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The general NLO problem

(NLO) min f(x)
st. hi(z)=0, icl=1{1,---,p}
x € C.

where z € IR", C CIR" is a certain set and
fyhi,--+,hp,91,---,gm are functions defined on C.
Set of feasible solutions:

F={zeC|h(x)=0Yiand g;(x) <0,¥}.

Definition 1 Let two points z', 2> € R® and 0 < X < 1 be
given. Then the point

=z 4+ (1 = N\)z?
is a convex combination of the two points x!, z°.

The set C C IR" is called convex, if all convex combinations
of any two points z',z? € C are again in C.

Convex and nonconvex sets in the plane.
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Convex functions

Definition 2 A function f : C — R defined on a
convex set C is called convex if for all z1,z2 € C
and 0 < A< 1 one has

FOzt 4+ (1= 2)2?) < Af@@h) + (1= V) F(?).

Definition 3 The epigraph of a function f :C — R
is the (n + 1)-dimensional set

{(x,7) : f(x) <1,z el, T eR}.

The epigraph of a convex function f.

For any set S C IR™ we can define a convex set, its
convex hull in the following way.

Definition 4 Let S C IR" be an arbitrary set. The set

conv(S) := {z |z = Axl4+(1-N)z?, 2!, 22 € Suconv(S), X € (0,1)}
is called the convex hull of the set S.
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Affine hull

If £ is a (linear) subspace, a € IR"™ then a4+ L is
called an affine subspace of IR™. By definition, the
dimension of a + L is the dimension of L.

Definition 5 T he smallest affine space a + L con-
taining a convex set C C IR"™ s the so-called affine
hull of C and denoted by aff(C). The dimension of
C is defined as the dimension of aff(C).

Definition 6 Let two points z1,z2 ¢ R® and A € IR
be given. Then the point

=zl + (1 - \)z?

is an affine combination of the two points z1, 2.
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Convex Cones

Definition 7 The set C C IR"™ is a convex cone if
it is a convex set and for all x € C and 0 < X\ one

has \x € C.

e The set C = {(w1,22) € R?| xp > 2z1, @p >
—2x1} is a convex cone in IR?.

e The following set is a convex cone in IR3:
= {(331,562,333) S IR3| 33% + CE% < CC%, L3 > O}

Definition 8 A convex cone is called pointed if it
does not contain any subspace except the origin.

A pointed closed convex cone could be defined
equivalently as a convex cone that does not contain
any line.

Lemma 1 A convex cone C is pointed if and only
if the origin O is an extremal point of C.
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Recession Cone

Lemma 2 Let us assume that the convex set C is closed and
not bounded. Then
(1) for each x € C there is a vector z € IR" such that x+Xz € C

for all A > 0, i.e. the set R(x) ={z|z+Xz€C, A >0} is
not empty;

(1) the set R(x) is a closed convex cone (the so-called re-
cession cone at x);

(#11) the cone R(x) = R is independent of x, thus it is ‘the’
recession cone of the convex set C;

(iv) R is a pointed cone if and only if C has at least one
extremal point.

Corollary 1 The nonempty closed convex set C is bounded
it and only if its recession cone R consists of the zero vector
alone.

Let C be the epigraph of f(z) = 2.
Then every point on zp = mi iIs an extreme point of C. For

1

x = (x1,72) the recession cone is given by

R(z) = {z € IR?| 21,22 > 0}.
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Relative Interior

Definition 9 Let a convex set C be given. The
point x € C is in the relative interior of C if for all
x € C there exists x € C and 0 < A < 1 such that
x =X+ (1—-N)Z. The set of relative interior points
of the set C will be denoted by CP.

letC={zcR3 22 +253<1l,2z3=1}and L={r € R3| 23 =
0}, then C C aff(C) = (0,0,1) + L. Hence, dim (C) =2 and
CC={rcR3 224+ 23< 1,23 =1}

Lemma 3 Let C C IR"™ be a convex set. Then for
eachze€CO yeC and 0 <A <1 we have

=X+ (1-Nyecdcc

Corollary 2 The relative interior C° of a convex
set C C IR" js convex.

Lemma 4 Let C be a convex set. Then (C9)0 =
CcO. Moreover, if C is nonempty then its relative
interior C° is nonempty as well.
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Convex Functions

Lemma b Let f be a convex function defined on
the convex set C. Then f is continuous on the
relative interior CO of C.

Lemma 6 (Jensen inequality) Let f be a convex
function defined on a convex set C C IR"™. Let
the points zt,---,zF € ¢ and A\l,--- ) A\F > 0 with
SF_ AN =1 be given. Then

k . . k . .
FO_ Nah) < )y N f(ah).
i=1 '

=1

Lemma 7 Let f1,-. -,f’€ be a convex functions de-
fined on a convex set C CIR"™. Then

e for all \1,--- )\f >0 the function
k . .
flx) = > MNf'(x)
1=1
IS convex;

e the function
= max f°
f(z) = max f'(z)
IS convex.
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Convex Functions cntd.

Definition 10 The function h : IR — IR is called

e monotonically non-decreasing if for allt1 < to €
IR one has h(t1) < h(ts);

e Strictly monotonically increasing if for all t1 <
to> € IR one has h(t1) < h(ts).

Lemma 8 Let f be a convex function on the con-
vex set C CIR"™ and h : IR — IR be a convex mono-
tonically non-decreasing function. Then the com-
posite function h(f(x)) : C — IR is convex.

Definition 11 Let a convex function f : C — IR
defined on the convex set C be given. Let a € IR be
an arbitrary number. The set Do = {x € C| f(z) <
o} is called a level set of the function f.

Lemma 9 If f is a convex function on C then for
all o« € IR the level set Dy, is a (possibly empty)
convex set.
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Convex Functions cntd.

Definition 12 Let x € IR" and a direction (vector) s € IR"
be given. The directional derivative §f(x,s) of the function
f, at point xz, in the direction s, is defined as

f@ 4 As) = f(@)
A

0f(x,s) = iiﬂ%

if the above limit exists.

Lemma 10 If the function f is continuously differ-
entiable then for all s € IR™ we have

§f(z,8) =VF(z)!s.

The Hesse matrix:

2
(V1@ =25 foran ij=1,n
x;0T;

Lemma 11 Let f be a function defined on a convex set
C CIR". The function f is convex if and only if the function
o(N\) = f(x + As) is convex on the interval [0,1] for all x € C
and x+ s € C.

Lemma 12 Let f be a continuously differentiable function
on the open convex set C C IR™. Then the following state-
ments are equivalent.

1. The function f is convex on C.
2. For any two vectors x,x € C one has

Vi)' (@ —z) < f(Z) - f(x) < V(@) (T - ).

3. For any z,x + s € C the function ¢(\) = f(x + Xs) is
continuously differentiable on the open interval (0,1) and
& (N\) = s'Vf(x + Xs), which is a monotonically non-
decreasing function.
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Proof of the Lemma

First we prove that 1 implies 2. Let 0 < A <1 and z,x € C.
Then the convexity of f imply

fOZ+ (1 =Nz < Af(Z) + (1 =N f(x).
This can be rewritten as

flx+ Xz —2)) — f(z) _

N < f@) ~ f(@).

Taking the limit as A — 0 and applying Lemma 10 the left-
hand-side inequality of 2 follows. As one interchanges the
role x and z, the right-hand-side inequality is obtained anal-
ogously.
Now we prove that 2 implies 3. Let z,z +s € C and 0 <
AL A2 < 1. When we apply the inequalities of 2 with the
points z+Als and x4+ \2s the following relations are obtained.
V=MDV f(@+A's) s < fl@+2%s) — flm+Als) < (W= AV f(z+A%s)Ts,
hence

(A2 = 2D (AN) < (X)) — (A1) < (W7 = ADF' (V).
Assuming A < A\? we have

2y 1
o) < I8N0 < g0y

proving that the function ¢'(\) is monotonically non-decreasing.
Finally we prove that 3 implies 1. We only have to prove
that ¢()\) is convex if ¢'(\) is monotonically non-decreasing.

Let us take 0 < A! < A2 < 1 where ¢'(A\!) < ¢/(\?). Then for
0 < a<1we may write

(1-a)p(A\) +  ap(AV?) = (1 — )\t + ar?)
= a[p(A?) = s(AH)] = [#((1 — a)At + ar?) — o(A1)]

1
a(A? = 2\H) (/ &' (A 4 t(0% = AH)dt
0

1
—/ &' (A 4 ta(N2 — Al))dt)
0
0.

Vv
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Illustration of the Lemma

' f(@) — f(=)
i w)

V(@) (& - )

Lemma 13 Let f be a twice continuously differ-
entiable function on the open convex set C C IR".
T he function f is convex if and only if its Hesse
matrix V2f(z) is PSD for all x € C. Furthermore
d"(N) = sTV2f(z 4+ \s)s.
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Optimality Conditions

Unconstrained minimization

Consider the problem

minimize f(x),

where z € IR™ and f : IR" — IR is a differentiable
function. First we define local and global minima
of the above problem.

Definition 13 Let a function f : IR" — IR be given.

A point x € IR"™ is a local minimum of the function
f if there is an € > 0 such that f(x) < f(x) for all
r € IR" when ||z — z|| < e.

A point x € IR" s a strict local minimum of the
function f if there is an e > 0 such that f(x) < f(x)
for all x € R"™ when ||z — z|| < e.

A point x € IR"™ is a global minimum of the function
fif f(x) < f(x) for all x € IR".

A point x € IR"™ js a strict global minimum of the
function f if f(x) < f(x) for all x € IR™.

Lemma 14 Any (strict) local minimum of a con-
vex function f is a (strict) global minimum of f as
well.
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Optimality conditions

Lemma 15 Let f be continuously differentiable. If
the point x € IR™ js a minimum of the function f
then Vf(x) = 0.

Lemma 16 Let f be a continuously differentiable
convex function. The point x € IR"™ is a minimum
of the function f if and only if Vf(x) = 0.

Lemma 17 Let f be a twice continuously differ-
entiable function. If at a point x € IR"™ it holds that
Vf(zZ) = 0 and V2f(x) is positive semidefinite in
an e—neighborhood (e > 0) of x then the point x is
a local minimum of the function f.

Corollary 3 Let f be a twice continuously differen-
tiable function. If at x € IR™ the gradient Vf(x) =
0 and the Hessian V2f(Z) is positive definite then
the point x is a strict local minimum of the function

£.

Tamas Terlaky, Advanced Optimization Lab., CAS, McMaster 13



Constrained Optimization

Theorem 1 Let us consider the optimization prob-
lem min{ f(x) : = € C} where C is a relatively open
convex set and f is a convex differentiable function.
The point x is an optimal solution of this problem
if and only if Vf(z)1's = 0 for all s € L, where L
denotes the linear subspace with aff(C) = x4+ L for
any x € C. Here aff(C) denotes the affine hull of C.

Proof: If x is a minimum, one has

f(x) < f(x+ Xs) for all s as T+ s € C.

Here s € £ and all the vectors s € £ can be defined this way
since by assumption C is a relatively open set. By bringing
f(x) to the right hand side and dividing by A we have

o< J@E+2s) — f@
- A
Taking the limit as A — O results in
0<6f(Z,8)=Vf(@)s forall secL.

As s € L is arbitrary we conclude that Vf(z)’s = 0 for all
se L.

On the other hand, if f is a convex function and Vf(z)’s =0
for all s € £ then

fl@)—f@)>Vf@)! ' (z—2)=0

since s = (¢ — x) € L, hence the theorem is proved. O
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Feasible Directions

Definition 14 The vector s € IR"™ s called a feasi-
ble direction at a point x € F if there is a A\g > 0O
such that x +Xs € F for all 0 < XA < \g. The set
of feasible directions at the feasible point x € F is
denoted by FD(x)

Lemma 18 For any convex set F and for any x €
F the set of feasible directions FD(x) is a convex
cone.

Theorem 2 The feasible point x € F is an optimal
solution of the convex optimization problem (CO)
if and only if for all s € FD(x) one has 6 f(x,s) > 0.
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