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Conjugate directions:

Generalization of orthogonality

Let A be an n X n symmetric PD matrix.
We consider the strictly convex quadratic function

1
qg(x) = ECETAZE — bl

Definition 1 The directions (vectors) si,--- sk €
R™ are conjugate (A—orthogonal) directions if
(sH)TAsT =0 for all 1 <i+#j<k.

(Conjugate=orthogonal if A =1.)

Theorem 1 Let £ be a linear subspace, Hi =
1 + £ and Ho = 22 4+ L be two parallel affine
spaces where z1 and z? are the minimizers of q(z)
over 'Hq1 and H», respectively. Then for every s € L
(z2 — z1) and s are conjugate w.r.t. A.

Theorem 2 Let sl,.-. s € R* be conjugate di-
rections w.r.t. A. Let z1 be given and let

21Tl = argmin q(z' + \s") i=1,--- k.

Then zFT1 minimizes q(z) on the affine space
H =zl + £(st, - -, s").




Proof of the Theorems

Proof of Theorem 1

st 4+ AseHy= q(zl 4+ 2s) > q(zl) = s'vgzl) =0
22+ As € Ho = q(z2 4 Xs) > q(z2) = s'1Vq(@?) =0

This imply:
st (Vq(:cz) — Vq(a:l)) = sl'A(zl — 22) = 0. O

Proof of Theorem 2
One has to show that Vg(zFT1) L £(st, .-, s%), i.e.
Vag(zht1) 1L sl ... sk

gl = z' + \'s) i=1,---,k
where X\ indicates the line-minimum, thus
Pl =l ATl AR = 2t Nt ARSR
Due to exact line-search we have Vq(z'T1)Tst = 0.
Using Vqg(z) = Az — b we get

. . . k . .
Va(a* T i= v+ Ns) + Y M Asl.
j=it+1

. . k . . .

(s)YT'Vq(zF T == ()T vz TH+ > M (sHT Asd.
j=it1

Hence (s)Tvq(zF*t1) = 0. O




Powell’s algorithm - 1

Conjugate directions without using gradient

1
minimize q(x) = Ea:TAa: — bl

Let sl ... s™ be linearly independent directions:
and z!1 be an initial point, A is symmetric PD .

Cycle 1. Let 2! = 2! and

21 .= argming¢(z* + \s?) i=1,---, n.
2 = argmin q(z”"'l—l—)\tl), where t1 = znt1_g 1
Let st =s'tl =1 -...n—1 and s" = ¢L.

Cycle 2. Let 2! = 22 and
21 = argmin g(z* + \s?) i=1,---,n.
23 = argmin ¢(z"T1 4+ At?) with 2 = 2"+l — 22,
Then due to Thm 1. ¢! and t? are conjugate.
Let st =51l =1 -.-.n—1 and s" = ¢2.

Cycle k. Let 21 = 2% and
21 = argmin g(z* + \s?) i=1,---,n.
2FT1 = argming(z"1T1 + AtF) with tF = znt1 — gk,
Then due to Thm 1. t1, ...tk are conjugate.
Let st =s'tl =1 -...n—1 and s" = t~.




Powell’s algorithim - 11

Conjugate directions without using gradient

1
minimize q(x) = ExTACE — bl

The directions si,--- s" are linearly independent.

Cycle n. Let 21 = 27 and
21 = argmin g(z* + \s?) i=1,-
"1 = argming(z" 1 4+ \t") with £ = zn+1 x".
Then due to Thm 1. ¢!, -.-¢" are conjugate.
Let st =s'Tl =1 -....n—1 and s = ¢t".
Thus si,---s" are conjugate.

Cycle n+ 1. Let 2! = 2™ and
21 = argmin g(z* + \s?) i=1,---,n,
then due to Thm 2 z* = z"t1 is the minimizer
of g(x).

Observe: Without any gradient information we
were able to find the exact minimum of a strictly
convex quadratic function in a finite number of
steps. For this at most (n + 1)2 line-searches are
needed.

We also need to store n direction vectors.




Fletcher and Reeves
Conjugate gradient method

1
minimize q(x) = §xTA:r; — bl

Let 1 be an initial point, A is symmetric PD .

Step 1. Let s = —Vqg(x1) and
xo = argminqg(xz1 + Asq1).

Step k. Let x, Vq(zxg) and sq,---,s,_1 conjugate
directions be given. First we find s; in the

space of the negative gradient and the previous
directions:

sp = —Va(zy) + Bis1+ -+ By Tsp_q.
s should be conjugate to sq,---,sp_1. There-
fore there holds s! As, = 0, which implies:

Vq(xp)! As;
S;Asi

Then x4 1 :=argmingq(xg, + Asg).

B =

With a bit of analysis we show 8¢ = 0 if i < k, thus

k—1
Sk = —9r T+ By “Sk—1,
where Jdr — VQ(ZCk)




Fletcher and Reeves - II
Calculating the coefficients 3,

K SZTASZ'

Observe that

gi+1 — 9i = A(zj41 — x;) = NjAs;
thus T
i 9% (941 — 94)
6]{ — T .
st (gi+1 — 9i)

Note g g; = 0 if i < k, because
gi '=— —s; + 5@131 + -+ 5;:_182'—1

919i = —gisi+ Bigrsi+ -+ B gisi-1=0
because g L s1,---s_1, by using Theorem 2.
Similarly, gl g; = —g!'s;, thus
| 0 ifi < k—1,
B = g%gk — ||9/Y<:||22 ifi — k — 1.
—s3_19k—1  llgr—1ll
Thus the direction s* is given by
[FAIS
Sk = —gr T+ 5Sk—1
g -1l

Only the previous direction has to be stored and
to minimize g(x) at most n + 1 line-searches are
needed. The eigenvalues of A have big influence
on the behavior of CG algorithm.




Other CG Methods
Polak-Ribiere Method

For nonlinear problem

min f(x).

reRN
Linear Search might be inexact. FR-CG:

—r
Bk 1 — 2
gl
where g, = Vf(x;). Note that in case that f(x) is
quadratlc and the line search is exact, there holds

H9k+1H — 9k+1(9k+1 — g1.). Another choice is PR-
CG where:

PR — g1 (G411 — 98)
T |gkll2

Numerical experience shows PR-CG is more robust
and efficient.

Recently research on CG method focus on the global
convergence of the algorithm with inexact line search
for nonlinear problems. In principle, CG method is

efficient for solving quadratic programming. Thus

it is widely used in solving subproblems. For large-

scale and specific problems, Precondition is neces-

sary.




Variable Metric/Quasi-Newton

Approximate the inverse Hessian

1
minimize q(x) = Ea:TAa: — bl

wflLet z1 be an initial point, A is symmetric PD.

For any two pints z*, zFt1 we have
Va(zFT) — Vg(a®) = AzFTL — b — (AzF — b)) = A(2F T — 2P).

Let y* = Vq(aFT1) — Vq¢(2¥) and
ok = xkT1 _ 2k = \ksk so we get:

oF = A—1yk

we are going to approximate A~1 by a matrix Hy.
The matrix H;, should behave like the inverse Hes-
sian A—l, it should be symmetric positive definite
and thus the search direction is calculates by

Sk — _HkVQ(ajk)7
further we want to keep the Newton property ok =
Hkyk.
In the iterations the update
Hk—l—l = Hk + Dk will be used.




Quasi-Newton - 11

Desired properties of the update

Hp41 = Hy + Dy,

The iterative sequence is: zl,... zF g+l .
sk = —Hqu(:ck) and z*T1:=argmin q(z"+As*)

v = V(2" TH-Vq(zF) and of = 2FT1_zk = Nk,

Desired properties:

1. Heriditary/Preservability: For all i < k
o' = Hpy' = o' = Hk_|_1yi.

2. Quasi-Newton (QN): Make the Newton prop-
erty for k, i.e.,
of = Hy119y" = Dypy* = o — Hpy".

3. Symmetric and PD: To guarantee a decreas-
ing direction we need Hg,, to be symmetric
and positive definite.




Quasi-Newton Method

Approximation via local quadratic model

minimize f(z) = fk-l-g/:.f(w—fl?k)-I-%(fv—xk)TBk(w—a?k)-

When B is positive definite, it has a unique solu-
tion x4 = o — Bk_lgk. Define the inverse of B,
as Hp. Thus we can use —Hpg, as a new search
direction.

Algorithm: Given starting point xg, convergence
tolerance €. Choose initial matrix Hg or By.
While ||gi| > e;

Compute the search direction

S, = —Hygy,

Set zp41 = x + A\sp where X, is the step size
determined by Wolfe-line search.

Define o, = xp41 — Tk, Y = 9gk+1 — 9k, COmpute
Hy4q1 or B4y by QN update.

k—k-+1;

End(while)

10



Wolfe-condition and QN Update

Wolfe-condition

Flep +Mpsp) < flxg) + c1 Mgt si;
cogh s < V(@ + Aesk)” sk

with 0 <c1 < e < 1.

Suppose By, Hj, are known, how to update Hy, 1 =
H;, + AH.? Similarly how to update B.7

Desired properties of update:

1. Quasi-Newton (QN): Satisfy the secant equa-
tion, i.e.,

oy = Hp41yp <= Br4+10k = Y-
that is AHpy, = o, — Hryz.

2. Symmetric and PD: To guarantee a decreas-
ing direction we need Hyyy (or Bii1) to be
symmetric and positive definite.

11



Quasi-Newton - III
Choices for AH,

From the QN property we see that a matrix D is
to be found that for given y and z satisfies:

Dy = z.
Among others, for any a € R™ the rank-one matrix
T
D = % always satisfies the equation if aly # 0.
a”y

Popular choices:
Symmetric rank-one (SR1) update:
_ (op — Hiy) (o) — Hyyp)t
AHk T T )
(o — Hiye)* vk
here we have chosen a = o, — Hpyp with
Yy =y and z = o — Hyyy.
NO guarantee to keep positive definiteness.

Davidon-Fletcher-Powell (DFP) rank-2:

If yLop > 0, then Hyyq is positive definite!!

12



Quasi-Newton - 1V

Proof of the positive definiteness of DFP

First, for any positive definite H and nonzero y, we
can prove that

1
is positive semidefinite. Denote d = H2y, one can
see that the matrix

; dd!
dl'd
T
is positive semidefinite. So is the matrix H — 241
y- Hy

and y is the only eigenvector corresponding to its
eigenvalue 0.

Second, we prove that if H is P.SD., and d is the

only nonzero eigenvector satisfying Hd = 0. Then

for any 0 > 0,z € ®" with zId # 0, the matrix

H 4+ 0221 is positive definite.

_ T

Replacing H by Hi — H’“I?{’“kak, 0 by ” 10
k

or, we see that the DFP update is P.D.

. and z by

13



BFGS, Broyden’s Family

Broyden-Fletcher-Goldfarb-Shanno update:

_ Yyl Browoi By
Jk Yl O'%BkO'k

Similarly when By, is P.D. and o}y, > 0, then By
is P.D.

Broyden’s family:

Biy1(¢) = B/Jfff;s + pol Byopwpwi, ¢ >0,

where
wy, =k _ Byoy
O‘Zyk O-]szO-k

and its inverse form
Hy11(0) = H;?ff + 0yl Hyypopoll, 0 > 0

where

14



Properties of Broyden’s Family

Since Hp. B, = I, one can show that

Hy41(1)Bg41(0) =1,
and

Hp41(0)Bg41(1) = 1.

Self-Dual QN Method, § = ¢ = 3.
How to keep o}y, > 07 Note that s, = Agsp and
Yk = 9k+1 — 9k- 1 hus we need to keep

T T
9k4+15k > 9 Sk-

This can be guaranteed by using line-search, such
as Wolfe-search.

Local convergence had been proven in early 1970s.

The global convergence of QN method was first
proven by Powell (1976) for convex optimization
by using BFGS update. In 1987, Byrd,Nocedal and
Yuan showed the whole Broyden family is conver-
gent except the DFP update.

15



QN Method:VII

In practice, BFGS is the most efficient update in
Broyden's family. This coincides with the theoret-
ical conclusion.

The first QN method is DFP, however, no one can
prove it is convergent except for very special prob-
lems. The convergence of DFP is an open problem.

In practice for large-scale problems, limited mem-
ory QN method (or restart QN update in finite
steps) is also a good choice. Since many problems
are not globally well-poised, but locally convex. In
such cases, restart can help us to get rid of the
wrong information obtained from the early itera-
tions. Precondition is helpful in choosing the initial
matrices Hg and Bp.

It is known that when the initial matrix is suffi-
ciently good and the sequence of the iterates con-
verges, then the matrix sequence with SR1 update
will converge to the real Hessian of the objective
at the solution point! This is a very important
property that might help to deal with non-convex
problem.
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