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Abstract

This lab will demonstrate how to work with sequences and sums using Maple. We also show how to use Maple
to assist in working out proofs of various mathematical assertions using mathematical induction.

1 Sequences

In mathematics, a sequence is a list of objects arranged in a “linear” fashion, suthettoatler of the membeis

well defined and significant. For example, (X,Y,Z) is a sequence of letters that differs from (Y,Z,X), as the ordering
does matter. Sequences carfibée, as in this example, dnfinite, such as the sequence of all even positive integers
(2,4,6,..).

The members of a sequence are also callegitas and the number of terms (possibly infinite) is calledlgegthof

the sequence. Formally, a sequence can be defined as follows:

Definition 1:

A finite sequence with terms in a sgtis a function from{1, 2, ...,n} to S for somen > 0. An infinite sequence i
is a function from{1, 2, ...} (the set of natural numbers) & (End of Definition.)

As you can see, sequences are very closely relatethtbematical function(Do you see why?) In this course, we are

more interested in infinite sequences. By definition, for each sequence, we can always find a function from the set of
natural numbers to its terms, and hence we can use function definition in Maple to define sequences as shown in the
following example:

Example 1:

Example the sequende., }, wherea,, = 1/n, can be defined in Maple as:

an ;= n -> 1/n;

Example the sequendd,, }, whereb,, = 17 - (5"), can be defined in Maple as:
an := n -> 17%(5™n);

Remark. Notice the notatio{a,, } to describe sequence whergrepresents an individual term of the sequefeg}.
This is not to be confused with the notation of a singleton (one elemen{EBat).of Remark.)

Exercise 1:
Define the following sequences using Maple:
1. The sequencge, }, wherec,, = n!

2. The sequencfd, }, whered,, = (1 —n)? + (1 — n)?



2 Sums
First of all, we want to review how to use the summation notaligthrough the following set of exercises.
Exercise 2:

1. Define the following sum usin}y_ notation:

W+204 . +n!

2. Rewrite the)_ notation in part 1. but indexing from 5.

3. Simplify the sum of the following thre®_'s by reindexing the summation notation.

n n—1 n
SR [+ D)= (k+ D]+ k!
k=1 k=0 k=0

4. Simplify the sum of the following twd _'s by reindexing the summation notation.
SR> (R = (k4 1)F
k=1 k=0

We can also symbolically compute the sum in Maple using comrsantas in the following example.

Example 2:
The sum)_;_, k(1/2k)! can be defined in Maple as:
sum(k*(1/2*k)!,k=1..n);
or in a functional form (partial sum) as following:
sn = n -> sum(k*(1/2*k)!,k=1..n);
You can try to play with it a bit:

sn(a);
sn(a+12);
sn(10);
sn(100);

Notice thatsn(100) will give you something ridiculous like:

35321449 21489 821 + 47 471+ 37 311 4 23 (23/2)!1+
3102237506574764560448486032938606422126519440033972223999999999998 + (1/2)! + 3 (3/2)! +
5(5/2)!+7 (7/2)! 49 (9/2)! + 11 (11/2)! + 13 (13/2)! + 15 (15/2)! + 17 (17/2)! + 19 (19/2)! + 21 (21/2)! +
25231427201 +20 21+ 31311 + 33321 + 39391 1 41 41 4 432431 445 401 + 51 31 4+ 53 321 4+ 55 32| 4+ 57 371 4
59%!+61%!+63%I+65é!+67&!+69é!+71é!+73§!+75é!+7?%!+79§!+81%!+83%!+
85%75!+87282—7! +912924!+939—5!+959—§!+9792—7! +99 21

Remark. You can also define infinite sum quite easily with Maple. For examplg; , (k)" can be defined in
Maple as:

sum((1/k!),k=0..infinity);

Check what Maple returns. Have you seen why we study Mapl€et?of Remark.)



3 Mathematical Induction

3.1 Simple Induction

Let's review how Simple Induction works ("A picture is worth a thousand words!”):
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Exercise 3:

Knowing that you are studying in the famous CS1FC3 course, if someone asks you to convince him/her that Simple
Induction actually works, how are you going to do that? (Hint: well-ordering.)

A normal Simple Induction proof will look like in the following example:

Example 3:
Use the Principle of Mathematical Induction to prove that_, (2k + 3) = n(n +4) foralln > 1.

Solution. Assume
Pn):54+7+94 -+ (2n+3) =n(n+4)

Base Step:P(1) states tha2 - 1 + 3 = 1(1 + 4), which is true since both sides equal 5.

Inductive Hypothesis: SupposeP (k) is true; that is
54+T7+9+ -+ (2k+3)=k(k+4) (x)

Inductive Step: P(k) — P(k+1): We wantto showP(k+1) : 5+7+9+---+(2k+3)+(2k+5) = (k+1)(k+5).
To do so, we ad@k + 3 to both sides of (*) and simplify:
LHS=5+7494 -+ 2k+3)+ (2k+5)=k(k+4)+ (2k +5)
=k*+6k+5=(k+1)(k+5) =RHS

which provesP(k + 1). Thus,P(k) — P(k + 1) is true.

Therefore, by the Principle of Mathematical Inductiér; 7+ 9+ - -+ (2n+3) = n(n+4) is true for alln > 1.
(End of Solution.).

You can use Maples ability to manipulate expressions symbolically to help to construct an inductive proof. Here
is how an interactive proof of the formula above, by mathematical induction, can be carried out in Maple.

Example 4:
The general term of the sum is
term = k -> 2*k+3;
while the right hand side of the formula is
formula :=n -> n * (n + 4);
We can check the basis step for the induction; here the base case is that imwhith

term(1);
formula(1);



The results agree, so the basis step is established.
For the inductive step, we suppose the formula to be valid fer k.

indhyp := formula(k);

To sumk + 1 terms, we compute the value of LHS
LHS:=indhyp + term(k+1);

Finally, the formula fom = k + 1 is
RHS:=formula(k+1);

To check if the results agree, we simplify the difference of LHS and RHS symbolically asingify Maple com-
mand.

simplify(LHS-RHS);

So the inductive step is verified. The formula now follows by mathematical induction. Thus, you can see that, while
Maple is not (yet) able to construct proofs entirely on its own, it is a very effective tool to use in an interactive proof
construction osymbolic computation In fact, the ability of Maple doing symbolic computation is extremely useful

in practice!

3.2 Strong Induction

Why is this called Strong Induction? You might need one or every previous case to prové ttese. This is like
saying that each domino is bigger than the previous one, smthbined weight of all the previous dominieseeded

to push over the next one. A Proof by Strong Induction only differs from a proof by Simple Induction in the Inductive
Hypothesis and Inductive Step:

1. Inductive Hypothesis: We state that we are assuming the hypoth&%is to be truefor all i < k.

2. Inductive Step: We want to show that the hypothesis is true for the next éasel, i.e P(k + 1) is true, but
this approach can now take advantage ofdtienger assumptiorstated in our Inductive Hypothesis.

In computer science, an interesting example of a proof by Strong Induction can be found in the proof of correctness
for Quicksort algorithm. Please read Rosen for more examples on how Strong Induction works!

4 Problem Set

1. Use the Principle of Mathematical Induction to prove thgt_, 5* = # for all n > 0.
2. Redo 1. with the help of Maple.

3. Using Maple to find a formula of_;_, = k. And then prove it using Principle of Mathematical Induction.
Remember to useimplify andfactor to get a “nicer” formula! To read document on how to ssaplify and
factor in Maple, use command:

?simplify
?factor

4. Using Maple to find a formula df,_, = k?+&>. And then prove it using Principle of Mathematical Induction
with the help of Maple.



