.

~ ), Y B Dl ¥ LN R T St . 3 w PNy y e 1 o -~ N - - i
v \ 3 ~ - .. ~g “" . N . A3 ™~ <D Ao > " - - e N A m. *' ":‘ - ’
: . y,"’ : 2 4% . B . . - i g b p ‘ ..- :
iy 39 '\: Tt > AR AT e R S TR
g N ’ . . ~ ] ' : " . b‘ “ - e A
.-..“- :.h-' 0 o S - A IR AR " &, AP |

o anin o

S Addlng Variables - Speed
~up by including new
blna varlables

Robert Hildebrand
Virginia Tech
RIKEN 2019




Mixed Integer Linear
Programming

y




Supply Chain
Electric Power
Finance

Work Force Management

Airlines

Railroads
Traveling Salesman Problem

Sports Scheduling

\3
tle, WA

IDAHO

NEVADA

ico, CA
ORNIA

San Diego

7,884 miles ‘

LM OKLAHOMA

Mexig‘o City

MIN;\;:\/\»

RASKA

& 116h |

Gulf of
Mexico

10265 8 9 10
1K) All-Star Break

410 1
ol o
m - .

(IR ER NN
|

CDoommN Al times Pacific Daybght Times.
GO o All game times, dates and

C opponents subject to change.

FOLLOW THE GIANTS ON RADIO: KNBR 680
EN ESPANOL B60AM ESPN Deportes

WATCH THE GIANTS ON:

NBC Bay Area [J Fox Saturday

CSN-Bay Area O CSNPlus &

210 S|515 €
COL o, o)

MIP Is very useful

anest _"!!,‘-. B L

<

|
i

na. 2
CHC o
540 10)540 1154 12
COL ©{COL ©[COL &
R )
AR] o]
2

108 e e 2t 3
D _©/LAD ©|LAD ©[LAD ©

16 14]s% 15
AMl O 9|

S0

Vimz

105 28(5% 29
S0 o




Mixed Integer Linear
Programming

y




Mixed Integer Linear
Programming

How to convert to O/1 variables to
poroduce strong cuts?




e Branch and Bound

e Heuristics

How to solve M

* Cutting Planes

* Problem Specific Insights
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0 0
0 0
* 0+ 0
0 0
0 0
0 0
0 0
0 0
0 0
* 0+ 0
* 0+ 0
* 0+ 0
0 2
Elapsed time =
* 10+ 10
* 410+ 273
* 410+ 273
* 411+ 274
* 1499 420

37208.8463
37240.1690

37255.0918
37274.4440
37281.6812
37288.9797
37292.4372
37294.8200

37297.8778

integral

53
49

58
62
43
53
48
55

54

0.34 sec. (99.46 ticks, tree =

Implied bound cuts applied: 60
Flow cuts applied: 46

Mixed integer rounding cuts applied:

Flow path cuts applied: 29

Lift and project cuts applied:
Gomory fractional cuts applied: 60

4

Root node processing (before b&c):

0358Y.3538 3/14/.3408
63589.3538 Cuts: 22
63589.3538 Cuts: 19
43163.7033 37240.1690
43163.7033 Cuts: 15
43163.7033 Cuts: 11
43163.7033 Cuts: 15
43163.7033 Cuts: 13
43163.7033 Cuts: 4
43163.7033 Cuts: 7
41713.5846 37294.8200
40468.1795 37294.8200
38816.4629 37294.8200
38816.4629 37294.8568
0.00 MB, solutions =
38040.7778 37373.1880
38028.0793 37560.1706
37913.5385 37560.1706
37913.5385 37560.1706
37809.0000 37757.2612
106

Real time 0.34 sec.
Parallel b&c, 4 threads.

Real time = 0.38 sec.

Sync time (average) = 0.07 sec.

Wait time (average) = 0.12 sec.
Total (root+branch&cut) = 0.73 sec.

Solution status : Optimal Objective function value =
Time = 1.89754

(99.20 ticks)

(175.07 ticks)

(274.27 ticks)

37809

371
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434
455

475

483
10)

15053

5235588

2
»
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3R

1.75%
1.23%
0.93%
0.93%
0.14%

Objective best value =

37809

Optimality Gap = 0



* o+ 0
0 0
0 0
* 0+ 0
0 0
0 0
0 0
0 0
0 0
0 0
* 0+ 0
* 0+ 0
* 0+ 0
0 2
Elapsed time =
* 10+ 10
* 410+ 273
* 410+ 273
* 411+ 274
* 1490 . 420

37208.8463
37240.1690

37255.0918
37274.4440
37281.6812
37288.9797
37292.4372
37294.8200

37297.8778

integral

53
49

58
62
43
53
48
55

54

0.34 sec. (99.46 ticks, tree =

n

~

Implied bound cuts applied: 60
Flow cuts applied: 46

Mixed integer rounding cuts applied:

Flow path cuts applied: 29

Lift and project cuts applied:
Gomory fractional cuts applied: 60

Root nouc n~racessing (beforo

4

kl"

0358Y.3538 3/14/.3408
63589.3538 Cuts: 22
63589.353; Cuts: 19
43163.70. 3 37240.1690
43163.7033 Cuts: 15
43163.7033 Cuts: 11
43163.70.13 Cuts: 15
43163.70-3 Cuts: 13
43163.703. Cuts: 4
43163.7033 Cuts: 7
41713.5846 37294.8200
40468.1795 37255.0400
38816.4629 37294.8200
38816.4629 37294.8568
0.00 MB, solutions =
38040.7778 37373.1880
38028.0793 37560.1706
37913.5385 37560.1706
37913.5385 37560.1706
37809.0000 37757.2612
106

Real time 0. 34 sec.
Parallel b&c, 4 threads.

Real time = 0.38 sec.

Sync time (average) = 0.07 sec.

Wait time (average) = 0.12 sec.
Total (root+branch&cut) = 0.73 sec.

Solution status : Optimal Objective function value =
Time = 1.89754

(99.20 ticks)

(175.07 ticks)

(274.27 ticks)

37809

371

416
434
455

475

483
10)

15053

5235588

2
»

wwushLEELRLELAAE

3R

1.75%
1.23%
0.93%
0.93%
0.14%

Objective best value =

37809

Optimality Gap = 0



Outline




Binary Reformulations



Binary Reformulation

Exchange general integer variables for O/1 variables




Binary Reformulation

Exchange general integer variables for O/1 variables




Binary Reformulation

Exchange general integer variables for O/1 variables

23 =92%.14+23.04+22.14+2t.1 4901



Binary Reformulation

Exchange general integer variables for O/1 variables

23 =1-0+2-04---+22.-04+23-14+24-0+...



Binary Reformulation

Exchange general integer variables for O/1 variables

23=1+1+0+0+0+14+1+0+1+0+1+1+1...



Binary Reformulation

Exchange general integer variables for O/1 variables

23=14+1+--+14+1414+14+0+0+0+040...
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Which one to choose”

Miller '63

Glover ’75

Sherali, Adams 99
Owen and Mehrotra '02
Angulo, Van-vyve '17

r | 1
Are there other options to

Glover ’75 Roy '07
Bonami, Margot 15

~Har?
. consider” p




A motivating
experiment
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d; demand of customer j
c; capacity of supplier ¢
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Vi, ]

prtqy
Zmij — dj \V/]

Z’ 5
SR

Customers ﬁ
T Al

Yij S Tij S QijlYij ’_ — O\
Tij € /.,
Yij € {O, 1}
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Vi, g

p'z+q'y

inj — dj \V/]
inj S C; \4)
J

0 < z;; <aijyi
Tij € /.,
Yij © {O, 1}







min

Zigk € {O, 1} VvV k
Yij € {O, 1}

min

plz4+q'y

SC?; \4)

Z Zijk <1

k
Zi gk € {O, 1} V k

Yij € {O, 1}




min

min
Substitute
........ >
ZZi,j,k <1
k
Zigk € {07 1} vk Zigk € {07 1} vV k

yi; € 10,1} yij €10, 1}



Example

Geometric mean of running times for 5
instances with CPLEX 12.6.1

(600 sec time limit)

Problem p F(P) U(P) AvV
n, max{c;}
30, 10 49 120 23.0 10.1
40, 10 75.2 770 261.5 48.1
40, 20 469.0 471.1 600 434.1
Problem P F{P) U[P) AvV
n, max{c; }
30, 10 4.9 2.5 600 0.9
40, 10 752 71 600 2.4
40, 20 469.0 23.8 600 6.3

*Computational analysis by
Bonami, Dash, Lodi, Tramontani
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Binarization
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e P={xeceR": Ax <b, 0 <z; <uj.

o A binarization is a polytope B C R x [0, 1]? with

0,u] NZ C proj, (BN (R x{0,1}7)).



Binarization
B

R x {01}

o P={zxeR": Ax < b, 0 < x; < u}.

e A binarization is a polytope B C R x |0, 1] with

0,u]NZ C proj, (BN (R x{0,1}7)).
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Binarization

proj,

{0, 1}q {0, 1}"

3 3 .
1 = 23:1 ngl' 1 = 23:1 JZ

Given a binarization B and a polytope P,
the binary extended formulation is

Ps = {(z,z) e R" x [0,1]? : 2 € P, (x;,2") € B}



Binarization
Binary Extended Formulation

Given a binarization B and a polytope P,
the binary extended formulation is

Pg={(z,2) e R" x [0,1]9 : x € P, (x;,2") € B"}

® projx(PB) = P
e proj. (PsNR™ x{0,1}9) =P NZ"
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Split Cuts = ¢

o Let meZ™, my € Z
o S=8(m,m)={xeR":mg<7'x <my+1}.

e Any inequality valid for conv(P \ S) is a split cut.

e The Split Closure is the intersection of all split cuts,

SC(P) = ﬂ conv(P \ S).
SES
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Let m € 2™, mog € Z
S=S(m,m)={zcR":mg< 7'z <m+1}.

Any inequality valid for conv(P \ S) is a split cut.

The Split Closure is the intersection of all split cuts,

SC(P) = ﬂ conv(P \ 5).
SES
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Example: A single cut in the
extended formulation is stronger
than any Iin the original space.

P={zec0,2?:my=1a1+3} Bz {(zlizl) SR X 0,1] -
T1 =21 +225,2{ + 25 <1}

2 ° ° By = {(z2,2%) € R x [0,1]* :
To = 2% + 225, 2% + 25 < 1}
B:Bl XB2

Pgs=A{(z,z):z € P,(x,z) € B}

$2—Z%>1

0 1 2 pl“ij(Pg) = P!



Example: A single cut in the

extended formulation is stronger
riginal space.




Proposition: Split cuts on variables from
one original variable are not stronger.

Proposition 10 (Single variable extended splits dominated in original space). Let P C R" and
I =[l] with1 <1 < n. And suppose 0 < x1 < u for all x € P. Let Pg C R" x RY? be a
binary extended formulation of P with B = (Bi,...,B;) and By € T'{'. Let W be the associated
binarization matriz with By, that is, {(i,w"),i = 1,...,u} = BN (Z x {0,1}%. Let S C R™""Y on
only the variables z', that is

S ={(z,2) :my < 7'z < my+1}.

for some integral vector m € Z* and integer my € Z.

Then there exists a split 8" C R™ given by
S'={r:7n) <z <7y +1}
for some integer m(, such that

proj,.(conv(Pg \ S)) D conv(P \ S').



Proposition: Split cuts on variables from
one original variable are not stronger.

By = {(zy.7') € R x [0, 1]2
T1 =21 +225,21 +25 <1

By = {(w2,2%) € R x [0,1]* :
To = 2% + 225, 2% + 25 < 1}

} B:B1XBQ
Pg={(x,2) :x € P, (x,2) € B}

If o' 2! < aq is a split cut for Px,
then there exists a dominating inequality
Bz < By that is a split cut for P, i.e.,

Pt C proj,(Pg)
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Example: The split closure of
extended space is strictly stronger.

Theorem: There exists a polyhedron P and a binairization B such that
the projection of the split closure of the binary extended formulation
is strictly contained in the split closure of P, i.e.,

proj, (SC(Ps)) & SC(P).

Pz{(a},y) c R? x [0,1]° : zlexz-:i%, r; <3y, 0<x; <2 fori=1,2,3},

B; {(CEZ,ZZ) e R x [0, 1]2 L Ty = 241+ 2222} for:=1,2,3,

Pp, . = {(a:,y,z) c R*T31C . (z,y) € P, (x;,2) € B; fori= 1,2,3}.

Lemma 17. The point p = (z,y) = [(1,1,1), (%, , 5)| belongs to the split closure of P.

D[ =
D[ =

Lemma 18. The inequality y1 + y2 + y3 > 2 s a valid inequality for the split closure of Pg and
therefore the point p defined in Lemma 17 is not contained in proj, , SC(Pp,s)-



Comparing Split
Closures



Given binarizations B, Bo,
B1 is better than Bs if...

. proj,(SC(Ps,)) € proj,(SC(Ps,))
. B1 C By
. f(B1) € B

where f is an
integral affine transformation.

proj,,




Binarization .

B
o o

e A binarization is exact if 0

proj..: BN (R™ x {0,1}9 - U NZ"

is a bijection BN (R™ x {0,1}4
e A binarization is perfect if it is exact and

B = COHV(B M (Rn X {O, 1}q)) ® ®

0 1

e P={zeR": Az <b, 0 <z <u}.

e Pl=PnzZ"

e U={zeR":0< z < u}.

e A walid binarization for U is a polytope B C R™ x [0, 1]? such that

UNZ" Cproj, (BN (R™ x {0,1}9)).

e A coordinate-wise binarization of U is a polytope B = B! x ... x B"

where B? is a binarization of [0, u;].



Binarization .

B
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e A binarization is exact if 0

proj..: BN (R™ x {0,1}4 - U NZ"

is a bijection BN (R™ x {0,1}¢
e A binarization is perfect if it is exact and

B = COHV(B M (Rn X {O, 1}q)) ® ®

0 1

e P={zeR": Az <b, 0 <z <u}.

e Pl=PnzZ"

e U={zeR":0< z < u}.

e A walid binarization for U is a polytope B C R™ x [0, 1]? such that

UNZ" Cproj, (BN (R™ x {0,1}9)).

e A coordinate-wise binarization of U is a polytope B = B! x ... x B"

where B? is a binarization of [0, u;].



| 0og can be made perfect

2 3

A

0 1
D< <2

Theorem:
Let B={(x,2):x = ZJL:%(“H)J 272;,,0<2<1,0<z<u}.

Then BT :=conv(BNZ x {0,1}9) ={(z,2) € B:a;' 2<1, i€ J}
with |J| < g.
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Given binarizations B, Ba, .

B is better than B if...

0
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1 /
Given binarizations By, Ba, Ny
B, is better than Bs if... o

. proj,(SC(Ps,)) € proj,(SC(Ps,))
. B1 C By
. f(B1) € B

where f is an

proj,,

integral affine transformation. D



Given binarizations B, Bo,
B1 is better than Bs if...

- proj, (SC(Pp,)) € proj,(SC(Ps,)) SN

@
. B1 € B> proj, B,

. f(B1) C Bs Pmy 0
where f is an
integral affine transformation. D

Lemma: If f(x,z) is an integral affine transformation on z
and identity on x, and f(B;) C By, then

F(SC(B1)) € SC(B)

and

proj,. (SC(B1)) C proj,(SC(Bz)).



Lemma: If f(x,z2) is an integral affine transformation on z
and identity on x, and f(B;) C Bs, then

F(SC(B1)) € SC(Bs)

and

proj, (SC(B1)) C proj,(SC(Bz)).




Lemma: If f(x,z2) is an integral affine transformation on z
and identity on x, and f(B;) C Bs, then

F(SC(B1)) € SC(Bs)

and

proj, (SC(B1)) C proj,(SC(Bz)).
Proof. B,

e Let Sy be a split for Bs. 1

0

proj,,




Lemma: If f(x,z2) is an integral affine transformation on z
and identity on z, and f(B1) C By, then

f(SC(B1)) € SC(B2)

and

proj, (SC(B1)) C proj,(SC(B2)).
Prootf.

e Let Sy be a split for Bs.

e Construct 57 split for B;
such that f(S1) = 9,.

proj,,

PTO:]/ 0 1




Lemma: If f(x,z2) is an integral affine transformation on z
and identity on x, and f(B;) C Bs, then

F(SC(B1)) € SC(Bs)

and

Prootf.

o Let Sy be a split for Bs.

e Construct S; split for By 52
such that f(S1) = Ss. ) 5

[
e Show pI‘Oj T BQ .

f(conv(Pg, \ S1)) C conv(Pg, \ Ss) proy 0 .

e Show

(Mg, es, conv(Pp, \ S1)) C .
Mg, cs, conv(Pps, \ S2)




Lemma: If f(x,z2) is an integral affine transformation on z
and identity on x, and f(B;) C Bs, then

F(SC(B1)) € SC(Bs)

and

Prootf.

o Let Sy be a split for Bs.

e Construct S; split for By 52
such that f(S1) = Ss. ) 5

[
e Show pI‘Oj T BQ .

f(conv(Pg, \ S1)) C conv(Pg, \ Ss) proy 0 .

e Show

(Mg, es, conv(Pp, \ S1)) C .
Mg, cs, conv(Pps, \ S2)
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Unary and Full are equivalent 2 3
and dominate all other -
coordinate-wise bin. in terms

of split closure. 0 L
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Stronger




Example

Geometric mean of running times for 5
instances with CPLEX 12.6.1

(600 sec time limit)

Problem p F(P) UP) AvV
n, max{c;}
30, 10 49 120 23.0 10.1
40, 10 75.2 770 261.5 48.1
40, 20 469.0 471.1 600 434.1
Problem P F{P) UP) AvV
n, max{c;}
30, 10 4.9 2.5 600 0.9
40, 10 752 71 600 2.4
40, 20 469.0 23.8 600 6.3

*Computational analysis by
Bonami, Dash, Lodi, Tramontani



Branching



Branching on binary variables

T, = 21 + 225 + 323
2t + 225 +323<1 T UUOUUL L. 7
2 € [0.1] :::|::



Branching on binary variables

Theorem: Owen—Mehrotra '02] (paraphrased)
Unless the top coefficient variable is branched on,
the domain of the branching tree is unchanged.

“remodeling of mized-integer programs by
binary variables should be avoided in
practice unless special techniques are
used to handle these variables.”




Branch and Bound
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Branching on binary variables

Theorem: Owen—Mehrotra '02] (paraphrased)
Unless the top coefficient variable is branched on,
the domain of the branching tree is unchanged.

“remodeling of mized-integer programs by
binary variables should be avoided in
practice unless special techniques are
used to handle these variables.”
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Branching
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Branching

Given a branching tree T,
the size of T is the number of leaves in the tree,
and the domain of 7 is the union of the leaf nodes.



Branching on binary variables

T, = 21 + 225 + 323
2t + 225 +323<1 T UUOUUL L. 7
2 € [0.1] :::|::



Branching on binary variables

2t + 225 +323<1 U0V 7
2 € [0.1] :::|::



Domain of Alternative Bin.




Domain of Alternative Bin.




Domain of Alternative Bin.

No z-}zl

Size of tree = 6

4+ --




Domalin of unary tree




Improving domain

Theorem: There exists a branching tree TarT of size 2" +n
with domain Darpr such that for any tree Tynary with domain
Dynary € Dapr must have size at least 2 - 2™ — 1.

(e}
e =

4

o

*

2 I
T=) 2 2 My Mz
0<z3<2<2z ;J |
1 |
z1+24<1 S>> > 2 1+
: : 4 1 z € {0,1}* M3 N3 M
z € 40,1}



Conclusions
(or at least, things to consider)



Strong




Zi gk € {O, 1} vV k Zigk € {O, 1} vV k
yij € 10,1} yij € 10,1}
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