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Abstract. The colourful simplicial depth conjecture states that any point in the convex hull of
each of d + 1 sets, or colours, of d+ 1 points in general position in R? is contained in at least d2 + 1
simplices with one vertex from each set. We verify the conjecture in dimension 4 and strengthen
the known lower bounds in higher dimensions. These results are obtained using a combinatorial
generalization of colourful point configurations called octahedral systems. We present properties
of octahedral systems generalizing earlier results on colourful point configurations and exhibit an
octahedral system which cannot arise from a colourful point configuration. The number of octahedral
systems is also given.
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1. Introduction.

1.1. Preliminaries. An n-uniform hypergraph is said to be n-partite if its ver-
tex set is the disjoint union of n sets Vi,...,V,, and each edge intersects each V; at
exactly one vertex. Such a hypergraph is an (n + 1)-tuple (V4,...,V,,, E), where FE is
the set of edges. An octahedral system €2 is a simple n-uniform n-partite hypergraph
(V1,..., Vo, E) with |V;| > 2 for i = 1,...,n and satisfying the following parity con-
dition: the number of edges of © induced by X C (JI_, V; is even if | X N V;| = 2 for
i=1,...,n. Simple means that there are no two edges with same vertex set.

A colourful point configuration in R is a collection of d+1 sets, or colours, Sy, . ..,
Sat1- A colourful simplez is defined as the convex hull of a subset S of U‘ii:ll S; with
SNS;l =1fori=1,...,d+ 1. The octahedron lemma [3, 6] states that given a
subset X C Uf;rll S; of points such that | X N'S;| = 2 for ¢ = 1,...,d + 1, there is
an even number of colourful simplices generated by X and containing the origin O.
Therefore, the hypergraph Q = (V1,..., Vg1, E) with V; = S; fori = 1,...,d+ 1
and where the edges in E correspond to the colourful simplices containing 0 forms an
octahedral system. This property motivated Barany to suggest octahedral systems as
a combinatorial generalization of colourful point configurations; see [8].

Let p(d) denote the minimum number of colourful simplices containing 0 over
all colourful point configurations satisfying 0 € ﬂdill conv(S;) and |S;| = d + 1 for

3

i=1,...,d+ 1. Barany’s colourful Carathéodory theorem [2] states that u(d) > 1.
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The quantity p(d) was investigated in [6], where it is shown that 2d < u(d) < d? + 1,
that p(d) is even for odd d, and that u(2) = 5. This paper also conjectures that
u(d) = d*> + 1 for all d > 1. Subsequently, Barany and Matousek [3] verified the

conjecture for d = 3 and provided a lower bound of u(d) > max(3d, [@D for
d > 3, while Stephen and Thomas [16] independently proved that u(d) > L%J,

before Deza, Stephen, and Xie [8] showed that u(d) > {%1 The lower bound was
slightly improved in dimension 4 to u(4) > 14 via a computational approach presented
in [9].

An octahedral system arising from a colourful point configuration Sy,...,Sg41,
such that 0 € ﬂ?:ll conv(S;) and |S;| = d + 1 for all 4, is without isolated vertices;
that is, each vertex belongs to at least one edge. Indeed, according to a strengthening
of the colourful Carathéodory theorem [2], any point of such a colourful configuration
is the vertex of at least one colourful simplex containing 0. Theorem 1.1, whose proof
is given in section 4, provides a lower bound for the number of edges of an octahedral
system without isolated vertices.

THEOREM 1.1. An octahedral system without isolated vertices and with |Vi| =
[Va| = -+ = |V,,| =m has at least %mz + %m— 11 edges for 4 < m < n.

Setting m = n = d + 1 in Theorem 1.1 yields a lower bound for u(d) given in
Corollary 1.2.

COROLLARY 1.2. p(d) > 3d® + Zd —8 for d > 3.

Corollary 1.2 improves the known lower bounds for u(d) for all d > 5. Refining
the combinatorial approach for small instances in section 5, we show that u(4) = 17,
i.e., the conjectured equality u(d) = d? + 1 holds in dimension 4; see Proposition 5.2.
Properties of octahedral systems generalizing earlier results on colourful point config-
urations are presented in section 2. We answer open questions raised in [5] in section 3
by determining in Theorem 3.3 the number of distinct octahedral systems with given
|V;|’s and by showing that the octahedral system given in Figure 3.1 cannot arise from
a colourful point configuration.

Barany’s sufficient condition for the existence of a colourful simplex containing
0 has been recently generalized in [1, 11, 14]. The related algorithmic question of
finding a colourful simplex containing 0 is presented and studied in [4, 7]. We refer
to [10, 13] for a recent breakthrough for a monocolour version.

1.2. Definitions. Let F[X] denote the set of edges induced by a subset X of
the vertex set |J]_, Vi of an octahedral system Q = (V1,...,V,, E). The degree of X,
denoted by deg ¢ (X), is the number of edges containing X. An octahedral system 2 =
(Vi,..., Vo, E) with |V;] = m; for i = 1,...,n is called an (m, ..., my)-octahedral
system. Given an octahedral system Q = (Vi,...,V,,, E), a subset T' C U?:l V; is a
transversal of Qif |T| =n—1and |TNV;| < 1lforj=1,...,n. Theset T is called an 2-
transversal if 7 is the unique index such that [TNV;| = 0. Let v(my, ..., m,) denote the
minimum number of edges over all (my, ..., m,)-octahedral systems without isolated
vertices. The minimum number of edges over all (d+1,...,d+ 1)-octahedral systems
has been considered by Custard et al. [5], where this quantity is denoted by v(d). By
a slight abuse of notation, we identify v(d) with

v(d+1,...,d+1).
—_———

d+1 times

We have u(d) > v(d), and the inequality is conjectured to hold with equality.
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Throughout the paper, given an octahedral system Q = (V1,...,V,,, E), the parity
property refers to the evenness of |E[X]] if | X NV;| =2 fori=1,...,n. In a slightly
weaker form, the parity property refers to the following observation: If e is an edge, T’
an i-transversal disjoint from e, and x a vertex in V; \ e, then there is an edge distinct
from e in e UT U {z}. Indeed, [(eUT U{z})NV;| =2 for j =1,...,n implies that
the number of edges in Fle UT U {z}] is even. An octahedral system being a simple
hypergraph, there in an edge distinct from e in e UT U {x}.

Let D(Q2) be the directed graph (V, A) associated to Q = (Vi,...,V,, E) with
vertex set V := |J_; V; and where (u,v) is an arc in A if, whenever v € e € E, we
have u € e. In other words, (u,v) is an arc of D(Q) if any edge containing v contains
u as well.

For an arc (u,v) € A, v is an outneighbor of u and u is an inneighbor of v. The set
of all outneighbors of u is denoted by Nz;(ﬂ) (u). Let Nz;(ﬂ) (X) = (Uyex N;(Q)(u)) \
X, that is, the subset of vertices, not in X, being heads of arcs in A having tail in
X. The outneighbors of a set X are the elements of NZS(Q) (X). Note that D(Q) is a
transitive directed graph: if (u,v) and (v, w) with w # w are arcs of D(Q2), then (u, w)
is an arc of D(f2). In particular, it implies that there is always a nonempty subset X
of vertices without outneighbors inducing a complete subgraph in D(£2). Moreover, a
vertex of D(2) cannot have two distinct inneighbors in the same V.

2. Combinatorial properties of octahedral systems. This section presents
properties of octahedral systems generalizing earlier results holding for n =
[Vi| = -+ = |Vi| = d + 1. While Propositions 2.1 and 2.2 deal with octahedral
systems possibly with isolated vertices, Propositions 2.3, 2.4, 2.5, and 2.6 deal with
octahedral systems without isolated vertices.

PROPOSITION 2.1. An octahedral system Q = (V1,...,Vy, E) with even |V;| for
i=1,...,n has an even number of edges.

This proposition provides an alternate definition for octahedral systems where
the condition “|X NV;| = 2” is replaced by “|X NV;| is even” fori=1,...,n.

Proof. Let E be the set {X C [JI,V; : | X NV;| = 2}. Since Q satisfies the
parity property, |E[X]| is even for any X € Z, and )y = |E[X]| is even. Each
edge of Q being counted (|Vi| — 1)(JVa] = 1)+ (|Vi] — 1) times in the sum, we have
S ez | EIX]| = (il = 1) (IVal = DIEL As (Vi = 1)---([Va| = 1) is odd, the
number |E| of edges in 2 is even. O

PROPOSITION 2.2. Besides the trivial octahedral system without edges, an octa-
hedral system has at least min; |V;| edges.

Proof. Assume without loss of generality that V; has the smallest cardinality. If
no vertex of V is isolated, the octahedral system has at least |V;| edges. Otherwise,
at least one vertex = of V7 is isolated, and the parity property applied to an edge,
(|Vi| —1) disjoint 1-transversals, and z gives at least |V | edges. The bound is tight as
a I-transversal forming an edge with each vertex of V; is an octahedral system with
[V1] edges. O

Setting n = |V1| = -+ = |V,| = d + 1 in Propositions 2.1 and 2.2 yields results
given in [5].

PROPOSITION 2.3. An octahedral system without isolated vertices has at least
max;-;(|Vi| + [V;]) — 2 edges.

The special case for octahedral systems arising from colourful point configurations,
i.e., pu(d) > 2d, has been proved in [6].

Proof. Assume without loss of generality that 2 < [Vi] < -+ < |V,,_1| < |V,,].
Let v* be the vertex minimizing the degree in Q over V,,. If deg(v*) > 2, then there
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are at least 2|V, | > |V,,| + |[Va—1| — 2 edges. Otherwise, deg(v*) = 1 and we note
e(v*) the unique edge containing v*. Pick w; in V; \ e(v*) for all i < n. Applying the
octahedral property to the transversal {ws,...,wn—_1}, e(v*), and any w € V,, \ {v*}
yields at least |V,,| edges not intersecting with V;,—1 \ (e(v*) U {w,—1}). In addition,
[Vi—1] — 2 edges are needed to cover the vertices in V,,_1 \ (e(v*) U {wn—1}). In total

we have at least |V,,| 4+ [Vi,—1| — 2 edges. O
The rest of the section deals with upper bounds for v(mq,...,my,).
PROPOSITION 2.4. v(my,...,my,) <2+ >0 (m; —2).
Proof. For all (my,...,my,), we construct an octahedral system Q(m1:mn) —

(Vi, ..., Vy, BE(mismn)) without isolated vertices and with |V;| = m; such that
|ECmmn) | = 243 " (m; — 2).
i=1

Starting from Q(™), we inductively build Q(™1:~mn+1) from QU71:mn)

The unique octahedral system without isolated vertices with n = 1 and |V1| = my
is Q1) = (v, E(™)), where E(™) = {{v}: v € V;}. Assuming that Q(m1.mn) —
(Vs oo, Vi, Emesmn) ) wigh [E(mumn)| = 2 4 5™ (m; — 2) has been built, we
build the octahedral system Q™1 mnt1) = (Vi ... Vi, Vi, B0 omn+1)) by pick-
ing an edge e; in E(™1:~™n) and setting

Emueemntt) — Lo Ufug) ci=1,.. SMmpp1—1}0{eU{upm,, ., } re € Emuoma)\ fo 1),

where uy,..., Uy, ., are the vertices of V, ;1. Clearly, |E(m1""’m"+1)| = Myl —
14 [E(momn)| — 15 that is, |[E(mmns)| = 2 4 5" om, — 2). Each vertex of

Q(m1,-mn1) belongs to at least one edge by construction and we need to check the
parity condition. Let X C [JI; V; such that [X N'V;| =2fori=1,...,n+ 1 and
consider the following four cases:

Case (a): X NVyp1 = {uj, up} with j # my, 41 and k # mp41, and e; € X. Then,
e1 U{u;} and e; U {u} are the only two edges induced by X in Q(mts-mn+1),

Case (b): X NVyp1 = {u;, ur} with j # mpq1 and k # mp41, and e € X. Then,
no edges are induced by X in Q(m1:-mnt1),

Case (c): X N Vi1 = {uj,um,.,} and e; € X. Then, the number of edges in
E(msmn) \ {e1} induced by X in Q(mi-mn) i5 0dd by the parity property. Hence,
the number of edges in {e U {uy, .} : e € E(mmn)\ {e;}} induced by X in
Qmismni1) i odd as well. These edges, along with the edge e; U {u;}, are the only
edges induced by X in Q71:-mnt1) e the parity condition holds.

Case (d): X N Vyp1 = {uj,tum,,,} and e; € X. Then, the number of edges
in E(mmn) \ fe11 induced by X in QU?1-™n) is even by the parity property.
Hence, the number of edges in {e U {tum,,,} : e € Emu=m)\ Le1}} induced by
X in Q(71mnt1) i even as well. These edges are the only edges induced by X in
QUm1s-mni1) e the parity condition holds. d

Figures 2.1 and 2.2 illustrate the construction in the proof of Proposition 2.4 for
n=mi=mgs=mg=3and forn —1=my =mo =m3 =myg = 3.

Proposition 2.4 combined with Proposition 2.3 directly implies Proposition 2.5.

PROPOSITION 2.5. v(2,...,2,Mp_1,Myp) = Mp_1 + My — 2 for mp_1,m, > 2.

When all m; are equal, the bound given in Proposition 2.4 can be improved as

follows.
n times

PROPOSITION 2.6. v(m,...,m) < min(m? n(m —2) +2) for all m,n > 1.
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Fic. 2.1. QB33 ¢ (3, 3,3)-octahedral system matching the upper bound given in Proposition 2.4.
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Fic. 2.2. QB4 o (8,3, 3,3)-octahedral system matching the upper bound given in Proposi-
tion 2.4.

Proof. We construct an (m, ..., m)-octahedral system without isolated vertices
and with m? edges. Consider m disjoint A-transversals, and form m edges from each
of these n-transversals by adding a distinct vertex of V,,. We obtain an octahedral
system without isolated vertices with m? edges. The other inequality is a corollary of
Proposition 2.4. O

Propositions 2.4 and 2.6 can be seen as combinatorial counterparts and general-
izations of u(d) < d* + 1 proved in [6].

An approach similar to the one developed in section 5 shows that

z times 4—z times z times 5—z times
—N— — —N— ——
1/(2,...,2, 3,...,3,4) :8—zandl/<3,...,3, 4,...,4) =12—zfor z=0,...,4.

In other words, the inequality given in Proposition 2.4 holds with equality for small
m;’s and n at most 5. While this inequality also holds with equality for any n when
my = -+ =my_o = 2 by Proposition 2.5, the inequality can be strict as, for example,
v(3,...,3) <2+ n for n > 8 by Proposition 2.6.

3. Additional results. This section provides answers to open questions raised
in [5] by determining the number of distinct octahedral systems and by showing that
some octahedral systems cannot arise from a colourful point configuration. We first
remark that the symmetric difference of two octahedral systems forms an octahedral
system.
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PROPOSITION 3.1. Let Q1 = (Vi,...,V,, E1) and Qo = (V1,...,V,, E2) be two
octahedral systems on the same sets of vertices; the symmetric difference Q1 AQy =
(V1,..., Vo, E1AE,) is an octahedral system.

Proof. Consider X C [J!'_, V; such that [X NV;| =2 for i = 1,...,n. We have
[(E1AER)[X]| = |Er[X]|+|E2[X]|—2|(E1NE2)[X]|, and therefore the parity condition
holds for Ql AQQ |

Proposition 3.1 can be used to build octahedral systems or to prove the non-
existence of others. For instance, Proposition 3.1 implies that there is a (3,3, 3)-
octahedral system without isolated vertices with exactly 22 edges by setting 21 to
be the complete (3,3, 3)-octahedral system with 27 edges and 3 to be the (3,3, 3)-
octahedral system with exactly 5 edges given in Figure 2.1. The octahedral system
Q1 AQ, is without isolated vertices since each vertex in 2; is of degree 9. Similarly,
Proposition 3.1 shows that no (3,3, 3)-octahedral system with exactly 25 or 26 edges
exists. Otherwise a (3, 3, 3)-octahedral system with exactly 1 or 2 edges would exist,
contradicting Proposition 2.2.

Proposition 3.1 shows that the set of all octahedral systems defined on the same
Vi’s equipped with the symmetric difference as addition is an Fy vector space. We
further specify the structure of this Fy vector space by giving a generating set. Let
F; denote the binary vector space IF;/ and H denote the tensor product F1 ®---® F,.
There is a one-to-one mapping between the elements of H and the simple n-uniform
n-partite hypergraphs on vertex sets Vi,...,V,. Each edge {vi,...,v,} of such a
hypergraph H with v; € V; for all ¢ is identified with the vector 1 ® - - - ® z,, where
x; is the unit vector of F; having a 1 at position v; and 0 elsewhere.

PRrROPOSITION 3.2. The subspace of H generated by the wvectors of the form
TR QT ®eRTjp1 @ - Dxy, with j € {1,...,n} ande=(1,...,1) € IF;/j,
forms precisely the set of all octahedral systems.

Proof. Fach of these vectors is an octahedral system, and so are the linear com-
binations of these vectors. Conversely, any octahedral system is a linear sum of such
vectors. Indeed, given an octahedral system and one of its vertices v of nonzero de-
gree, we can add vectors of the above form in order to make v isolated. Repeating
this argument for each V;, we get an octahedral system with an isolated vertex in each
Vi. Such an octahedral system is empty, that is, it is the zero vector of the space of
octahedral systems. d

Karasev [12] noted that the set of all colourful simplices in a colourful point
configuration forms a d-dimensional coboundary of the join Sq * - -- % Sy11 with mod
2 coefficients; see [15] for precise definitions of joins and coboundaries. With the help
of Proposition 3.2, we further note that the octahedral systems form precisely the
(n — 1)-coboundaries of the join V; x --- % V,, with mod 2 coefficients. Indeed, the
vectors of the form 21 ® -+ ®z;_1 ®Z; QTj11 Q- - Qxy, with j € {1,...,n}, generate
the (n — 2)-cochains of V; *---%V,,, and the coboundary of a vector 21 ® -+ - @ z;_1 ®
ij®$j+1®"'®$n iS$1®"'®3}j_1®6®$j+1®"'®$n with e = (1,...,1) EF;G.

THEOREM 3.3. Given n disjoint finite vertex sets Vi,...,V,, the number of
octahedral systems on Vi, ...,V is 2=l Vil=TE= (IVil=1)

Proof. We denote by G; the subspace of F; whose vectors have an even number
of 1’s. Let & be the tensor product G; ® --- ® G,,. Define now v as follows:

v H— X¥,
Hw— (H,").

By the above identification between H and the hypergraphs and according to the
alternate definition of an octahedral system given by Proposition 2.1, the subspace
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F1G. 3.1. A nonrealizable (3,3, 3)-octahedral system with 9 edges.

kertp of H is the set of all octahedral systems on vertex sets Vi,...,V,. Note that
by definition v is surjective. Therefore, we have dim ker ) + dim X* = dim H, which
implies dim ker ¢ = dim H —dim X using the isomorphism between a vector space and
its dual. The dimension of A is II?*,|V;| and the dimension of X is I, (|Vi| — 1).
This leads to the desired conclusion. 0

Two isomorphic octahedral systems, that is, identical up to a permutation of the
Vi’s, or of the vertices in one of the V;’s, are considered distinct in Theorem 3.3,
which means that we are counting labeled octahedral systems. A natural question is
whether there is a nonlabeled version of Theorem 3.3, that is, whether it is possible to
compute, or to bound, the number of nonisomorphic octahedral systems. Answering
this question would fully answer Question 7 of [5].

Finally, Question 6 of [5] asks whether any octahedral system Q = (V4,...,V,, E)
with n = |V3| = -+ = |[V,] = d+ 1 can arise from a colourful point configuration
S1,...,S441 in RY. That is, are all octahedral systems realizable? We give a negative
answer to this question in Proposition 3.4.

PROPOSITION 3.4. Not all octahedral systems are realizable.

Proposition 3.4 also holds for octahedral systems without isolated vertices.

Proof. We provide an example of a nonrealizable octahedral system without
isolated vertices in Figure 3.1. Indeed, suppose by contradiction that this octahedral
system can be realized as a colourful point configuration S;,S2,S3. Without loss
of generality, we can assume that all the points lie on a circle centred at 0. Take
x3 € S3, and consider the line ¢ going through zs and 0. There are at least two
points 21 and 2} of S; on the same side of £. There is a point x € Sa, respectively,
xh, € Sg, on the other side of the line ¢ such that 0 € conv(xy,zs, x3), respectively,
0 € conv(x),xh, x3). Assume without loss of generality that af is further away from
x3 than xo. Then, conv(zy, 25, x3) contains 0 as well, contradicting the definition of
the octahedral system given in Figure 3.1. 0

We conclude the section with a question to which the intuitive answer is yes but
that we are unable to settle.

QUESTION 1. Is v(my, ..., my,) nondecreasing with each of the m;?

4. Proof of the main result.

4.1. Technical lemmas. While Lemma 4.1 allows induction within octahedral
systems, Lemmas 4.2, 4.3, and 4.4 are used in the subsequent sections to bound the
number of edges of an octahedral system without isolated vertices.

If a subset X of the vertex set |J;_, V; of an octahedral system satisfies |V; \
X|>2foralli=1,...,n, then the subhypergraph induced by (|J_, V;) \ X is an
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octahedral system as well. Indeed, the parity property is clearly satisfied for this
subhypergraph.

LEMMA 4.1. Consider an octahedral system Q without isolated vertices. Let X
be a subset of |J;—, V; inducing a complete subgraph in D(Q) such that |V; \ X| > 2
for all i = 1,...,n. Let ' be the octahedral system induced by (U;—, Vi) \ X. If
Ng(Q)(X) =0, then Q' is without isolated vertices.

Proof. Each vertex v of Q' is contained in at least one edge. Since X induces a
complete subgraph, any edge of 2 intersecting X contains the whole subset X. Thus,
since v ¢ Nzg(Q)(X)7 the vertex v is in an edge of Q disjoint from X. O

LEMMA 4.2. Forn > 4, consider a

z times k—z times

—_———
<k—1,...,l€—1, k,...,k,mkH,...,mn>—octahedral system Q= (V1,...,V,, E)

without isolated vertices with 3 < k < mgy1 < -+ < my and 0 < z < k < n. If
there is a subset X C \J;_,, | Vi of cardinality at least 2 inducing in D(?) a complete
subgraph, then Q has at least (k — 1) + 2 edges, unless 2 is a (2,2,3,3)-octahedral
system. Under the same condition on X, a (2,2,3,3)-octahedral system has at least

5 edges.
Proof. Any edge intersecting X contains X since X induces a complete subgraph
in D(Q?), implying degq(X) > 1. Moreover, we have [ X NV;| <1fori=1,...,n.
Case (a): degg(X) > 2. Choose i* such that |X N V;«| # 0. We first note that
the degree of each w in V;« \ X is at least k — 1.

Indeed, take an edge e containing w and a i*-transversal T disjoint from e and X.
Note that e does not contain any vertex of X as underlined in the first sentence of the
proof. Apply the weak form of the parity property to e, T', and the unique vertex x in
X NV;«. There is an edge distinct from e in e UT U {z}. Note that this edge contains
w; otherwise it would contain = and any other vertex in X. It also contains at least
one vertex in 7. For a fixed e, we can actually choose k — 2 disjoint ¢*-transversals T’
of that kind and apply the weak form of the parity property to each of them. Thus,
there are k — 2 distinct edges containing w in addition to e.

Therefore, we have in total at least (k — 1)? edges, in addition to degq(X) > 2
edges.

Case (b): degg(X) = 1. Let e(X) denote the unique edge containing X . For each
i such that | X NV;| = 0, pick a vertex w; in V; \ e(X). Applying the weak form of the
parity property to e(X), the w;’s, and any colourful selection of u; € V; \ X when ¢
is such that | X NV;| # 0 shows that there is at least one additional edge containing
all u;’s. We can actually choose (k — 1)/XI distinct colourful selections of u;’s. With
e(X), there are in total (k — 1)1 4 1 edges.

If | X| >3, then (k — 1)IXI 4+ 1> (k —1)2 + 2. If | X| = 2, there exists j > n — 2
such that | X NV;| = 0. If |V}| > 3, then at least |V;| —2 > 1 edges are needed to cover
the vertices of V; not belonging to these (k — 1)IXT 41 edges. Otherwise, |V;| =2 and
we have j < z and k = 3. In this case, we thus have k —1 > 2>n—2, ie, n =4
and z = 2. Q is then a (2,2, 3, 3)-octahedral system and (k — 1)IXl +1=5. O

While Lemma 4.3 is similar to Lemma 4.2, we were not able to find a common
generalization.
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LEMMA 4.3. Consider a

z times k—z times
—_——
(k— 1,...,k—1, k,...,k,mkﬂ,...,mn) -octahedral system Q = (V1,...,V,, E)

without isolated vertices with 3 < k < mgy1 < -+ < my and 0 < z < k < n. If
there is a subset X C U?:Hl Vi of cardinality at least 2 inducing in D(Q) a complete
subgraph without outneighbors, then Q) has at least (k — 1) + |V—1| + |Vo| — 2k + 1
edges.

Proof. Choose i* such that X NV;« # (. Choose Wy« C Vi« \ X of cardinality k—1.
For each vertex w € W;»«, choose an edge e(w) containing w. Let v* be the vertex
v* minimizing the degree in Q over V,, \ X. Since X induces a complete subgraph
without outneighbors, there is at least one edge disjoint from X containing v*. We
can therefore assume that there is a vertex w* € W;« such that e(w*) contains v*.
Choose W; C V; for i # ¢* such that |W;| =k — 1 and

U e(w)QW:UWi.

weW,; = i=1

Case (a): the degree of v* in Q is at most k — 2. For all w € W;+, applying the
parity property to e(w), the unique vertex of X NV, and k —2 disjoint i*-transversals
in W yields (k — 1)? distinct edges, in a similar way as in Case (a) of the proof of
Lemma 4.2. Applying the weak form of the parity property to e(w*), any fi-transversal
in W not intersecting the neighborhood of v* in Q, and each vertex in V,, \ W,, gives
|Vi.| — k41 additional edges not intersecting V;,_1 \ W,,—1. In addition, |V,,—1| —k+1
edges are needed to cover the vertices of V,,_1 \ W,,_1. In total we have at least
(k —1)2 4 |Va| + |Vio1]| — 2(k — 1) edges.

Case (b): the degree of v* in 2 is at least kK — 1. We then have at least (k —
D(Val =D +1=(k=1)*+ (k= 1)(|Va| = k) + 1 > (k= 1) + [Vio1| + [V | = 2k + 1
edges. d

LEMMA 4.4. Consider a

z times k—z times

—_———
<k—1,...,l€—1, k,...,k,mkH,...,mn>—octahedral system Q= (V1,...,V,, E)

without isolated vertices with 3 < k < myp1 < -+ <my and 0 < z < k < n. If
there are at least two vertices of V,, having outneighbors in D(Q2) in the same Vi« with
i* < k, then the octahedral system has at least |V« |(k — 1) + |Vi,—1| + |Vo| — 2k edges.

Proof. Let v and v’ be the two vertices of V,, having outneighbors in V;+. Let u
and u’ be the two vertices in V;» with (v,u) and (v’,u') forming arcs in D(Q2). Note
that according to the basic properties of D(Q2), we have u # u'. For each vertex
w € Vj», choose an edge e(w) containing w. We can assume that there is a vertex
w* € V;« such that e(w*) contains a vertex v* in V,, of minimal degree in Q.

Case (a): |Vi«| = k. Choose W; C V; such that [W;| =k —1fori=1,...,z2,
[Wi|=kfori=24+1,...,n, and

U e(w)QW:UWi.

weV;x i=1

We first show that the degree of any vertex in V« is at least £ — 1 in the hypergraph
induced by W. Pick w € Vj« and consider e(w). If v € e(w), take k — 2 disjoint
i*-transversals in W not containing v/ and not intersecting with e(w). In this case,
we necessarily have w # u' since v’ ¢ e(w). Applying the weak form of the parity
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property to e(w), v/, and each of those i*-transversals yields, in addition to e(w), at
least k — 2 edges containing w. Otherwise, take k — 2 disjoint i*-transversals in W not
containing v and not intersecting with e(w), and apply the weak form of the parity
property to e(w), u, and each of those i*-transversals. Therefore, in both cases, the
degree of w in the hypergraph induced by W is at least k — 1.

Then, we add edges not contained in W. If the degree of v* in Q is at least 2,
there are at least 2(|V;,| — k) distinct edges intersecting V;, \ W,,. Otherwise, the weak
form of the parity property applied to e(w*), any fi-transversal in W, and each vertex
in V,, \ W, provides |V,,| — k additional edges not intersecting V,,_1 \ W,,—1. Therefore,
|Vi,—1] — k additional edges are needed to cover these vertices of V,,_1 \ W, _1.

In total, we have at least k(k — 1) 4+ |V5,—1| + |Vi| — 2k edges.

Case (b): |V;+| = k—1. Choose W; C V; such that |W;| = k—1fori=1,...,n—1,
[W,.| = k, and

U e(w)gW:UWi.

wEVx i=1

Similarly, we show that the degree of any vertex in V;« is at least kK — 1 in the
hypergraph induced by W. Pick w € V= and consider e(w). If v € e(w), take
k — 2 disjoint i*-transversals in W not containing v’ and not intersecting with e(w).
Applying the weak form of the parity property to e(w), u’, and each of those i*e
transversals yields, in addition to e(w), at least k — 2 edges containing w. Otherwise,
take k — 2 disjoint i*-transversals in W not containing v and not intersecting with
e(w), and apply the weak form of the parity property to e(w), u, and each of those
i*-transversals. Therefore, in both cases, the degree of w in the hypergraph induced
by W is at least k — 1.

Then, we add edges not contained in W. If the degree of v* in Q is at least 2,
there are at least 2(|V,,| — k) distinct edges intersecting V,, \ W,,. Otherwise, the weak
form of the parity property applied to e(w*), any fi-transversal in W, and each vertex
in V,, \ W, provide |V,,| — k additional edges not intersecting V,,_; \ Wy, 1. Therefore,
[Vii—1] — k + 1 additional edges are needed to cover these vertices of V,,_; \ W;,_1.

In total, we have at least (k — 1)% + |V,,_1| + |V,.| — 2k edges. O

4.2. Proof of the main result. Theorem 1.1 is obtained by setting (k, z) =
(m,0) in Proposition 4.5. This proposition is proved by induction on the cardinality
of octahedral systems of the form illustrated in Figure 4.1. Either the deletion of a
vertex results in an octahedral system satisfying the condition of Proposition 4.5 and
we can apply induction, or we apply Lemma 4.3 or Lemma 4.4 to bound the number
of edges of the system. Lemma 4.1 is a key tool to determine if the deletion of a
vertex results in an octahedral system satisfying the condition of Proposition 4.5.

PropPOsSITION 4.5. A

z times k—z times
—_—
(k— 1,...,k—1, k,...,k,mkﬂ,...,mn) -octahedral system Q = (Vy,...,V,, E)

without isolated vertices, with 2 <k <mpy1 < ... <my and 0 < z < k < n, has at
least

k2 + 3k — 84 [Vio1| +|Va| — 2 edges if k <n—2,
n?+In—10+4|Vo| -2z edgesifk=n—1,
%n2+gn—11—z edges if k = n.
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Figc. 4.1. The vertex set of the (k —1,...,k — 1,k,...,k,mk41,...,mn)-octahedral system
Q= V1,...,Vn, E) used for the proof of Proposition 4.5.

Proof. The proof works by induction on Y ;" |V;|. The base case is Y ., [V;| =
2n, which implies z = 0 and k = |V,,_1] = |V4,| = 2. The three inequalities trivially
hold in this case.

Suppose that Y., |[Vi| > 2n. We choose a pair (k,z) compatible with . Note
that (k, z) is not necessarily unique. If k¥ = 2, Proposition 2.3 proves the inequality.
We can thus assume that k& > 3. We consider the two possible cases for the associated
D(Q).

If there are at least two vertices of V,, having an outneighbor in the same V-,
with * < k, we can apply Lemma 4.4. If k£ < n — 2, the inequality follows by a
straightforward computation, using that z > 1 when |Vi«| =k — 1;if k =n — 1, we
use the fact that |V,,—1] = n — 1; and if k = n, we use the fact that |V,_1] > n—1
and |V, | = n.

Otherwise, for each ¢ < k, there is at most one vertex of V,, having an outneighbor
in V;. Since k — 1 < |V,|, there is a vertex x of V,, having no outneighbors in
Ui:ll Vi. Starting from z in D(§), we follow outneighbors until we reach a set X
inducing a complete subgraph of D(€2) without outneighbors. Since D({?) is transitive,
we have X C |J, Vi. If | X| > 2, we apply Lemma 4.3. Thus, we can assume that
|X|=1.

The subhypergraph Q' of € induced by (UJ;_, V;) \ X is an octahedral system
without isolated vertices since X is a single vertex without outneighbors in D(Q); see
Lemma 4.1. Recall that the vertex in X belongs to |J;—, Vi. Let (k’,2’) be possible
parameters associated to € determined hereafter. Let iy be such that X C V;,. The
induction argument is applied to the different values of |V;,|. It provides a lower
bound on the number of edges in €’; adding 1 to this lower bound, we get a lower
bound on the number of edges in {2 since there is at least one edge containing X.

If |V;,| > k41, we have (K, 2") = (k, z) and we can apply the induction hypothesis
with |V,,—1| + |V,,| decreasing by at most one (in case ig = n — 1 or n), which is
compensated by the edge containing X .

If |Vi)| =k, 2 < k—2,and k < n —1, we have (k',2') = (k,z + 1) and we can
apply the induction hypothesis with the same |V;,_1| and |V;,| since z < n — 3, while
2’ replacing z takes away 1, which is compensated by the edge containing X.
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If |Viy| =k, z=%k—1, and £ < n — 2, we have (k',2') = (kK — 1,0) and we
can apply the induction hypothesis with the same |V,,_1| + |V},| since z < n — 3. We
get therefore 3(k —1)% + 3(k — 1) — 8 + |V,,_1| + |Vi| edges in €, plus at least one
containing X. In total, we have $k? + 2k — 8 + [V,_1| + [V,| — k + 1 edges in Q, as
required.

If|Vi,| =k z=k—1,and k = n — 1, we have (¥,2') = (n — 2,0) and we can
apply the induction hypothesis with |V,_1| + |V;,| decreasing by at most one. We get
therefore (n — 2)? + 2(n — 2) — 8+ [V,—1| + [V,| — 1 edges in ', plus at least one
containing X. Since |V,,—1| =n — 1, we have in total $n* + $n — 10+ [V,,| — (n — 2)
edges in (2, as required.

If |Viy]| =k, 2=k —1, and k = n, we have ip = n and (k¥,2') = (n — 1,0). We
can apply the induction hypothesis and get therefore %n2 + %n — 104 (n — 1) edges
in ', plus at least one containing X. In total, we have in?+ 2n — 11— (n— 1) edges
in ), as required.

If V| = k, 2 < k—2, and k = n, we have ig = n. For ', the pair (k’,2) =
(n,z + 1) provides possible parameters. Note that in this case, the colours must be
renumbered to keep them with nondecreasing sizes from 1 to n for . We can then
apply the induction hypothesis and get therefore %nz + gn — 11—z —1 edges in ',

n? + 2n — 11 — 2z edges in €, as

plus at least one containing X. In total, we have %

required. a
Remark 1. A similar analysis, with |V;| = n for all i as a base case, shows that
an octahedral system without isolated vertices and with |Vi| = |Vo| =+ = |V,|=m

has at least nm — $n% + 3n — 11 edges for 4 < n < m.

5. Small instances and p(4) = 17. This section focuses on octahedral sys-
tems with m;’s and n at most 5.

ProposITION 5.1. 1(3,3,3,3) = 6.

Proof. We first prove that v(2,3,3,3) = 5. Let Q = (V1,V,2, V3, V4, E) be a
(2, 3,3, 3)-octahedral system. In D(Q) there is at most one vertex of V; having an out-
neighbor in V7; otherwise one vertex of V4 would be isolated. Thus, there is a subset
X C Vo U V3 UV, inducing in D(Q2) a complete subgraph without outneighbors. If
| X| > 2, applying Lemma 4.2 with (k, z) = (3,1) gives at least 5 edges in that case. If
| X |=1, deleting X yields a (2, 2, 3, 3)-octahedral system without isolated vertices since
X has no outneighbors in D(Q). As v(2,2,3,3) = 4 by Proposition 2.5, we have at
least 441 = 5 edges. Thus, the equality holds since v(2, 3, 3,3) < 5 by Proposition 2.4.

We then prove that v(3,3,3,3) = 6. Let Q = (V1,V2,V3,Vy, E) be a (3,3,3,3)-
octahedral system. There is a subset X inducing in D()) a complete subgraph without
outneighbors. If |X| > 2, applying Lemma 4.2 with (k,z) = (3,0) gives at least 6
edges in that case. If |X| = 1, deleting X yields a (2,3,3,3)-octahedral system
without isolated vertices since X has no outneighbors in D(2). As v(2,3,3,3) =5,
we have at least 5+ 1 = 6 edges. Thus, the equality holds since v(3,3,3,3) < 6 by
Proposition 2.4. 0

The main result this section, namely, v(5,5,5,5,5) = 17, is proved via a series
of claims dealing with octahedral systems of increasing size. We first determine the
values of v(2,2,3,3,3), v(2,3,3,3,3), and v(3,3,3,3,3) in Claims 1, 2, and 3. To
complete the proof of v(5,5,5,5,5) = 17, we sequentially show ©(3,3,3,3,4) > 7,
v(4,4,4,4,4) = 12, and finally v(5,5,5,5,5) = 17. A key step consists in proving
v(4,4,4,4,4) > 11 by induction using v(3,3,3,3,4) > 7 as a base case. We obtain
then v(4,4,4,4,4) = 12 by Propositions 2.1 and 2.4. The equality v(5,5,5,5,5) = 17
is obtained by induction using v(4,4,4,4,4) = 12 as a base case.
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Cram 1. v(2,2,3,3,3) =5.

Proof. For i = 1 and 2, there is at most one vertex of V5 having an outneighbor
in V; as otherwise one vertex of V5 would be isolated. Since |V5| = 3, there is a
vertex of V5 having no outneighbors in V; U V4. Thus, there is a subset X C V3 U
Vi U Vs of cardinality 1, 2, or 3 inducing a complete subgraph in D() without
outneighbors. If |X| > 2, applying Lemma 4.2 with (k,z) = (3,2) gives at least 5
edges. If | X| = 1, deleting X yields a (2, 2,2, 3, 3)-octahedral system without isolated
vertices since X has no outneighbors in D(Q2). Asv(2,2,2,3,3) = 4 by Proposition 2.5,
we have at least 4 + 1 = 5 edges. Thus, the equality holds since v(2,2,3,3,3) < 5 by
Proposition 2.4. a

Cramm 2. v(2,3,3,3,3) =6.

Proof. We consider two possible cases for the associated D(2).

Case (a): there are at least two vertices v and v' of V5 having outneighbors in
the same V;« in D(2) with ¢* = 1 or 2. Note that actually i* = 2 since otherwise
Vs \ {v,v'} would be isolated. Applying Lemma 4.4 with (k, z) = (3,1) gives at least
3 X 2+ |Va| +|V5| — 6 = 6 edges.

Case (b): there is at most one vertex of V5 having an outneighbor in V; for i =1
and 2 in D(Q). Since |V5| = 3, there is a vertex of V5 having no outneighbors in
V1UVa. Thus, there is a subset X C V3UV4UVs inducing in D(Q) a complete subgraph
without outneighbors. If | X| > 2, applying Lemma 4.2 with (k,z) = (3,1) and j =2
gives at least 6 edges. If | X| = 1, deleting X yields a (2,2, 3,3, 3)-octahedral system
without isolated vertices since X has no outneighbors in D(2). As v(2,2,3,3,3) =5
by Claim 1, we have at least 5+ 1 = 6 edges.

Thus, the equality holds since v(2,3,3,3,3) < 6 by Proposition 2.4. 0

Cram 3. v(3,3,3,3,3)=1.

Proof. There is a subset X inducing a complete subgraph in D(£2) without out-
neighbors. Choose such an X of maximal cardinality. Without loss of generality, we
assume that the indices ¢ such that [ X NV;| # 0 are n — | X|+ 1,n — | X|+2,...,n.
Consider the different values for |X]|.

o If | X| =1, deleting X yields a (2,3, 3, 3, 3)-octahedral system without isolated
vertices since X has no outneighbors in D(£2). As v(2,3,3,3,3) = 6 by Claim 2, we
have at least 6 + 1 = 7 edges.

o If | X| =2 and deg,(X) > 2, deleting X yields a (2, 2, 3, 3, 3)-octahedral system
without isolated vertices. As v(2,2,3,3,3) =5 by Claim 1, we have at least 5+2 =7
edges.

o If | X| = 2 and degn(X) = 1, denote e(X) the unique edge containing X.
For ¢ = 1,2, and 3, pick a vertex w; in V; \ e(X). Applying the parity property to
e(X), wi, we, ws, and any ug € Vi \ e(X), us € V5 \ e(X) yields at least 5 edges in
e(X) U{wy,ws,ws} UVyUVs. At least 2 additional edges are needed to cover the
3 remaining vertices of Vi, Vo, and V3 since a unique edge containing them would
contradict the maximality of X. Thus, we have at least 7 edges.

o If | X| = 3 and degn(X) > 3, deleting X yields a (2,2, 2, 3, 3)-octahedral system
without isolated vertices. As v(2,2,2,3,3) = 4 by Proposition 2.5, we have at least
44 3 =T edges.

o If | X| = 3 and deg(X) < 2, let e(X) be an edge containing X. Pick w; €
V1\Nq(X) and wy € Vo\ No(X) where Nq(X) denotes the vertices not in X contained
in the edges intersecting X. Applying the parity property to e(X), wi, we, and any
u; € Vi \ e(X) for i = 3,4, and 5 yields at least 9 edges in e(X) U {wy,ws} U V5 U
ViU Vs.
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o If | X| =4 and degn(X) > 3, take any vertex v in V2 \ X. Applying the parity
property to an edge e(v) containing v, Vo N X, and any 2-transversal disjoint from
e(v) and X shows that v is of degree at least 2. Since there are 2 vertices in V5 \ X,
we get, with 3 edges containing X, at least 7 edges.

o If | X| = 4 and deg(X) < 2, let e(X) be an edge containing X. Pick wy €
V1 \ No(X). Applying the parity property to e(X), wi, and any u; € V; \ e(X) for
1 =2,3,4, and 5 yields at least 17 edges in e(X) U {w;} UVo U V3 UV, U V5.

e If | X| = 5, the parity property applied to the edge e(X) containing X, and any
u; € Vi \ e(X) for i =1,2,3,4, and 5 yields at least 33 edges.

Thus, the equality holds since v(3,3,3,3,3) < 7 by Proposition 2.4. O

Cram 4. v(3,3,3,3,4) > 7.

Proof. We first prove v(2,3,3,3,4) > 6, which in turn leads to ©(3,3,3,3,4) > 7.
The proof of these two inequalities is quite similar with the main difference being that
while the first inequality relies partially on Proposition 2.3, the second inequality relies
on the first one.

Let Q@ = (V4,...,V5,E) be a (2,3,3,3,4)- or a (3,3,3,3,4)-octahedral system.
We consider three possible cases for the associated D(2).

Case (a): there is a vertex of V5 having no outneighbors. Deleting this vertex
yields a (2,3,3,3,3)- or a (3,3,3,3,3)-octahedral system without isolated vertices.
In both cases, we have at least 7 edges since v(2,3,...,3) = 6 by Claim 2 and
v(3,3,3,3,3) = 7 by Claim 3.

Case (b): each vertex of V5 has an outneighbor and there are at least two vertices
v and v’ of V5 having outneighbors in the same V;» in D(Q2) with ¢* = 1,2, or 3. Note
that |Vi«| = 3 since otherwise V5 \ {v, v’} would be isolated. Applying Lemma 4.4
with either (k,z) = (3,1) or (k,z) = (3,0) gives at least 3 x 2+ |V4| +|V5| -6 =7
edges.

Case (c): each vertex of V5 has an outneighbor and there is at most one vertex of
Vs having an outneighbor in V; for ¢ = 1,2, and 3. Since |V;| = 4, there is a subset
X C V4 U Vs inducing in D(2) a complete subgraph of cardinality 1 or 2 without
outneighbors.

e If | X| =1, we have X C Vj since each vertex of V5 has an outneighbor. Deleting
X yields a (2,2,3,3,4)- or a (2, 3,3, 3,4)-octahedral system without isolated vertices.
We obtain v(2,3,3,3,4) > 6 since v(2,2,3,3,4) > 5 by Proposition 2.3, and then
v(3,3,3,3,4) > 7 since v(2,3,3,3,4) > 6.

o If | X| = 2, deleting X yields a (2,2,3,3,3)-or a (2, 3,3, 3, 3)-octahedral system
without isolated vertices. Since one additional edge is needed to cover X, we obtain
v(2,3,3,3,4) > 6 since v(2,2,3,3,3) = 5 by Claim 1, and v(3,3,3,3,4) > 7 since
v(2,3,3,3,3) = 6 by Claim 2. O

CLAIM 5.
v 3,...,3,4,....4 | >11—2
—— ——
z times 5—z times
for z=1,23.

Proof. The proof works by a top-down induction on z using the inequality
v(3,3,3,3,4) > 7, which holds by Claim 4. We consider two possible cases for the
associated D(Q).

Case (a): there are at least two vertices v and v of V5 having outneighbors in the
same V;+ with ¢* < z. Let w and ' be the two vertices in V;+ with (v,u) and (v/, ')
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forming arcs in D(2). For each vertex w € Vj«, choose an edge e(w) containing w.
Choose W; C V; such that |W;| =3 fori=1,...,4, |Ws| =4, and

5

U e(w)QW:UWi.

weV;x i=1

Pick w € V- and consider e(w). If v € e(w), take 2 disjoint i*-transversals in
W not containing v’ and not intersecting with e(w). Applying the parity property
to e(w), v, and each of those i*-transversals yields, in addition to e(w), at least 2
edges containing w. Otherwise, take 2 disjoint i*-transversals in W not containing v
and not intersecting with e(w), and apply the parity property to e(w), u, and each of
those i*-transversals. In both cases, the degree of w in the hypergraph induced by W
is at least 3. Then, we add edges not contained in W. Since V; \ W # 0, there is at
least one additional edge. In total, we have at least 10 > 11 — z edges.

Case (b): there is at most one vertex of V5 having an outneighbor in V; for ¢ < z.
Since |V5| = 4, there is at least one vertex of V5 having no outneighbors in (J;_, V;.
Thus, there is a subset X C U?:z +1 Vi inducing in D(Q2) a complete subgraph without
outneighbors. If | X| =1, deleting X yields a

< 3,...,3,4,...,4 )—octahedral system
—— —

z+1 times 4—z times

without isolated vertices. As

1/(3,...,3,4,...,4) >11—(z24+1)
S—— Y—

z+1 times 4—z times

we obtain 11—z edges. If | X| > 2, we have at least 9+2 = 11 edges by Lemma 4.2 with
(k,2z) = (4, 2). 0

CLAM 6. v(4,4,4,4,4) = 12.

Proof. There is a subset X inducing a complete subgraph in D(2) without out-
neighbors. If |X| = 1, deleting X yields a (3,4,...,4)-octahedral system without
isolated vertices. As v(3,4,...,4) > 10, we obtain 11 edges. If |X| > 2, we have
at least 11 edges by Lemma 4.2 with (k,z) = (4,0). Thus, v(4,4,4,4,4) > 12 by
Proposition 2.1, and then v(4,4,4,4,4) = 12 by Proposition 2.4. d

CLAM 7.
1/(4,...,4, 5,...,5) =17—-z2
—— Y—

z times 5—z times

for z=1,2,3,4.

Proof. The proof works by a top-down induction on z using the inequality
v(4,4,4,4,4) > 12 which holds by Claim 6. We consider the two possible cases
for the associated D(f2).

Case (a): there are at least two vertices v and v of V5 having outneighbors in the
same V;« with i* < z. We can apply Lemma 4.4 with (k, z) = (5, z), we have at least
4 x4+ Vi +|Vs| — 10 > 17 — z edges.

Case (b): there is at most one vertex of V5 having an outneighbor in V; for
1 <4 < z. Since |V;| = 5, there is a vertex of V5 having no outneighbors in (J;_, V;.
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Thus, there is a subset X C |J7__ +1 Vi inducing in D(£2) a complete subgraph without

outneighbors. If | X| = 1, deleting X yields a

4,...,4, 5,...,5 |-octahedral system.
—_—— =

z+1 times 4—z times

As

vl 4,...,4,5,...,5 | >16— z,
——  ———

z+1 times 4—z times

we obtain at least 17 — z edges. If | X| > 2, we have at least 18 edges by Lemma 4.2.
Thus, the equality holds since

vlid,....4,5....,5 | <17—=2
—— ——

z times 5—z times

by Proposition 2.4. d

Cram 8. v(5,5,5,5,5) = 17.

Proof. There is a subset X inducing a complete subgraph in D(2) without out-
neighbors. If |X| = 1, deleting X yields a (4,5,5,5,5)-octahedral system without
isolated vertices. As v(4,5,5,5,5) > 16, we have at least 17 edges. If | X| > 2, we can
apply Lemma 4.2, and we have at least 18 edges.

Thus, the equality holds since v(5,5,5,5,5) < 17 by Proposition 2.4. O

Asv(5,5,5,5,5) = v(4), Claim 8 and the relation p(4) > v(4) directly imply that
the conjectured equality u(d) = d? + 1 holds for d = 4.

PROPOSITION 5.2. p(4) = 17.
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