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The general NLO problem

(NLO) min f(x)
s.t. hi(x) = 0, i ∈ I = {1, · · · , p}

gj(x) ≤ 0, j ∈ J = {1, · · · ,m}
x ∈ C.

where x ∈ IRn, C ⊆ IRn is a certain set and
f, h1, · · · , hp, g1, · · · , gm are functions defined on C.
Set of feasible solutions:

F = {x ∈ C | hi(x) = 0,∀ i and gj(x) ≤ 0,∀ j}.

Definition 1 Let two points x1, x2 ∈ IRn and 0 ≤ λ ≤ 1 be
given. Then the point

x = λx1 + (1− λ)x2

is a convex combination of the two points x1, x2.

The set C ⊂ IRn is called convex, if all convex combinations
of any two points x1, x2 ∈ C are again in C.

Convex and nonconvex sets in the plane.
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Convex functions

Definition 2 A function f : C → R defined on a

convex set C is called convex if for all x1, x2 ∈ C

and 0 ≤ λ ≤ 1 one has

f(λx1+ (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2).

Definition 3 The epigraph of a function f : C → R

is the (n+1)-dimensional set

{(x, τ) : f(x) ≤ τ, x ∈ C, τ ∈ IR} .

6
f

C

The epigraph of a convex function f .

For any set S ⊂ IRn we can define a convex set, its
convex hull in the following way.

Definition 4 Let S ⊂ IRn be an arbitrary set. The set

conv(S) := {x |x = λx1+(1−λ)x2, x1, x2 ∈ S∪conv(S), λ ∈ (0,1)}

is called the convex hull of the set S.
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Affine hull

If L is a (linear) subspace, a ∈ IRn then a + L is

called an affine subspace of IRn. By definition, the

dimension of a+ L is the dimension of L.

Definition 5 The smallest affine space a+L con-

taining a convex set C ⊆ IRn is the so-called affine

hull of C and denoted by aff(C). The dimension of

C is defined as the dimension of aff(C).

Definition 6 Let two points x1, x2 ∈ IRn and λ ∈ IR

be given. Then the point

x = λx1+ (1− λ)x2

is an affine combination of the two points x1, x2.
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Convex Cones

Definition 7 The set C ⊂ IRn is a convex cone if

it is a convex set and for all x ∈ C and 0 ≤ λ one

has λx ∈ C.

• The set C = {(x1, x2) ∈ IR2| x2 ≥ 2x1, x2 ≥
−1
2x1} is a convex cone in IR2.

• The following set is a convex cone in IR3:

C′ = {(x1, x2, x3) ∈ IR3| x21+ x22 ≤ x23, x3 ≥ 0}.

C C′

Definition 8 A convex cone is called pointed if it

does not contain any subspace except the origin.

A pointed closed convex cone could be defined

equivalently as a convex cone that does not contain

any line.

Lemma 1 A convex cone C is pointed if and only
if the origin 0 is an extremal point of C.
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Recession Cone

Lemma 2 Let us assume that the convex set C is closed and
not bounded. Then
(i) for each x ∈ C there is a vector z ∈ IRn such that x+λz ∈ C

for all λ ≥ 0, i.e. the set R(x) = {z |x+ λz ∈ C, λ ≥ 0} is
not empty;

(ii) the set R(x) is a closed convex cone (the so-called re-
cession cone at x);

(iii) the cone R(x) = R is independent of x, thus it is ‘the’
recession cone of the convex set C;

(iv) R is a pointed cone if and only if C has at least one
extremal point.

Corollary 1 The nonempty closed convex set C is bounded
if and only if its recession cone R consists of the zero vector
alone.

Let C be the epigraph of f(x) = 1
x
.

Then every point on x2 = 1
x1

is an extreme point of C. For

x = (x1, x2) the recession cone is given by

R(x) = {z ∈ IR2 | z1, z2 ≥ 0}.

(x1, x2)

C x+R(x)
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Relative Interior

Definition 9 Let a convex set C be given. The
point x ∈ C is in the relative interior of C if for all
x̄ ∈ C there exists x̃ ∈ C and 0 < λ < 1 such that

x = λx̄+(1−λ)x̃. The set of relative interior points
of the set C will be denoted by C0.

Let C = {x ∈ IR3| x2
1 + x2

2 ≤ 1, x3 = 1} and L = {x ∈ IR3| x3 =

0}, then C ⊂ aff(C) = (0,0,1) + L. Hence, dim (C) = 2 and

C0 = {x ∈ IR3| x2
1 + x2

2 < 1, x3 = 1}.

Lemma 3 Let C ⊂ IRn be a convex set. Then for

each x ∈ C0, y ∈ C̄ and 0 < λ ≤ 1 we have

z = λx+ (1− λ)y ∈ C0 ⊆ C.

Corollary 2 The relative interior C0 of a convex
set C ⊂ IRn is convex.

Lemma 4 Let C be a convex set. Then (C0)0 =

C0. Moreover, if C is nonempty then its relative
interior C0 is nonempty as well.
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Convex Functions

Lemma 5 Let f be a convex function defined on

the convex set C. Then f is continuous on the

relative interior C0 of C.

Lemma 6 (Jensen inequality) Let f be a convex

function defined on a convex set C ⊆ IRn. Let

the points x1, · · · , xk ∈ C and λ1, · · · , λk ≥ 0 with
∑k
i=1 λ

i = 1 be given. Then

f(
k
∑

i=1

λixi) ≤
k
∑

i=1

λif(xi).

Lemma 7 Let f1, · · · , fk be a convex functions de-

fined on a convex set C ⊆ IRn. Then

• for all λ1, · · · , λk ≥ 0 the function

f(x) =
k
∑

i=1

λif i(x)

is convex;

• the function

f(x) = max
1≤i≤k

f i(x)

is convex.
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Convex Functions cntd.

Definition 10 The function h : IR→ IR is called

• monotonically non-decreasing if for all t1 < t2 ∈

IR one has h(t1) ≤ h(t2);

• strictly monotonically increasing if for all t1 <

t2 ∈ IR one has h(t1) < h(t2).

Lemma 8 Let f be a convex function on the con-

vex set C ⊆ IRn and h : IR→ IR be a convex mono-

tonically non-decreasing function. Then the com-

posite function h(f(x)) : C → IR is convex.

Definition 11 Let a convex function f : C → IR

defined on the convex set C be given. Let α ∈ IR be

an arbitrary number. The set Dα = {x ∈ C | f(x) ≤

α} is called a level set of the function f .

Lemma 9 If f is a convex function on C then for

all α ∈ IR the level set Dα is a (possibly empty)

convex set.
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Convex Functions cntd.

Definition 12 Let x ∈ IRn and a direction (vector) s ∈ IRn

be given. The directional derivative δf(x, s) of the function
f , at point x, in the direction s, is defined as

δf(x, s) = lim
λ→0

f(x+ λs)− f(x)

λ

if the above limit exists.

Lemma 10 If the function f is continuously differ-

entiable then for all s ∈ IRn we have

δf(x, s) = ∇f(x)T s.

The Hesse matrix:

(∇2f(x))ij =
∂2f(x)

∂xi∂xj
for all i, j = 1, · · · , n.

Lemma 11 Let f be a function defined on a convex set
C ⊆ IRn. The function f is convex if and only if the function
φ(λ) = f(x+ λs) is convex on the interval [0,1] for all x ∈ C
and x+ s ∈ C.

Lemma 12 Let f be a continuously differentiable function
on the open convex set C ⊆ IRn. Then the following state-
ments are equivalent.

1. The function f is convex on C.
2. For any two vectors x, x̄ ∈ C one has

∇f(x)T(x̄− x) ≤ f(x̄)− f(x) ≤ ∇f(x̄)T(x̄− x).

3. For any x, x + s ∈ C the function φ(λ) = f(x + λs) is
continuously differentiable on the open interval (0,1) and
φ′(λ) = sT∇f(x + λs), which is a monotonically non-
decreasing function.
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Proof of the Lemma
First we prove that 1 implies 2. Let 0 ≤ λ ≤ 1 and x, x̄ ∈ C.
Then the convexity of f imply

f(λx̄+ (1− λ)x ≤ λf(x̄) + (1− λ)f(x).

This can be rewritten as

f(x+ λ(x̄− x))− f(x)

λ
≤ f(x̄)− f(x).

Taking the limit as λ → 0 and applying Lemma 10 the left-
hand-side inequality of 2 follows. As one interchanges the
role x and x̄, the right-hand-side inequality is obtained anal-
ogously.

Now we prove that 2 implies 3. Let x, x + s ∈ C and 0 ≤
λ1, λ2 ≤ 1. When we apply the inequalities of 2 with the
points x+λ1s and x+λ2s the following relations are obtained.
(λ2−λ1)∇f(x+λ1s)Ts ≤ f(x+λ2s)−f(x+λ1s) ≤ (λ2−λ1)∇f(x+λ2s)Ts,

hence

(λ2 − λ1)φ′(λ1) ≤ φ(λ2)− φ(λ1) ≤ (λ2 − λ1)φ′(λ2).

Assuming λ1 < λ2 we have

φ′(λ1) ≤
φ(λ2)− φ(λ1)

λ2 − λ1
≤ φ′(λ2)

proving that the function φ′(λ) is monotonically non-decreasing.

Finally we prove that 3 implies 1. We only have to prove
that φ(λ) is convex if φ′(λ) is monotonically non-decreasing.
Let us take 0 < λ1 < λ2 < 1 where φ′(λ1) < φ′(λ2). Then for
0 ≤ α ≤ 1 we may write

(1− α)φ(λ1) + αφ(λ2)− φ((1− α)λ1 + αλ2)

= α[φ(λ2)− φ(λ1)]− [φ((1− α)λ1 + αλ2)− φ(λ1)]

= α(λ2 − λ1)

(
∫ 1

0

φ′(λ1 + t(λ2 − λ1))dt

−

∫ 1

0

φ′(λ1 + tα(λ2 − λ1))dt

)

≥ 0.
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Illustration of the Lemma
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f(x̄)− f(x)

∇f(x)T(x̄− x)

∇f(x̄)T(x̄− x)

.............................................................................................

Lemma 13 Let f be a twice continuously differ-

entiable function on the open convex set C ⊆ IRn.

The function f is convex if and only if its Hesse

matrix ∇2f(x) is PSD for all x ∈ C. Furthermore

φ′′(λ) = sT∇2f(x+ λs)s.
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Optimality Conditions

Unconstrained minimization

Consider the problem

minimize f(x),

where x ∈ IRn and f : IRn → IR is a differentiable

function. First we define local and global minima

of the above problem.

Definition 13 Let a function f : IRn → IR be given.

A point x̄ ∈ IRn is a local minimum of the function

f if there is an ε > 0 such that f(x̄) ≤ f(x) for all

x ∈ IRn when ‖x̄− x‖ ≤ ε.

A point x̄ ∈ IRn is a strict local minimum of the

function f if there is an ε > 0 such that f(x̄) < f(x)

for all x ∈ IRn when ‖x̄− x‖ ≤ ε.

A point x̄ ∈ IRn is a global minimum of the function

f if f(x̄) ≤ f(x) for all x ∈ IRn.

A point x̄ ∈ IRn is a strict global minimum of the

function f if f(x̄) < f(x) for all x ∈ IRn.

Lemma 14 Any (strict) local minimum of a con-

vex function f is a (strict) global minimum of f as

well.
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Optimality conditions

Lemma 15 Let f be continuously differentiable. If

the point x̄ ∈ IRn is a minimum of the function f

then ∇f(x̄) = 0.

Lemma 16 Let f be a continuously differentiable

convex function. The point x̄ ∈ IRn is a minimum

of the function f if and only if ∇f(x̄) = 0.

Lemma 17 Let f be a twice continuously differ-

entiable function. If at a point x̄ ∈ IRn it holds that

∇f(x̄) = 0 and ∇2f(x) is positive semidefinite in

an ε−neighborhood (ε > 0) of x̄ then the point x̄ is

a local minimum of the function f .

Corollary 3 Let f be a twice continuously differen-

tiable function. If at x̄ ∈ IRn the gradient ∇f(x̄) =

0 and the Hessian ∇2f(x̄) is positive definite then

the point x̄ is a strict local minimum of the function

f .
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Constrained Optimization

Theorem 1 Let us consider the optimization prob-

lem min{ f(x) : x ∈ C} where C is a relatively open

convex set and f is a convex differentiable function.

The point x̄ is an optimal solution of this problem

if and only if ∇f(x̄)T s = 0 for all s ∈ L, where L

denotes the linear subspace with aff(C) = x+L for

any x ∈ C. Here aff(C) denotes the affine hull of C.

Proof: If x̄ is a minimum, one has

f(x̄) ≤ f(x̄+ λs) for all s as x̄+ λs ∈ C.

Here s ∈ L and all the vectors s ∈ L can be defined this way
since by assumption C is a relatively open set. By bringing
f(x̄) to the right hand side and dividing by λ we have

0 ≤
f(x̄+ λs)− f(x̄)

λ
.

Taking the limit as λ→ 0 results in

0 ≤ δf(x̄, s) = ∇f(x̄)Ts for all s ∈ L.

As s ∈ L is arbitrary we conclude that ∇f(x̄)Ts = 0 for all
s ∈ L.

On the other hand, if f is a convex function and ∇f(x̄)Ts = 0
for all s ∈ L then

f(x)− f(x̄) ≥ ∇f(x̄)T(x− x̄) = 0

since s = (x− x̄) ∈ L, hence the theorem is proved. 2
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Feasible Directions

Definition 14 The vector s ∈ IRn is called a feasi-

ble direction at a point x ∈ F if there is a λ0 > 0

such that x+ λs ∈ F for all 0 ≤ λ ≤ λ0. The set

of feasible directions at the feasible point x ∈ F is

denoted by FD(x)

Lemma 18 For any convex set F and for any x ∈

F the set of feasible directions FD(x) is a convex

cone.

Theorem 2 The feasible point x̄ ∈ F is an optimal

solution of the convex optimization problem (CO)

if and only if for all s ∈ FD(x̄) one has δf(x̄, s) ≥ 0.
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