Consider a two joint muscle system:

To exert a force at H we use the 6
muscle groups to exert two forces.
We seek to minimize the energy used

(

§
E(m)= x> pim,
1=
subject to the force equations
—a1mi + aomo — asms + agmg = F7,

—byms + bymy — byms + bgmg = Fo,
my > 0.



Minimize
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such that
—m1 +my — amg + Bmg = F,
—ma + my — ms + mg = Fo,
my; 2 0.

Under the assumptions

F1 <0, Fh=—F), a>1and g€ (0,1)

We could use an algorithm, but we
wish to keep «, 8 and F; (somewhat)
arbitrary.



To write the KK'T' conditions, note:

—m1 + mo — ams + Bmg = F1,
—ms + my — ms + mg = Fo,
mi>()

-

—m1 +mo — ams + Omg < F,
+mi; — mo +amy — Bmg < —F)
—ms3 + my — ms + mg < Fo,
+m3 — my +my —mg < —Fo,
—1my < 0.



The KK'T conditions are:
—m1 +mo — ams + Bmg = F]
—mg +my — ms +mg = o

m; > 0
—mi] = —Y1 — Y7 + Y3
—Mo = —Y2 + Y7 — Y3
—m3 = —Y3 — Y9 + Y10
—Mmy = —Y4+ Y9 — Y10
—ms5 = —Y5 — (Y7 — ¥s) — Y9 + Y10

—mg = —Yy6 + B(y7 — y3) + Y9 — Y10

—y1Mm] — Y2mg — Y3ms

— Y41y — Y51y — Yellg

+(y7 — yg)(—m1 + mg — ams + Bmg — F1)
+(y9 — y10)(—m3 + my — ms +mg — Fo) =0

y; = 0



Which simplify to

Fi = —mq 4+ mo — ams + Bmg,
Fy = —ms+my — my + meg,
mp =yp + Al

mo =y — Aj

ms3 = y3+ A2

my = yq — A2

ms = Y5+ al] + Ao
me = Y — BA1 — A9

yim; =0,

yi =20, m; >0, A\ €R.



This can be solved.
Step I: prove A\ > 0 (wsea >3, F, <0)

Step 1I: prove Ao < 0 (use A, > 0, I > 0)
Step III: Show
Fi = —m1 — ams + Pmg
Fo =my — ms+ mg
0 =amy —my —msg
0 = —=0Bm1 +my — mg
(mo =mg = 0).

(use \y = my, Ag = —my, and Fy, = —F})



Step IV: Conclude

. a+(+3
m1 = b o3 545
mo =0
ms = (
2 2
m4 — F2 0% —I—OH—ﬁ—Fﬁ +1

3+2a2+262—%gﬁ
_  2a4af—pB—p"—1

ms = £ 3+2024+232—203

—28+14+a’—af+a

m6 = L3 o o905



Ex: |[Co-contraction]

Let
a=>5/4
g=3/4
F1=—-43
F5 =43
Then

m1 =40, mo=0, mg=20

my =41, ms =9, mg=11

Which shows co-contraction of ms and
meg
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