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Flat simplices and kissing polytopes

By

Antoine DEzA* and Lionel POURNIN**

Abstract

We consider how flat a lattice simplex contained in the hypercube [0, k]d can be. This
question is related to the notion of kissing polytopes: two lattice polytopes contained in the
hypercube [0, k:]d are kissing when they are disjoint but their distance is as small as possible.
We show that the smallest possible distance of a lattice point P contained in the cube [0, k]
to a lattice triangle in the same cube that does not contain P is

1
V3kt — 4k3 + 4k2 — 2k + 1

when £k is at least 2. We also improve the known lower bounds on the distance between kissing
polytopes when d is at least 4 and k is at least 2.

§1. Introduction

Consider a full dimensional simplex S contained in R?. We say that two proper
faces P and @) of S are opposite when the vertex set of P and the vertex set of ()
form a partition of the vertex set of S. We are interested in measuring how close
P and ) can be, or equivalently how flat S can be, under the constraint that S is
a lattice (d, k)-simplex—here and in the sequel, a lattice (d, k)-polytope refers to a
polytope contained in [0, k]¢ and whose vertices are lattice points. More precisely, we will
study the smallest possible distance ¢;(d, k) between an i-dimensional face of a lattice
(d, k)-simplex and the opposite (d — i — 1)-dimensional face. Similar measures of how
close two polytopes can be appear in optimization [2, 7, 8, 9, 10, 11] and combinatorics
[1, 6]. This quantity is also related to kissing polytopes: let us denote by &(d, k) the
smallest possible distance between two disjoint lattice (d, k)-polytopes and say that two
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Table 1. The known values of 1/e(d, k).

lattice (d, k)-polytopes whose distance is £(d, k) are kissing following the notation and
terminology from [3, 4, 5|. In fact, e(d, k) and ¢;(d, k) are related as follows.

(1.1) e(d, k) = min{si(d, k):0<i< %}

General upper and lower bounds on £(d, k) have been proven in [5] and expressions
for €(2,k) and (3, k) have been established in [3, 4]. Moreover a computer assisted
strategy allowed to compute additional values of €(d, k) when d and k is reasonably
small [4]. The values of €(d, k) known so far are reported in Table 1. It is shown in [4]
that (2, k) is always the distance between a point and a segment. In other words, it is
always equal to £¢(2, k). Note that, when d is equal to 2, there is no other possible value
of €;(2, k) because £¢(2, k) and 1(2, k) coincide (and in general €;(d, k) and e4_;_1(d, k)
are equal). When d is at least 3 however, it is shown in [3, 4] that all the known values
of e(d, k) are equal to €1(d, k). In these cases, eo(d, k) is unknown, even in the cases
where e(d, k) itself if known (with the exception of £¢(d, 1) which is always equal to
1/+/d, see [5, Lemma 2.4]). The first purpose of this article is to provide the value of
eo(d, k) corresponding to every known value of €(d, k) when d is at least 3 and k at least
2. In particular, we prove the following.

Theorem 1.1.  If k is at least 2, then

eo(3,k) = !
O™ 3k — 4k3 1 4k2 — 2k + 1

and, up to symmetry, this distance is uniquely achieved between the point (1,1,1) and
the triangle with vertices (0,0,1), (k,k —1,0), and (0,k, k)

When d is at least 4, the values of ;(d, k) corresponding to the known values of
e(d, k) are obtained using the computational strategy from [4]. Tables 2 and 3 show all
the values of ¢ (d, k) and €;(d, 1) known so far where the bolded entries correspond to the
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Figure 1. A lattice point and a lattice triangle whose distance achieves ¢(3, k) for k
equal to 1 (left), 2 (center), and at least 3 (right).

values that we report for the first time. We will adopt a different point of view on how
flat a lattice (d, k)-simplex can be by considering the smallest possible distance £¥(d, k)
between the affine hull of an i-dimensional face of a d-dimensional lattice (d, k)-simplex
and the affine hull of the opposite (d — ¢ — 1)-dimensional face, where the exponent u
stands for unbounded. Ronald Graham and Neil Sloane [6] and Noga Alon and Van
Vi [1] have considered €j(d, 1) and shown that

9d—1 gd+o(d)

—5 <e&p(d, 1) <
\/C—ZdJrS \/ad

In analogy with ¢;(d, k), we will denote
: . d—1
(1.2) e'(d, k) = mm{s?(d, E):0<1i< T}

Let us first remark that all the known values of £(d, k) coincide with &"(d, k):
the strategy for the computation of all the values of £(d, k) reported in Table 1 was to
compute €¥(d, k) in order to simplify the argument by only handling affine hulls (instead
of convex hulls) and then to observe that an explicit pair P and @ of disjoint lattice
(d, k)-polytopes satisfies

d(P,Q) = e“(d, k).

2 3 k>4
2 NIV V13 (k—1)2 4 k2
3 V3 V29 V166 /3k* —4k3 +4k2 — 2k + 1
4 2 /209 /3022
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Table 2. The known values of 1/g¢(d, k).
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Table 3. The known values of 1/¢;(d, 1).

More precisely, it is shown, in [4] that for all positive k,
£(2,k) =e0(2,k) =¢5(2,k)
and in [3] that, for all positive k,
£(3,k) =¢e1(3,k) = 1 (3, k).
We shall see here when computing £¢(3, k) that for all positive k,
€0(3,k) = ¢4 (3, k).

When d is at least 4, computing ¥ (d, k) using the computer-assisted strategy from
[4] shows that ¢;(d, k) and €}(d, k) are not always equal. More precisely, all the known
values of £¥(d, k) are equal to €;(d, k) except for €fj(d,1) when 4 < d < 6 and £§(4, 3).
The known values of € (d, k) are reported in Table 4 when d is at least 4 (the entries in
Table 4 are bolded in order to indicate that all of these values are reported for the first
time). Remark that €o(d, 1) is greater than e(d, 1) when d is at least 4. We provide a
lower bound on £%(d, k) for arbitrary d and k, which improves the lower bound on &(d, k)
stated by Theorems 1.1 and 2.3 from [5]. We also recover and marginally improve the
lower bound on €fj(d, 1) by Ronald Graham and Neil Sloane [6].

p k
1 2 3
4 VT V209 /3142
5 V19
6 V59

Table 4. The known values of 1/ef(d, k).
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Theorem 1.2.  For every positive integer d,

2d71

\/Ed-‘rl

eo(d,1) >

and for any positive integers d and k,
1
—
kd—=1./d
The article is organised as follows. We extend to ¢;(d, k) a number of results that

have stated in [3, 4, 5] for €(d, k) and prove (1.1) in Section 2. We then establish
Theorem 1.2 in Section 3 and Theorem 1.1 in Sections 4 and 5.

e'(d, k) >

§ 2. Some properties of ¢;(d, k) and €¥(d, k)

By [5, Theorem 5.1], £(d, k) is a decreasing function of d—we mean this in the strict
sense—for all fixed k. We first extend that property to €;(d, k).

Theorem 2.1.  For any positive integer k and non-negative integer i, ;(d, k),
e(d, k), and €*(d, k) are decreasing functions of d.

Proof. Consider two opposite faces P and @ of a lattice (d,k)-simplex S and
denote by i the dimension of P. Identify R? as the hyperplane of R?*! spanned by the
first d coordinates. Let v be a vertex of P and consider the point v that admits v as its
orthogonal projection on R¢ and whose last coordinate is equal to 1. The convex hull
of v and @ is a (d — i)-dimensional lattice (d + 1, k)-simplex disjoint from P, which we
will denote by Q. We will compare the distance between P and @ with the distance
between P and Q. Let p be a point in P and ¢ a point in Q such that

d(p,q) = d(P, Q).

Pick a real number A that satisfies 0 < A < 1 and consider the two points

=+ (1-Np,
y=A0+(1—-XN)g.

By convexity, z belongs to P and y belongs to Q. In particular,
(2.1) d(P,Q) < d(z,y).
As the vectors v — v and ¢ — p are orthogonal, Pythagoras’s theorem yields

d(z,y)* = X + (1 — X)*d(p,q)°
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and as a consequence,

% = 2X\(1+d(p,q)?) — 2d(p, q)*.

Therefore, the distance of x and y is a decreasing function of A when

d(p,q)?
2.2 0< A< 09
(2:2) - 1 +d(p, q)*

As the distance of x and y is at least equal to the distance of p and ¢ when A\ is
equal to 0, for any positive A satisfying (2.2), the distance of = and y is less than the
distance of P and (). Combining this with (2.1) yields

d(P,Q) < d(P,Q).

Repeating the argument with a point p in the affine hull of P and a point ¢ in the
affine hull of @ such that d(p, q) is the distance of these affine hulls shows that

d(aff(P), aff(Q)) < d(aff(P),aff(Q)).

As P and Q are opposite faces of a lattice (d + 1, k)-simplex of dimension d + 1,
choosing P and () in such a way that their distance is ¢;(d, k), we obtain

Sz(d + 17 k) < 5i(d7 k)
and choosing them so that the distance of their affine hulls is €;(d, k) yields
ef(d+1,k) < ef(d, k).

It immediately follows from the latter inequality that €*(d, k) is a decreasing func-
tion of d for every fixed ¢ and k, as desired. O

The property stated by Theorem 2.1 has the following consequence.

Remark.  Consider two positive integers d and k£ and an integer i that satisfy
0 < i < d. Recall that ¢;(d, k) coincides with €4_;_1(d, k). Therefore

gi(d,k) = ea—i—1(d, k) < ea—i—1(d+ 1,k) = €it1(d + 1, k)

Let us now state a consequence of Theorem 2.1 (and Remark 2) that will be useful
later in order to establish an expression for €¢(3, k).

Corollary 2.2.  Consider two opposite faces P and Q) of a d-dimensional lattice
(d, k)-simplex such that P has dimension i. If

d(P7 Q) =¢&; (d7 k)
then
d(P,Q) = d(aff(P),aff(Q)).
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Proof. Assume that the distance between P and @ is equal to €;(d, k) and, for
contradiction that this distance is less than the distance between the affine hulls of P
and (. In this case, the distance between P and () must be the distance between a
face F' of P and a face G of @ such that either F' is (i — 1)-dimensional and G is equal
to Q or F is equal to P and G is (d — i — 2)-dimensional. In particular, there exists a
hyperplane H of R? that contains F and G. Denote by a a non-zero vector orthogonal
to H. Since a is non-zero, the coordinates of this vector cannot be all equal to zero and
we can assume without loss of generality that ay is non-zero by, if needed permuting
the coordinates of R?, which does not change the distance between P and Q.

Now identify R?~! with the hyperplane spanned by the first d — 1 coordinates of
R? and denote by 7 the orthogonal projection from RY on R%~!'. Since aq is non-
zero, 7 induces a bijection from H to R?~!. Moreover, that bijection sends a lattice
(d, k)-polytope contained in H to a lattice (d — 1, k)-polytope. Recall that the distance
between P and @ is the distance between F' and G. As m is 1-Lipschitz,

(2.3) d(7(F),n(G)) < ei(d, k).

By construction, 7w(F') and w(G) are two opposite faces of a (d — 1)-dimensional
lattice (d — 1, k)-simplex such that w(F') is either i- or (i — 1)-dimensional. If 7(F)
is i-dimensional, then it follows from (2.3) that ¢;(d — 1,k) is at most ¢;(d, k) which
contradicts Theorem 2.1 and if 7(F') is (¢ — 1)-dimensional, then (2.3) implies that
gi—1(d — 1, k) is at most &;(d, k) which contradicts Remark 2. O

Remark.  For fixed d and k, the computational procedure presented in [4] amounts
to generate all the possible pairs P and () exhaustively and to compute the distance of
their affine hulls. Therefore it really computes ¢¥(d, k). However, the quantity studied
in [3, 4, 5] is €(d, k) and it turns out that for all the values of d and k investigated so far,
e(d, k) coincides with €%(d, k). Indeed, for these values of d and k, there exists always
a pair P and @ of lattice (d, k)-polytopes satifying

d(P,Q) = d(aff(P),aff(Q)) = £"(d. k)

which proves that €(d, k) coincides with €%(d, k). As we mentioned in the introduction,
that observation does not carry over to ¢;(d, k) and €¥(d, k). However, by Corollary 2.2
the enumeration procedure from [4] allows to compute ¢;(d, k) in this case nonetheless:
it suffices to check, during that procedure, whether the distance of a considered pair P

and @ coincides with the distance of their affine hulls using [4, Remark 2].

Now let us recall that £(d, k) is defined following [5] as the smallest possible distance
between two disjoint lattice (d, k)-polytopes. However, in the introduction we have
defined ¢;(d, k) as the smallest possible distance between an i-dimensional face of a
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d-dimensional lattice (d, k)-simplex and the opposite (d —i—1)-dimensional face. While
opposite faces of a simplex are necessarily disjoint, the converse is not true and (1.1)
is therefore not immediate. Theorem 5.2 from [5] goes a long way towards proving
(1.1). Indeed, it states that e(d, k) is achieved as the distance between two lattice
(d, k)-simplices P and () whose dimensions sum to d — 1. There only remains to prove
that P and @) are opposite faces of a simplex or, equivalently, that the affine hull of P
and @ is R?. We show that this property holds more generally for ¢;(d, k).

Theorem 2.3.  For any positive integers d and k, the smallest possible distance
between two disjoint lattice (d, k)-simplices, one of which is i-dimensional and the other

(d — i — 1)-dimensional is equal to €;(d, k).

Proof. The proof is by induction on d. Observe that the statement is immediate
when d is equal to 1 because €¢(1, k) is equal to 1, the smallest possible distance between
two distinct integers. Assume that d is at least 2 and consider two disjoint lattice
(d, k)-simplices P and @ such that P has dimension ¢ and () dimension d —i — 1.

Assume for contradiction that

(2.4) d(P,Q) < &;(d, k).

It follows, by the definition of ¢;(d, k), that P and @) cannot be opposite faces of a
d-dimensional simplex. Equivalently, there exists a hyperplane H of R¢ that contains
P and Q. Let a be a non-zero vector orthogonal to H. Since a is non-zero, so is one
of the coordinates of a, and we can assume without loss of generality that ay is non-
zero by permuting the coordinates of R if needed (which does not change the distance
between P and Q). Now, identify R9~! with the hyperplane of R? spanned by the first
d — 1 coordinates and denote by 7 the orthogonal projection from R? on R%~!. As ay
is non-zero, 7 induces a bijection between H and R%~! and since 7 is 1-Lipschitz,

(2.5) d(r(P),7(Q)) < d(P,Q).

Consider a point p in P and a point ¢ in ) such that the distance of 7(P) and
7(Q) is the distance of 7(p) and 7(q). If p is in a proper face of P, then by induction

(2.6) gi—1(d—1,k) < d(?T(P), W(Q))
and similarly, if ¢ is in a proper face of (), then by induction
(2.7) gi(d—1,k) < d(n(P),7(Q)).

In the former case, combining (2.4), (2.5), and (2.6) contradicts Remark 2. In
the latter case, combining (2.4), (2.5), and (2.7) contradicts Theorem 2.1. It therefore



FLAT SIMPLICES AND KISSING POLYTOPES 9

suffices to prove that the distance between 7(P) and 7(Q) is necessaily achieved by a
point in 7(P) and a point in 7(Q) one of which is in a proper face of the corresponding
simplex. Let us assume that p and ¢ are each contained in the relative interior of the
corresponding simplex (otherwise we are done). In that case, observe that 7(P) and
m(Q) are both necessarily orthogonal to m(q¢ — p). As a consequence 7(P) — w(p) and
7(Q) — 7(q) are two simplices contained in the linear hyperplane of R?~! orthogonal to
m(q—p). As the dimensions of these two simplices sum to d — 1, their intersection must
be a polytope of positive dimension. Pick a point z in a proper face of that intersection.
By construction, either x + m(p) is in a proper face of w(P) or x + 7(q) is in a proper
face of w(Q). As the distance between = + 7(p) and = + 7(q) is equal to the distance
between 7(p) and 7(q), this completes the proof. O

The remainder of the section is devoted to recalling the algebraic model for &(d, k)
introduced in [4]. This model, that we will state in the case of €¥(d, k), will be one of
the main ingredients in the proofs of Sections 3, 4, and 5. Consider two opposite faces P
and @ of a lattice (d, k)-simplex S and denote by i the dimension of P. Further denote
by p° to p* the vertices of P and by ¢° to ¢¢~*~! the vertices of @ and consider the
dx(d— 1) matrix A whose column j is the vector p? — p° if j is at most i and the vector
¢’~" — ¢° otherwise. Since P and @ are opposite faces of S these vectors collectively
span a hyperplane of R? and therefore A has rank d — 1. Further denote by b the vector
q° — p°. According to [4, Lemma 2], if A*A is non-singular, then

d(aff(P),aff(Q)) = ||A(A"A)" A% — b]|.

In our case, though, A?A is necessarily non-singular. Indeed, by the Cauchy-Binet
formula [12, Example 10.31] the determinant of this matrix is

(2.8) det(A'A) = " det(A;)’

where A; denotes the (d — 1)x(d — 1) matrix obtained by removing row j from the
matrix A. Since A has rank d — 1, one of the matrices A; to Ay is non-singular and
(2.8) implies that A*A is non-singular as well.

Remark.  With these notation, the lattice vector
a = (det(Al), —det(Ag), ceey (—1)d+1det(Ad))

is orthogonal to both P and Q. Indeed, a-(p’ —p) is the determinant of the dxd matrix
obtained by prepending p’ — p® to A as a first column. That matrix is necessarily
singular since two of its columns coincide, proving that a-(p’ — p°) is equal to 0 and
as a consequence that the vector a is orthogonal to P. The same argument shows that
a-(¢" — ¢") also vanishes and that a is orthogonal to @ as well.
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The entries of A each are a difference between two non-negative numbers at most

k and therefore belong to [—k, k|. If k is equal to 1, one can always assume, thanks to
]¢ that ¢° is the origin of R?. If in addition, i is equal to 0, then
d—1

the symmetries of [0, 1
the columns of A are the vectors ¢' to g and therefore, each entry of A is either 0

or 1. We obtain the following statement as a consequence.

Lemma 2.4.  There exist a dx(d—1) matriz A and a vector b from R¢ both with

integer entries of absolute value at most k such that
(i) A'A is non-singular and
(it) €¥(d, k) = ||A(ATA)"tAb — b||.

If in addition, i is equal to 0 and k is equal to 1, then it can be further required that
the matriz A has binary entries.

Remark.  Even though we will not make use of this in the sequel, Lemma 2.4 still
holds when €¥(d, 1) is replaced with ¢;(d, 1), due to Corollary 2.2. In turn, this lemma
further holds when €¥(d, 1) is replaced by ¢(d, 1) according to Theorem 2.3, and when
e#(d,1) is replaced by €*(d, 1) by (1.2).

§3. An improved lower bound on ¢(d, k)

This section is devoted to improving the lower bound on €(d, k) from [5] and the
lower bound on ¢f(d, 1) from [6]. The former improvement will in fact be obtained by
lower bounding e} (d, k) independently from i, therefore providing a lower bound on
g“(d, k) and in turn on £(d, k). All the proofs are based on a refinement of Lemma 2.4

obtained from arguments on matrix algebra.

Proposition 3.1.  If M is a symmetric nxn idempotent matrix with real coeffi-
cients and b is a vector from R™, then

|25 — b]]> = [ol|? — b*Mob.

Proof. Denote by I the nxn identity matrix. If M is symmetric, then

|Mb —b||* = (Mb — b)*(Mb — b)
=b'(M —I)'(M —1)b
=bt(M —1)b.
If in addition M is idempotent, then

(M —-1)*=M?—-2M+1
=I-M
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and the proposition follows. Ol

Recall that Lemma 2.4 provides a formula for ¢¥(d, k) as a function of A and b.
Thanks to Proposition 3.1 we can refine this formula as follows.

Lemma 3.2.  There ezist a dx(d—1) matriz A and a vector b from R both with

integer entries of absolute value at most k such that

(i) AA is non-singular and

(ii) e¥(d, k) = \/HbH2 — bt A(AtA)~1 AtD.
If in addition, i is equal to 0 and k is equal to 1, then it can be further required that

the matriz A has binary entries.

Proof. According to Lemma 2.4, there exists a dx(d — 1) matrix A and a vector
b from R? such that A*A is non-singular and

(3.1) e¥(d, k) = ||A(A*A) "t A — D).

Moreover, both A and b have integer entries of absolute value at most k. Since
A(A*A)~L At is symmetric and idempotent, Proposition 3.1 yields

|A(ATA) "t A — b)) = ||b]|> — D' A(A'A) " AD.
Combining this with (3.1) completes the proof. O

Remark.  According to Remark 2, Lemma 3.2 still holds when, in its statement,
e¥(d, k) is replaced by €;(d, k), €“(d, k), or e(d, k).

We shall now lower bound £¥(d, k) in terms of the determinant of A*A. Let us

point out that by (2.8), this determinant is non-negative.

Theorem 3.3.  There exists a dx(d—1) matriz A with integer entries of absolute

value at most k such that A'A is non-singular and

1
ef(d k) > ————.
/det(AtA)
If in addition, i is equal to 0 and k s equal to 1, then it can be further required that
the matriz A has binary entries.

Proof. According to Lemma 3.2, there exists a dx(d — 1) matrix A and a vector b
from R?, both of which have integer entries of absolute value at most k, such that A*A
is non-singular and €}(d, k) can be expressed as

(3.2) e¥(d, k) = /||b]|> — bt A(ATA)~1 Ath.



12 ANTOINE DEZA AND LIONEL POURNIN

Moreover, if ¢ and k are equal to 0 and 1, respectively, then A has binary entries.
Denoting by C' the cofactor matrix of A'A,
Ct
Ayt = ——
( ) det(AtA)

As a consequence,

B2 det(A?A) — BEACT Atb
det(A?A)

However, since the entries of A, b, and C are integers, the numerator in the right-

1B)12 — bEA(ALA) LA =

hand side is an integer. As in addition the left-hand side is positive and, according to
(2.8), the determinant of A*A is non-negative,

2 gt t V-1 Aty >
bl b A(ATA) A 2 oo,

Combining this with (3.2) completes the proof O

We conclude the section by proving Theorem 1.2.

Proof of Theorem 1.2. According to Theorem 3.3,

1
eld, k) > ——,
/det(AtA)
where A is a dx(d — 1) matrix with integer entries of absolute value at most k such that
A! A is non-singular. Moreover, if ¢ is equal to 0 and % to 1, then A has binary entries.

By (2.8), this inequality can rewritten as

(3.3) ei'(d, k) >

where A; is the (d — 1)x(d — 1) matrix obtained from A by removing the jth row.
However, by Hadamard’s inequality,

| det(A;)] < k41Vd—1"

and it follows from (3.3) that
1
Vdkd=1y/d —1

which implies the second announced inequality. Finally, assume that 7 is equal to 0 and

e(d, k) > p )

that k£ is equal to 1. In this case, A and therefore A; have binary entries. Hadamard’s
inequality can then be improved into

[det(A;)] <
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which, combined with (3.3), proves the first announced inequality. Ol

§4. The distance of a lattice point to a lattice triangle

It is shown in [3] that when k£ is at least 4, then

1

(4.1) “1(3,k) = V2(2k2 — 4k + 5)(2k% — 2k + 1)

It is also shown that (3, k) is always strictly less than e¢(3, k) for all positive k
(see [3, Theorem 1.2]). It follows in particular that

£(3,k) =¢e1(3,k) < e0(3, k).

The purpose of this section is to establish an expression similar to (4.1) but for
€0(3,k). Let us first remark that the point P* of coordinates (1,1,1) and the triangle
Q* whose vertices are (0,0,1), (k,k — 1,0), and (0, k, k) satisfy

1

4.9 d(P*,Q*) =
(42) (P, Q) V3kY —Ak3 + 4k2 — 2k + 1

for every k at least 2. In particular, £¢(3, k) is at most the right-hand side of (4.2). We
shall show that this upper bound on £((3, k) is always sharp.

When k is reasonably small, (3, k) can be obtained computationally by the ex-
haustive enumeration procedure from [4]. This procedure also allows to recover all the
lattice points in [0, k]® and lattice (3, k)-triangles, whose distance is equal to &¢(3, k).
We obtain the following from that procedure.

Proposition 4.1.  If k is at least 2 and at most 8, then

1

eo(3, k) =
(3, %) VKA —4k3 + 4k — 2k + 1

and, up to symmetry, this distance is uniquely achieved by P* and Q™.

Note that the exhaustive enumeration procedure that provides Proposition 4.1 also
shows that £¢(3, k) coincides with (3, k) when 2 < k < 8.

We will extend the statement of Proposition 4.1 to every integer k greater than 8.
Consider a lattice point P contained in the cube [0, k]®> and a lattice (3, k)-triangle Q
such that P is not contained in the affine hull of @ (so that P and @ are indeed opposite
faces of a lattice tetrahedron). Denote by ¢°, ¢!, and ¢ the vertices of Q). Following
the algebraic model from [4] that we recalled at the end of Section 2, we will denote by
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A the 3x2 matrix whose first column is ¢' — ¢° and whose second column is ¢? — ¢° and
by b the vector ¢° — P. As explained in Section 2, A’A is non-singular and

(4.3) d(aff(P),aff(Q)) = ||A(A"A)~ A% — b]|.

Now consider the lattice point = from the hypercube [—k, k]® whose coordinates

can be obtained from the entries of A and b by identification as

1 T4
(44) A = | X2 Iy
I3 Te
and
T
Tg
The determinant of A*A is then the function g of x defined by
(4.6) 9(x) = (w125 — 22w4)” + (v1206 — T374)° + (T2w6 — T375)°.

This determinant is non-zero and a sum of squares and therefore g(x) is always
positive. With this notation, the right-hand side of (4.3) can be expressed as

(4.7) lAA )~ 4t — b = 2]
g(x)

where f is the function of x defined by
(4.8) f(x) = (125 — 2x4) 9 — (L1276 — T3T4)Ts + (T2w6 — T3T5)T7.

It should be noted that up to six different points x may be obtained from P and
Q by permuting ¢°, ¢', and ¢®>. We shall denote by Xp (k) all the lattice points x in
the hypercube [k, k]° that can be obtained from P and @ as we have just described
by possibly permuting ¢°, ¢', and ¢? or by applying to both P and @ an isometry
of the cube [0,k]2. Note that these isometries send lattice (3,k)-polytopes to lattice
(3, k)-polytopes as they consist in permuting the coordinates of R?® and performing
symmetries with respect to the planes of the form

{z eR3 oz = k/2}

where i is equal to either 1, 2, or 3. Our strategy consists in showing that, when k is at
least 9 and the distance between the affine hulls of P and @ is (3, k), some point x in
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Xp (k) can be recovered from a finite set A of lattice points independent from k. More
precisely, A will be the set of the lattice points a contained in [0, 6]?x[—4, 6]x[0, 6]
such that ag is at least —ag. In order to relate A with Xp (k) we define the affine map
é1 : RS — R® such that the ith coordinate of ¢ (a) is given by

[¢ (a)] ~ Ja;ifiis equal to 3 or 4,
A a; otherwise.

From now on, we identify R® with the subspace of RY spanned by the first six
coordinates. Section 5 will be dedicated to establish the following theorem that provides
the announced reduction from Xp (k) to A.

Theorem 4.2.  Consider a lattice point P in [0,k]* and a lattice (3, k)-triangle
Q. If k is at least 9 and the distance between P and the affine hull of Q is €(3, k), then
the orthogonal projection on R® of some point in Xpg(k) belongs to ¢r(A).

In the remainder of the section, we explain how Theorem 4.2 allows to determine
e0(3,k) when k is at least 9. Let us first state two propositions. The first one is
established in the proof of Lemma 3.2 from [3].

Proposition 4.3.  Consider a lattice point P in [0, k] and a lattice (3, k)-triangle
Q. If the affine hull of Q does not contain P, then for every point x in Xpg(k), the

squares (x115 — T224)?, (126 — w374)?, and (226 — T375)? are each at most k*.
The second proposition follows from (4.3), (4.7), and Proposition 4.3.

Proposition 4.4.  Consider a lattice point P contained in the cube [0, k] and a
lattice (3, k)-triangle Q. If the distance between P and the affine hull of Q is equal to
e4(3,k), then for every point x in Xpq(k),

(i) f(x) is equal to 1 or to —1 and
(ii) g(x) is equal to 1/e¥(3,k)?.

Proof. Assume that the distance between P and the affine hull of Q is equal to
e§(3,k). It follows from (4.3) and (4.7) that

(4.9) eg(3, k) =

Since f(z) is an integer and e{(3,k) is non-zero, the absolute value of f(z) is
therefore at least 1. There remains to show that this absolute value is at most 1. Not
only will this show that f(x) is equal to 1 or —1 but also that g(x) is the squared inverse
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of e§(3, k) because of (4.9). Assume for contradiction that |f(x)| is greater than 1. In
that case, (4.9) and the integrality of f(x) imply that

9
g9(z)

g6 (3, k) =

However, it follows from (4.6) and Proposition 4.3 that g(z) is at most 3k% and we
get that €%(3, k), and therefore £q(d, k), is at least 2/(v/3k?) which contradicts the fact
that £0(3, k) is at most the right-hand side of (4.2). O

Let f : Z°\{0} — N be the map such that f(x) is the greatest common divisor of
T1T5 — Loy, T1Te — T3y, and Toxg — r3x5. According to (4.8), if the absolute value
of f(x) is equal to 1, these three quantities must be relatively prime and, therefore,
f (x) is also necessarily equal to 1. In other words, Proposition 4.4 still holds when f is
replaced by f in its statement. Now, a crucial observation is that both f(z) and g(z)
only depend on the first six coordinates of x. In particular, combining Theorem 4.2 and
Proposition 4.4 allows to compute £¢(3, k) by only studying the finitely-many functions
k — fogr(a) and k — g o ¢p(a) when a ranges over A.

Let us explain how that can be done using symbolic computation. First observe
that f o ¢ (a) is the absolute value of the greatest common divisor of

k? — (a1 + a4 + as)k + aras + azay,
k2 — (a1 + CLG)]{? + ai1ag — asay,
k2 — (CLQ + as + a6)k: + asag + asas.

For any given point a in A, one can check using symbolic computation that, when
the greatest common divisor of these three quadratic polynomials is a linear or quadratic
function of k, its absolute value is never equal to 1 when k is at least 9. This just
amounts to solve two linear or quadratic equations which is easily done using symbolic
computation. Hence, it follows from Theorem 4.2 and Proposition 4.4 that ef(3, k) is
the inverse of \/m for some point a in A such that are such that the greatest
common divisor of the above three quadratic polynomials has degree 0. Now consider
the set of all the different polynomials & — g o ¢x(a) obtained when a ranges over that
particular subset of \A. Symbolic computation shows that the largest real root of the
difference between any two such polynomials is less than 9. One of these polynomials
is therefore greater than all the others when k ranges over the interval [9,+oo[. This
polynomial turns out to be 3k* — 4k3 + 4k? — 2k + 1 and it is obtained for just the
four points (0,0,—-1,1,0,1), (0,0,1,0,1,0), (0,1,—-1,0,0,1), and (0,1,0,1,0,0) from .A.
Using these computational results, we now prove Theorem 1.1.

Proof of Theorem 1.1. When k is at least 2 and at most 8, the theorem follows
from Proposition 4.1 and we will therefore assume that k is at least 9.
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First observe that according to (4.2),

1

(4.10) Y vy T TR

We shall prove the reverse inequality. Consider a lattice point P in [0, k]2 and a
lattice (3, k)-triangle @ such that the distance between P and the affine hull of @ is
£4(3,k). According to Theorem 4.2, there exists a point z in Xp (k) and a point @ in
A such that ¢ (a) is the orthogonal projection of z on R®. By Proposition 4.4, |f(z)|
and therefore f o ¢x(a), is equal to 1. Moreover, g(z), and therefore g o ¢x(a), is the
inverse of e%(3,k)2. As e¥(3,k) is at most £q(3, k), (4.10) implies

(4.11) go¢r(a) > 3k* — 4k3 + 4k* — 2k + 1.

However, as f o ¢r(a) is equal to 1 the above computational results imply that
(4.11) is an equality and, as a consequence,

1
V3kt —4k3 +4k? — 2k + 1

e0(3,k) > ¢e5(3,k) =

which combined with (4.10) provides the desired expression for (3, k) and shows that
€4 (3, k) coincides with €¢(3, k). In addition, a is one of the four points (0,0, —1,1,0,1),
(0,0,1,0,1,0), (0,1,—1,0,0,1), and (0,1,0,1,0,0). The image of each of these points
by ¢ provides the first six coordinates of a lattice point in the hypercube [k, k]°
from which a lattice triangle ) can be reconstructed. All the triangles that can be
reconstructed from these points coincide, up to the symmetries of [0, k] to the triangle
Q*, which proves that ) coincides with Q*, up to symmetry.

There remains to show that P* is the only lattice point in the cube [0, k]*> whose
distance with @Q* is equal to €¢(3,k). Assume for contradiction that P is not equal to
P* but has the same distance to @* than P* and observe that by Corollary 2.2,

d(P,Q*) = d(aff(P),aff(Q*)).

As a consequence, the projection of both P and P* on the affine hull of Q* must
belong to @Q*. In turn, this means that one of the points obtained by adding or sub-
tracting P* — P to each vertex of Q* is a lattice point ¢ contained in Q*. Observe that
q cannot be a vertex of *. Indeed otherwise, the line segment with extremities P and
P* would be a translate of an edge of @*. In that case, the orthogonal projections of P
and P* on the affine hull of Q* are necessarily two vertices of Q* because otherwise, one
of them would be outside of @*. This would imply that € (3, k) is the distance between
two lattice points and therefore at least 1. Hence, ¢ is a lattice point contained in Q*
and distinct from its three vertices. But in that case, Q* contains a strictly smaller
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lattice (3, k)-triangle whose distance to P or P* is £¢(3, k), which is impossible because
any such triangle must coincide with Q* up to symmetry. U

§ 5. The proof of Theorem 4.2

In order to prove Theorem 4.2, we first need to single out a representative point in
Xp,o(k) where P is a lattice point in [0, k]* and Q a lattice (3, k)-triangle whose affine
hull does not contain P. This can be done as follows.

Lemma 5.1.  For any lattice point P in [0,k]> and any lattice (3, k)-triangle Q
such that P and Q are disjoint, there exists a point x in Xp (k) such that

(i) z1, x2, and x4 to xg are non-negative,
(ii) wix5 is at least xowy, and

(iii) x4 1S at most xs.

Proof. Consider a lattice point P contained in [0, k]® and a lattice (3, k)-triangle
Q such that P and @ are disjoint. Let us identify R? with the plane spanned by the
first two coordinates of R? and denote by 7 : R® — R? the orthogonal projection on R2.
Note that 7(Q) is a triangle or a line segment.

Consider the smallest rectangle of the form [a,b]x[c, d] that contains 7(Q). Since
m(Q) has at most three vertices, one of the edges of the rectangle [a, b]x[c, d] does not
contain a vertex of 7(Q) in its relative interior. That edge must then admit one of the
vertices of m((Q) as an extremity because otherwise [a,b]Xx|c,d] could be made smaller
while still containing 7(Q). Thanks to the symmetries of the cube [0, k]2, one can
assume that (a,c) is a vertex of 7(Q) while preserving the distance between P and Q.
In that case, there is at least one vertex of Q whose orthogonal projection on R? is (a, c)
and we shall denote one such vertex of @ by ¢°. Let ¢' and ¢? be the two vertices of Q
distinct from ¢°. As m(q°) is equal to (a,c) and both m(q') and 7(g?) are contained in
[a,b]x[c, d], the first two coordinates of both ¢! — ¢° and ¢ — ¢° are non-negative.

Now denote by A the 3x2 matrix whose first column is ¢' — ¢° and whose second
column is ¢?> — ¢°. Further denote by b the vector ¢° — P and by z the lattice point
in Xp (k) obtained from A and b via (4.4) and (4.5). Since the first two coordinates
of ¢! —q° and ¢? — ¢° are non-negative, z1, xo, 74, and x5 are non-negative. Observe
that ;25 may be less than xox4. However, one can recover this property by exchanging
the labels of ¢! and ¢? which results in a point z that still belongs to Xp (k) by the
definition of this set. Note that exchanging these labels does not affect the sign of xq,
T, T4, OF T5. Similarly, one can make x4 less than or equal to x5 by exchanging ¢!
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with ¢ and by permuting the first two coordinates of R3. Note that the combination
of these two operations does not affect the signs of x1, xo, x4, x5, or x125 — T224 and
results in a point x that still belongs to Xp g (k).

Finally, if the third coordinate of ¢ —¢° (and therefore x4) is negative, we can make
it non-negative without changing the sign of x1, xs, x4, T5, T125 — X224, O T3 — x4 by
replacing both P and ) with their symmetric with respect to

{r e R®: 23 = k/2}.
This results in a point « in X'p (k) with the desired properties. O

Under the assumption that the distance of P and @ is equal to €¢(3, k), we will
bound the coordinates of the points z in Xp g (k) that satisfy the assertions (i), (ii), and
(iii) in the statement of Lemma 5.1. In order to do that, we will use the following three

lower bounds on the polynomial expression
r(k) = k* — 4k +4k* — 2k + 1

whose straightforward proofs, that consist in solving polynomial inequalities of degree
at most 4 in k or in /2k + 1, are omitted.

Proposition 5.2.  If k is at least 9, then
(i) r(k) is greater than k*(k — 3)?,
(it) r(k) is at least (k* — 2k — 1)2, and
(ii) r(k) is at least (k* — 4(k — M))Q,

The announced bounds on the coordinates of x are given depending on the sign of
x3. The following lemma treats the case when z3 is non-negative.

Lemma 5.3.  Assume that k is at least 9. Consider a lattice point P contained
in [0, k] and a lattice (3, k)-triangle Q such that the distance of P to the affine hull of
Q is (3, k). Further consider a point x in Xpq(k) such that

(i) z1, x2, and x4 to xg are non-negative,
(ii) x1x5 is at least xoxy, and
(1ii) x4 is at most xs.

If x3 is non-negative, then x1, x5, and xg are at least k — 2 while x4 is at most 3.
Moreover, either xo s at least k —2 and x3 s at most 3 or inversely, x3 is at least k — 2
and x9 1 at most 3.
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Proof. Under the assumption that the distance between P and the affine hull of
Q is equal to €f(3, k), we obtain from Proposition 4.4 that

1

eo(3, k) =
V9(z)
and, in turn, by (4.2) that
(5.1) g(w) > 3k* — 4k> + 4k* — 2k + 1.

It then follows from (4.6) and Proposition 4.3 that
(5.2) (z125 — wox4)? > (k).

Since all the x; in the left-hand side of (5.2) are non-negative and zix5 is at least
Tomy, it follows that z?22 is at least r(k). Now recall that the absolute value of x; and
r5 is at most k. As, according to Proposition 5.2, r(k) is greater than k%(k — 3)?, it
follows that x1 and x5 are both at least & — 2.

Likewise, it follows from (5.2) that
(k:2 — x2x4)2 > r(k).

However, according to Proposition 5.2, r(k) is at least (k? — 2k — 1)? and it follows
that xoxy is at most 2k + 1. In summary, we have established that

z1 > k — 27
(53) Iy > k — 2,
XoXg S 2k + 1.

Since x4 is at most xs, it follows from the third inequality that x4 is at most
Vv2k 4+ 1. Now, according to (5.1), (4.6), and Proposition 4.3,

(5.4) (126 — x324)% > 7(K).

Observe that zix¢ must be at least z3x4. Indeed, otherwise, as z3 is at most
v2k + 1, the left-hand side of (5.4) would be less than k?(2k 4 1) and therefore less
than k2(k — 3)2, which would contradict Proposition 5.2. As zixg is at least w3y,
borrowing the argument we used to prove (5.3) yields

(5.5) {xﬁ 2 k-2

r3x4 < 2k + 1.

In the rest of the proof we consider two cases depending on whether xsx¢ is at least
r3xs or not. First, if xoxg is at least xz3xs, the argument that we used to establish both
(5.3) and (5.5) further yields

(5.6) {xz = k-2

r3xs S 2k + 1.
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As x4 is at least k — 2, it follows from (5.3) that

2k+1
5.7 <
(5.7) R T
and as x5 is at least k — 2, it follows from (5.6) that
2k+1
5.8 < .
(5-8) S

Since k is at least 9, the right-hand side of (5.7) and (5.8) is at most 3 and we
obtain that z1, x2, x5, and x4 are all at least k — 2 while x3 and x4 are at most 3, as
desired. Finally if zoxg is less than xzxs, then using the same argument but where xo
is exchanged with x3 and x5 with x4 shows that x1, x3, x5, and x¢ are all at least k — 2
while x5 and x4 are at most 3, which completes the proof O

In order to prove a statement similar to that of Lemma 5.3 but in the case when
x3 is negative, we will use of the following constraint satisfied by the points in X'p g (k)
that arises from the embedding of P and Q into [0, k]3.

Proposition 5.4.  Consider a lattice point P in [0, k]® and a lattice (3, k)-triangle
Q such that P and Q are disjoint. For every point x in Xpg(k),

|.TI33 — .I6| < k.

Proof. Consider a point = in X'p g (k). By the definition of Xp ¢ (k), there exist a
lattice point P contained in [0, k]* and a lattice (3, k)-triangle Q that coincide with P
and @ up to some isometry of [0, k]* and satisfy

r3 = Gs — 3 and
_ 2 _ =0
Te = 43 — (43,
where ¢°, ¢*, and ¢ adequately label the vertices of Q. Therefore
T3 — 6 =G5 — 3

and since the points ¢°, ¢!, and ¢* are contained in the cube [0, k)3, the absolute value
of x3 — ¢ is at most k, as desired. O

Thanks to the constraint stated by Proposition 5.4, we can bound the coordinates
of the points x in X'p (k) that satisfy the assertions (i), (ii), and (iii) in the statement
of Lemma 5.1 and whose third coordinate is negative.

Lemma 5.5.  Assume that k is at least 9. Consider a lattice point P contained
in [0, k] and a lattice (3, k)-triangle Q such that the distance of P to the affine hull of
Q is €0(3, k). Further consider a point x in Xp (k) such that
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(i) z1, x2, and x4 to xe are non-negative,
(ii) x1x5 is at least xoxy, and
(iii) x4 1S at most xs.

If x3 is negative, then x1 and x5 are at least k — 2 while x5 and xg are at least
k — 6. Moreover x3 is at least —4 and x4 1s at most 6.

Proof. 'The proof begins exactly like that of Lemma 5.3. In particular, we get

(5.9) g(x) > 3k* — 4k3 +4K* — 2k + 1
and

1 2 k — 27

Z5 Z k — 27

Xolg S 2k + 1.

As x4 is at most zo, it follows that x4 is at most 2k + 1. Now, combining (4.6),
(5.9), and Proposition 4.3, we obtain

(5.10) (z126 — w324) > (k)

Under the assumption that x3 is negative, since x is at most k, x4 at most 2k + 1,
and, by Proposition 5.4, xg at most k£ + x3, this implies that

(K + (k= V2k + 1)z35)° > r(k).
Developing the left-hand side and expressing r(k) in terms of k yields
(k= V2k +1)°22 + 2k (k — 2k + 1)a3 + 4k° — 4k + 2k — 1 > 0.

Treating this as a quadratic inequality in (k—+/2k + 1)x3, the discriminant is 4r(k)
which is positive because k is at least 9. Hence, either

(5.11) (k — V2k + 1)z < —k2 — \/r(k)
or
(5.12) (k= V2k + 1)z3 > —k* + \/r(k).
However, by Proposition 5.2, r(k) is at least k*(k — 3)? and (5.11) implies

x <—k;—2k_3
A Ny e
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As the right-hand side of this inequality is less than —k and x3 is at least —k, this
inequality cannot hold and this proves that (5.12) does. Hence,

Vi #
(5.13) T2 e

By Proposition 5.2, the numerator of the right-hand side is greater than minus four
times its denominator and we get that x3 is at least —4.

Let us now bound zg. As 1 and x4 are both at most &, (5.10) implies that r(k) is
at most k%(zg — 23)? and therefore at most k?(xg +4)2. This proves that x¢ is at least
k — 6 as by Proposition 5.2, r(k) is greater than k?(k — 3)2.

We combine (4.6), (5.9), and Proposition 4.3 again in order to obtain

(zox6 — 2325)° > 1 (k)

which, as x5 and zg are at most k£ and x3 is at least —4 implies

r(k
X9 Z k‘( ) —4
By Proposition 5.2, (k) is greater than k?(k —3)? and therefore x5 is at least k —6.

Finally, as by (5.3), xox4 is at most 2k + 1,

2% + 1
< .
=6

Since k is at least 9, the right-hand side of this inequality is less than 7. Therefore
x4 is not greater than 6, as desired. O

Combining Lemmas 5.1, 5.3 and 5.5, we now prove Theorem 4.2.

Proof of Theorem 4.2. Assume that k is at least 9 and that the distance between
P and the affine hull of @ is €§(3, k). By Lemma 5.1, there exists a point = in Xp g (k)
whose first six coordinates are non-negative, except maybe the third, while x x5 is at
least xoxy and x4 is at least x4. We consider two cases depending on the sign of x3
corresponding to either Lemma 5.3 or Lemma 5.5.

First, if x3 is non-negative then, it follows from Lemma 5.3 that x4 is at most 3
while z1, x5, and zg are at least k — 2. Moreover, either x5 is at least £k — 2 and x3 is
at most 3 or x3 is at least £ — 2 and x5 is at most 3. Observe that exchanging x; and
x;+1 when 7 is equal to 2,5, and 8 results in a lattice point whose coordinates satisfy the
same bounds. Moreover, the resulting point still belongs to Xp (k) because these three
exchanges amount to transform P and @) by permuting the second and third coordinates
of R®. Hence, we can assume without loss of generality that x in a point from Xp (k)
such that xq, xs9, x5, and x¢ are at least kK — 2 while x3 and x4 are both at most 3.
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If however x3 is negative. It then follows from Lemma 5.5 that z1, x2, x5, and xg

are at least k£ — 6 while z3 is at least —4 and x4 is at most 6.

In particular, in both cases, the lattice point a from R such that a; is equal to

k — x; when 7 is equal to 1, 2, 5, or 6 and to x; when ¢ is equal to 3 or 4 belongs to

[0,6]%x[—4,6]x[0,6]2 and by construction, ¢ (a) is precisely the orthogonal projection

of  on R. In order to prove that a belongs to A, it therefore suffices to show that ag is

at least —a3. By Proposition 5.4, zg — x3 is at most k£ which in terms of the coordinates

of a implies that ag is at least —a3. Hence a belongs to A as desired. O
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