
CS/SE4-6TE3, CES 722/723: Reduced Gradient

Consider the following linearly constrained non-linear optimization (NLO) problem:

(NLO) min x1 + x2 + x1x2

s.t. 3x1 + 2x2 = 5.

Reduce this problem to an unconstrained optimization problem.

Solution: Substituting x2 = (5 − 3x1)/2 into the objective function, we get the reduced

unconstrained problem

min fN(x1) =
5

2
+ 2x1 −

3

2
x21.

Note that we get the same result choosing x2 as the basic variable (in that case B = 2 and

N = 3) and eliminating it, that ends up in

fN (xN ) = fN (x1) = f(xN , B−1b−B−1NxN ) = f(x1,
5

2
−

3

2
x1) =

5

2
+ 2x1 −

3

2
x21.

Consider the following non-linear optimization (NLO) problem:

min (x1 − x2)
2 + (exp (−x1 + x2 − x3))

2

s.t. 10x1 + 5x2 + 15x3 = 60
2x1 + 3x3 = 10

(1)

1. Reformulate this linearly constrained NLO problem as a unconstrained optimization problem.

Solution: Rewrite the constraints into Ax = b.

(

10 5 15
2 0 3

)





x1
x2
x3



 =

(

60
10

)

(2)

So

A =

(

10 5 15
2 0 3

)

and

b =

(

60
10

)

.

Given the basis

B =

(

10 5
2 0

)

,

thus

N =

(

15
3

)

,

xB =

(

x1
x2

)

1



and

xN =
(

x3
)

.

Ax = BxB +NxN = b

⇒ xB = B−1b−B−1NxN

=

(

10 5
2 0

)−1 (

60
10

)

−

(

10 5
2 0

)−1 (

15
3

)

(

x3
)

=

(

0 0.5
0.2 −1

)(

60
10

)

−

(

0 0.5
0.2 −1

)(

15
3

)

(

x3
)

=

(

5
2

)

−

(

1.5
0

)

(

x3
)

=

(

5− 1.5x3
2

)

So we can change the objective function as the following:

fN (xN ) = f(x) = f(5− 1.5x3, 2, x3)

= (3− 1.5x3)
2 + exp(0.5x3 − 3)2

= (3− 1.5xN )2 + exp(0.5xN − 3)2

Therefore, we reformulate the NLO problem into an unconstrained problem as

min fN(xN ),

where

fN (xN ) = ((3− 1.5xN )2 + exp(0.5xN − 3)2.

2. Give out the null-space of A.

Solution: The null-space of A is

Z =

(

−B−1N
I

)

=





−1.5
0
1





Clearly, AZ = 0.

3. Let now assume that x ≥ 0 is also a required constraint. Apply one step of the Reduced

Gradient method for this modified problem from the point x = (5, 2, 0)T with the initial basis

given by x1 and x2.

Solution: From the previous solution, we reformulated the problem as:

min (3− 1.5xN )2 + exp(0.5xN − 3)2

s.t. 5− 1.5xN ≥ 0

xN ≥ 0

2



And we also get the reduced gradient at the point (5, 2, 0)T with the basis given by x1 and

x2:

∇fN(xN )T = (−3(3 − 1.5xN ) + exp(0.5xN − 3)2) = (−8.9975)

sN = −∇fN(xN )T = 8.9975

sB = −B−1NsN = −

(

1.5
0

)

∗ (8.9975) =

(

−13.4963
0

)

(s1)T = (sTB , s
T
N ) =

(

−13.4963 0 8.9975
)T

λ̄ = min
1≤i≤n,sj<0

{

xi
−si

}

= 0.3705

f(x1 + λs1) = f((5, 2, 0)T + λ(−13.4963, 0, 8.9975)T ))

= f(5− 13.4963λ, 2, 8.9975λ)

= (3− 13.4963λ)2 + exp(4.4988λ − 3)2

So we can make a line search with the Golden section:

x2 = arg min
0≤λ≤λ̄

f(x1 + λs1)

= arg min
0≤λ≤0.3705

(3− 13.4963λ)2 + exp(4.4988λ − 3)2

We will get λ = 0.2218, then

x2 = x1 + λs1 = (2.0065, 2, 1.9957)T ,

and

f(x2) = 0.0183 < f(x1) = 9.0025.

4. Compute a projected gradient of f(x) at the point x = (5, 2, 0)T .

Solution:

∇f(x) =





2(x1 − x2)− 2 exp (−2x1 + 2x2 − 2x3)
−2(x1 − x2) + 2 exp (−2x1 + 2x2 − 2x3)

−2 exp (−2x1 + 2x2 − 2x3)





∇f(5, 2, 0) =





6− 2e−6

−6 + 2e−6

−2e−6





ZT∇f(5, 2, 0) =
(

−1.5 0 1
)





6− 2e−6

−6 + 2e−6

−2e−6



 = (−9 + e−6) = −8.9975
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