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Abstract. We study the combinatorial structure of the cut and metric polytopes on n
nodes for n < 5. Those two polytopes have a complicated geometrical structure, but using
their large symmetry group, we can completely describe their face lattices. We present,
for any n, some orbits of faces and give new result on the tightness of the wrapping of

the cut polytope by the metric polytope, disproving a conjecture of [14] on their lattices.
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1 Introduction

We first recall the definition of the metric polytope m,,, the cut polytope ¢, and their
relatives, the metric cone and the cut cone. Then we present some applications to well
known optimization problems and some combinatorial and geometric properties of those
polyhedra. The general references are [4, 24] for polytopes and [5] for graphs. For a
complete study of the applications and the combinatorial optimization aspects of those
polyhedra, we refer, respectively, to the surveys [13] and [21].

For all 3-sets {i,7,k} C {1,...,n}, we consider the following inequalities:

Tij — Tip — Tk <0 (1)
i+ i + g <20 (2)

The inequalities (1) define the metric cone and the metric polytope m,, is obtained by
bounding the latter by the inequalities (2). The 3(3) facets defined by the inequalities (1),

which can be seen as triangle inequalities for distance z;; on {1,2,...,n}, are called



homogeneous triangle facets and are denoted by Tr;; . The (g) facets defined by the
inequalities (2) are called non-homogeneous triangle facets and are denoted by Tr;;p.

Given a subset S of V,, = {1,2,...,n}, the cut determined by S consists of the pairs
(i,7) of elements of V,, such that exactly one of 7, j is in 5. 6(9) denotes both the cut
and its incidence vector in ]R(g), that is, 6(.9);; = 1 if exactly one of 7, j is in 5 and 0
otherwise for 1 <12 < 7 < n. By abuse of language, we use the term cut for both the cut
itself and its incidence vector, so 6(5);; are considered as coordinates of a point in R().
The cut polytope of the complete graph ¢,, which is also called the complete bipartite
subgraphs polytope, is the convex hull of all 2"~! cuts, and the cut cone is the conic hull
of all 27! — 1 nonzero cuts. Those polyhedra were considered by many authors, see for
instance [2,3,9, 11, 12, 13, 14, 15, 17, 18] and references therein. One of the motivations
for the study of these polyhedra comes from their applications in combinatorial optimiza-
tion, the most important being the max-cut and multicommodity flow problems.

Given a graph G' = (V,,, ) and nonnegative weights w., e € F, assigned to its edges,
the maz-cut problem consists in finding a cut §(.9) whose weight Yees(s) We is as large
as possible. Tt is a well-known N P-complete problem. By setting w. = 0 if e is not an
edge of G, we can consider without loss of generality the complete graph on V,,. Then the
max-cut problem can be stated as a linear programming problem over the cut polytope

¢, as follows:

{ max wT-ac

x € ¢y

Since the metric polytope is a relaxation of the cut polytope, optimizing w” -z over ¢,

instead of m,, provides an upper bound for the max-cut problem [3].

With F the set of edges of the complete graph on V,,, an instance of the multicom-
modity flow problem is given by two nonnegative vectors indexed by E: a capacity c(e)
and a requirement r(e) for each e € E. Let U = {e € E' : r(e) > 0}. If T denotes the
subset of V,, spanned by the edges in U, then we say that the graph G' = (T, U) denotes
the support of r. For each edge e = (s,t) in the support of r, we seek a flow of r(e) units
between s and ¢ in the complete graph. The sum of all flows along any edge ¢’ € E must
not exceed c(e’). If such a flow exists, we call ¢,r feasible. A necessary and sufficient
condition for feasibility is given by the Japanese theorem [16]: a pair ¢, r is feasible if and
only if (¢ — T)Tx > 0 is valid over the metric cone. For example, Tr;; ) can be seen as
an elementary solvable flow problem with ¢(ij) = r(ik) = r(jk) =1 and c¢(e) = r(e) = 0
otherwise, so the inequalities (1) correspond to (¢ — 7)Tz > 0 for @ in the metric cone.
Therefore, the metric cone is the dual cone to the cone of feasible multicommodity flow

problems.



2 Combinatorial and geometric properties of the

cut and metric polytopes

The polytope ¢, is a (g) dimensional 0—1 polyhedron with 27~! vertices and m,, is

a polytope of same dimension with 4(3) facets inscribed in the cube [0, 1](2) We have
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is the center of gravity of both ¢, and m, and is also the center of the sphere of radius

r = £\/n(n—1) where all the cuts lie. Another two geometric characteristics of the

cut polytope ¢, are its width and geometric diameter. We recall that while the width of

¢, € m, with equality only for n < 4. It is easy to see that the point w, = (

a polytope P is equal to the minimum distance between a pair of parallel hyperplanes
containing P in the slice between them, the geometric diameter of P is the maximum
distance between a pair of supporting hyperplanes. The width of ¢, is 1 ([22]) and
its geometric diameter is 2 for n even and %\/m for n odd, see [21]. Any facet,
respectively ridge (that is, a face of codimension 2), of the metric polytope contains a
facet, respectively a ridge, of the cut polytope and the vertices of the cut polytope are
vertices of the metric polytope, in fact the cuts are precisely the integral vertices of the
metric polytope. Actually the metric polytope m,, wraps the cut polytope ¢, very tightly
since, in addition to the vertices, all edges and 2-faces of ¢, are also faces of m,, ([14]).
In other words, ¢, is a segment of order 2 of m,, and its dual, m}, is a segment of order 1
of ¢ in terms of [19]: a polytope P is a segment of order s of a polytope () if they have
the same dimension and if every ¢-face of P is a face of ¢} for 0 < ¢ < s. The polytope
¢,, 18 3-neighbourly ([14]). Any two cuts are adjacent both on ¢, ([3]) and on m,, ([20]);
in other words m,, is quasi-integral in terms of [23], that is, the skeleton of the convex
hull of its integral vertices, i.e. the skeleton of the ¢,, is an induced subgraph of the edge
graph of the metric polytope itself. While the diameter of m? is 2 ([6]), the diameters of

*

¢* and m, are respectively conjectured to be 4 and 3 ([18, 6]). For a detailed study of
the combinatorial and geometric properties of ¢, and m,,, we refer to [8].

The metric polytope and the cut polytope share the same symmetry group, that is, the
group of isometries preserving a polytope. This group is isomorphic to the automorphism
group of the folded n-cube, that is, Is(m,) = Is(c,) = Aut(O,), see [11, 17]. We recall
that the folded n-cube is the graph whose vertices are the partitions of V,, = {1,...,n}
into two subsets, two partitions being adjacent when their common refinement contains
a set of size one, see [5]. More precisely, for n > 5, Is(m,) = Is(¢,) is induced by
permutations on V,, = {1,...,n} and switching reflections by a cut. Given a cut 6(.9), the
switching reflection 75 is defined by y = r5(5)(2) where y;; = 1 —a;; if (4,7) € 6(5) and
y;; = x;; otherwise. These symmetries preserve the adjacency relations and the linear

independency. For the study of their face lattices, we frequently use the fact that the



faces of m, and ¢, are partitioned into orbits of their symmetry group.

We finally mention the following link with metrics: there is an evident 1 — 1 corre-
spondence between the elements of the metric cone and all the semi-metrics on n points,
and the elements of the cut cone correspond precisely to the semi-metrics on n points

that are isometrically embeddable into some I]*, see [1], it is easy to check that m < (3).

3 Face lattices of small cut and metric polytopes

3.1 Face lattice of the ¢, = m,, for n <4

For n < 4, we have ¢,, = m,,, moreover ¢3 and ¢4 are both well-known polytopes. While
cs3 is the regular tetrahedron of edge length V2 and volume vs = %, ¢4 is combinatorially
equivalent to the 6-dimensional cyclic polytope with 8 vertices and its volume is vy = %.
The f-vector of ¢4 is obviously f(c4) = (8,28, 56,68,48,16); more precisely all proper faces

of ¢4 are partitioned into the following orbits of the symmetry group I's(cq) ~ Aut(O4):
e the 8 vertices of ¢4 form the orbit O},

e the 2 orbits O} and O% of edges {6(5),6(5")} are respectively formed by the 16
edges with |SAS’] odd and the 12 ones with |SAS’| even, (that is respectively
represented by {6(0),6(1)} and {6(0),6(1,2)}),

e the 2 orbits of 2-faces are: Ol of size 48 which is represented by {6(0),6(2),6(1,2)},
and O2 of size 8 which is represented by {6(1),6(2),8(3)},

e the 3 orbits of 3-faces are: Ol of size 12 which is represented by {&(0),8(1),8(2),
6(1,2)}, O32 of size 24 which is represented by {§(0),6(1),68(2),6(1,3)}, and O3 of
size 32 and represented by {6(0),6(1),6(2),6(3)},

e the 48 ridges form the orbit O}; they are the cofaces (that is the convex hull of the

vertices not belonging to a face) corresponding to the 2-faces from the orbit O3.

e the 16 facets form the orbit O}; they are the cofaces corresponding to the edges
from the orbit Of.

Remark 3.1
(i) The skeleton of ¢} is the (4x4)-grid, which is also the line graph of K44 = Oy.
(i1) A set of vertices is not a face of ¢ if and only if it contains one of the following 2

sets of 4 vertices: {6(1),6(2),6(3),6(4)} and {6(0),6(1,2),6(1,3),6(1,4)}.



3.2 Face lattices of ¢; and m;

The face lattices of ¢5 and ms were obtained in the following way. We first got
all the non-simplex faces by systematically checking all possible pairwise, 3-wise etc.
intersections of non-simplex facets. Then, considering all 2,3 and 4-sets of vertices and
the remaining possible pairwise, 3-wise etc. intersections of facets, we obtained all i-faces
for: =0,1,2,3,7,8,9. Finally, noticing that few ¢-faces contains the complete lower part
of the lattice (for example any 7-face of ms is a facet of a face belonging to a single orbit
of 8-face), we found by a case by case analysis all the remaining simplex 4,5 and 6-faces
of my and ¢5. The dimensions of the faces were computed using the list of all affine
dependencies of ms and ¢5 given below.

Using [10] one can that check all affine dependencies on the vertices of ms and cs,
that is equations Y A\;a; = 0 with >~ A; = 0, are, up to permutations, switchings and the
bijection §(S) < 8(S) (which clearly preserves affine dependencies):

o Y (—1)¥ls(s) =0,

Sc{1,2,3,4}
. > (—1)I*1§(5) = 0,
S5C{1,2,3,4,5}, [{4,5}nS|=1

5

o 26(0) —26(1)+ > (8(1,i)— é(i)) = 0,

=2

5

o 38(0)+68(1)— > 6(1,i) = 0.

=2
The restriction of the face lattices of ¢5 and ms to their non-simplex faces are respectively
given in Figures 3.1 and 3.8. All simplicial and all maximal (under inclusion) simplex
faces are given in Proposition 3.2 and their complete face lattices are presented in detail

in Section 3.2.1 and Section 3.2.2. The f-vectors of ¢5 and mj5 are respectively:
o f(cs) = (16,120,560, 1780,...,3080,640,56),
o f(ms) = (32,280,1280,3620,...,2840,480,40).

By f; and g;« we respectively denote a representative j-face of the it orbit C;:, respectively

M;, of ¢5 and ms.



3.2.1 Face lattice of ¢;

In Figure 3.1 all the 4 orbits of proper non-simplex faces of mjs are given. Each orbit
is represented by the set of vertices belonging to a representative face of the orbit. A cut

0(1), respectively 8(¢j), is denoted by a circled point ¢ and respectively by an edge {7, j}.

Figure 3.1: Non-simplices of the face lattice of ¢

The face lattice of ¢5 is partitioned into the following orbits of I's(¢s):

e the 56 facets are partitioned into the 2 orbits C} and C2 respectively formed by the
40 triangle facets represented by fi = Tris3 and the 16 switchings of the equicut

facet f2 which is defined by the inequality: Z 2 <6,
1<i<j<5

e the 640 ridges are partitioned into the 3 orbits C3, CZ and C§ of size 240, 240 and
160 and respectively represented by fsl = Trizz N Trigq, f82 = Trio3 N Try45 and

f8=Trizsn f3,

e the 3080 7-faces are partitioned into the 7 orbits C1, C2 ... C7 of size 120, 960, 480,
240, 160, 160 and 960 respectively represented by the graphs given in Figure 3.2.

We have: f} = fd N TraasNTriza, f7 = f§ 0 Trosa, f2 = f§ 0 Trias, f7 = f§0 f§
(= f§ N Trias), f2 = 3§ 0 Driag, f2 = fa N Trygs and f7 = fg 0 Tryss,

1 1 1 1 1 1
5@2 szgz sngz 5%2 5@2 5%2 5%2
4 3 4 3 4 3 4 3 4 ; 3
3 4 5 6
f7 f7 f7 f7 f7

Figure 3.2: T-faces of ¢s




e the 6-faces are partitioned into the 10 orbits C}, ..., CL0 respectively represented

by the graphs given in Figure 3.3,

1 1 1 1 1 1

4 3 4 3 4 3 4 3 4 3 4 3
1 2 3 4 5 6
fe f2 £2 fe £ £
1 1 1 1

5 2 5%2 5%2 5 2

473 4 83 4 93 4103

fo fo fo fo

Figure 3.3: 6-faces of ¢5

e the 5-faces are partitioned into the 11 orbits C2%,... C respectively represented

by the graphs given in Figure 3.4,

1 1 1 1 1 1
5 ;A; 2 5@2 sﬁz SQZ 5@2 5®2
4 3 4 3 4 3 4 3 4 3 4 3
1
f f2 f3 f4 f2 £6

5 5 5 5 5 5

1 1 1 1 1
5%2 5®2 5%2 5 &2 5%2
4 . 3 4 8 3 4 9 3 4 103 4 3

11
fg fo fo fs fs

Figure 3.4: 5-faces of ¢5



e the 4-faces are partitioned into the 8 orbits C}, ..., C§ respectively represented by

the graphs given in Figure 3.5,

1 1 1 1 1
5/ > 2 5@2 5 Qz 5 2 5 2
4 3 4 3 4 3 4 3 4 3
1 2 3 4 5
f4 fa f4 f4 3

1 1 1
5 ) 5%2 5%2
4 3 4 7 3 4 3
6 8
i 7 f°

Figure 3.5: 4-faces of ¢5

the 1780 3-faces are partitioned into the 7 orbits C3, ..., C% respectively represented
by the graphs given in Figure 3.6. Actually, the only sets of 4 cuts which are not
3-faces of ¢5 are the 40 members of the orbit of {6(0),6(1,2),6(1,3),6(2,3)},

1

1 1 1 1 1 1
s/vz s Dz 5A2 5%2 SGZ 5/\2 5%2
4 4 3 4 3 4 3 4 3 4 3 4 3
2 3 4 5 6 7
f3 f3 f3 f3 f3 f3

f2 ’
Figure 3.6: 3-faces of ¢5

e the 560 2-faces are partitioned into the 3 orbits C3, C% and C3 of size 160, 160
and 240, and respectively represented by f1 = {6(0),6(1),6(2)}, f2 = {6(0),8(1,2),
6(1,3)} and f7 = {é(0),6(1),8(2,3)},



e the 120 edges are partitioned into the 2 orbits C{ and C? respectively formed by
the 40 edges {6(.9),6(5")} with [SAS'| = 1 or 4 and the 80 ones with |SAS'| = 2
or 3 (that is respectively represented by fi = {6(0),6(1)} and f2 = {6(0),6(1,2)}),

e the 16 vertices form the orbit C§.

3.2.2 Face lattice of ms

In Figure 3.8 all the 8 orbits of proper non-simplex faces of ms are given. As for ¢5, each
orbit is represented by the set of vertices belonging to one of its representative face. While
a straight line links 2 incident faces, a dotted one links 2 faces incident up to a permuta-
tion. Besides the 16 cuts, the vertices of ms are the 16 anticuts 6(.5) = 2(1,...,1)-26(9).
A anticut 5(2), respectively 5(2]), is denoted by a grey circled point ¢ and respectively
by a grey edge {i,j}. The anticut 5(@) is denoted by a grey (). Note that a face cannot

contain both §(.5) and 4(5).

The face lattice of ms is partitioned into the following orbits of Is(ms5):

e the 40 triangle facets form the orbit Mg represented by gi = Tryq3,

e the 480 ridges are partitioned into the 2 orbits Md and MZ, both of size 240 and

respectively represented by gé = Tri93 N Tri94 and gg = Tri23 N Trigs,

e the 1880 7-faces are partitioned into the 6 orbits M1, M2, ... M? of size 120, 960,
480, 160, 160 and 960 respectively represented by the graphs given in Figure 3.7.
We have: g7 = g3 N Traa 3N Triza, 62 = g3 N Trasa, g7 = g3 N Traas, g7 = gg N Trisa,
97 = g3 N Trizs5 and g2 = gg N Tryss,

Figure 3.7: T-faces of ms



Figure 3.8: Non-simplices of the face lattice of ms
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e the 6-faces are partitioned into the 11 orbits Mg, ..., M}! respectively represented

by the graphs given in Figure 3.9,

Figure 3.9: 6-faces of ms

e the 5-faces are partitioned into the 13 orbits M2, ..., M2? respectively represented

by the graphs given in Figure 3.10,

1 1 1 1 1 1 1
4 13 4 3 4 3 4 3 4 3 4 3 4 73
g; 9 M s 9 gs 9;
1 1 1 1 1 1
o Kor ol e e
4 83 4 93 4 103 4 3 4 123 4 133
9 95 95 g5 95 95

Figure 3.10: 5-faces of ms
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e the 4-faces are partitioned into the 12 orbits M}, ..., M}? respectively represented

by the graphs given in Figure 3.11,

1 1 1 1 1 1
592 5@ 2 5 Q 2 5@ 2 5%2 5 ; 2
4 3 4 3 4 3 4 3 4 3 4 3

1 2 3 4 5 6
g, 95 ) g, g, s
1 1 1 1 1 1
@ . 7 % @ ﬁx
4 3 4 3 4 3 4 3 4 3 4 3
7 8 9 10 11 12
9, g, 9? 9, g; g,

Figure 3.11: 4-faces of ms

e the 3620 3-faces are partitioned into the 10 orbits M1, ..., M1° respectively repre-
sented by the graphs given in Figure 3.12,

1 1 1 1 1
S/VZ 5 Dz 5A2 5 2 5@2
4 3 4 3 4 3 4 3 4 3

1 2 3 4 5

9 J3 O3 Js O3

1 1 1 1 1

5/\2 5 2 5 2 5/\2 SAZ
% @ & %]
4 3 4 3 4 3 4 3 103
6 7 8 9
93 93 93 9; 95

Figure 3.12: 3-faces of ms
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e the 1280 2-faces are partitioned into the 5 orbits M}, M2, ..., M3 of size 160,
160, 240, 480 and 240, and respectively represented by gi = {6(0),68(1),8(2)},
95 = {6(0),6(1,2),8(1,3)}, g5 = {6(0),6(1),6(2,3)}, g3 = {6(0),6(1,2),6(1,3)}
and g3 = {8(0),8(1,2),6(3,4)},

e the 280 edges are partitioned into the 3 orbits M{, M} respectively formed by the
40 edges {6(.5),6(5")} with |[SAS’| = 1 or 4 and the 80 ones with |SAS’| = 2 or
3, and the orbit M} formed by the 160 edges {6(5),8(S")} with |SAS'| = 2 or
3 (that is respectively represented by g+ = {6(0),8(1)}, g% = {6(0),8(1,2)} and
g7 = {8(0),6(1,2)}).

e the 32 vertices are partitioned into the 2 orbits M} and Mg respectively formed by
the 16 cuts and the 16 anticuts.

Proposition 3.2

(i) The mazimal (under inclusion) simplex faces of c5 are the faces belonging to the orbits
Cé, ¢ CYoand C3.

(it) The mazimal (under inclusion) simplex faces of ms are the faces belonging to the
orbits M3, M? and M2.

(i11) The simplicial faces of ¢5 and ms are respectively the faces the belonging to the orbit
CZ and M, MEZ and M}*.

(iv) The faces belonging to CZ and ME are combinatorially equivalent to my = ¢4 and so

to the 6-dimensional cyclic polytope with 8 vertices.

Proposition 3.3

(i) The mazimal (under inclusion) simplex faces of ms containing an anticut are the faces
belonging to the orbit M?2.

(it) The number of simplex i-faces of ms containing an anticut is, for each anticut,
7 = 1,10,45,120,205,222,130,30,0,0 for i = 0,1,...,9.

Proor.  Let g be a i-face of ms, with « < 6, containing an anticut, for example 5(@),

and denote ¢’ := ﬂ Tri;r. Clearly, we have g C ¢’ with equality if and only if g is a

§(igk)¢y
simplex. Suppose that 6(¢) € ¢’ — g, it will mean that 7 is a universal vertex, that is, the

graph G/(g) representing ¢ is one of the following graphs:

13
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It turns out that those 4 graphs are respectively subgraphs (we require only inclusion
of the edge-set) of the graphs representing the non-simplex faces: gg, gi%4 g3, gi% (see
Figure 3.8). Now, since ¢’ is the intersection of homogeneous triangle facets, 5(2]) €yg
implies that 8(i),8(j) € ¢’. Then (i) € ¢’ — g if and only if G(g) contains the clique K4

which turns out to be a subgraph of the non-simplex face: gil. a

3.3 Wrapping of ¢, by m,

Let call extra i-face of ¢, (respectively m,,) a i-face of ¢, (resp. m,,) which is not a
i-face of m,, (resp. ¢,). We recall that all i-faces of ¢, are also i-faces of m,, for i = 0,1
and 2; moreover, it was conjectured in [14] that for n large enough (n > Qi) all ¢-faces of
¢, are also i-faces of m,,. We disprove this conjecture by exhibiting an extra 3-face of ¢,.

For n > 5, let consider the following face of ¢,,:
fz=46(12),6(13),6(14), 6(15)}.

Proposition 3.4 For n > 5, the face f3 is an extra 3-face of ¢,.

Proor. For n = 5, the face f3 is the 3-face fI of c¢5 which is itself a 10-face of ¢,
(c5 = Nimg(Lr12,, N Tro; 1)), that is, fs is a 3-face of ¢,. Now let suppose that f5 is also a

face of m,, it would implies that f5 is a face of the following face of m,:

n

9= () Truj) 0 ([ )(Triz;NTrain)),
2<i<;<5 i=6

where the triangle facets are seen as facets of m,. For n = 5, we have ¢ = gi?. One
can easily check that ¢ contains, besides the 5 cuts §(1),6(12),6(13),6(14) and 6(15), the
vertex z which coordinates z;; : 1 <@ < j < nare: 2;; = 0 for ¢ # 2,3,4,5 < j and %
otherwise. Then, to remove z we should intersect ¢ with some 7r;; , with 1 <<, 5,k <5,
but doing so will also eliminate one of the 4 cuts §(12),6(13),6(14) or 6(15) of f5 as well,

which implies that f3 cannot be a face of m,,. a

Corollary 3.5 Forn > 5, alli-faces of ¢, are also t-faces of m,, for exactly i = 0,1 and 2.

Proor.  Let suppose that all ip-faces of ¢, are also ig-faces of m,, with g > 3. Then,
the face g;, of m,, equal to a face f;, of ¢, containing f; will contain a face g3 equal to

f3, which contradicts Proposition 3.4. a

14



Proposition 3.6

(1) The representative extra i-faces of c5 belong to F' = {f2, 3, f2, f4, 8, 12, 18, 18, 12,
100 fT f3Y (that is, all extra faces belonging to f2) and to F' = {e5 = [y, f&, f&, f3, 12, /S,

78 50, I £,

(1) The representative extra i-faces of ms belong to G = {g2, g8, g&, 95, 92, 92, 910, g}1,

95°, 94, 9%, 93, 91°%, 91", 95, 93, 93, 93°, 93, 93, 97, 98} (that is, all simplex extra faces, i.e. all

extra faces belonging to g3) and G' = {ms = gio, 93, 98 93, 97 97, 9%, 96 96"+ 96> 9575 947}
(that is, all faces given in Figure 3.8 exvcept g& = f& which is the unique non-simplexr com-

mon face of c5 and ms).

(i11) All remaining faces, besides the ones given in (1) and (it) are common faces of ¢5 and

ms, we ordered them so that f; = g; Their representative i-faces belong to H = {f%, f1,

FE B2 L B B A T T S S B B £ B S Fh Fh S Sy = 0} (that s, all

common fuces belonging to 1) and to ' = {f1, f2, [2. f2. [, J2. Fi. 13 6, 72, fi 15},

Remark 3.7 We observed that F = {gN f3:g € G'}, F' = {gnes:g¢c G —{g'}},
H={gNcs:9g€ G}and F—{f° = {fnf3:f e F?} and that the dimension of
those intersections is one less than the one of the corresponding face. The four above
equalities, g5 Necs ~ gi%Nes and gt Nes = fA9 give the following four bijections: F — G,
F' e G = g}, H = G = {g]} and F' — F — {f1°}.

dimension S1(oj1{2(3 4,516 |7]819]|10

total # of orbitsines | 1 |1 |2 3| 7 | 8 |11 [10|7 (3|2 1

# of orbits in F 1133|211

# of orbits in F’ 1112 (3[2]1]1

# of orbits in H 1123|553 ]|1

# of orbits in H' 114 1] 4|2

# of orbits in G 1{1(24 |5 |53 ]1

# of orbits in G’ 1111313 111
total # of orbitsinms | 1 |2 (3|5 |10 12| 13|11 |6 1] 1

Figure 3.13: Number of orbits of :-faces

Remark 3.8

(1) All minimal (by inclusion) faces from F belong to the orbits of fa or fi° = f2 — f1.
(1) All minimal (by inclusion) faces from H' belong to the orbits of S or f7.

(it1) Besides fg and the cofacet fg =Tr134NTri34NTri43 = Tr3471, any of the 5 remaining

representative 3-faces of cs belongs to exactly either 4 or 5 triangle facets.
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3.4 Some orbits of faces and nofaces of ¢, and m,,

In Figure 3.14, we present 5 orbits of ¢, and m,. For each orbit a representative
facet, the codimension, the size and the number of cuts (and anticuts for orbits of m,,)
belonging to a face of the orbit are given. The orbit O3 (respectively O3, OF and O3)
corresponds to Cf and Mg (respectively C2 and M2, C1 and M2, and CZ and M¢?). In

m,,, the faces belonging to OF are combinatorially equivalent to m,_;.

orbit | representative | codimension size # cuts | # anticuts
OF | Trizs N Trase 2 160(3) | 9 x 275 25
0% | TrizsnNTrigs 2 48(%) | 5 x2nt A
0% Tri23 N Tri4s 2 240(3) | 9 x 2n° A
Of | TrizsNTras 3 3 24(%) 2n—2
Of | TrissNTris3 n—1 2(5) 2n=2

Figure 3.14: All pairwise intersections of facets of m,,

We then consider the following set of cuts: A, = {6(7): 1 < ¢ < n}. It was remarked

in [14] that no triangle facet contains A,. Moreover, we have:

Proposition 3.9

(i) No proper face of ¢, contains A,.

(it) For n > 5, any (n — 1)-subset of A,, forms an extra (n — 2)-face of c,.

(iit) The size of the orbit represented by A, is |O(A,)] = 1,2,2"71 for n = 3,4,> 5.
Proor. Let F' be a facet induced by the inequality: Z fijzi; < aand F(S5) the

1<i<y<n
value of the left hand side of the inequality on the cut 6(5). Since we have

F(6(ij)) = F(6(3)) + F(6(j)) — 2fi; < a, Ay, belongs to I will implies that f;; > 5.
So, we have a > F(6(5)) > w, this implies @ = 0 and therefore, for n > 4 all
fij 2 § = 0 which contradicts F'(6(1)) < a = 0. To prove (¢7), remark that A, —{8(1)} is
the following face of c,: A — {6(1)} = Egq) N( ﬂ Trij1) where Egy is the switch-
2<i<g<n
ing by the cut §(1) of the face defined by the inequality: Z zi; < [g} . ng On
1<i<y<n
the other hand, ﬂ Tri;1 contains 6() which can be removed only by intersecting
A, —{6(1)} Withzasfojl?—ﬁlomogeneous triangle facet, but this will also eliminate some cuts

6(7), that is, A, — {6(1)} cannot be a face of m,,. Since for n > 5 all switchings of A, are
different and any permutation amounts to a switching, |O(A4,)| = 2"7!; cases n = 3 and

4 are clear. O
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Remark 3.10 Proposition 3.9 means that A, is a minimal (by inclusion) blocker, that
is A, N f # 0, for the clutter T. := {f : f is a facet of ¢, } of complements of facets of
¢n and, a fortiori, for the clutter T, := {g : g is a facet of m,}. Perhaps, A, is also a
minimum, that is of minimal cardinality, blocker for T.. Remark that minimum blockers

for T, are exactly the pairs {8(5),6(S)}.

We call noface of ¢,, a set of cuts which does not form a face of ¢,.

Proposition 3.11

(i) For n > 4, any set containing member of O(A,,) is a noface (see Proposition 3.9).
(i1) Forn = 4, any noface contains a member of O( A4); the only nofaces which are cofaces
belong to the orbits represented by f? and f3.

(it1) Forn =5, there are exactly 1,2,3,8,13 orbits of i-sets of cuts in c5 fori=1,2,3,4,5

and among there is exactly 6 orbits of nofaces represented by the following graphs:

IR G2 O SRV

One can check that the following holds for any »n > 3:

e the 2”71 vertices of ¢, form the orbit represented by {é(0)},

e the <2n2_1) edges of ¢, are partitioned into the [ %] orbits respectively represented by
fi={8(0),6(1,....0)}  for i = 1,...,| %] with |0%] = 2772(") for 1 < i < [%] and

: 2 i 2
|01 = 2”_3(2) for n even,

e the (2n3_1) 2-faces of ¢, are partitioned into the orbits respectively represented by
ot ={6(0),8(1,...,7+5),8(r+1,...,7+s+1)} for all triplets of integers {r, s, 1}

such that 1 <7 < [2],0 < s <ryr <t <mun([ %57, 5] — s,n — 27 — s),

n2=7)("
e for n > 6, the w ridges, that is ((3) — 2)-face of m,,, are partitioned into

the 3 orbits OF, 0% and OF given in Figure 3.14 (see [6]),

o the 4(3) facets of m,, form the orbit represented by T'rys3.
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