wwhat is line search?

Minimizing an objective

i @)

Starting from xo9,k = 0, At the present iterate, z;, a
search direction d;. Step size parameter «.

A line search is a subroutine in the algorithm to
choose a step size such that at the new iterate x;+ ady
the objective has a lower value, or in some sense, is a
better point.

In the subroutine of line search, we are minimizing a
univariate objective, i.e., ¢(a) for a € [I,u].

Finding the zero of a univariate function

Suppose that f(x) is twice continuously dif-
ferentiable and z* is its global minimizer, then
f'(x*) = 0. If f(z) is further convex, then a
global minimizer of f(x) coincides with a zero

of f/(z).

Thus, we can find a solution to the opti-
mization problem by solving

f'(z) =o.
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Finding an inexact ‘zero’ of f

What is meant by ‘finding’ zero? Math-
ematically only analytical method can find
it. For instance, line, quadratic, cubic poly-
nomial, and some simple function such as
sin(x). However, for polynomials whose order
higher than 4, it is very hard to get theoreti-
cally solution (Gauss).

After the invention of computer, people more
like to work with computers. Certain limi-
tations makes it unrealistic to find an exact
Zero.

We are satisfied if an algorithm provides an
interval [a,b] such that

fla)f(b) <0, |a—b[<9

6 IS some small tolerance.

An interval which contains z* is called as the
interval of uncertainty, the zero is said to be
bracketed in an interval if f change sign in
the interval.
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Bisection method

Bisection: systematically reducing the inter-
val of uncertainty by function comparison.

Input a,b such that f(a)f(b) < O.
Evaluate f at the midpoint and test its sign:

1 the point is zero, terminate;

2 if f((a+0b)/2)f(b) <O, then set a :=

3 if f(a)f((a+0b)/2) <O, then set b := *F=,

Repeat the above procedure until b —a < 9.

Total evaluations of f is about logs us-
ing bT —at = 5(b—a). Linear convergence'

Direct algorithm without taking account of
the relative magnitudes of the values of f at
various points. If f is sufficiently smooth, or
well behaved, it is possible to use the deriva-
tives of f to improve the performance of the
line search.
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Newton’s method

Approximate f by a new function, saying f.
A good candidate id the tangent line, f =

f(zr) + f'(x)(z — z1). Hence one has
f(z)

AL TR )

Example: f(z) = 22 — a with a > 0, Newton

iterate
1 a
Tht1 = 5 <$k+$—k>

If a > 0, then globally convergent and locally
quadratic convergent. Why?

If a = 0O, global linear convergent, why?

Numerical difficulties occur when f/(z) is
very small or zero.

Newton’'s method converges only locally and
f is sufficiently smooth.

Advanced Opti. Lab. McMaster & Opti. Group TUDelft 4



Secant method

When f’ is expensive, cumbersome to com-
pute, we use another straight line that passes
through the values of f at the most recent
iterates; in essence, the derivative f'(x;) in
Newton method is replaced by the finite-difference
approximation (fr — fr—1)/(xr —x_1), Where

fr = f(zg).

Thus we get

L — $k—1f

S — f—1

Lk+1 — Tk —

If f/(x*) # 0 and zqg,z1 is sufficiently close
to z*, the secant method converges superlin-
early with a rate r = 1.6180.

The method of false position: A modifica-

tion of secant method. Using xp,xp_1, we
obtain xp4 1, we can replace either xy or xj_q
by zp41, depending on which function value
agrees in sign with fi4 1. Improve the global
convergence, but might be very slow.
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Safeguard zero-finding algorithms

The best methods available for zero-finding
are the so-called safeqguarded procedures. These
algorithms are combinations of bisection and
linear interpolation methods.

Assume that an interval of uncertainty [a, b]
and two ‘best’ points are known. Using linear
interpolation, one gets a new point u. We
use certain requirements to keep the point u
IS ‘good’ in some sense.

Advanced Opti. Lab. McMaster & Opti. Group TUDelft 6



Univariate minimization

A univariate convex optimization problem can

be solved via finding the zero of f/(z). How-
ever, methods working on the original opti-
mization problem is more efficient since we
can further use information from the objec-
tive.

A univariate function is unimodal in [a,b] if
there exists a unique z* € [a,b] such that,
given any z1,xo € [a,b] for which z1 < x5 :

if ©o < 2™ then f(xz1) > f(x2);
if £1 > 2™ then f(z1) < f(xo).

Reduce the interval of uncertainty for a uni-
modal function.

If f(x1) < f(xo) then reduce the interval to
[a, z>] Or replacing b by x».

If f(z1) > f(x>), then reduce the interval to
[x1,b] or replacing a by z1.

If f(x1) = f(xo), reduce the interval to [z, z5].
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Gold section search

We assume that the starting interval is [a, b] =
[0,1]. Choose x1 < xp € [0, 1], then then the
reduced interval must be [0, z5] or [x1, 1], this
makes it needs only one point to add in next
iteration. First we should choose o = 1—x1,
since otherwise the reducing rate of the in-
terval is flexible.

Let x1 =1 — 7,2o» = 7, the decreasing ratio
is 7 at the first iteration. Assume that [0, 7]
IS the new interval containing the minimizer.
Since x1 = 1—7is a point in the new interval,
the decreasing rate for next interval should
be (1 — 7)/7, this should equal to the first
reducing rate 7. Thus we get the following
equation

P 4+7r—1=0,

The unique solution of the above equation is

r=—" _ ~0.618.
1++/5

This is the gold section search.

Question: Why bisection is not good for op-
timization?
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Polynomial interpolation

Approximate f(x) by a simple function whose
Mminimum can be easily evaluated, saying a
quadratic function

-~ 1
fzaaxQ—I—b:z:—l—c,

where a > 0.

Linear approximation is not good in such
sense.

Taylor-series expansion can be used, i.e.,

. 1
f=flap)+ fl(zp)(@—x1) + Ef"(ﬂfk)(fv —xp)%.
Thus, we obtain
(=)
f"(zr)

We can replace f”(z;) in the above formulae
by

Lk+1 — Tk

f'(xr) — f(zp-1)
T — Tk—1 .
This is the secant method, one has
 faw) (@ —zp—1) _ f(@r)me-1 — @ f'(zp-1)
filaw) — Flze-1)  Flae) — feee1)
Again, safeguard method is the best choice.

Tk4+1 = Tk
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Computing the step length

min ¢(a) = f(zy, + ady), a > 0,

where f'(xi)dir < 0. The new point should
decrease f ‘sufficiently’.

The Goldstein-Armijo principle:

0 < —progf (wp)d < fro—frt1 < —pooyf' (zg)dy,

where 0 < u1 < up < 1. The upper and lower
bounds in the above principle ensure ay ‘rea-
sonable’.

Choose ap and 0 < p <1, aiy1 = pay.

For enough large k, oy, satisfies the Goldstein-
Armijo condition. However a; might be too
small.

The choose ag is very important. For New-

ton method, to get quadratic convergence,
one should try ag = 1 first. However, this
might requires a lot of steps to get a step
length satisfying Goldstein-Armijo condition
if the Newton direction is not ‘good’.



One should adjust a, according to the present
iterate.

There are some variants of Goldstein-Armijo
condition, such as Wolfe condition or strong
Wolfe condition.



