INTRODYCTION TL
NMATHENMATICA!  LOGIC AND
L DGIC PROGRANMING

1 SYNTAX AND SENMANTIC SIrSTE/Y

Def. _S/h'éu System /s
[F) & ©]

where ,
F#P s a set of formulas,

ACF 15 so-callek set of axioms,
D s q set of deduchon rules

d(FI/‘-“/ F”“) - G
(’F;, ey Fu, & are -ﬁrmu.(as)

Nt We will wei'te
Fro- -y
G
Aty fa) > G

G follows z«"umeaéb,'!_e_& Lrom the oleolu chon rele A
and. the -ﬁﬂuuéz-i 1‘7, . Fa

instead o{




el GEeF & a <theorem ( pro vable formula

~ ’ /
syntachca /(7 valiol Aformuelo.) from premses Bc X,
f  theve exists sequence (7, ---, ta.  (So-called
/o_rp_gf) such that

@) L EA o HEB or K follows amuah.{cé,
-ﬁom a dAedkuchidu mlc AdeEL aqnd Seme
formules  Ffy, <

H 6=

We &13!7:
Note. I @:@/ we write — 6 / 6/3! .@!‘é)n)

B H 6

Defe BCF w5 callel vh consistenl of B 6
.ﬁr any ﬁrmu/w G e ¥

Def. Semawtic system 15

L7 7]
where T 15 a sef of zi't‘erlpre Yadoons T  (rubh-
Va,(ue -ﬁw o'é“ou.s ovepy -formwla.: / . e. f[/t) LS
ecther [ or 2 )




Jef. G s SemawﬁoﬁZ/ La/&)}( .ﬁ:om BcF
( BF &) f

(FteT) t(B) w1 > ¥(6)=!
(Ary model of B 15 amodel of G as well),
Mte. If B=¢g then
(€€ T) t(G) =1
=G G 5 Senvgnﬁ‘aa.fly valol ( ‘6@«{0%)

Det. Combined _cy.récm 1)
L%as 7]

‘Dcf A Combineot S)S'kk, % com/p/e o



2. PROPDSITIONAL CALCYLUS

Formulas _of feoC -

0, eaeh /om,oasp'ﬁ‘ona/ variable :3 a —ﬁrma,/a, of ﬁ'pci
(v of F, & are formulas of PoC, Then
F6 , 7F
are ﬁrmulas of PoC .
( => Pro/Do.Srf{p‘onw( 7401044)# 07[ L.MIDZ»'C&‘.‘QCJ{?/
 { lpro,oodviﬁ'ona./ 7‘44440)(0:- 5\7[ hegz by )

Set of oxioms for ProC :
(Lt F, 6,4 be dformulos of PrnC)

A1 F=> (6>F
Ay [ F(65K)] = [(F>6) = (F>#)]
A3z (26 >72 =» (F=>¢6)

De olucton rules :
MP (modus ponens)

g, F=G




Exam /,,é; Prove — F>F

/'\' £ ap (( F = ,C) :.'-:),2) ;4/

—LF=> (F>p) = F] => [(F=> (F-—«»);f) ->[:=>F)J
7 2_

— (F=> (FF) = (F>P /1P

— F ™ (f=>l’=) : Ay

F— F= F NP

Semanthe -578{'&" D/ ﬁ‘oq 2
Boo (ean a(geér‘w

tp | +(7P “(7F) = <¢(P '}?

¢ { Booleas,
L o Hf-(ym/év
t(p) HE)| +(F26) t(F=>6) = €(F)~> €5)
AN i

1 p; p a.‘m,:!e'm-%u

| 74 CGombined system of Pl 13 complete:



Exomple. [froe = A

= lve show
B & EICEL R . |
~ but . /
Y/ / Y4
! 4 / |
1 AT - - ;[!

We have aot‘ 1 ﬁr all  ewstawees Yheretore
R — — ChhrprM'v-w

= 4,
EXamp/c Frove [ F=>F
£ | F>F
24 | 1
t | (1

b=y (W) t(F=F)~1

f’_‘/’“ﬂer _/2_’:0P086"é\fo7!@/ .-fdh&‘(okq 2
d«sguhcf‘éﬁ‘v FVvE = 7F=>6

c:on/}unoﬁon F¥ & = 7(F=> 76)
equsva leuce F&6 = (F26) X (62F)




3. PREDICATE CALCULUS

[anauage x of preclicates P = <)
Fuuchrs Cr %)
constants ¢ Cg 1)

van'a,é/es‘ X

Terms of the (aqg_!ggae £

4] Va.r;'a»é/es and coustants ave 'term:)

() f Ty, Tn W terms and £ 15 n-ary functhr,
thew £ (27 -y Tn) o8 a term.

formulas of- the (a?y-gg___ﬂ‘f :

() Eash _atomic -ﬁrmu(gv_ P[Z?,--—,Tn), where Tty -~ Tn
are Terms and P s A-ary predicate of o,
s a formula

() If 5 G arve dformulas, they 1F, F>G are formulas,
(x) If F & a formula, x 15 a variable, then  (¥x) F
6 a  Formule .

( #  general guantfer)

De-[ Literal s ecther abonye 746"“(.«./& or 7] “\6”1/&7"*’“/4




ELkample. Formula
(¥x) Plxy, 2)
.

X Vs bounol varalle
Yy, 2 are {_r_gg, variables

Def. A formule s closed of vé has no free variables,

Set of axioms __74;" Pre C

Ay F=> (6=>F)

A  [Fo> (6>M] » [(F>6) > (F>1)]

A (76 >7F) = (F>§)

Ay () (6> F) =[ 6= (%) F] fx tkm:‘-’[ 74(.;

variable o

/45' [‘fé‘) F o Séx[F) t;f “G’C R 7 b gl
/,\ ('7 ./
substotute Yerm T, wn ﬁi’m“@ E ofor all free

occuVahees of '649 m/wé/e X

Deoluckon rules  of Fre C:

X
/P =
Gen, F

) F



/Vo'(‘q_. % V <&
Existentrona ( iua—h‘ﬁ'fu‘er
(Fx) F

-

=y

7(K) 7F



& RESOLUTION PRIMCIPLE

4.1, PEFUTATION PRINC IPLE

B set WL _g_[ggd 74/7" wlas
6 a closes formule
(A

How o Iorov& B -6

7). ( Refutolon /o/‘mc{,/aé.) let 2 be aset of closed

-ﬁmu.(a: G a o{0$¢d ﬁirr)m./af
B G S Brireht i Ui conscstent

$2. CLAVSES
Closed formula <
¥

Prenex _conjunctvon normal frm (Qx) (Br) - (Byx) 1M

) Elvminate = &=
(2) 'BPmav B wmeaﬁ-a;feér betore atomuc formulas
27E &>
7(F%@) &> 7F vV 76
7 (Fves) & 7F % 76
7 (W) FE) &> (W) TFE)
7 (%) AKX = (B) 7 FE)



() Nove the guantfrers o the (eft
(&%) F&) 5} & & (69 (F Y 6)

(%) F&) & () H (o) & (W) (Fb) & H)
(3 F6) V (I HE) & () (Fh&) vV HE)

(6% FE) & (@x) HE) & (B)6,2) (F& ) HE))

(9 Use the olstributve law to gt comnyuncteon normal form.
EFv (6%H) & (FVE) % (FVH)

e

Skolemy _mormal form  (¥x,) (V) -~ (Yxe) V

() If (I=) s the [eft-moct 2uauﬁ'ﬁ‘ew , choose a new
constont ¢ and replace all x appearing un ‘he

formu la 6)' o , and delefe (3x)

(2) If (le,) J— [ #ym) are all the universal oyaaul‘t'ﬁ‘m
a,/o,oean‘-? 5eﬁre ('gx) 5 choose a wew m-my
.'(‘w,c{pp £ reploce all x the ﬁrmué, A/

1[[}’! /"‘/y'm)) ane de"’&k (Jx)

Set 074 clauses
) Remove all wrnsversal ﬁmw{cﬁ’ers andl rewrite ©he

-for mula

e (;?(c;_&cs



7z

info  the set of clauses
% = é G, G caj

(2) Remame variables 1y B so that eaeh clayse 4as
dofferent  varca bles. J

Clause 15 a fincte aa'?uua*ﬁbu of 2ero or more &'teralc.
é’."}’fym O ¢ a clause which comtains %o (éeral.

® F=(G3G%C i3 iyeonsistent off B=76,G, G}

s nconscstent.

Lxample.
Eo (P [P =z () (D) = L[x,)/))J
(30 [ P6) % (¥ (7D0y) V Lilgy)]
(30 (¥y) [P & (1D0) V Lixy)]
(¥y) [P) % (120) V Licy»]
Pl ¥ (1D Vv Ligy))
Cr Co ‘

B = i Pl 71)(,,&1%_v /-KC/)’})'.-}




Lrample.

Fa (¥ %) [(3)(Plx® % Pyz)) = (32) Rluy )]
(B (¥y) [1 (@) (PLd*Ply) v (38 ROy ?)]
(O (%y) [(¥) (1P6H N 1P(,2) V (32) G leyz)]
(%) (W) (YD (Fw) [7 P60 v 1852 V Qlgy2) ]
(B0 () (#e) [7 Pled V 7P V Q(xy,£6y,%)) ]

TR N TPy v Ry )
G

4

B=f¢f



79

4.3. RESOLUTION PRINCIPLE

(fodus  ponens
£, F6
&
If we rewrite ot uto the conjunchive normal Aform:
£ = G U sarent clawses

[GBvG s o

6 x Cy resolvent o-f (¢ axd G
/‘C.So[ﬁ/ea( L berals

Re solu €con fn'ned'p/e 4 Ko binson, 1965 s an extensioy
of MP

CGa L V i vh

Ga 7lo v iy vigvic

ﬂ _74- 1663y FH G



W

De—,f let B be a sef of clauses. Resoluton ole cuction
07[ C from B 15 a finite Seguence Gy G, -~ Gy
such that

[ﬁ) each Cf s ecther a c(aw.sz 1y B or a resolvent
of clauses frecea&.'ny ¢,

(9 € =C

7h.  Resolbe®on /mhq.}n/e, 1y Comp ele ) rre. a set
of clawses B Us consistent off there s a

| resolution decduckow of O from A .

GDMSe’zueM'('/y,
B+ & ff BU§16L 15 vnconscstent

there & a res. decluction of [ from
ABui16Y

E xamﬂe- .

R=45 @>P, P>Q, F= 2Q

Gz 7P & 78

Prove B F 6

Buf76l= § PV Q,FVIQ, 7Pv ® , 1PV 74}

NN

O
Done.



4.4 ONIFICATION ALGOR(TH/NY

NMow  eonsiclev Peclicate Calewlus :
G = Plg> v &G ]
G = IPC£) Y RG) - i
We can resolve FPk) and 7 P(£(y) only of
X = £y
Resolvent of C/, G,
Co, = Q['IC[)’» \4 'Q[)')

The process o;f Wa‘{d"'a? two llerals s called
un;%’ca'(ubu a‘aorotquq

Exa.wf/e. (/m‘-fy Pla, «x, 'ngr[y)))
and P (%, IC&'), ()

/.St‘e, t=a : FPla, X, £ C9(v)Y
P[CL) f(a.), 75[&-))

2.5 x=[02): P(a, f@), £(3(y))
P (a, f@), +u)

asbep w=gly): pla, @, £ (§lyD)

The above loterals wateh of the above substitutous
are a,o,o/:ba(-




/2

Resoluton /om'nco:p/@ __-/or Fre C -

Before resoluii Lterals, '67 fo um‘fy Wtera
o-f the two ases .

Examp e Let B=3B,BT where
B = (Fx) [ P6) 3, (Fy) (D) > LlayN)]
B = (¥ [ PO > (¥y) (R{y) = 7 Llyy)]
and let G (t) (D) => 7REK)
Prove B 6
We will prove L‘Aa«'f B U 2‘ 763 s vrconscsteny.
Set of clauses corre s,oondwg o BUS7GY :

B, : Ple,) ‘9

7.@@/& v }/CF/X'L (%
B, © () [7 P v 78() VvV 7 Légy) ]

TrRy v TSy v L0y ) (»
//, : Y, [—6&) (7D6¢) vV 7 Q(x))

(%) ( D6) % Q&)

Dle) % R(¢2)

D{e) (%)

Q (c2) (s)



2

Reso lutiomn ole dcbon of n {rom the above set:

Ple) 1DG)vLleyy)  109v7Q() v 7 LGV Des) Qe

=Ce ‘? T '?
\

X= Cy A(C” C')

70 V 71[":'/‘9“'
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4.5 LINEAR STRATEGY

&) B, By) tnput clauses

e £ P
s

[inear reso (d.{t‘o_n:
Cppy 15 @ resolvené of the eentr clause (; anol
z an thput clauce

a center clause C)/ Jz- v

Mote. The éq: clause C, IS wa.a((y the neau‘u’m of~
the -fomw.(a/ which we are %o prove b be a theorem frowm

some pre nei Ses.

Examp/e. ;
®=i&=>f’, }’%7@) ?=—>7CQ}
G = A

Prove B HG&



2y Linear resolution
e W/// prove 'ﬂmﬁ .(/5057 Gj s zhm:b'ﬂ‘cnf.
76
PV‘Q Pv 7@ 7PvQ 2PV 2?2Q

) S i h&ﬁ'ca’lf'y

F (8P) % (P1Q) > (@ >7)) Srewn theoren
G mm— e e - (F6) 2 (§4) = (F)
2 = &=7Q 2+ MP
- —(R=>7Q) = lﬂ : kxown ¢heorens
. — (7F>F) DF
> 2F 7@_ NP
T (Prg > CUE)
~3p B 7 > 7P s
BB " tef
f—*r‘?“‘> gcq‘-a 7&5@\ known Yheoreny

— F (6= F&G)

B @ 2x0P

G



) Semant'call y ! G
- - — A,
P ] R3P PR P78 71037@
g 7 e, il i i i i % f
‘ 4 0 !/ ! 0
{ 0 { 0 7 0
{ 4 4 4 0 [/

the nodel of B 1z a wodel of G a wed.

® /[wnear resolu¥on _C_L»y@ir



£ 6 (NPT RESOLUTION

Linear resolution vs com,:/eée but we wust store the entiire
sequence of center clomses (iueffiecent!)

Input resolubion 5 lhear recolukion but a cewber clause
LS resolved W/'t‘é av L'n/u(' c(a«.se on/y.

G B B B
22 B P
T /7 4

C",f /

Ihpw( resolufvon 3 :Jucomp/u‘e , but we need not sbore
+the center clauses [' comp/el‘cne:.r 2 e'F‘ﬁ'dency) .

)6;{(. //orn c/ause" (S a a/a.use wln'clf /m.r a¥ mo_:f' ohe
Lieral withowt 1

Th. In/mf resolution with Horn clauses awd ¢he top
clause Con'fa.o'm;-ﬂ ou/y Cterals with % s Q&'Pﬂ{

® PROLOG IS gzw‘v«,/mf % the Input reso lutfion rn

Horn  clauses.



