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Invisible Mathematics

Definition

Invisible Mathematics is that part of
paper mathematics which is usually
not written down.

Elided

Unseen
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Learning From
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learners math

practicesystems
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Example: Elaboration

If f is linear then f (2 · x + y) = 2 · f (x) + f (y).

Let U,V be vector spaces, and if f : U → V is linear
then ∀x , y : U. f (2 · x + y) = 2 · f (x) + f (y).

Let K be a field and U,V be vector spaces over K ,
and if f : U → V is linear then ∀x , y : U. f (2·x+y) =
2 · f (x) + f (y).

Let K be a field and U,V be vector spaces over K , and
if f : |U | → |V | is linear then ∀x , y : |U |. f (2 · x + y) =
2 · f (x) + f (y).

Let K be a field and U,V be vector spaces over K ,
and if f : |U | → |V | is linear then ∀x , y : |U |. f (2 ·U
x +U y) = 2 ·V f (x) +V f (y).
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Example: Dependencies
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Example: Names in Scope

(Paper) math:
let R be a Ring.

Agda:
open import Algebra

open Ring R

(Paper) math:
let R be a Symmetric Rig Category.

Agda:
open import Categories.Category.RigCategory

open RigCategory R
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Example: Context and Semantics

What does x
x mean?

Algebra: x
x =Q(x) 1

Analysis: x
x denotes

λx .

{
1 x ̸= 0

⊥ x = 0
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Example: Ambiguous Questions

solve(y^2-x^2,y) ?

x , y numbers ⇒ ±x are sol’ns.

y function of x ⇒
Let ξ : R → {−1, 1} be an
arbitrary function;
y (x) = ξ (x) x is a solution.

y continuous function of x ⇒
y (x) = ±x and ±|x | are
solutions.
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Example: Extension and Intension

!!"#$%& '(%$)!%*"&

+,& +(-)-.%'& -/00(11"&

+,&2&3&45678976:&;<=2>5&3&!&?526&2&;<=2>5&>@A<&2>&26,&865&
8B&9<5&B8CC8D76:E&2&?26F&>8?5&?26F&26,&?26F&5G5=,&?26F&
2CC&?56F&9<5&;=5>569&H76:&8B&(6:C264F&9<5&;=5>569&H76:&8B&
I=26A5F&9<5&A569=5&8B&?2>>&8B&9<5&08C2=&0,>95?&29&9<5&B7=>9&
76>9269&8B&9<5&9D569759<&A569@=,F&9<5&=5G8C@9786&8B&9<5&52=9<&
=8@64&9<5&>@6F&9<5&=5G8C@9786&8B&9<5&>@6&=8@64&9<5&52=9<"&
)<@>&2&;<=2>5&7>&4568976:&>8C5C,&76&G7=9@5&8B&79>&B8=?"& J5&
?2,&47>976:@7><&9<=55&A2>5>E& KLM&.&;<=2>5&?2,&N5&4568976:F&
264&,59&689&456895&26,9<76:O&5":"F&3P9<5&;=5>569&H76:&8B&
I=26A5& KQM&.&;<=2>5&?2,&456895&865&45B76795&8NR5A9O& 5":"F&
39<5&;=5>569&H76:&8B&(6:C264&3&456895>&2&A5=9276&?26"& KSM&
.&;<=2>5&?2,&456895&2?N7:@8@>C,O&5":"F&3&2&?26&3&456895>&
689&?26,&?56F&N@9&26&2?N7:@8@>&?26"& )<5&7695=;=5929786&
8B&>@A<&;<=2>5>&7>&2&?2995=&8B&A86>745=2NC5&47BB7A@C9GO&764554F&
79&7>&G5=,&<2=4&98&B=2?5&26,&9<58=,&689&>@>A5;97NC5&8B&B8=?2C&
=5B@929786"&.CC&9<5&47BB7A@C975>&D79<&D<7A<&!& 2?&2AT@276954&
2=5&?59F&>8&B2=&2>&!&A26&47>A8G5=F&N,&9<5&9<58=,&D<7A<&!& 2?&
2N8@9&98&5U;C276"&
)<5&>@NR5A9&8B&4568976:&7>&8B&G5=G&:=529&7?;8=926A5F&689&

86C,&76&C8:7A&264&?29<576297A>F&N@9&2C>8&76&9<58=,&8B&V68D#&
C54:5"& I8=&5U2?;C5F&D5&V68D&9<29&9<5&A569=5&8B&?#2>>&8B&9<5&
08C2=&0,>95?&29&2&45B76795&76>9269&7>&>8?5&45B76795&;8769F&264&
D5&A26&2BB7=?&2& 6@?N5=&8B&;=8;8>79786>&2N8@79&79O& N@9&D5&
<2G5&68& 7??547295&2AT@276926A5&D79<&9<7>&;8769F&D<7A<&7>&
86C,&V68D6&98&@>&N,&45>A=7;9786"&)<5&47>976A9786&N59D556&
2AT@276926A5&264& V68DC54:5&2N8@9&7>&9<5&47>976A9786&N59D556&
9<5&9<76:>&D5&<2G5&;=5>56929786>&8BF&264&9<5&9<76:>&D5&86C,&
=52A<&N,&?526>&8B&4568976:&;<=2>5>"& !9&8B956&<2;;56>&9<29&
D5&V68D&9<29&2& A5=9276&;<=2>5&456895>&@62?N7:@8@>C,F&2C#&
9<8@:<&D5&<2G5&68&2AT@276926A5&D79<&D<29&79&456895>O&9<7>&
8AA@=>&76&9<5&2N8G5&A2>5&8B&9<5&A569=5&8B&?2>>"& !6&;5=A5;#&
9786&D5&<2G5&2AT@276926A5&D79<&9<5&8NR5A9>&8B&;5=A5;9786F&
264&76&9<8@:<9&D5&<2G5&2AT@276926A5&D79<&8NR5A9>&8B&2&?8=5&
2N>9=2A9&C8:7A2C&A<2=2A95=O&N@9&D5&48&689&65A5>>2=7C,&<2G5&
2AT@276926A5&D79<&9<5&8NR5A9>&4568954&N,&;<=2>5>&A8?;8>54&
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8AA@=>&76&9<5&2N8G5&A2>5&8B&9<5&A569=5&8B&?2>>"& !6&;5=A5;#&
9786&D5&<2G5&2AT@276926A5&D79<&9<5&8NR5A9>&8B&;5=A5;9786F&
264&76&9<8@:<9&D5&<2G5&2AT@276926A5&D79<&8NR5A9>&8B&2&?8=5&
2N>9=2A9&C8:7A2C&A<2=2A95=O&N@9&D5&48&689&65A5>>2=7C,&<2G5&
2AT@276926A5&D79<&9<5&8NR5A9>&4568954&N,&;<=2>5>&A8?;8>54&
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Example: Notations for Humans

ax2 + bx + c

xa2 + ya + z

xθ2 + ξθ+ ℶ

+ ·2 a ∗ ·a−

,,,/,,/,
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Example: Ad Hoc to Methodological

Limits

Textbooks:
Dozens of tricks for dealing.

Computation: Multi-series

Proof: filters
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Continued Zoo

bundling / staging

coercions

overloading

standing assumptions

equality vs equivalence

canonical morphism

proofs vs vague hints

definedness conditions

name binding

deep dependence between def’ns

implicit β

interop of equiv. signatures

underlying use of universal algebra
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Lessons

Cognitive Load

Linguistics

Context

New meta-mathematics
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Correct
is

Boring



Enriching



Shades of Invisible Math

invisible math

learners math

practicesystems

Elaboration

Dependencies

Scope

Context

Ambiguous Questions

Syntax / Semantics

Notation

Unnecessary ad hoc

bundling / staging

coercions

overloading

standing assumptions

equality vs equivalence

canonical morphism

proofs vs vague hints

definedness conditions

name binding

deep dependence between def’ns

implicit β

interop of equiv. signatures

underlying use of universal algebra
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