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Trust region framework

Steps of a trust region method

1. Given a current iterate build a good local approx-
imation model ( e.g., based on a second order
Taylor series approximation ).

2. Choose a neighborhood around the current iter-
ate where the model is “trusted” to be accurate.
Minimize the model in this neighborhood.

3. Determine if the step is successful by evaluating
the true function at the new point and comparing
the true reduction in value of the objective with
the reduction predicted by the model.

4. If the step is successful, accept the new point as
the next iterate and proceed (possibly, increasing
the size of the trust region if the success is really
significant).

If the step is unsuccessful, reject the new point
and reduce the size of the trust region.

5. Repeat until convergence.

Check the paper " qi-trust’.
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Interpolation of functions

by using (quadratic) polynomials

Definition 1 Let a function f(x) : R — R and a
set of points Y = {y/}_, C R" be given. The
(quadratic) polynomial QQ(x) is an interpolation of
the function f(x) w.r.t. the setY if

Q) =) j=1,...,p

Given a linear space of polynomials:

L(¢1(z), -, ¢q(x))
Let Q(y) be in this linear space i.e.,

Qx) = Z a;¢i(x),
then Q(x) is an mterpolatlon of the function f(x) iff

: q . :
Q)= aidi(y)) =f) i=1,...,p

i=1
This system has a unique solution if p = g and the
coefficient matrix is nonsingular (has full-rank).
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Interpolation of functions

well poised set of points

The linear system

. q . .
Qy') = > o) =f()) i=1,...,p
i=1
has a unique solution iff the coefficient matrix

¢1(.y1) ﬁbq(.yl)
¢1<yp) cbq(.yp)

of the system is square and nonsingular.

d(Y) =

Leta = (ai,...,aq)l and f(Y) = (f(y1),..., fF(P)T,
then the equation system can be given as

®(Y)a = f(Y).

Definition 2 A set of points'Y is called poised, with
respect to a given subspace of polynomaials, if it can
be interpolated by polynomials from this subspace,
i.e., if det(®(Y)) #= 0.

A set of points Y is called well-poised, if it remains
poised under small perturbations, i.e., if det(®(Y))
is sufficiently large and the matrix ®(Y') is well con-
ditioned.
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Quadratic interpolation of functions

the monomial basis

The quadratic monomials

2 2
{L,z1,20,...,Zn,27,...,T5, T1T2, ..., Tp_1Tn}

give a basis in the space of quadratic functions.

T he cardinality of the monomial basis is
n(n—1) _ (n+1)(n+2)
2 2 '

Thus we need (”+1)2(”+2) well-poised points for a
full quadratic approximation.

l14+n+n+

Observe: We can use linear algebra, pivoting, elimi-
nation to transform the matrix ®(Y") to special form,
that means to change the system of basis polynomi-
als.

The Lagrange interpolation polynomial
If ®(Y) = I then ¢(y/) = ¢(y?) V j are the Lagrange
interpolation polynomials and @Q(x) is the Lagrange
interpolation polynomial of f(x).
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Quadratic interpolation of functions

the Newton Fundamental polynomials

The basis of quadratic functions and the point set
Y is given such a way that ©(Y) has the following
structure:

Polynomials

Points
p—
[

Newton fundamental polynomial

Nonzero coefficients ¢;(z/) #% 0 occur iff i and j
belong to the same subset:

{1}
{x1,...,zn}
{a:%, e T2, T1TD, e, Ty 1T}
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Quadratic interpolation of functions

pivoting to find Newton Fundamental polynomials

Polynomials

Points
[S—)
[E—

Pivoting procedure

Initialize {N;(-)}_;.

For:=1,...,p:

N;(x)

N;(y*) |
Orthogonalize: N;(z) — N;(z)—N;(y")N;(z)
for 5 in the same or “later” block as 1

Normalize: N;(z) «

Set NZ() = NZ(), 1=1,...,p.
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T he outline of DFO
Quadratic-interpolation Trust-region method
min f(x)

1. Build a quadratic interpolation Q(x) of f(x).
It might be a full quadratic approximation or a
partial, but at least full linear.

2. Choose a "trust region radius’ A and minimize
the model function Q(x) around the so-far best
point y1 on this trust region.

2 :=min {Q(z) : [z —y'| < A}

3. Update the model.

e If z is really good, add it to the set, drop an-
other point if needed and increase the radius.

o If  is good, add it to the set and drop another
point if needed.

e If z is bad, reduce the radius;
add the point to the set, if it significantly im-
proves poisedness and drop a point if needed;
else reject this point.

We either improve the best solution, the goodness
of the best function value, or the goodness of the
model.

We can start to build the basis by using as few
as two points.
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The DFO algorithim—I

Step 0: Initializations.
Let a starting point % and the value f(z%) be
given.

Choose an initial trust region radius Ag > 0.

Choose at least one additional point not further
than Ag away from z° to create an initial well-
poised interpolation set Y and initial basis of
Newton fundamental polynomials.

Determine z° € Y which has the best objective
function value; i.e.,

f(z®) = min f(y").
y'eYy
Set £ =0.
Set parameters ng,n1 tO0 measure progress:

O<nog<n <1.

Step 1: Build the model.
Using the interpolation set Y and the basis of
NFP, build an interpolation model Q.(x).
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The DFO algorithim—II

Step 2: Minimize the model within
the trust region.
Set B, = {z : ||z — z¥|| < AL}. Compute the
point z¥ such that

Qu(@") = min Qx().
Compute f(zF) and the ratio

_ fE") = @)
Qr(zF) — Qr(z*)
Step 3: Update the interpolation set.

Pk

o If pr. > mg, include zF in Y, dropping one of
the existing interpolation points if necessary.

o If pr. < mg, include z* in Y, if it improves the
quality of the model.

o If p. < mng and there are less than n+4 1 points
in the intersection of Y and B, generate a
new interpolation point in B while preserv-
ing/improving well-poisedness.

e Update the basis of the Newton Fundamental
polynomials.
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The DFO algorithm-—III

Step 4. Update the trust-region radius.
o If p. > m1, increase the trust region radius
Apyi1 € [Dg, 20kl

o If p. < mp and cardinality of Y N B, was less

that n4+ 1 when % was computed, reduce the
trust region

Agt1 € [v0lDk 11Dkl
e Otherwise, set Apyq 1= Ay.

Step 5: Update the current iterate.
Determine zF with the best objective function

value
f(@") = min f(y").
ytey
If improvement is sufficient (w.r.t. predicted im-
provement)

PR (GRS (GO N
Qr(aF) — Qpzk) = 7
set zFt1 = zk.
Else, set zFT1 :=2F: k:=k+ 1; Go to Step 1.

End of algorithm
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Goodness of the point set

Improve well-poisedness

Let the set Y = {y1,--.,yP~1 4P} be given.

We want to replace yP to improve the poisedness of
the point set.

T his problem results in

p1(yl) - dp(yl)
max. det( @D =1 4 1) gD
¢1(y) - dp(y)
s.t. Jly—vyt| <A
The function

9251(_91) e ¢p(_yl)

d1(yP~ 1) oo pp(yPh)
¢1(y) pr(y)

is the Lagrange function, hence independent of the

pbasis!

Let y* be the maximizer of this problem.

det(®(y)) = = {p(y)

Let Y = {yl, e ,yp_l,y*}.

Accept y* if (V) > 2d(Y)
or if adding y*™ increases the cardinality of point set
and ®(Y) is sufficiently large.
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