.
{x =a} B(x,z) {x =axz}

{True} A(y,x,result) {result =y*}
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Parameter Passing

Formal parameters — actual parameters

Correspondence aspects. by position, by label, optional arguments

Evaluation aspects: call by value, call by name, lazy evaluation

Storage aspects. call by constant value, call by copy, call by reference, call by
value-result, call by result



SE3EQ3, 2003 2.267 577



SE3EQ3, 2003 2.268 578



SE3EQ3, 2003 2.269 579



SE3EQ03, 20032.270 580



