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(Presentations of) Algebraic Theories

Monoid := Theory {
U : type ;
∗ : (U, U) −> U;
e : U;
axiom r i g h t I d e n t i t y ∗ e : f o r a l l x :U. x∗e = x ;
axiom l e f t I d e n t i t y ∗ e : f o r a l l x :U. e∗x = x ;
axiom a s s o c i a t i v e ∗ : f o r a l l x , y , z :U. ( x∗y )∗ z=x ∗( y∗ z )}
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e : U;
axiom r i g h t I d e n t i t y ∗ e : f o r a l l x :U. x∗e = x ;
axiom l e f t I d e n t i t y ∗ e : f o r a l l x :U. e∗x = x ;
axiom a s s o c i a t i v e ∗ : f o r a l l x , y , z :U. ( x∗y )∗ z=x ∗( y∗ z )}

Addit iveCommutat iveMonoid := Theory {
U : type ;
+ : (U, U) −> U;
0 : U;
axiom r i g h t I d e n t i t y + 0 : f o r a l l x :U. x+0 = x ;
axiom l e f t I d e n t i t y + 0 : f o r a l l x :U. 0+x = x ;
axiom a s s o c i a t i v e + : f o r a l l x , y , z :U. ( x+y)+z=x+(y+z )
axiom commutat ive + : f o r a l l x , y , z :U. x+y=y+x}
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Pseudo-Combinators for (presentations of) theories

Following Burstall & Goguen (OBJ); Kapur, Musser, Stepanov (Tecton)

Extension:

CommutativeMonoid := Monoid e x t e n d e d by {
axiom commutat ive ∗ : f o r a l l x , y , z :U. x∗y=y∗x}

Renaming:

A d d i t i v e M o n o i d := Monoid [ ∗ |−> +, e |−> 0 ]

Combination:

Addit iveCommutat iveMonoid :=
combine Addi t iveMonoid , CommutativeMonoid o v e r Monoid

J.Carette Deriving
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Library fragment 1

MoufangLoop := combine Loop , Mou fang Iden t i t y over Magma
L e f t S h e l f S i g := Magma [ ∗ |−> |> ]
L e f t S h e l f := Le f tD i s t r i bu t i v eMagma [ ∗ |−> |> ]
R i g h t S h e l f S i g := Magma [ ∗ |−> <| ]
R i g h t S h e l f := R igh tD i s t r i bu t i v eMagma [ ∗ |−> <| ]
RackSig := combine L e f t S h e l f S i g , R i g h t S h e l f S i g over C a r r i e r
S h e l f := combine L e f t S h e l f , R i g h t S h e l f over RackSig
L e f t B i n a r y I n v e r s e := RackSig extended by {

axiom l e f t I n v e r s e |> <| : f o r a l l x , y :U. ( x |> y ) <| x = y }
R i g h tB i n a r y I n v e r s e := RackSig extended by {

axiom r i g h t I n v e r s e |> <| : f o r a l l x , y :U. x |> ( y <| x ) = y }
Rack := combine R igh tShe l f , L e f t S h e l f , L e f t B i n a r y I n v e r s e ,

R i g h tB i n a r y I n v e r s e over RackSig
Le f t I d empotence := IdempotentMagma [ ∗ |−> |> ]
R ight Idempotence := IdempotentMagma [ ∗ |−> <| ]
L e f t S p i n d l e := combine L e f t S h e l f , L e f t I d empotence over L e f t S h e l f S i g
R i g h t Sp i n d l e := combine R igh tShe l f , R ight Idempotence over R i g h t S h e l f S i g
Quandle := combine Rack , L e f t S p i n d l e , R i g h t Sp i n d l e over Sh e l f
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Library fragment 2

NearSemi r ing := combine Add i t i veSemig roup , Semigroup , R i gh tR i ngo i d over R ingo i dS i g
Nea r S em i f i e l d := combine NearSemir ing , Group over Semigroup
S em i f i e l d := combine Nea rSem i f i e l d , L e f tR i n g o i d over R ingo i dS i g
NearRing := combine Add i t i veGroup , Semigroup , R i gh tR i ngo i d over R ingo i dS i g
Rng := combine Abe l i anAdd i t i v eG roup , Semigroup , R ingo id over R ingo i dS i g
Semi r i ng := combine Addit iveCommutat iveMonoid , Monoid1 , R ingo id , L e f t 0 over R ingo i d0S i g
SemiRng := combine Addit iveCommutat iveMonoid , Semigroup , R ingo id over R ingo i dS i g
D io i d := combine Semir ing , IdempotentAddit iveMagma over AdditiveMagma
Ring := combine Rng , Semi r i ng over SemiRng
CommutativeRing := combine Ring , CommutativeMagma over Magma
BooleanRing := combine CommutativeRing , IdempotentMagma over Magma
NoZe roD i v i s o r s := R ingo i d0S i g extended by {

axiom o n l y Z e r oD i v i s o r ∗ 0 : f o r a l l x :U.
( ( e x i s t s b :U. x∗b = 0) and ( e x i s t s b :U. b∗x = 0) ) imp l i e s ( x = 0) }

Domain := combine Ring , NoZe roD i v i s o r s over R ingo i d0S i g
I n t eg r a lDoma in := combine CommutativeRing , NoZe roD i v i s o r s over R ingo i d0S i g
D i v i s i o nR i n g := Ring extended by {

axiom d i v i s i b l e : f o r a l l x :U. not ( x=0) imp l i e s
( ( e x i s t s ! y :U. y∗x = 1) and ( e x i s t s ! y :U. x∗y = 1) ) }

F i e l d := combine Di v i s i o nR i ng , I n t eg r a lDoma in over Ring
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A fraction of the Algebraic Zoo

Base

AbelianAdditiveGroup

AdditiveGroup

CommutativeAdditiveMagmaGroup

CommutativeMagma

AbelianGroup

CommutativeMonoid1Group1

CommutativeMonoid

AdditiveCommutativeMonoid

Monoid

CommutativeSemigroup

Inverse

AdditiveMagma

Magma

Carrier

AdditiveMonoid

Semigroup

Unital

AdditiveSemigroup

AnddeMorgan

PrimeRingoidSig

UnaryOperation

RingoidSig

AntiAbsorbent AntisymmetricOrderRelation

OrderRelation

BinaryRelation

Asteration

LeftAsteration RightAsteration

StarSemiringSig

Band

IdempotentMagma

Empty

BooleanAlgebra

GoedelAlgebra

ModularOrthoLattice

HeytingAlgebra

BoundedModularLattice

OrthoModularLattice

BooleanGroup

UnipotentPointedMagma

PointedMagma

BooleanRing

CommutativeRing

Ring

BoundedDistributiveLattice

DistributiveLatticeBoundedLattice

ModularLattice

LeftRingoid

BoundedJoinLattice

BoundedJoinSemilattice Lattice

BoundedMeetSemilattice DualSemilattices

LeftAbsorption

LeftAbsorptionOp

MeetSemilattice

BoundedMeetLattice

CommutativeBand

Modularity

CarrierS

UtoS

Chain

TotalOrder

TotalPreorder

Semiring

Rng

CommutativeRingAction

LeftRingAction

PreLeftRingAction

ComplementRightZero

RightZero

ComplementSig

ComplementedLattice

ComplementedSig

DoublyPointed

Pointed2Carrier

PointedCarrier

DeMorganAlgebra

Involution

OckhamAlgebra

DualdeMorgan

Digraph

PseudoGraph

Dioid

IdempotentAdditiveMagma

Left0

Monoid1

Ringoid

Directoid

DirectoidIdentities

InducedRelation

DivisionRing Domain

NoZeroDivisors

Ringoid0Sig

DownDirectedSet

LowerBound

Preorder

JoinSemilattice

OrdeMorgan

EquivalenceRelation

ReflexiveOrderRelation SymmetricOrderRelationTransitiveOrderRelation

TransitiveRelation

Field

IntegralDomain

FixedPoint

PointedUnarySystem

ImplicationUnipotentMagma ImplicativeLeftDistributiveImplication

Graph

LeftInverseRightInverse

LeftImplicative RightImplicative

HeytingAlgebraSig

ImplicativeSig

Ringoid01Sig

Ringoid1Sig

MeetImplicativeSig

InverseSig

InvolutivePointedMagmaSig

InvolutiveMagma

UnaryAntiDistribution

InvolutiveMagmaSig

InvolutiveSemigroup

IrreflexiveRelation

KleeneAlgebra

StarSemiring

KleeneLattice

PseudoComplement

LeftZero

StarSig

LeftBiMagma

LeftDivisionMagma

LeftBinaryInverse

RackSig

LeftShelfSigRightShelfSig

LeftCancellativeLeftCancellativeOp

LeftCommutator

LeftDistributiveMagma

LeftGroupAction

LeftMonoidAction

LeftMagmaAction

LeftUnitalAction

LeftIdempotence

LeftLoop

LeftQuasiGroup

RightUnitalLeftMagmaActionSig

LeftOperation

MultiCarrier

LeftMonoid

LeftUnital

LeftMonoid1Action

LeftUnitalActionSig

LeftPointAction

LeftRModule

MultMonoidActionPrimeAdditiveGroup

LeftSemigroupAction

LeftShelf

LeftSpindle

LogicAlgebra

PointComplement LogicAlgebraSig

Loop

QuasiGroup

RightQuasiGroup

MiddleAbsorption

MiddleCommute

ModalAlgebra

ModalDistributesModalFixes

UnaryDistributes

ModalAlgebraSig

Necessity

OrthoLatticeSig

MoufangIdentity

MoufangLoop

MultRightMonoidAction

RightMonoid1Action

RightMonoidAction

NearRing

RightRingoid

NearSemifield

NearSemiring

Pointed0Sig

NonassociativeNondistributiveRing

NonassociativeRing

NormalBand

OrthoComplement

OrthoLattice

Pair

PartialOrder

Pointed1Sig

PointedCommutativeMagma

PointedSteinerMagma

SteinerMagma

PreRightRingAction

Quandle

RackRightSpindle

RightBinaryInverse RightShelfRightIdempotence

RightCancellative RightCancellativeOp

RModule

RightDistributiveMagma

RectangularBandRight0

RightBiMagma

RightCommutatorRightGroupAction

RightMagmaAction RightUnitalAction

RightMagmaActionSig

RightOperation

RightMonoidRightUnitalActionSig

RightPointAction

RightRModule

RightRingAction

RightSemigroupAction

SemiRng Semifield

Shelf

SimpleGraphSink

SinkSig

SubType

Sloop

Squag

StrictPartialOrder TotalRelation

UpDirectedSet

UpperBound

VectorSpace

Zero
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Breaks down

Thy1 := Empty extended by { U : type }
Thy2 := Empty extended by { U : type }
Thy3 := combine Thy1 , Thy2 over Empty

Lesson from PL theory

Find a good denotational semantics, then come back to the syntax
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A little theory

Given some dependent type theory, its category of contexts C has objects

Γ := 〈x0 : σ0; . . . ; xn−1 : σn−1〉 ,

such that for each i < n the judgement

〈x0 : σ0; . . . ; xi−1 : σi−1〉 ` σi : Type (or : Prop)

holds. A morphism Γ → ∆(= 〈y : σ〉m−1
0 ) is an assignment (substitution)

[y0 7→ t0, . . . , ym 7→ tm−1] such that

Γ ` t0 : τ0 . . . Γ ` tm−1 : τm−1 [y 7→ t]m−2
0

Γ+ ∆+

Γ ∆

f +

A

f −

B

Definition

The category of general extensions E has all general
extensions from B as objects, and given two general
extensions A : Γ+ → Γ and B : ∆+ → ∆, an arrow
f : A→ B is a commutative square from B.
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and just a bit more theory

Theorem

The functor cod : E→ B is a fibration.
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and just a bit more theory

Theorem

The functor cod : E→ B is a fibration.

a, b, c ∈ labels

A,B,C ∈ names

l ∈ declarations∗

r ∈ (ai 7→ bi )
∗

tpc ::= extendA by {l}

| combine A r1, B r2

| A ; B

| A r

| Empty

| Theory {l}
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and just a bit more theory

Theorem

The functor cod : E→ B is a fibration.

J−KB : tpc ⇀ |B|

JEmptyKB = 〈 〉
JTheory {l}KB ∼= 〈l〉

JA rKB = JrKπ · JAKB
JA;BKB = JBKB

Jextend A by {l}KB ∼= JAKB # 〈l〉
Jcombine A1r1,A2r2KB ∼= D

D A1

A2 A

Jr1Kπ ◦ δA1

Jr2Kπ ◦ δA2

δA

δA
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and just a bit more theory

Theorem

The functor cod : E→ B is a fibration.

J−KE : tpc ⇀ |E|

JEmptyKE = id〈 〉

JTheory {l}KE ∼= !〈l〉

JA rKE = JrKπ · JAKE
JA;BKE = JAKE ◦ JBKE

Jextend A by {l}KE ∼= δA

Jcombine A1r1,A2r2KE ∼= Jr1Kπ ◦ δT1 ◦ JA1KE
∼= Jr2Kπ ◦ δT2 ◦ JA2KE

D T1

T2 T

Jr1Kπ ◦ δT1

Jr2Kπ ◦ δT2

A2

A1
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That does scale

Base

000_000_000_Graph

00_00_Graph

0_Graph

DirectedMultigraph

CategoricalCarrier

010_000_000_Graph

01_00_Graph

010_000_010_Graph

011_000_000_Graph

01_01_Graph01_10_Graph

02_00_Graph

02_01_Graph

Carrier

10_00_Graph

10_01_Graph

1_Graph

20_00_Graph

20_01_Graph

20_02_Graph

21_02_Graph

21_12_Graph

2_Graph

ACIJoin

AssociativeJoin

CommutativeJoin

IdempotentJoin

TypedJoin

ACIJoinSemilatticeSemigroupoid

JoinEnrichedSemigroupoid

Semigroupoid JoinSeqDistributes

TypedMagma

TypedJoinMagma

AbelianAdditiveGroup

AdditiveGroup

CommutativeAdditiveMagma

Group

CommutativeMagma

Monoid

Inverse

Magma

AbelianGroup

CommutativeMonoid1 Group1

CommutativeMonoid

CommutativeSemigroup

AbelianLatticeOrderedGroup

CaretLatticeMultiplicativeJoinSemilatticeOrderPreservingMultiplicativeMeetSemilatticeOrderPreserving

Lattice

MultiplicativeJoinSemilatticeSig

MultiplicativeMeetSemilatticeSig

DualSemilattices

LeftAbsorption

LeftAbsorptionOp

CaretJoinSemilatticeSigCaretMeetSemilatticeSig

AbelianOrderedGroup

AbelianPartiallyOrderedGroup

TotalRelation PartiallyOrderedMagma

OrderRelation

OrderPreservingMagmaPartialOrder

BinaryRelation

PartiallyOrderedMagmaSigAntisymmetricOrderRelationPreorder

Additive0LatticeSig

AdditiveLatticeSigPointed0Sig

MultiplicativeLatticeSig

PointedCarrier

CaretLatticeSig

AdditiveCanonicallyOrderedMonoid

CanonicallyOrderedMonoid

RightCanonicalOrder

LeftCanonicallyOrderedMonoid

LeftCanonicalOrder

PartiallyOrderedMonoid

AdditiveCommutativeMonoid

Semigroup

Unital

AdditiveCommutativeSemigroup

LeftInverse

RightInverse

AdditiveHemiGroup

HemiGroup

CancellativeMagma

LeftCancellativeMagma RightCancellativeMagma

AdditiveIdentityJoinSemilatticeSig

AdditiveJoinSemilatticeSig AdditiveIdentityMeetSemilatticeSig

AdditiveMeetSemilatticeSig

AdditiveJoinSemilatticeOrderPreserving

RingoidSig

AdditiveMagma

Empty

AdditiveMeetSemilatticeOrderPreserving

AdditiveMonoid

LeftUnital

RightUnital

AdditivePointed1Magma

PointedMagma

AdditiveSemigroup

AdditiveUnaryAntiDistribution

UnaryAntiDistribution

InvolutiveMagmaSig

UnaryOperation

Adjunction

DoublePropAndLogicSig

PropositionQ

SinglePropAndLogicSig

AndSig

DeductivePropositionP

AlgebraWithInvolution

InvolutiveRing

PrimeInvolutiveRing

Ring

InvolutiveRingoidSemiringRng

Involution

Ringoid

InvolutiveFixes

And

Bool

BoolType

AndAlgebra

CommutativeBand

Band

IdempotentMagma

AndNotDeriveImplication

ImplicationAndNotSig

NotSig

ImplicativeSig

AndNotDeriveOr

AndOrNotSig

OrSig

AndNotPossibilityDeriveStrictImplication

AndNotStrictImplicationPossibilitySig

PossibilitySig

StrictImplicativeSig

AnddeMorgan

PrimeRingoidSig

AntiAbsorbent

AnticommutativeRing

Left0Right0

Monoid1

AntisymmetricRelation

AssociativeAlgebra

NonassociativeAlgebra

PrimeSemigroup

BilinearMultiplicativeRModule

LeftPrimeRingoid

RightPrimeRingoid

MultiplicativeRModule

LeftRingoid

RightRingoid

Asteration

LeftAsteration

RightAsteration

StarSemiringSig

Ringoid1Sig

StarSig

Axiom4

SinglePropImplicationNecessityLogicSig

SinglePropImplicationLogicSig

NecessitySig

AxiomAS1_1

DoublePropStrictImplicationAndLogicSig

DoublePropStrictImplicationLogicSig

SinglePropStrictImplicationLogicSig

AxiomAS1_2 AxiomAS1_2Right AxiomAS1_3

SinglePropStrictImplicationAndLogicSig

AxiomAS1_4

TriplePropStrictImplicationAndLogicSig

TriplePropStrictImplicationLogicSig

PropositionR

AxiomAS1_5 AxiomAS1_6

AxiomAS4_1

SinglePropStrictImplicationNecessityLogicSig

AxiomB

SinglePropImplicationPossibilityNecessityLogicSig

SinglePropImplicationPossibilityLogicSig

AxiomC

DoublePropImplicationAndNecessityLogicSig

DoublePropImplicationAndLogicSig

DoublePropImplicationLogicSig

AxiomCN2

DoublePropImplicationNotLogicSigAxiomCN3

SinglePropImplicationNotLogicSig

AxiomCombinatorB

TriplePropImplicationLogicSig

AxiomCombinatorB'

AxiomCombinatorI

AxiomCombinatorW

AxiomD

AxiomF1

AxiomF1_Sobocinski

DoublePropAndNotPossibilityLogicSig

SinglePropAndNotPossibilityLogicSig

AxiomF2

SinglePropEquivalenceNotLogicSig

SinglePropEquivalenceLogicSig

EquivalenceSig

AxiomF2_Sobocinski

AxiomF3

DoublePropEquivalenceAndOrNotLogicSig

DoublePropEquivalenceNotLogicSig

DoublePropEquivalenceLogicSig

AxiomF3_Sobocinski

TriplePropAndNotPossibilityLogicSig

AxiomF4 AxiomF4_Sobocinski

AxiomF5_Sobocinski

AxiomH

SinglePropImplicationEquivalenceNecessityLogicSig

SinglePropImplicationEquivalenceLogicSig

AxiomH3

TriplePropStrictImplicationAndNotLogicSig

AxiomH4

SinglePropImplicationNotPossibilityLogicSig

AxiomH5

SinglePropStrictImplicationPossibilityLogicSig

AxiomH6

DoublePropStrictImplicationNotPossibilityLogicSig

DoublePropStrictImplicationNotLogicSig

AxiomHA1

SinglePropImplicationAndLogicSig

AxiomHA10

AxiomHA11

DoublePropImplicationAndNotLogicSigAxiomHA2

AxiomHA3

TriplePropImplicationAndLogicSig

AxiomHA4

AxiomHA5

AxiomHA6

AxiomHA7

DoublePropImplicationOrLogicSig

AxiomHA8

AxiomHA9

TriplePropImplicationAndOrLogicSig

AxiomIP1 AxiomIP2

AxiomJ1

AxiomJ2

SinglePropAndNotLogicSig

AxiomK

DoublePropImplicationNecessityLogicSig

AxiomKC

DoublePropOrNotLogicSig

DoublePropOrLogicSig

SinglePropOrLogicSig

AxiomKN3

TriplePropImplicationAndNotLogicSig

AxiomLC

AxiomM

AxiomM7

DoublePropStrictImplicationAndPossibilityLogicSig

AxiomM8

DoublePropStrictImplicationPossibilityLogicSig

AxiomPC1

AxiomPC2

AxiomPC3 AxiomPC4

SinglePropOrNotLogicSigAxiomPL1AxiomPL10

DoublePropImplicationEquivalenceLogicSig

AxiomPL11

AxiomPL2

AxiomPL3 AxiomPL4 AxiomPL5 AxiomPL6AxiomPL7 AxiomPL8

TriplePropImplicationOrLogicSig

AxiomPL9

AxiomR1

SinglePropImplicationOrLogicSig

AxiomR3

AxiomR4

AxiomSAxiomS2AxiomS2Reduced AxiomS3

AxiomT

AxiomTriv

SinglePropEquivalenceNecessityLogicSig

AxiomVer

SinglePropNecessityLogicSig

AxiomW

AxiomX

DoublePropImplicationPossibilityNecessityLogicSig

DoublePropImplicationPossibilityLogicSig

AxiomZ2

AxiomZ3

AxiomZ4

AxiomZ5

BCIAlgebra

RestrictedBinarySubtractiveCancellation

RestrictedTernarySubtractiveCancellation

SubtractiveEquality

SubtractiveZero

UnipotentPointedMagma

BCKAlgebra

RightZero

BCKJoinSemilattice

ImplicativeLeftJoinCancellationJoinSemilattice

LeftImplicativeUnitalLimitedImplicativeTransitivity RightImplicativeZero

RightJoinSemiabsortion

BCKJoinSemilatticeSig

MeetSemilattice

PointedImplicativeSig

BCKLattice

BCKMeetSemilattice

ImplicativeRightMeetCancellation

LeftMeetSemiabsorption

BCKMeetSemilatticeSig

BCKLatticeSig

BLogic

TLogic

KLogic

NotNecessityDerivePossibility PropositionalLogic Necessitation

BasicBool

Not

Or

BeckersRule

BijectiveCtx

InjectiveDefn

SurjectiveDefn

MultiCarrier

CarrierS

BijectiveDefn

PrimeMultiplicativeMagmaRModule

CommutativeRingAction LeftRModule

BooleanAlgebra

GoedelAlgebra

ModularOrthoLattice

HeytingAlgebra

BoundedModularLattice OrthoModularLattice

BoundedDistributiveLattice ImplicationUnipotentMagma Implicative

LeftDistributiveImplication

BoundedLatticeModularLattice

OrthoLatticeSig

BooleanGroup

BooleanRing

CommutativeRing

DistributiveLattice

BoundedJoinLattice

BoundedMeetLattice

Modularity

BoundedJoinSemilattice

BoundedMeetSemilattice

BraidedDirectedMultigraph

BraidedMagma

CancellativeCommutativeMonoid

CancellativeMonoid

CancellativeCommutativeResiduatedLattive

CancellativeResiduatedLattive CommutativeResiduatedLattice

ResiduatedLattice

MultiplicativeJoinSemilatticeLeftResidual

MultiplicativeJoinSemilatticeRightResidual

MultiplicativeMeetSemilatticeLeftResidual

MultiplicativeMeetSemilatticeRightResidual

CancellativeCommutativeSemigroup

CancellativeSemigroup

LeftDivisionMuliplicativeJoinSemilatticeSigRightDivisionMuliplicativeJoinSemilatticeSig

LeftDivisionMuliplicativeMeetSemilatticeSigRightDivisionMuliplicativeMeetSemilatticeSig

CanonicallyOrderedMagma

LeftCanonicallyOrderedMagma

OrderedMagma

CanonicallyPreorderedMonoid

LeftCanonicallyPreorderedMonoid

ReflexiveOrderRelation TransitiveOrderRelation

Cardinality0

Set

Cardinality1

CaretJoinLowerBound

CaretJoinSemilattice

CaretJoinUpperBound

LeftZero

CaretMeetLowerBound

CaretMeetSemilattice

CaretMeetUpperBound

Carrier3

CarrierU1

CarrierU2

CarrierU3

CatArrowSig

CatSourceSig

CatTargetSig

CatArrows

CatArrowsAsId CatIdempotentArrows

CatSourceAsId

CatTargetAsId

CatSource

CatTarget

IdempotentUnary

CatAssoc

CategorySig

TernaryPredicate

CatBase

CatComposition CatIsObject

CatSpanCatComposeExistsCatCompose

CatEpi

CatIdentityLaws

CatLeftId

CatRightId

CatJointlyMonic

CatMonic

Category

TypedUnital

TypedLeftUnital

TypedRightUnital

TypedLoopedMagma

CellSource

NCells

Nat

NatType

CellTarget

Chain

TotalOrder

TotalPreorder

Choice

ETCSSig

NatObj

SuccObj

ThElementaryTopos

ZeroObj

ClassifyingMap

ClassifyingRelation

InjMonic

PowerOfTarget

PullbackRelation

SourceOfInj

TargetOfLeftInj

TargetOfPower

TargetOfRightInj

LexBase

ThLex

ToposObjs

LexPullback

LexPullbackDefn

LexSquareCommutes

LexTerminal

LexUniqTerminalMap

ThCat'

Elementhood

LeftInjPow

PowerObject

RightInjPow

CommutativeBCKAlgebra

PseudoCommutative

CommutativeLatticeOrderedMonoid

LatticeOrderedMonoid

CommutativeLatticeOrderedRing

LatticeOrderedRing

MultiplicativeJoinSemilatticeClosed0

MultiplicativeMeetSemilatticeClosed0

Multiplicative0JoinSemilatticeSigMultiplicative0MeetSemilatticeSig

CommutativeLatticeOrderedSemigroup

LatticeOrderedSemigroup

CommutativeOrderedMonoid

OrderedMonoid

CommutativeOrderedRing

OrderedRing

OrderPreservingAdditiveMagma PositiveOrderPreserving

PartiallyOrdered0MagmaSig

CommutativeOrderedRng

OrderedRng

CommutativeOrderedSemigroup

OrderedSemigroup

PartiallyOrderedSemigroup

CommutativePartiallyOrderedMonoidCommutativePartiallyOrderedSemigroup

LeftRingAction

PreLeftRingAction

MultMonoidAction PrimeAdditiveGroup

ComplementSig

ComplementedDistributiveLattice

ComplementedLattice

ComplementedModularLattice

ConvCategory

ConvSemigroupoid

ConvDistributes

CyclicGroup

IsCyclic

NatPowerOp

NatEnrichedMonoid1

DLogic

NotPossibilityNecessitySig

PositivePropositionalLogic

DeMorganAlgebra

OckhamAlgebra

DualdeMorgan

OrdeMorgan

Digraph

PseudoGraph

Quiver

EdgeSource

EdgeTarget

Dioid

LeftDioid

LeftPreDioid

LeftPreSemiring

Directoid

DirectoidD4

LeftRegularity RightRegularity

DistributiveDoublePAlgebra

DistributiveDualPAlgebra DistributivePAlgebra

PrimeDualPseudoComplement PrimePseudoComplement

PointedAdditiveInvolutiveMagma1Sig

PointedInvolutiveMagma0Sig

DivisionRing

Domain

NoZeroDivisors

Ringoid0Sig

DoubleMonoid

DoublePropAndNotLogicSig

DoublePropEquivalenceAndNecessityLogicSig

DoublePropEquivalenceNecessityLogicSig

DoublePropImplicationAndOrLogicSig

DoublePropImplicationAndPossibilityNecessityLogicSig

DoublePropImplicationEquivalenceNecessityLogicSig

DoublePropImplicationNotPossibilityLogicSig

DoublePropImplicationOrNecessityLogicSigDoublePropImplicationOrNotLogicSig

DoublePropImplicationOrPossibilityNecessityLogicSig

DoublePropImplicationStrictImplicationOrPossibilityNecessityLogicSig

DoublePropImplicationStrictImplicationPossibilityNecessityLogicSig

DoublePropNecessityLogicSigDoublePropPossibilityLogicSig

SinglePropPossibilityLogicSig

DoublePropStrictEquivalenceNecessityLogicSig

StrictEquivalenceSig

DoublePropStrictImplicationAndNotLogicSigDoublePropStrictImplicationAndOrLogicSig

DoublePropStrictImplicationNecessityLogicSigDoublePropStrictImplicationOrLogicSig

DoublePropStrictImplicationOrNotNecessityLogicSig DoublePropStrictImplicationPossibilityNecessityLogicSig

DoubleStoneAlgebra

DualStoneAlgebra

StoneAlgebra

PrimeNegation

PrimePseudoMeetInverse

Prime01Sig

PointedInvolutiveMagma1Sig

DoublyIdempotentDioid

IdempotentDioid

IdempotentAdditiveMagma

DoublyPointed

Pointed2Carrier

DoublyPointed01DoublyPointedCaretJoinSemilatticeSigDoublyPointedCaretMeetSemilatticeSig

DoublyPointedLatticeSig

DoublySelectiveDioid

SelectiveDioid

SelectiveMagma

SelectiveAdditiveMagma

DownDirectedSet

LowerBound

ECLogic

ELogic

RS

EK4Logic

ModusPonens

GraphTerminology

Either

EitherF

EmptySet

Equal

EquivalenceRelation

ReflexiveRelation SymmetricRelationTransitiveRelation

FLAlgebra

FLcAlgebra

JoinContractive

MeetContractive

FLeAlgebra

FLewAlgebra

FLwAlgebra

IntegralResiduatedLattice

Field

IntegralDomain

FieldTerm

FitchPropositionalLogic

FixedPoint

PointedUnarySystem

FullModalLogicSig

ModalLogicSig

FullModalLogicWithEquivalenceStrictEquivalenceSig

FunToPairAdjunct

FunctionSpace

FunctionalIdentity

UnivariateComposition

FunctionalComposition

GlobSourceCond

GlobularSig

GlobTargetCond

GlobularSet

LeftImplicative

RightImplicative

Graph

InverseSig

Heap

Semiheap

TernaryOperation

MeetImplicativeSig

HeytingAlgebraSig

Ringoid01Sig

Pointed1Sig

IdempotentCancellativeDioid IdempotentInvertibleDioid

IdempotentSemiRng

SemiRng

IdempotentSemiheap

IdempotentSemiring

ImplicationAndDeriveEquivalence

ImplicationEquivalenceAndSig ImplicationOrNotSig

InducedOrder

Int

IntType

Int2

Int2Type

Int2Add

Int2NonnegAdd

Int2WithNatAdd

NatAdd

Int2AddCompl

Int2Compl

Int2WithNat

Int2Less

Int2NonnegLess

Int2WithNatLess

NatLess

Int2Mul

Int2NonnegMul

Int2WithNatMul

NatMul

Int2Sub

IntAdd

IntNonnegAdd

IntWithNatAdd

IntAddCompl

IntCompl

IntWithNat

IntLess

IntNonnegLess

IntWithNatLess

IntMul

IntNonnegMul

IntWithNatMul

IntSub

IntuitionistPropositionalLogic

IntuitionistPropositionalLogicAltHeyting

InvolutivePointedMagmaSig

InverseSemigroup

PseudoInverse PseudoInvolution

PseudoInverseSig

InvolutiveAlgebra

InvolutiveMagma

InvolutiveRingoidSig

InvolutiveSemigroup

IrreflexiveRelation

JacobianIdentity

JohanssonLogic

JoinSemilatticeCategory

JoinSemilatticeSemigroupoid

LeftDistributiveJoin

OrderedACIJoinSemilattice

RightDistributiveJoin

TypedOrderJoin

KCLogic

KHLogic KWLogic

KWLogicAltHughesCresswell

Kei

LeftSpindleRightSelfInverse

LeftIdempotence LeftShelf

LeftShelfSig

LeftDistributiveMagma

KleeneAlgebra

StarSemiring

KleeneCategory

KleeneSemigroupoid

ReflectiveTransitiveClosure

ZeroAbsorb

TransitiveClosureSemilatticeSemigroupoid

TypedOrder

TypedTransClosedUnitalMagma

ZeroLeftAbsorb

ZeroRightAbsorb

TransitiveClosure

TypedLeftOrder

TypedRightOrder

TypedTransClosedJoinMagma

PointedTypedMagma

KleeneLattice

PseudoComplement

LeftTransitiveClosure

RightTransitiveClosure

TypedTransClosedOrderedMagma

LCLogic

LatticeOrderedGroup

LeftBiMagma

LeftDivisionMagma

LeftBinaryInverse

RackSig

RightShelfSig

LeftCancellative

LeftCancellativeOp

LeftCancellativeSemigroup

LeftCommutator LeftGroupAction

LeftMonoidAction

LeftMagmaAction

LeftUnitalAction

LeftMagmaActionSig

LeftUnitalActionSig

LeftJoinRingoid

LeftLoop

LeftQuasiGroup

LeftOperation

LeftMonoid

LeftMonoid1Action

LeftPointAction

LeftRegularBand

LeftSemigroupAction

TypedTransitiveClosure

LexSig

ThCat

LexIsPullback

LexTermObject

LieAlgebra

PrimeLieRing

PrimeUnipotentPointedMagmaLieRing

List

Loop

QuasiGroup

RightQuasiGroup

RightCancellative

RightCancellativeOp

LoopedDirectedMultigraph

MLogic

MVAlgebra

MVProperty

RightPrimeZero

Max

Maybe

MaybeF

MaybeMap

MedialMagma

MedialQuasiGroup

MeetSemilatticeSemigroupoid

MiddleAbsorptionMiddleCommute

Min

Miscellaneous

ModalAlgebra

ModalDistributes

ModalFixes

UnaryDistributes

ModalAlgebraSig

Necessity

ModalLogicWithEquivalenceSig

ModusTolens

ModusTolensReductiona

MonoidTerm

MoufangIdentity

MoufangLaw

MoufangLoop

MoufangQuasigroup

MultRightMonoidAction

RightMonoid1Action

RightMonoidAction

RightMagmaAction

RightUnitalAction

Multigraph

MultiplicativeJoinSemilattice

RightJoinRingoid

RightDivisionMagma

MultiplicativeLattice

NatAddTerm

NatEnrichedCarrier

NearRing

NearSemifield

NearSemiring

NonZeroMultiples

NonassociativeNondistributiveRing

NonassociativeRing

NormalBand

NotAlgebra

NotPossibilityDeriveNecessity

One

OneType

OneBinary

OneTheory

OneUnary

OrAlgebra

OrNotDeriveAnd

OrNotDeriveImplication

OrderedGroup

PartiallyOrderedGroup

OrderedRingoid0Sig

OreDomain OrthoComplement

OrthoLattice

Pair

PairToFunAdjunct

Pointed0Magma

PointedCommutativeMagma

PointedDirectedMultigraph

PointedEnrichedSemigroupoid

ZeroEnrichedSemigroupoid

TypedZero

PointedSteinerMagma

SteinerMagma

PositivePropositionalLogicAltHilbert1

PositivePropositionalLogicAltHilbert2

PositivePropositionalLogicSig

PreDioid

PreRightRingAction

PreSemiring

PrimeBoundedDistributiveLattice

PrimeLeft0

PrimeUnital

PropositionalLogicAltHackstaff1

PropositionalLogicAltHackstaff2

PropositionalLogicAltWhiteheadRussell

PropositionalLogicAltZeman1

PropositionalLogicAltZeman2

PropositionalLogicSig

Quandle

Rack

RightSpindle

RightBinaryInverse

RightShelfRightIdempotence

RightDistributiveMagma

RightBiMagma

RE

RLogic

RectangularBand

Recursion

RegularSemigroup

ResiduatedLatticeSig

RightCancellativeSemigroup

RightCanonicallyOrderedMagma RightCanonicallyOrderedMonoidRightCanonicallyPreorderedMonoid

RightCommutator

RightDioid

RightPreDioid

RightPreSemiring

RightGroupAction

RightMagmaActionSig

RightUnitalActionSig

RightOperation

RightMonoid

RightPointAction

RightRModule

RightRingAction

RightRegularBand RightSemigroupAction

RingoidLatticeSig

S0Logic

StrictImplicationAndDeriveStrictEquivalence StrictModusPonens

StrictImplicationStrictEquivalenceAndSig

S1-0Logic

S1-0LogicAltSobocinski

S1LogicS1LogicAltZeman1 S2-0LogicS2-0LogicAltZeman1

S2LogicS2LogicAltHughesCresswell1

S2LogicAltHughesCresswell2

S2LogicAltZeman

S3-0Logic

S3-StarLogic

S3-StarLogicAltSobocinski

S3Logic

S3LogicAltSimons

S3LogicAltSobocinski

S3LogicAltZemanS4Logic S6-0Logic

S6Logic

S7-0Logic

S7Logic

SelectiveCancellativeDioid SelectiveInvertibleDioid

SelectiveMonoid

Semifield

SetInsert

SetInsertAxioms

SetInsertLeftCommutative

SetInsertLeftIdempotent

SetUnion

SetUnionAssociative

SetUnionAxioms

SetUnionCommutative

SetUnionIdempotent

Shelf

SimpleGraph

SinglePropEquivalenceAndNecessityLogicSigSinglePropEquivalenceAndOrNotLogicSig SinglePropImplicationAndNecessityLogicSig SinglePropImplicationAndNotyLogicSigSinglePropImplicationAndOryLogicSig

SinglePropImplicationAndPossibilityNecessityLogicSig

SinglePropImplicationOrNecessityLogicSig SinglePropImplicationOrNotyLogicSig

SinglePropImplicationOrPossibilityNecessityLogicSig

SinglePropImplicationStrictImplicationOrPossibilityNecessityLogicSig

SinglePropImplicationStrictImplicationPossibilityNecessityLogicSig

SinglePropStrictEquivalenceNecessityLogicSigSinglePropStrictImplicationAndNotLogicSigSinglePropStrictImplicationAndOrLogicSig SinglePropStrictImplicationAndPossibilityLogicSig

SinglePropStrictImplicationNotLogicSig

SinglePropStrictImplicationNotPossibilityLogicSig

SinglePropStrictImplicationOrLogicSig

SinglePropStrictImplicationOrNotNecessityLogicSig SinglePropStrictImplicationPossibilityNecessityLogicSig

SingletonSet

Sink

SinkSig

SubType

Sloop

Squag

StoneAlgebraSig

StrictModalLogicSig

StrictModalLogicWithStrictEquivalenceSig

StrictPartialOrder

SuccArrow

SymmetricOrderRelation

SymmetrizableDioid

TFunctorSig

ThETCS

WellPointed

ZeroArrow

TriplePropAndLogicSig

TriplePropAndNotLogicSigTriplePropEquivalenceAndNecessityLogicSig

TriplePropEquivalenceNecessityLogicSig

TriplePropEquivalenceLogicSig

TriplePropEquivalenceAndOrNotLogicSig

TriplePropEquivalenceNotLogicSig TriplePropImplicationAndNecessityLogicSig

TriplePropImplicationAndPossibilityNecessityLogicSig

TriplePropImplicationEquivalenceLogicSig

TriplePropImplicationEquivalenceNecessityLogicSig

TriplePropImplicationNecessityLogicSig TriplePropImplicationNotLogicSig

TriplePropImplicationNotPossibilityLogicSig TriplePropImplicationOrNecessityLogicSig TriplePropImplicationOrNotLogicSig

TriplePropImplicationOrPossibilityNecessityLogicSig

TriplePropImplicationPossibilityLogicSig

TriplePropImplicationPossibilityNecessityLogicSig

TriplePropImplicationStrictImplicationOrPossibilityNecessityLogicSig

TriplePropImplicationStrictImplicationPossibilityNecessityLogicSig TriplePropNecessityLogicSig

TriplePropOrLogicSig

TriplePropOrNotLogicSigTriplePropPossibilityLogicSig

TriplePropStrictEquivalenceNecessityLogicSig

TriplePropStrictImplicationAndOrLogicSig TriplePropStrictImplicationAndPossibilityLogicSig

TriplePropStrictImplicationNecessityLogicSig TriplePropStrictImplicationNotLogicSig

TriplePropStrictImplicationNotPossibilityLogicSig

TriplePropStrictImplicationOrLogicSig

TriplePropStrictImplicationOrNotNecessityLogicSig

TriplePropStrictImplicationPossibilityLogicSig

TriplePropStrictImplicationPossibilityNecessityLogicSig

TrivLogic

TypedLoopedJoinMagma

TypedLoopedTransClosedJoinMagma

UnaryRelation

UnitalAssociativeAlgebra

UpDirectedSet

UpperBound

VectorSpace

VerLogic

XLogic

Zero

J.Carette Deriving



That does scale

1046 theories

2429 lines of code (including comments and many theories defined over
3 lines for human readability)

expanded theories: 13751 lines

type checked by export to Matita
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More structure
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Semigroup
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LeftNearSemiring

Additive Commutative
LeftNearSemiring

Multiplicative Commutative
LeftNearSemiring
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Biform monoids

Monoid := Theory {
U : type ;
e : U ;
∗ : (U, U) −> U;
ax : f o r a l l x :U. e∗x = x ;
ax : f o r a l l x :U. x∗e = x ;
ax : f o r a l l x , y , z :U . ( x∗y )∗ z=x ∗( y∗ z )}

Syntax (term language)

MonoidTerm := Theory {

type MTerm = (data X .

#e : X |

#* : (X, X) -> X)

}

Biform Theory: axiomatic + syntactic theory + transformers.

l e n g t h : : MTerm −> Nat
l e n g t h trm = g f o l d (+) 1 trm

Generic

Derived from length
reducing axioms
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| −> t

Generic

Derived from length
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Different interpretations of theories 1

Monoid := Theory {
U : type ;
e : U ;
∗ : (U, U) −> U;
ax : f o r a l l x :U. e∗x = x ;
ax : f o r a l l x :U. x∗e = x ;
ax : f o r a l l x , y , z :U . ( x∗y )∗ z=x ∗( y∗ z )}

Monoid type, as values

module type MONOID = s i g
type n
v a l p l u s : n −> n −> n
v a l z e r o : n

end

1simplified metaocaml for clarity
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type n
type nc = n code
v a l p l u s : nc −> nc −> nc
v a l z e r o : nc

end

Monoid type, staged

type x s t aged = Now o f x
| La t e r o f x code

module type MONOIDSTAGED = s i g
type n
type ns = n s taged
v a l p l u s : ns −> ns −> ns
v a l z e r o : ns

end

1simplified metaocaml for clarity
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From syntax to code

MonoidTerm := Theory {
type MTerm = ( data X .

#e : X |
#∗ : (X , X) −> X)

}

module type MONOIDSTAGED = s i g
type n
type ns = n s taged
v a l z e r o : ns
v a l p l u s : ns −> ns −> ns

end

Equality is “free”

simp : : MTerm −> MTerm
simp t = match t w i th
| (#∗ ( a , b ) ) when a = #e −> b
| (#∗ ( a , b ) ) when b = #e −> b
| −> t

Equality is “now”

l e t monoid z e r o plusN p lu sL x y =
match x , y with
| (Now a ) , b when a = ze ro −> b
| a , (Now b ) when b = one −> a
| −> l i f t 2 p lusN p lu sL x y
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Concrete Monoids

module IntM = s t r u c t
type n = I n t
l e t p l u s = (+)
l e t z e r o = 0

end

module IntMC = s t r u c t
type n = I n t
type ’ a nc = ( ’ a , n ) code
l e t p l u s = .< fun x y −> . ˜ x + .˜ y>.
l e t z e r o = .< 0 >.

end

module IntMS = s t r u c t
type n = I n t
type ’ a ns = ( ’ a , n ) s t aged
l e t p l u s = monoid IntM . z e r o IntM . p l u s IntMC . p l u s
l e t z e r o = Now IntM . z e r o

end

Machinery for free

Given a structured graph of theories, one can get a (näıve) optimizing
compiler.
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MSL
Monoid := Theory {
U : type;
* : (U,U) -> U;
e : U;
axiom right_identity_*_e :
forall x : U . (x * e) = x

axiom left_identity_*_e :
forall x : U . (e * x) = x;

axiom associativity_* :
forall x,y,z : U .
((x * y) * z) = (x * (y * z));

}

Coq

Class Monoid {A : type}
(dot : A -> A -> A)
(one : A) : Prop := {
dot_assoc :

forall x y z : A,
(dot x (dot y z))
= dot (dot x y) z

unit_left :
forall x, dot one x = x

unit_right :
forall x, dot x one = x

}

Alternative Definition:
Record monoid := {
dom : Type;
op : dom -> dom -> dom
where "x * y" := (op x y);

id : dom where "1" := id ;
assoc : forall x y z, x * (y * z) = (x * y) * z;
left_neutral : forall x, 1 * x = x;
right_neutral : forall x, x * 1 = x

}.

Haskell
class Semigroup a => Monoid a where
mempty :: a
mappend :: a -> a -> a
mappend = (<>)
mconcat :: [a] -> a
mconcat = foldr mappend mempty

Isabelle
class semigroup =
fixes mult :: α => α => α

(infixl ⊗ 70)
assumes assoc :: (x ⊗ y) ⊗ z

= x ⊗ (y ⊗ z)
class monoidl = semigroup +
fixes neutral :: α (1)
assumes neutl : 1 ⊗ x = x

class monoid = monoidl +
assumes x ⊗ 1 = x

Lean
universe u
variables{ α : Type u }
class monoid (α : Type u) extends

semigroup α, has_one α :=
(one_mul : ∀ a : α, 1 * a = a)
(mul_one : ∀ a : α, a * 1 = a)

Agda

data Monoid (A : Set)
(Eq : Equivalence A) : Set

where
monoid :
(z : A)
(_+_ : A -> A -> A)
(left_Id : LeftIdentity Eq z _+_)
(right_Id : RightIdentity Eq z _+_)
(assoc : Associative Eq _+_) ->
Monoid A Eq

Alternative Definition:
record Monoid c ` :
Set (suc (c t `)) where
infixl 7 _•_
infix 4 _≈_
field
Carrier : Set c
_≈_ : Rel Carrier `

_•_ : Op2 Carrier

isMonoid :
IsMonoid _≈_ _•_ ε

where
record IsMonoid (• : Op2) (ε : A)

: Set (a t `) where
field
isSemigroup : IsSemigroup •

identity : Identity ε •

identity l : LeftIdentity ε •

identity l = proj1 identity

identity r : RightIdentity ε •

identity r = proj2 identity
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Universal Algebra...

Most of these work for Generalized Algebraic Theories (à la Cartmell):

Signature
Term Algebra

I “generic functions” (à la Scrap your Boilerplate)
I Structural induction

Term Algebra parametrized by a “theory” of variables
I predicate for ground terms
I “simplifier” for open terms (correct but usually incomplete)

Homomorphism; homomorphism composition; isomorphism

kernel of homomorphism

Theory of congruence relations over a theory

Induced congruence of a homomorphism

Interpreter from Term Algebra to any instance of a theory

Partial evaluator

Sub-theory, Product Theory, Co-product Theory

Internalization (making a record that represents a theory)
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B

ack down! Given:

The theory presentation of 2-categories, can you specialize to category?

Category to monoid?

Monoidal Category to... monoid?

Braided Category to... ?

How do you (as a library builder) not repeat yourself,

while giving end-users a huge, rich, as-they-expect it to look library?
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Computer Science?

Axiomatic presentations of the theories of:

Data Structures

Algorithms
I Douglas Smith’s SpecWare
I Ralf Hinze’s (et al.)’s recursion schemes extracted from categorical

adjustion and/or Kan extensions.

Models of Computation
I FSM, DPDA, TM, 23 Registers Machines, SECD
I ongoing work with Ph.D. student Lijun Zhu
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