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Abstract

A point in the d-dimensional integer lattice ¢ is prim-
itive when its coordinates are relatively prime. Two
primitive points are multiples of one another when they
are opposite, and for this reason, we consider half of
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first non-zero coordinate is positive. We solve the pack-
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such points whose absolute values of any given coordi-
nate sum to at most a fixed integer k. We present several
consequences of this result at the intersection of geom-
etry, number theory, and combinatorics. In particular,
we obtain an explicit expression for the largest possible
diameter of a lattice zonotope contained in the hyper-
cube [0,k]¢ and, conjecturally of any lattice polytope
contained in that hypercube.
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1 | INTRODUCTION

Lattice polytopes appear in many branches of mathematics, for instance in algebraic geometry
where they are associated with certain toric varieties. It is noteworthy that, in relation with the
study of these and similar objects, methods from combinatorics and algebraic geometry have been
beneficial to both fields[1, 5, 10, 14, 24, 26]. Another branch of mathematics where lattice polytopes
turn up is combinatorial optimization. In particular, they encode the feasible domain of a number
of optimization problems [3, 7, 20, 21]. In this other context, an important quantity is the largest
diameter a polytope can possibly have in terms of a fixed combinatorial or geometric property.
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2 | DEZA AND POURNIN

Here, by the diameter of a polytope, we mean the diameter of the graph made up of its vertices
and edges. This quantity is tightly linked to the complexity of pivoting methods for solving the
corresponding optimization problem and it has been extensively studied, for instance as a function
of the dimension and number of facets of the polytope [15, 16, 20, 27]. However, as the disproval
of the Hirsch conjecture [25] shows, its behavior remains elusive.

Yet another field where lattice polytopes appear, lies at the intersection of geometry and number
theory [2, 6, 11, 12]. For instance, the density of primitive points—points whose coordinates are rel-
atively prime—within the lattice Z¢ is equal to 1/¢(d), where ¢ denotes Riemann’s zeta function
[13, 17, 22]. From that observation, a sharp estimate for the largest possible diameter of a lattice
zonotope contained in the hypercube [0, k]¢ when d is fixed and k grows large has been derived
recently [9]. The case of zonotopes—polytopes obtained as a Minkowski sum of line segments—
is particularly interesting in relation to the problem of the diameter of polytopes. Indeed, it is
conjectured that the largest possible diameter of a lattice polytope contained in the hypercube
[0, k]9 is always achieved by a zonotope [8]. In the case of lattice zonotopes, the problem can be
reformulated as follows in terms of primitive points.

Let P9 be the set of the primitive points contained in Z%. Consider a subset X of P4 whose first
non-zero coordinate of elements is positive and call

k(?():max{z [x;| : 1<i<d},
XEX

where the coordinates of a point x from R¢ are denoted by X, to x,;. In other words, x(X) is the
sum over all the points in X of the absolute value of one of their coordinates for which that sum is
the greatest. Using this quantity, we can ask the question of how large the cardinality of X can be
under the requirement that x(X’) does not exceed a given integer k. Incidentally, the answer to this
primitive point packing problem at the intersection of geometry, number theory, and combina-
torics coincides with the largest possible diameter of a lattice zonotope contained in the hypercube
[0, k]%. In this article, we settle this problem completely by giving an explicit expression for its
solution, thus also solving the question on the largest possible diameter of lattice zonotopes and,
conjecturally, the more general one about lattice polytopes.

Let us describe our main results in more details. Following the notation introduced in [9], we
refer to the solution to our packing problem as

§,(d, k) = max {|X| : x(X) < k}.
xcpd

Here P‘j is the subset of P4 made up of the points whose first non-zero coordinate is positive.
Note that a lower bound on §,(d, k) is already known when k is less than 2d. Indeed, it is proven
in [8] that, in this case,

@

(k+1)d
6,(d, k) > [TJ .

Denote by B(d, p) the ball of radius p for the 1-norm, centered on the origin of R%. Note that
this ball is a cross-polytope, the polytope dual to the hypercube.

Our first result, which we prove in §2 provides the cardinality of the intersection of B(d, p) with
Pf and the value of « at that intersection.
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Theorem 1.1. For any positive integers d and p,

() IBd.p) NP =3 3T, 2/(5) ZL_; ey, j) and
.. 1vd 4j(d R,
(i) ®(B(d,p) NP = L T, 27(9) TP iey @, )
where

d
1 .

In the statement of this theorem, s(d, i) stands for Stirling’s numbers of the first kind and J;(p)
for Jordan’s totient function, whose precise definitions will be recalled in §2. The number of lat-
tice points contained in a lattice polytope is related to certain invariants of the associated toric
variety [23] and expressions for that number have been obtained in particular cases. For instance,
a formula for the number of lattice points contained in the dilates by a positive integer of the
cross-polytope B(d, 1) is known [4]. In this light, it is noteworthy that Theorem 1.1 provides an
expression for the number of primitive points contained in these dilates. Indeed, the intersection
of B(d, p) with P¢ is twice as large as its intersection with [P’f. This turns out to be a special case of
the primitive Ehrhart theory developed independently in [19]. Theorem 1.1 also solves our primi-
tive point packing problem for special values of k. Indeed, it is shown in [9] that the intersection
of B(d, p) with IP‘j is the unique subset of IPf of cardinality §,(d, k) when

k =x(B(d, p) nP?).

Hence, for these values of k, Theorem 1.1 provides an expression for §,(d, k). Now consider the
piecewise-linear map k — A(d, k) that interpolates 6,(d, k) linearly between any two consecutive
such values of k. It follows from Theorem 1.1 that, when k is between x(B(d,p — 1) N IP‘Z) and
x(B(d,p)n Pf) the slope of the interpolation is d/p. More precisely, for these values of k,

Ad. k) - B, p - 1) P
k—x(Bd,p—1)npd)  p’

We will prove throughout §§3, 4, and 5 that §,(d, k) is equal to |A(d, k) | except for a few notable,
but infrequent cases.

Theorem 1.2. For any fixed d, the maps k — 8,(d, k) and k — |A(d, k)| coincide, except on an
infinite subset E of N\{0} such that

) |[En[1,k]|_
ke /@D

In addition, k — 6,(d, k) coincides, on E, with k — |A(d, k)| — 1.

Note that the set E of exceptions depends on the dimension. We will determine it explicitly in
every dimension: it is given at the end of §4 when d > 2, and at the end of §5 when d = 2. The
dependence of E on d is consistent over all the dimensions above 2, but as we shall see, its form
and its density within N are slightly different in the two-dimensional case.
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TABLE 1 Some values of 6,(d, k)

k-2d

d 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
2 4 5 6 6 7 8 8 8 9 10 10 10* 1 12 12
3 10 1 12 13 14 15 16 17 18 19 20 21 22 23 24
4 17 18 20 21 22 24 25 26 28 29 30 32 33 34 36
5 26 28 30 31 33 35 36 38 40 41 43 45 46 48 50
6 38 40 42 44 46 48 50 52 54 56 58 60 62 64 66

The proof of Theorem 1.2 will be split into first establishing an upper bound on §,(d, k), and
then proving that this bound is exact by constructing sets of primitive points that achieve it. The
upper bound is proven in §3. The general machinery we use to show that this bound is sharp is
given in §4 together with sets of primitive points that achieve it in all dimensions greater than 2.
The construction for the two-dimensional case is given in §5.

When 1 < k < 2d, our expression for 6,(d, k) simplifies to the right-hand side of (1). We report
in Table 1 the first values of 6,(d, k) such that k is at least 2d. In this table, the bold numbers are
the values of §,(d, k) that coincide, for some integer p, with the cardinality of B(d, p) N [F"‘j and the
starred values are the ones such that k belongs to E. Note that, when d is equal to 3, the smallest
number in E is 135 and it already lies way outside of the table.

We will also study the sets of points that solve our primitive point packing problem. Surpris-
ingly, there exist values of d and k such that §,(d, k) is not achieved by a set of primitive points
between B(d,p —1) N [P’ff and B(d, p) n IPf in terms of inclusion, where p is the smallest integer
such that k is less than x(B(d, p) N P‘j). We will obtain, in §6, the following characterization for
the values of d and k such that this phenomenon occurs. Note in particular, that this phenomenon
only happens when d is equal to 2.

Theorem 1.3. Consider the smallest integer p such that k < x(B(d, p) N [P’ff). If d is greater than 2,
then any subset X of Pf of cardinality 6,(d, k) such that x(X) does not exceed k must satisfy

B(d,p—1)nP?c X cB(d,p)nP ()

If, on the other hand, d is equal to 2, then there exists a subset X of I]J’ff such that |X| = 6,(d, k)
and x(X) < k that satisfies (2) ifand only if p = 2, or p is odd, or p/2 is even, or both of the following
two conditions hold.

(i) k—x(B(2,p—1)nP?) isdistinct from p/2 + 1, and
(ii) %(B(2, p) N P?) — k is distinct from p/2 — 1.

We further show in §6 that the unicity results from [9] that we mention above singles out every
value of k such that there is a unique set of primitive points that solves our packing problem.

Theorem 1.4. There exists a unique subset X of [P’f such that |X| = 6,(d, k) and x(X) < k if and
only ifk = x(B(d, p) N P%) for some p.

We conclude the article, by gathering in §7 a number of asymptotic estimates. Among them,
we derive from Theorem 1.1 asymptotic estimates for |B(d, p) N [F"fl in terms of x(B(d, p) N [P’f)
when p is fixed and d goes to infinity. This complements the result from [9] on the asymptotic
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behavior of §,(d, k). We also obtain an exact asymptotic estimate of the number of primitive points
of 1-norm p contained in the positive orthant 0, +co[¢, for any fixed d, when p goes to infinity.
Note that these points are a special case of integer compositions [18]. More precisely, they are the
compositions of p into d relatively prime integers.

2 | THE NUMBER OF PRIMITIVE POINTS IN A CROSS-POLYTOPE

Consider the isometry o of R? that permutes the coordinates cyclically as

] [
X2 X1
g (o d
Xd—1 Xd—2
| Xd | Xd—1

Further consider the map 7 that sends a vector x of RY to o(x) when x, is non-negative and
to —o(x) otherwise. In the remainder of the article, C denotes the cyclic group generated by 7.
Observe that C has order d. For any point x contained in R¢, we denote by C-x the orbit of x
under the action of C on R9. Note that all the elements of C-x have the same 1-norm and, when
x is primitive, C-x is a subset of P?. In addition, observe that the intersection of B(d, p) and Pf is
invariant under the action of C on R<.

We first recall a proposition on the relation between x(X’) and the 1-norms of the elements of
X, that is used implicitly in [9].

Proposition 2.1. For any subset X of P4,

1
1(X)> 5 D lxly,

xXeX

with equality if and only if X is invariant under the action of C on RC.

Now denote by ¢, (p, d) the number of primitive points of 1-norm p and dimension d contained
in the positive orthant:

cd,(p,d) = {x e p? n]O,+oo[d ixlly = p}'

This quantity makes it possible to express as follows the sum over the intersection B(d, p) N IPf
of any map that is well-behaved relative to the 1-norm.

Lemma 2.2. Forany map f : N — R and any positive integer p,

d p
3 faixly = ¥ 2 (f) 3 Fiey o)
= =

where the sum in the left-hand side is over the primitive points x in B(d, p).
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Proof. Consider the sphere S(d, i) of radius i for the 1-norm, centered at the origin of R%. In other
words, S(d, i) is the boundary of B(d, i).

Let us first count the number of primitive points contained in S(d, i). As B(d, i) is a cross poly-
tope, cy (i, j) is precisely the number of primitive points contained in the relative interior of one
of its faces of dimension j — 1.

We therefore immediately obtain

d
sann®] = 32 (4o
=1

where the coefficient of c¢(i, Jj) in the right-hand side is the number of the faces of dimension
j — 1 of a cross-polytope.

Now observe that by construction, the intersection of B(d, p) with P is partitioned into the sets
S(d, i) n P4 where i ranges from 1 to p. Hence,

p d
3 raiiy =Y fo Y 2 <‘j>c¢(z,1),
i1 =1

where the sum in the left-hand side is over the primitive points x in B(d, p).
Exchanging the two sums in the right-hand side and noticing that ¢, (i, j) vanishes when i is
less than j completes the proof. O

Note that the cardinality of the intersection B(d, p) N P? can be obtained from Lemma 2.2 by
using, for f, the map that sends every natural integer to 1. By symmetry, the cardinality of B(d, p) N
P4 is half of that quantity. In addition, since the intersection of B(d, p) with P9 is invariant under
the action of C on R¢, it follows from Proposition 2.1 that

dx(B(d,p)nP?) = Z x5,

where the sum in the right-hand side is over the points x in that intersection. As above, that sum
is half the sum of the 1-norms of the points in B(d, p) N P4, that can be obtained from Lemma 2.2
by using for f, the identity map on N. According to this discussion, we obtain the following.

Proposition 2.3. For any positive integers d and p,
. 1xvd 4jd .

@ 1B(d, p)nPil =3 X5, 2/(}) L, cy(i.j) and
.. 1 vd 4jd C

(if) %(B(d, p) NP = & 20, 27(1) XL ey ).

It is noteworthy that, as a consequence of this proposition,

p|sc. p)n el

x(B(d,p)nPY) —x(B(d,p—1)nPI) = - ’

where S(d, p) is the sphere of radius p for the 1-norm, centered at the origin of R<.
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We now derive a formula for ¢, (p, d). Let us denote by J, Jordan’s totient function; that is, for
any two positive integers p and q,

where, in this expression, n ranges over prime numbers. We also denote by s(d, i) Stirling’s
numbers of the first kind. Let us recall that these numbers can be computed using the recurrence

s(d + 1,i) = —ds(d,i) + s(d,i — 1),
with s(i,i) = 1 for alli € N and s(d, 0) = 0 when d is positive.
Theorem 2.4. cy(p,d) = ﬁ Z?:l s(d, i);_1(p).

Proof. First observe that

(521)=Za(5)

Indeed, the left-hand side of this equality is the number of the lattice points of 1-norm p con-
tained in the positive orthant ]0, +oo[? or, equivalently, the number of compositions of p into d
integers. Dividing each of these points by the greatest common divisor of its coordinates results
in a set of primitive points whose number is the right-hand side of the equality.

By Mobius’ inversion formula,

¢y(p,d) = Zu(q)(”/ - ) 3

qlp

where u denotes Mobius’ function. By definition of Stirling’s numbers of the first kind, the
following holds when d is positive.

p/q—1 =
<d_1> - 1>'Zs(dl)<> ’ @

Combining (3) with (4), and permuting the sums yields

-1
¢y (p.d) 1),2 s, ¥ (2 ) .

qlp

Since Jordan’s totient function satisfies

D) =p',

qlp

Mobius’ inversion formula provides the desired result. O
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Theorem 1.1 immediately follows from Proposition 2.3 and Theorem 2.4.

3 | UPPERBOUNDSON, (d, k)

We first establish the following upper bound, and provide some information on the subsets of [P’f
that achieve it in a special case.

Lemma 3.1. Consider a subset X ofIP‘j. Ifx(X)is at most k, then X has cardinality at most |A(d, k) |.
Ifin addition,

(i) X has cardinality exactly |A(d, k)],
(ii) d is a proper divisor of p, and
(iii) p/d a divisor of k —x(B(d,p —1)n P‘j),

where p is the smallest integer such that k < x(B(d, p) N Pf), then
B(d,p—-1)nP? c X c B(d,p)nPI.

Proof. Assume that x(X) < k. We further assume without loss of generality that |X| is equal
to 6,(d, k). Let p be the smallest integer such that k is less than x(B(d, p) n [P’ff). It follows that
x(B(d, p — 1) n P9) < k and therefore,

B(d,p - 1) nPY <6,(d,k).

Since the right-hand side of this inequality is also the cardinality of X', we can consider a subset
X* of X with the same cardinality than B(d, p — 1) N IP‘Z. We can also require that the sum of the
1-norms of the points in X* is as small as possible. We then consider a bijection ¢ : B(d,p — 1) n
IPS — X*. We can assume without loss of generality that the restriction of ¢ to B(d,p —1)n X
is the identity. By this assumption, the 1-norm of an element y of B(d,p — 1) N Pf is at most that
of its image by . Indeed, either 1(y) coincides with y or it is outside of B(d, p — 1). In the latter
case, the 1-norm of {(y) is at least p, while the 1-norm of y is at most p — 1.

According to Proposition 2.1,

K@)> = 3 Il

xXeX

and,asB(d,p—1)n P‘j is invariant under the action of C on R9,
ay - 1
%(Bd,p-1)nPg) == Iy,

where the sum in the right-hand side of this equality is over the points y contained in B(d, p —
N IP’f. Since 3 cannot make 1-norms decrease,

1
K(X);x(B(d,p—l)n[P’f)+E > s
xXeX
XEX*
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In addition, if B(d,p — 1) N [P’ff and X* do not coincide, then this inequality is strict. As all the
points in X\X* have 1-norm at least p,

|X| — ’B(d,p —1)npd

©(X) > %(B(d,p— 1) nP?) + p d

©)

Note that this inequality is strict as soon as a point in X\X* has 1-norm greater than p or
Bd,p—1)n [P"j does not coincide with X*. As ¥(X) < k and |X| = §,(d, k), we obtain from (5)
the desired upper bound on |X|.

Now assume that d is a proper divisor of p and that p/d is a divisor of k — x(B(d,p — 1) N [P’f).
Observe that, in this case, 1(d, k) is an integer. Therefore, if X has cardinality |A(d, k)|, then (5)
must be an equality. In this case, as we discussed above, B(d,p — 1) N [P’f must coincide with X*.
In other words, B(d,p — 1) N P‘j is a subset of X. In addition, all the points in X\X* must have
1-norm at most p. It follows that X’ is a subset of B(d, p) N [F"‘g. O

It is an immediate consequence, of Lemma 3.1 that §,(d, k) < |A(d, k)| for all d and k. We can
refine this bound as follows.

Lemma 3.2. Consider the smallest integer p such that k < x(B(d, p) N Pf). If d is a proper divisor
of p and either

() k—xBd,p—1)n P‘j) isequalto p/d, or
(i) x(Bd,p)n Pf) —kisequalto p/d,

then 8,(d, k) cannot be equal to |A(d, k)].

Proof. Consider a subset X of Pg such that x(X) is at most k. Assume that X has cardinality exactly
|A(d, k)]. Hence, by the definition of 1(d, k),

(6)

k —x(B(d,p—1)nP4
|X|=B(d,p—1)nuﬂ>§|+ k(B p-1 °)|.

p/d

Further assume that d is a proper divisor of p and let us reach a contradiction in each of the
two special cases considered in the statement of the lemma.
We first treat the case when
p

k—x(Bd,p—1)nP?) = 7 @)

In this case, by Lemma 3.1, B(d,p —1)n [P’ff is a subset of X, which in turn is contained in
B(d, p). Combining (6) with (7), we obtain that

|X| = |B(d,p—1)nPY|+1.
In other words, X contains exactly one element x of B(d, p) N [P’f. According to (7) and to Propo-

sition 2.1, the absolute value of all the coordinates of x must be equal to p/d. Since d is a proper
divisor of p, x cannot be primitive. This contradiction shows that §,(d, k) cannot coincide with
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[A(d, k)]. Now, assume that d is a proper divisor of p and that
x(Bd.p)nPY) —k = £ ®)
Recall that, according to Proposition 2.3,

p|sc. p)npd

. ©

x(B(d,p)nPY) —x(B(d,p—1)nPI) =
Combining the equalities (6), (8), and (9) yields
1X| = |B(d, PN P‘j] —1.

Again, it follows from Lemma 3.1 that B(d,p —1) N Pf is a subset of X, and X a subset of
B(d, p) nPY. Hence, X is obtained by removing a single point of 1-norm p from B(d, p) N P%.
According to (8) and to Proposition 2.1, the absolute value of all the coordinates of x must be
equal to p/d and, since d is a proper divisor of p, x cannot be a primitive point. It follows from
this contradiction, that §,(d, k) is not equal to |A(d, k)]. O

In the two-dimensional case, we can further refine our bound as follows.

Lemma 3.3. Consider the smallest integer p such that k < x(B(2, p) N P2). If p is a multiple of 4
and k — x(B(2, p — 1) N P?) is an odd multiple of p/2, then &,(2, k) cannot be equal to |A(d, k).

Proof. Assume that p is a multiple of 4 and k — x(B(2, p — 1) N P?) an odd multiple of p/2.
Consider a subset X of P4 such that x(X) is not greater than k.
We proceed as in the proof of Lemma 3.2 by assuming that

k —x(B2,p—1)nP?)
, 10
+ /2 (10)

|X| = |B(2, p— 1) N P?

and we aim for a contradiction. According to Lemma 3.1, X admits B(2,p —1) N IP% as a subset
and is itself a subset of B(2, p) N P2. Denote by Y the set of the points of 1-norm p contained in
X. Since k — x(B(2, p — 1) N P?) an odd multiple of p/2, it follows from (10) that the cardinality
of Y is odd. It also follows from (10) that

k—x(B2,p—1)nP?)

Y| =
N7 /2

Therefore, as x(X) < k and as the points in ) have 1-norm p,

1
X)<x(BQ2,p—1)NP?) + = .
©(X) < x(B2,p — 1) nP?) ngMh

Observe that, by Proposition 2.1 the opposite inequality holds. Hence, according to the same
proposition, X is invariant under the action of C on R?. Since X\ is also invariant under that
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action, then so is ). Therefore,

Z %] = M

x€ey 2

However, since p is a multiple of 4, the right-hand side of this equality is even. As | Y| is odd,
there must exist a point x in Y such that x; is even. However, since the 1-norm of x is even, the
coordinates of x must both be even. It follows that x cannot be primitive, a contradiction. O

4 | AN EXPRESSION FOR §,(d, k) WHENd > 3

In this section, we build a subset of IP‘Z that achieves the bound on §,(d, k) provided by Lem-
mas 3.1 and 3.2 when d > 2 and for a number of values of k when d = 2. We will distinguish two
cases depending on whether d is a divisor of the smallest integer p such that k < x(B(d, p) N Pf).
Throughout the section, we assume that k and d (and therefore p) are fixed.

Let us first address the case when d is not a proper divisor of p. Note that, in this case, our con-
struction will be done for all d > 2. We introduce, for the purpose of the construction, d sets that
we denote S, to S;, made up of points of 1-norm p from IP‘Oi. Denote by r the remainder of the inte-
ger division of p by d and recall that | p/d] is the quotient of this division. As a consequence, the
lattice point x such that x; = [p/d] when i <r and x; = | p/d] otherwise has 1-norm p. More-
over, [p/d] and | p/d] are relatively prime as they differ by 1, and x is necessarily primitive. For
any integer j such that 1 < j < d, denote

S; ={t"(x) : 1<i<jh

As announced, S; is made up of j points of 1-norm p from P9. Moreover,

x(S)) = [%1 : (1)
Using the sets S, to S,;, we prove the following.

Lemma 4.1. Ifd is not a divisor of p, then there exists a subset X of P‘j such that x(X) is at most k
and |X| is equal to |A(d, k)].

Proof. Assume that d is not a divisor of p and consider a point x of 1-norm p in [P’f. Since C has
order d, C-x has cardinality at most d. In particular, the 1-norms of the elements of C-x sum to
at most dp. Observe that C-x coincides with S; when x is the unique element of S}, and that S,
has cardinality exactly d. Further observe that the points of 1-norm p in IP’ff are partitioned into
the orbits of their elements under the action of C on R?. Hence, one can take the union of some
of these orbits in order to build a set Y of points of 1-norm p from P¢ disjoint from S, invariant
under the action of C on R9, and that satisfies

k—x(B(d,p—1)nP?
p/d

1 k—xB(d,p—l)anf
>—d<—2||x||1< ( )
P& p/d
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In this case, the integer j defined as

k—x(B(d,p—1)nPY)
j= | EmEBdr o -2 ¥ Il (12

p/d xey
is non-negative and less than d. Denote
= (Bd,p—1)NnPHUYUS,
with the convention that S, is the empty set. By construction, both Y and the intersection of

B(d, p — 1) with [P‘j are invariant under the action of C on R¢.
In particular, according to Proposition 2.1,

k(X)) = x(B(d, p — 1) nP?) +— D l1xll +x(S)). (13)

xey

However, it follows from (12) that

Jjp

v Z lxll; <k —x%(B(d,p-1)nPd) - = (14)
x€ey
In addition, by (11),
Jjp
k(S;) < q +1. 15)

As this inequality is strict, we obtain x(X) < k by combining (13), (14), and (15). Now recall that
all the points in Y have 1-norm p and S; has cardinality j. As a consequence the cardinality of X
can be decomposed as

|X| = |Bd,p—-1)n Z lIxlly + . (16)

xey

Combining (12) and (16) yields

x(B(d,p—1) nP%)
p/d

1X| = B(d,p—l)nu»§|+

The right-hand side of this equality is |A1(d, k)|, as desired. O

We now address the case when d is a divisor of p. In this case, the construction of subset of [P’ff
of the right cardinality will rely on the following lemma.

Lemma 4.2. Assume that d is a divisor of p and that

x(Bd,p—1)nP%) + ng <k < x(B(d,p)nP?) —S. 17
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Let Y be the union of the orbits under the action of C on R? of some points of I-norm p from IPf. If
| V| is greater than d + 3 and, whenever 2 < j < |Y| — 2, there exists a subset S of exactly j elements
of Y that satisfies

®(S) = %p, (18)

then there exists a subset X of [P"Z such that k(X) < k and |X| = |A(d, k)].

Proof. Assume that Y has cardinality at least d + 3. Consider the set of the points of 1-norm p
contained in P‘j. Observe that this set is partitioned into the orbits of its elements under the action
of C on RY. Moreover, these orbits have cardinality at most d. As in addition, || > d + 3, one can
take the union of some of these orbits in order to build a set Z disjoint from Y that is invariant
under the action of C on R and that satisfies the inequalities

k —x(B(d,p—1)npd 1 k —x(B(d,p—1)n P4
( )—|y|+1<—ZIIxII1< ( ),
p/d p = p/d

As an immediate consequence, the integer j defined as

Nl (19)

xeZ

' k—K(B(d,p—l)nIPg) 1
7= p/d p

is such that 2 < j < || — 2. Assume that there exists a subset S of j elements of ) that satisfies
(18) and consider the set

X=[Bd,p-1)nPiuzus.

From there on, the argument is the same as in the proof of Lemma 4.1. According to
Proposition 2.1,

K(X) = x(B(d, p— 1) nPY) + % 3 llxlly +x(S). (20)

xeZ
Moreover, it follows from (19) that

jp

= 2 Il <k —x(Bd,p-nnpd) - L2, 1)

xeZ

Hence, we obtain x(X) < k by combining (18), (20), and (21). Now, since all the elements of Z
have 1-norm p, and since has S has cardinality j,

|X| = [B(d,p - 1) nP?

1 .
+ D lixlly + . (22)

xeZ
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Combining (19) with (22) provides the equality

k—x(B(d,p-1)nP9)
p/d ’

|X| = B(d,p—l)nﬂj’f’+

whose right-hand side is precisely |A(d, k)|. O

We now build a subset of Pf that achieves, when d is greater than 2 and a divisor of p, the upper
bound on §,(d, k) provided by Lemmas 3.1 and 3.2.

Lemma 4.3. Assume that d is greater than 2 and a divisor of p. If

i) k—x(Bd,p—1)n [F"f) is distinct from p/d and
(i) x(Bd,p)n Pf) — k is distinct from p/d,

then there exists a subset X of Pf satisfying k(X) < kand | X| = |A(d, k) |. Otherwise, there also exists
a subset X of Pf such that x(X) < k, but whose cardinality is |A(d, k)| — 1 instead of |A(d, k)].

Proof. Assume that d is a divisor of p. Consider the point a of Z¢ whose first coordinate is p/d — 1,
whose second coordinate is p/d + 1, and whose all other coordinates are p/d. Further consider
the point b obtained from a by exchanging the first two coordinates and the point c obtained from
b by exchanging the second and third coordinates. As d is greater than 2, the three points a, b and
¢ each admit two coordinates that are consecutive integers. Therefore, they are primitive. Note,
in addition, that they have 1-norm p. Consider the set

Y =(C-a)u(C-b)u(C-c).

We are going to show that Y satisfies the requirements of Lemma 4.2. Observe that the orbits
of a, b, and ¢ under the action of C on R? have cardinality d. Further observe that these orbits are
pairwise disjoint if d is greater than 3. Therefore, in this case, ) has cardinality 3d. If, however, d
is equal to 3, then Y has cardinality only 6 because C-a coincides with C-b. Further observe that
all the points contained in Y have non-negative coordinates. Now, consider an integer j such that
2 < j<|Y|—2.1f j is even and at most |Y|/2, denote

sz{ri(a):lsisé}u{ri(b):1<i<%}.

By construction, S; is a subset of j elements of ). Observe that Y is a subset of [0, +00[¢ and,
therefore, so is S;. Further observe that all the coordinates of a + b are equal to 2p/d. Hence, all
the coordinates of the sum of the points contained in S; are equal to jp/d. As a consequence,

Jjp
K(S;) = R (23)

Now assume that j is odd and at most |Y|/2. We will distinguish two cases depending on

whether d is equal to 3 or greater than 3. If d is equal to 3, then j must be equal to 3, as this
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is the only odd number that is both greater than 2 and at most | Y| /2. In this case, we denote

S; ={a,7(a), ()},

and if d is greater than 3, we denote
. i+ 1 . i—3 )
S = {Tl(a) 11<ig JT} U {‘rl(b) 11<ig JT} U {T(]_l)/z(c)}.

Again, S I is a subset of j elements of V. Moreover, all the coordinates of the sum of its elements
are equal to jp/d. Hence S; satisfies (23).
In the case when j is greater than || /2, denote

S = I\Spy|-;-

By construction, all the coordinates of the sum of the points contained in ) are equal to | Y|p/d
and all the coordinates of the sum of the points contained in S)y,_; to (|¥| — j)p/d. Hence, S;
satisfies (23) in this case as well. As a consequence, when (17) holds, it follows from Lemma 4.2
that there exists a subset of IP‘Z of the desired cardinality, whose image by « is at most k.

In the remainder of the proof, we assume that (17) does not hold, and we review several cases
depending on the values of p/d and k. In each of this cases, we exhibit a subset of [P"j with the
desired properties. Recall that

k—x(B(d,p-1)nPd)
p/d

A(d,k) = [Bd, p— 1) B+

Observe that, when the difference k — x(B(d,p —1)n IPS) is less than p/d or, when that
difference is exactly p/d with p > d, then B(d, p — 1) n P has the desired properties.
Moreover, if p is equal to d and

sk—x(B(d,p—l)nP‘j)<%p,

Qs

then the union of B(d,p —1)N Pf with the singleton that contains the point of R¢ whose all
coordinates are equal to 1 has the desired cardinality, and its image by « is at most k.
Similarly, if p is greater than d and

p d 2p
=<k—-x(Bld,p—1)NnP —,
1< x(B(d,p—1n °)<d

then the set (B(d,p —1) N [P"j) U {a}, where a is the point defined at the beginning of the proof is
a subset of [FDf with the desired properties.

Now, if p is equal to d and x(B(d, p) N [P"Z) —k is at most p/d, then the set obtained from
B{d,p)n IPf by removing the point whose all coordinates are equal to 1 has the desired cardi-
nality and its image by x is at most k. Similarly, if p > d and x(B(d, p) N IP‘:) — kislessthan p/d,
then removing from B(d, p) N I]J’f the point a results in a subset of Pf of the right cardinality and
image by x. Finally, assume that p is greater than d and that x(B(d, p) N Pf) —kisequal to p/d.
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In that case, p/d is a divisor of k — x(B(d,p — 1) n IPf). Hence,

k—x(B(d,p-1)nP9) L k—1-x(B(d,p—1)nPY)
p/d - p/d '

Note in particular that k — 1 —x(B(d,p — 1) n IP‘Oi) cannot be a multiple of p/d. Therefore the
set that we have already built, of cardinality

B(d,p—1)npP¢

. k—1-x(B(d,p—1)npPd)
p/d

whose image by «x is at most k — 1 has the desired properties. O

Assume that d is greater than 2 and consider the set

P d P
E= {de, -1)np? +=,x(Bld,p)NnP ——},
U \%(BWd.p—1)nPS) + 5.x(B(d, p) nPS) — 5
where the union is over the positive integers p that admit d as a proper divisor. Note in partic-
ular that E depends on the dimension. With this notation Theorem 1.2 is a consequence, for all
dimensions above 2, of Lemmas 3.2, 4.1, and 4.3, except for the part on the density of E within N.

The following result completes the proof of Theorem 1.2 when d > 2.

IEN[L,k]l _ [4(d + DY(d)]Y/@+D

Lemma 4.4. Ifd > 2, thenlim, _, RV 7

Proof. Consider the smallest integer p such that k < x(B(d, p) N P¢) and observe that the cardi-
nality of E N [1, k] is at most twice the number of multiples of d less than or equal to p and at least
that number minus 4. Therefore,
2p/d —4 - |EN[1,k]| . 2p/d
[k(B(d, p) npd)] /Y RV (B, p— 1) npd))|

1/(d+1)°

However, according to [9, Theorem 4.2],

. [k(Bd. p)npd)] /D e V@D
P p ‘((d+1)!§(d>> ’

and the desired result follows. [l

Note that the asymptotic estimate of the density of E within N provided by Lemma 4.4 is exact.
This estimate is two orders lower than the upper bound in the statement of Theorem 1.2. Indeed,
we shall see in the next section that E is more dense in 2-dimensions. However, if the statement
of Theorem 1.2 is restricted to dimensions above 2, the upper bound on the density of E can be
replaced by the exact estimate from Lemma 4.4.
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5 | AN EXPRESSION FOR &,(2, k)

This section is devoted to proving the two-dimensional case of Theorem 1.2. We will assume
throughout the section that d is equal to 2, that k is fixed, and that p denotes the smallest integer
such that k is less than x(B(2, p) N P‘j). Observe that, when p is odd, the value of §,(2, k) is pro-
vided by Lemmas 3.1 and 4.1. Therefore, we only have to treat the case when p is even. Moreover,
note that Lemmas 3.1, 3.2, and 3.3 provide the desired upper bound on 6,(2, k) for all k. Hence,
we only need to build subsets of P that achieve that bound for even p.

‘We first consider the case when p is a multiple of 4.

Lemma 5.1. Assume that p is a multiple of 4. If the difference k — x(B(2, p — 1) N P2) is not
a multiple of p/2 by an odd integer, then there exists a subset X of P2 satisfying x(X) < k and
|X] = |A(2, k)|. Otherwise, there also exists such a subset of P2, but whose cardinality is |A(2, k)| — 1
instead of |A(2,k)|.

Proof. Consider the pointa such thata; = p/2 —1anda, = p/2 + 1. Note that, since p/2 is even,
a is primitive. Moreover, a has 1-norm p.

Observe that the set of the points of 1-norm p from P? is partitioned by the orbits of its elements
under the action of C on R2. Moreover, since p is greater than 2 the orbit of any of these elements
under the action of C on R? has cardinality exactly 2. Therefore, one can take the union of some
of these orbits in order to build a set Z of points of 1-norm p from P? that is invariant under the
action of C on R2, that is disjoint from C-a and that satisfies

k —x(B(2,p—1) N P?
p/2

k —x(B(2,p—1) nP?
)—2<%2nxn1< B =D (24)

= p/2

Consider the difference

DRI (25)

xeZ

k—x(BQ2,p—1)nP?)
g= - =
b

p/2
It follows from (24) that 0 < ¢g < 2. If ¢ < 1, consider the set
X=(B2,p-1)nP})uZ.

By construction, X is invariant under the action of C on R2. In addition, as the elements of Z
all have 1-norm p, it follows from Proposition 2.1 that

%] = (B, p-1)NP2) + 2 Y lIxll. (26)

xeZ

However, as g > 0, it follows from (25) that

1
5 2 lIxlh <k =x(B2.p~1)nP2).

xeZ
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Combining this with (26) shows that ¥(Z) < k. Now recall that

k —x(B2,p—1)nP?)
+ .

A2, k) = |B(2, p—1)NP?

p/2
Since all the elements of Z all have 1-norm p,
1
X = |B@.p =D P2+ = 3 lxlh. 27)
p xezZ

As g is non-negative, combining (25) with (27) shows that |X| = |A(d, k)|. Moreover, when
g is equal to 1, we obtain that X has cardinality |1(d,k)| — 1. As g is equal to 1 if and only if
k —x(B(2, p — 1) n P?) is an odd multiple of p/2, the lemma is proven in this case.

Now assume that g is greater than 1 and denote

X = (B2,p—1)nP?)uZuial

According to Proposition 2.1,

K(X) = (B2, p— 1) N P?) +% 3 il +é—’+1. (28)

xeZ

As g is greater than 1, (25) yields

1
3 Y lIxll <k—x(B2,p-1)NnP2) -

xeX

N |

Since this inequality is strict, combining it with (28) shows that x¥(Z) < k. Finally, as all the
elements of Z have 1-norm p,

|X| = [B(2,p — 1) nP?

1
s D llxlly + 1.

xeZ

As g greater than 1, combining this with (25) shows that |X| = |A(d, k)]. O

Let us now treat the case when p is even and p/2 is odd. The sub-cases when

ke {K(B(Z,p—l)mpi)+§+1,K(B(2,p—1)nP§)—§+1}

turn out to be particularly interesting. In these two sub-cases, the subsets X of P2 such that |X| =
8,(2,k) and x(X) < k cannot be between B(2, p — 1) N P2 and B(2, p) N P? in terms of inclusion.
Let us begin with the case when k is equal to x(B(2, p — 1) N P?) + p/2 + 1.

Proposition 5.2. If p iseven, p/2 isodd, and p > 2, then there exists a subset X of P2 of cardinality
IB(2, p — 1) N P2| + 1 such that

k() <x(BQ,p-DNPI) + £ +1.
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In addition, for any such subset X of [P’f, either
(i) some point in B(2, p — 1) N P2 is not contained in X or

(ii) some pointin X is not contained in B(2, p) N P2.

Proof. Let a be the point in Z2 such that a; = p/2 and a, = p/2 + 1. Note that a belongs to P2
and consider the set

X = (B2,p-1)nP2) ufa}

Note that |X| = [B(2, p — 1) N P?| + 1. Recall that B(2, p — 1) n P? is invariant under the action
of C on R2. As in addition, max{|a,|, |a,|} = p/2 + 1,

K@) <x(Bp-DnP2) + 241,

as desired. Now observe that, if a subset X of P? satisfies that inequality and admits B(2, p — 1) n
P2 as a subset then, by Proposition 2.1, the only point z of 1-norm p contained in X must satisfy

max{|z,|, |2} < g +1. (29)

If in addition, z is has 1-norm p, the two coordinates of z cannot have the same absolute value
because z is primitive and p is greater than 2. Hence, according to (29), the absolute value of the
coordinates of z must be p/2 — 1 and p/2 + 1. However, as p/2 is odd, these numbers are both
even. As a consequence, z cannot be primitive, a contradiction. O

The argument, for the proof of the following proposition is similar to that in the proof of
Proposition 5.2, and we only sketch it.

Proposition 5.3. If p iseven, p/2 isodd, and p > 2, then there exists a subset X of P2 of cardinality
|B(2, p) N P2| — 1 such that

K(X) < k(B p)NPL) =S +1

In addition, for any such subset X of [P’f, either

(i) some point in B(2, p — 1) N P2 is not contained in X or
(ii) some pointin X is not contained in B(2, p) N P2.

Proof. Consider the set X obtained by removing from the intersection of B(2, p) and P2 the point
whose first coordinate is p/2 — 1 and whose second coordinate is p/2. This set has cardinality
IB(2, p) N P?| — 1 and satisfies

K(X) < x(B(2, p) NP?) — g +1, (30)

as desired. Moreover, using an argument similar to that of the proof of Proposition 5.2, we show
that any subset X of B(2, p) N P2 that satisfies (30), has cardinality |B(2, p) N P?| — 1, and admits
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B(2,p —1)NP? as a subset must miss a point from B(2, p) N P? whose absolute value of the
coordinates are p/2 — 1 and p/2 + 1. However, as p/2 is odd, this point cannot be primitive. []

The following lemma is a consequence of the two above propositions.
Lemma 5.4. Assume that p is even and that p/2 is odd. Further assume that either k — x(B(2, p —
NP <porx(B2,p)NP2)—k<p/2.If

(i) k—x(B(2, p—1)nP?%)isdistinct from p/2 and
(ii) x(B(2, p) N P?%) — k is distinct from p/2,

then there exists a subset X of P? satisfying x(X) < k and |X| = |A(2, k)]. Otherwise, there also exists
a subset X of P2 such that x(X) < k, but whose cardinality is |A(2, k)] — 1 instead of |A(2,k)].

Proof. Assume that p is even and p/2 is odd and recall that

k —x(B(2,p—1)NP?)
+ .

2,k) = |B@2,p—1) NP2 T

Let us first treat the case when
k—x(B(2,p—-1)nP2) < p.
Observe that, if k is less than x(B(2, p — 1) N P2) + p/2 or k is equal to this quantity but p is
greater than 2, then we can take X = B(2,p—1) N [P’i.

If p=2and k — x(B(2, p — 1) N P?) > p/2, observe that

k—x(B(2,p—1)nP?)
p/2

=1. (31)

Let X be the union of B(2, p — 1) N P? with the singleton that contains the point whose two
coordinates are equal to 1. This set has cardinality |B(2,p — 1) N P?| + 1 and satisfies x(X) <
®(B(2, p — 1) N P2) + p/2, as desired. Therefore, the lemma holds in this case.

If p>2and k —x(B(2,p—1)NP?) > p/2, then (31) also holds. Therefore, a set X with the
desired properties is provided by Proposition 5.2. Now assume that

x(B2,p)NP2) —k <

NS

If p is equal to 2, then consider the set X obtained from B(2, p) n P? by removing the point
whose two coordinates are equal to 1. This set has cardinality |B(2, p) N Pgl — 1, as desired, and
satisfies x(X) < x(B(2, p) N P2) — p/2. Therefore, the lemma holds in this case. If p > 2 and
®(B(2, p) N P2) — k < p/2,aset X with the desired properties is provided by Proposition 5.3, and if
®(B(2, p) N P?) — k = p/2, then consider any point x of 1-norm p in B(2, p) N P2. Any set obtained
by removing the two elements of C-x from B(2, p) N P? will have the desired properties. O
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We are ready to build the announced subsets of P2. The construction relies on Lemma 5.4 when
k is close to x(B(2, p — 1) N P2) or to x(B(2, p) N P?), and on Lemma 4.2 otherwise. We also use
the property that, if n is odd and m positive, then n — 2™ and n + 2™ are relatively prime.

Lemma 5.5. Assume that p is even and that p/2 is odd. If

(i) k—x(B(2, p—1) nP?%)isdistinct from p/2 and
(ii) x(B(2, p) N P?) — k is distinct from p/2,

then there exists a subset X of [P’g satisfying k(X) < k and |X| = |A(2, k)]. Otherwise, there also exists
a subset X of P2 such that x(X) < k, but whose cardinality is |A(2, k)] — 1 instead of |A(2,k)].

Proof. Assume that p is even and that p/2 is odd. We will split the proof into three cases. The first
case, when k —x(B(2,p— 1) N [P%) is less than p or x(B(2, p) N IPCZ)) — k is at most p/2, is taken
care of by Lemma 5.4. Now assume that

x(B2,p—1)NP?) + p <k <x(B(2,p)nP?) - (32)

p

E’
and that p is at least 10. In this case, we are going to use Lemma 4.2. Consider the point a of R?
whose first coordinate is p/2 — 2 and whose second coordinate is p/2 + 2. Further consider the
point b obtained from a by negating the second coordinate and the point ¢ whose first coordinate
is p/2 + 4 and whose second coordinate is p/2 — 4. These points all have 1-norm p and, as p/2 is
odd, they are primitive. Since the orbits of these points under the action of C on R? have cardinality
2, and since these orbits are pairwise disjoint, the set

Y =(C-a)u(C-b)u(C-c).

has cardinality 6. Let us consider an integer j such that 2 < j < 4. We will exhibit a subset of j
elements of S that satisfies (18), as required by Lemma 4.2. If j is equal to 2 we take for S the set
{a,(a)}. If j is equal to 3, we take S = {a, b, ¢}, and if j is equal to 4, we take S = {a, 7(a), b, (b)}.
By the choice of a, b, and ¢, S satisfies (18). Therefore, according to Lemma 4.2, there exists a
subset IP% such that x(X) < k and |X]| = [A(2,k)], as desired.

Now assume that (32) still holds, but that p = 6. Recall that

k—x(B2,p—-1)nP?
A(z,k)=|B(2,p—1)nP§|+ ((pl/)Z ) °).

It follows from Theorem 1.1 that
x(B(2,6) N P?) —x(B(2,5) nP2) = 12.

Hence, according to (32), 6 < k — x(B(2,5) N Pi) < 8. In this range,

k —x(B(2,5) nP?) i
6/2 =2
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As a consequence, the subset X of P2 made up of the points from B(2, 5) N P2 together with the
two primitive points of 1-norm 6 whose coordinates are 1 and 5 satisfies the desired properties as
it has cardinality |B(2,5) N P?| + 2 and

x(X) < x(B(2,5) N P2) +6.

No other case needs to be treated. In particular, when p is equal to 2, it follows from Theorem 1.1
that x(B(2, p — 1) N P?) = 1 and x(B(2, p) N P2) = 3. In this case, (32) is never satisfied. O

For any positive integer p, let I, be the set of the odd multiples of p /2 that lie between x(B(2, p —
1) N P2) and x(B(2, p) N P2). Denote

(o]
Eo =Ly
p=1

Further consider the set

p 2 P
£, = {x(B@p-Dnr)+ L k(B p)np2) - £},
o=J {¥(B@p-DnP) + 2 x(B@.p)nPT) -
where the union ranges over the even numbers p greater than 2 such that p/2 is odd. Denote E =
E, U E,. With this notation, the expression for §,(2, k) provided by Theorem 1.2 is a consequence
of Lemmas 3.1, 3.2, 3.3, 4.1, 5.1, and 5.5. We now estimate the density of E within N in the two-
dimensional case, which completes the proof of Theorem 1.2.

|En[1,k]| _

0.
k

Lemma 5.6. Ifd is equal to 2, then lim,,_, .,

Proof. Observe that there are exactly

x(B(2,i) nP?) —x(B(2,i — 1) nP?%)

1

odd multiples of i/2 between x(B(2,i — 1) N P?) and x(B(2,i) N P2). According to Theorem 1.1,
this quantity is precisely J; (i). Hence, when d = 2,

[EN[Lk]| < ) Ji(D),

p
=1

where p is the smallest integer such that k < x(B(2, p) N P?). Therefore,

|EN[1, k]| 1 L
kK SxBzp-Dne) 210,

i=1

(33)

Now recall that J, (i) is Euler’s totient function (see, for instance [13]). In particular, we have
the following estimate:

1< 3
fim s ZHO =25
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In addition, according to [9, Theorem 4.2],

. x(B(2,p)nP?) 1
lim = .
p—oo p? 3¢(2)

Hence letting k go to infinity in (33) proves the lemma. O

6 | THE GEOMETRY OF PACKED PRIMITIVE POINT SETS

In this section, we gather results on which sets of primitive points solve our packing problem. The
first one is Theorem 1.3, announced in the introduction, that we prove using the constructions in
the previous two sections.

Proof of Theorem 1.3. First observe that all the subsets X of [P"j such that |X| = §,(d, k) and x(X) <
k constructed in the proofs of Lemmas 4.1, 4.2, and 4.3 satisfy the double inequality

B(d,p—-1)nP¢c X cB(d,p)nP, (34)

where p is the smallest integer such that k is less than x(B(d, p) N Pf). Hence, the theorem
holds when d > 2, and when d = 2 while p is odd. Now assume that d = 2 and that p is even.
Observe that the subset X of [P"Oi such that |¥| = §,(d, k) and ¥(X) < k constructed in the proof of
Lemma 5.1 also satisfies (34). The same holds for the construction given in the proof of Lemma 5.5
except when p/2 is odd, p is greater than 2 and either

k=x(B(2,p—1)r1IPf)+§+1,

or

k =x(B2,p)nP9) — g +1,

the cases treated by Propositions 5.2 and 5.3. According to these propositions, a subset X' of P‘j such
that |X| = §,(d, k) and x(X) < k cannot satisfy (34) in these cases, and the theorem follows. []

Let us turn our attention to the unicity of the subsets of IPf that solve our primitive point packing
problem. Recall that we need to prove that unicity is not achieved apart for the cases already
identified in [9]. It is noteworthy that this will not require any knowledge on the value of §,(d, k).
Indeed, the general idea in order to prove that several subsets of P‘j solve our packing problem,
is to consider such a subset, and to replace some of the points it contains without affecting its
cardinality or increasing its image by .

We will do this by means of the following proposition.

Proposition 6.1. For any point z in [P’ff, there exists a set K of d points from [P’ff, all of I-norm ||z||,
and a partition of K into d/|C-z| subsets, each of cardinality |C-z| such that, if L is any of these
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subsets, then

x(C-z) = 2 [x;]

xeLl

for every integer i satisfying 1 < i < d. In addition, there exists a point of IPf whose orbit under the
action of C on R¢ admits L as a subset.

Proof. Consider a point z in P¢ and note that when C-z has cardinality d then, we can take
K = C-z. Assume that |C-z| is less than d. We can require without loss of generality that the first
coordinate of z is non-zero by exchanging it for a point from C-z with that property.

Pick an integer j such that

2<j< =

|C-z|

Consider the point y from the d-dimensional lattice such that y; = —z; when i is equal to (j —
1)|C-z| and y; = z; otherwise. Denote

L£;={r(y) :0<i<|Czl}.
By construction,

x(C-z) = 2 [x;].

xe[lj

Further denote £, = C-z and call K the union of £, to L;,c.;. By construction, K, and its
partition into the sets £; have the desired properties. I

‘We now proceed with the proof of Theorem 1.4. Recall that, according to this theorem, there is
a unique subset of [P"j that solves our primitive point packing problem if and only if k coincides
with x(B(d, p) N P%) for some integer p.

Proof of Theorem 1.4. When k coincides with x(B,(d, p) n P%) for some integer p, the result is
provided by [9, Corollary 3.2]. Assume that

k #x(By(d,p)n P‘j)

for all p and consider a subsets X of P‘j such that |X| = §,(d, k) and x(X) < k. Let us prove there
is another such subset of [P’f.

If X is not invariant under the action of C on R¢, then there exists a integer i such that 7/(X) # X.
However, 7/(X) and X have the same cardinality and the same image by x. Therefore, the lemma
holds in this case, and we assume from now on that X is invariant under the action of C on R¢.

We review two cases. Assume first that X is equal to B(d, p) N IPf for some integer p. By assump-
tion, k must then be greater than x(X). Consider the point a in X whose first coordinate is equal
to p — 1, whose second coordinate is equal to 1, and whose all other coordinates, if any, are equal
to 0. Adding 1 to any coordinate of a other than the second one results in a primitive point b of



PRIMITIVE POINT PACKING | 25

1-norm p + 1. In addition, since X is invariant under the action of C on R, the equality

D Ixil = x(x)

xeX

holds for every integer i such that 1 < i < d. Hence,
Y = (X\{a}) u {b}

satisfies k() = x(X) + 1. Now recall that k is greater than x(X). Therefore, J is a subset of IP‘Oi
distinct from X such that | Y| = §,(d, k) and x(Y) < k, as desired. Now assume that X is distinct
from B(d, p) N [P’ff for every integer p. In this case, there exists a point y in & and a point z in
Pf\X such that ||z]|; < ||y|l;- As X is invariant under the action of C on RY, it must admit C-y as
a subset and be disjoint from C-z. Hence, if the orbits of y and z under the action of C on R have
the same cardinality, the set

Y =(X\Cy)uCz

is a subset of [P"Oj distinct from X such that | Y| = 6,(d, k) and k() < k, as desired. Assume that
C-y and C-z do not have the same cardinality.

According to Proposition 6.1, there exists a subset £, of d points from P9 of the same 1-norm
than y, and a partition P, of K, into d/|C-y| subsets, all of the same cardinality than C-y, such
that any of these subsets L satisfies x(C-y) = x(L£). In addition, £ is contained in the orbit of some
point from P? under the action of C on RY. Therefore, either £ is a subset of X, or it is disjoint
from it. If any of the sets £ in P, is disjoint from X, then the set

Y=@\CyuL

is distinct from X. Yet, it satisfies |V | = §,(d, k) and, as x(C-y) coincides with x(L), then so do
x(Y) and x(X). Therefore, in this case the lemma holds.

Now assume that K, is a subset of X. We proceed in the same way with C-z. More precisely, by
Proposition 6.1, there exists a set £, made up of d points from [P"j of the same 1-norm than z and a
partition of it into d /|C-z| subsets of the same cardinality than C-z such that, if £ is one of these
subsets, then for every i,

x(C-z) = Z |x;]. (35)

xeL

Again, L is necessarily either a subset of X or disjoint from it. If any of the sets, say £, in &, is
a subset of X, then the set

Y =(X\L)uC-z

is distinct from X. Moreover by construction, it satisfies | Y| = §,(d, k). Further note that, since,
(35) holds for every i, x() must be equal to x¥(X’) and the lemma also holds in this case.
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Assume that £, is disjoint from X'. Then, the set
Y =(X\K,))UK,

has cardinality 6,(d, k). Moreover, by construction, for every i,

dx(C-y) _ Z x|
Icyl &

However, according to Proposition 2.1, the left-hand side of this equality is precisely the 1-norm
of y. Similarly, for every i,

Izl = ) Ixl.

xeX,

Now recall that ||z]|; < ||y|l;- As a consequence, x(Y) < x(X). O

7 | ASYMPTOTIC ESTIMATES

In this section we provide sharp asymptotic estimates for some of the quantities we studied in
the previous sections. We begin with the asymptotic behavior of ¢, (p, d) when d is fixed and p
grows large. Recall that this quantity is the number of primitive points of 1-norm p contained in
the positive orthant ]0, +oo[¢ or, in combinatorial terms, the number of compositions of p into d
relatively prime integers. Let us first observe that there is no asymptotics in the two-dimensional
case. Indeed, according to Theorem 2.4, when p > 2,

cy(p,2) =J1(p).

Recall thatJ; (p) is Euler’s totient function. In particular, we have the following, where y stands
for Euler’s constant (see for instance [13]).

Proposition 7.1. The following equalities hold.

(@) timinf,_ o, 2% loglog p = e, and
cy(p.2) _

p

1.

(ii) limsup oo

Let us now consider the case of the dimensions above 2. By Theorem 1.1,

‘S(d, p) npd

1w (d
-1y <J_>c¢(p, P (36)
j=1

Moreover, it follows from [9, Theorem 2.2] that

B, pned|  ja
lim

e i@ G
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where ¢ stands for Riemann’s zeta function. These two equalities provide the asymptotic behavior
of ¢, (p,d) when d is fixed and p grows large.

Cz,b(pad) _ 1

Theorem 7.2. Whend > 3, lim = = - 1)!§’(d).

p—00

Proof. Assume that d > 3. According to (36),

(o d)  [S@pnP gy ) )
pd-1 —  d-1pd-1 b= 24-j\j/) pd-1~
Moreover, it follows from (37) that
1 s, pynpd 5d-1
i = . 39
P T @-DE@ 2

Using (38) and (39), the theorem can be established by induction on d. Indeed, recall that
¢y(p,1) = 0 when p > 2. In addition, by Proposition 7.1,

. Czp(P’ 2)
m =
p—oo p2

Hence, combining (38) and (39) proves the theorem when d is equal to 3. Now assume that d is
greater than 3 and that the theorem holds for all dimensions less than d and greater than 2.
In this case, by induction,

cy(D; J)

p—oo pd—l

when 3 < j < d, and according to Proposition 7.1,

Cz,b (p’ 2) _
p—o pd—l -

Ascy (p,1) = 0 when p is greater than 1, we just need to combine the equalities (38) and (39) in
order to get the desired asymptotic estimate. O

We also give the asymptotic behavior of |B(d, p) N IP"jl and x(B(d, p) N IPff) when p is fixed and
d grows large. More precisely, we prove the following.

. |Bd.p)nPI| _op-l K(Bd,p)nP)  gp-1
Lemma 7.3. lim,_, = andlimg_, = .
dp p! dp-1 (p—1)

Proof. Observe that, when d > p, c¢( p,d) = 0. In this case, (36) yields

B(d, p) n P |B(d,p —1)npd
dp - dr 2

p
< >C¢(P - (40)

I»—*
™M
Qlw
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The announced asymptotic behavior for |B(d, p) N IP‘jl can be obtained from this equality by
induction on p. Indeed, as observed in [8] (see Theorem 3.2 therein), |B(d, 2) N [F"fl = d?, which
provides the base case for the induction.

Now assume that p is greater than 2 and note that the limit

lim - (¢4
d—oo dP ]

is equal to 0 when j < p and to 1/p! when j = p. Moreover, by induction,

’B(d,p -1n Pgl|
lim

=0.
d—o0 ar

As in addition, cy(p, p) =1, letting d grow large in (40) results in the desired asymptotic
estimate for |B(d, p) N P¢| when d is fixed and p goes to infinity.
Now recall that, as a consequence of Proposition 2.3,

p|st. p)n el

x(B(d,p)nP*) —x(B(d,p—1)nP!) = d

By another induction on p, this equality, together with our asymptotic estimate for |B(d, p) N
Pfl provides the announced estimate for x(B(d, p) N P‘j). It shall be noted that the base case is
provided, again, by [8, Theorem 3.2]. O

The following estimate is an immediate consequence of Lemma 7.3.

1 1B, p)nPd 4

Theorem 7.4. lim; ,, ———————- = —.
dx(B(d,p)nP?) p
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