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Mixed Integer Linear 
Programming

(MILP)



MIP is very useful
• Supply Chain 

• Electric Power 

• Finance 

• Work Force Management 

• Airlines 

• Railroads 

• Traveling Salesman Problem 

• Sports Scheduling 

• ….
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Mixed Integer Linear 
Programming

(MILP)
How to convert to 0/1 variables to 

produce strong cuts?



How to solve MIPs

• Branch and Bound 

• Cutting Planes 

• Heuristics 

• Problem Specific Insights







Outline

• Binary 
Reformulations

• Cutting Planes

• Comparing 
Formulations

• Compare  
Branching



Binary Reformulations



Binary Reformulation
Exchange general integer variables for 0/1 variables

(MILP) (MBLP)
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Binary Reformulation
Exchange general integer variables for 0/1 variables

(Log Reformulation)

23 = 24 · 1 + 23 · 0 + 22 · 1 + 21 · 1 + 20 · 1



Binary Reformulation
Exchange general integer variables for 0/1 variables

(Full Reform.)

23 = 1 · 0 + 2 · 0 + · · ·+ 22 · 0 + 23 · 1 + 24 · 0 + . . .



Binary Reformulation
Exchange general integer variables for 0/1 variables

(Unary Reform.)

23 = 1 + 1 + 0 + 0 + 0 + 1 + 1 + 0 + 1 + 0 + 1 + 1 + 1 . . .



Binary Reformulation
Exchange general integer variables for 0/1 variables

(Unary Reform.)

23 = 1 + 1 + · · ·+ 1 + 1 + 1 + 1 + 0 + 0 + 0 + 0 + 0 . . .



Which one to choose?
FullUnaryLog

Miller ’63
Glover ’75
Sherali, Adams ’99
Owen and Mehrotra ’02
Angulo, Van-vyve '17

Roy ’07
Bonami, Margot ’15

Glover ’75



Which one to choose?
Unary

Are there other options to 
consider?

Miller ’63
Glover ’75
Sherali, Adams ’99
Owen and Mehrotra ’02
Angulo, Van-vyve '17

Roy ’07
Bonami, Margot ’15

Glover ’75

FullLog



A motivating 
experiment



Angulo, Van Vyve ’17:
 Fixed Charged Transportation Problem 



Angulo, Van Vyve ’17:
 Fixed Charged Transportation Problem 

xij quantity supplier i ! customer j
dj demand of customer j
ci capacity of supplier i



Angulo, Van Vyve ’17:
 Fixed Charged Transportation Problem 

X

i

xij = dj

X

j

xij  ci

xij quantity supplier i ! customer j
dj demand of customer j
ci capacity of supplier i



Angulo, Van Vyve ’17:
 Fixed Charged Transportation Problem 

min p>x+ q>y
X

i

xij = dj 8j

X

j

xij  ci 8i

8i, j
yij  xij  aijyij

xij 2 Z,
yij 2 {0, 1}



Angulo, Van Vyve ’17:
 Fixed Charged Transportation Problem 

Full

min p>x+ q>y
X

i

xij = dj 8j

X

j

xij  ci 8i

8i, j
0  xij  aijyij

xij 2 Z,
yij 2 {0, 1}



Angulo, Van Vyve ’17:
 Fixed Charged Transportation Problem 

Full

min p>x+ q>y
X

i

xij = dj 8j

X

j

xij  ci 8i

yij  xij  aijyij

xij =

aijX

k=1

kzi,j,k,

X

k

zi,j,k  1

zi,j,k 2 {0, 1} 8 k

yij 2 {0, 1}
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Angulo, Van Vyve ’17:
 Fixed Charged Transportation Problem 

Substitute

min p>x+ q>y
X

i

xij = dj 8j

X

j

xij  ci 8i

0  xij  aijyij

xij =

aijX

k=1

kzi,j,k,

X

k

zi,j,k  1

zi,j,k 2 {0, 1} 8 k

yij 2 {0, 1}

min p̂>z + q>y

X

i

aijX

k=1

kzi,j,k = dj 8j

X

j

aijX

k=1

kzi,j,k  ci 8i

0 
aijX

k=1

kzi,j,k  aijyij

X

k

zi,j,k  1

zi,j,k 2 {0, 1} 8 k

yij 2 {0, 1}



Angulo, Van Vyve ’17:
 Fixed Charged Transportation Problem 

Substitute

min p>x+ q>y
X

i

xij = dj 8j

X

j

xij  ci 8i
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k=1
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zi,j,k 2 {0, 1} 8 k

yij 2 {0, 1}

min p̂>z + q>y

X

i

aijX

k=1

kzi,j,k = dj 8j

X

j

aijX

k=1

kzi,j,k  ci 8i

0 
aijX

k=1

zi,j,k  yij

X

k

zi,j,k  1

zi,j,k 2 {0, 1} 8 k

yij 2 {0, 1}



Example
Angulo, Van Vyve ’17:
 Fixed Charged Problem 

*Computational analysis by 
Bonami, Dash, Lodi, Tramontani

Geometric mean of running times for 5 
instances with CPLEX 12.6.1
(600 sec time limit)

After Substitution:

Before Substitution:



What is a binarization?



Binarization
P

B



Binarization
P

B

• P = {x 2 Rn : Ax  b, 0  xi  u}.

• A binarization is a polytope B ✓ R⇥ [0, 1]q with

[0, u] \ Z ✓ projxi
(B \ (R⇥ {0, 1}q)).



Binarization
P

B

• P = {x 2 Rn : Ax  b, 0  xi  u}.

• A binarization is a polytope B ✓ R⇥ [0, 1]q with

[0, u] \ Z ✓ projxi
(B \ (R⇥ {0, 1}q)).

R



Binarization
P

Log

B

R

x =

blog(u+1)cX

j=0

2jzj  u

z 2 [0, 1]blog(u+1)c



Binarization
P

B

R

Full

x =
uX

j=1

jzj

z1 + z2 + · · ·+ zu  1

z 2 [0, 1]u



Binarization

P

x

B B

x1 =
P3

j=1 jz
1
j x2 =

P3
j=1 jz

2
j



Binarization

P

x

B B

x1 =
P3

j=1 jz
1
j x2 =

P3
j=1 jz

2
j

PB = {(x, z) 2 Rn ⇥ [0, 1]q : x 2 P, (xi, zi) 2 Bi}



Binarization
Binary Extended Formulation

PB = {(x, z) 2 Rn ⇥ [0, 1]q : x 2 P, (xi, zi) 2 Bi}

• projx(PB) = P

• projx(PB \ Rn ⇥ {0, 1}q) = P \ Zn



Cutting Planes



Cutting Planes





All cuts used are types of 
split cuts



Split Cuts
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Split Cuts



Split Cuts



Are binarizations 
stronger?



Example: A single cut in the 
extended formulation is stronger 
than any in the original space. 
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Example: A single cut in the 
extended formulation is stronger 
than any in the original space. 



Example: A single cut in the 
extended formulation is stronger 
than any in the original space. 

A SINGLE CUT can only 
be stronger 

when mixing variables of 
different types



Proposition: Split cuts on variables from 
one original variable are not stronger. 



Proposition: Split cuts on variables from 
one original variable are not stronger. 



Example: The split closure of 
extended space is strictly stronger. 



Example: The split closure of 
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Example: The split closure of 
extended space is strictly stronger. 



Example: The split closure of 
extended space is strictly stronger. 



Comparing Split 
Closures



1. projx(SC(PB1)) ✓ projx(SC(PB2))

2. B1 ✓ B2

3. f(B1) ✓ B2

where f is an
integral a�ne transformation.



Binarization



Binarization



Log can be made perfect 
Log





1. projx(SC(PB1)) ✓ projx(SC(PB2))

2. B1 ✓ B2

3. f(B1) ✓ B2

where f is an
integral a�ne transformation.



1. projx(SC(PB1)) ✓ projx(SC(PB2))

2. B1 ✓ B2

3. f(B1) ✓ B2

where f is an
integral a�ne transformation.













Unary Full

Log



Unary

Full

LogOriginal

Stronger



Example
Angulo, Van Vyve ’17:
 Fixed Charged Problem 

*Computational analysis by 
Bonami, Dash, Lodi, Tramontani

Geometric mean of running times for 5 
instances with CPLEX 12.6.1
(600 sec time limit)

After Substitution:

Before Substitution:



Branching



Branching on binary variables

Full



Branching on binary variables

Full

Log



Branch and Bound



Branching on binary variables

Full

Log



Branching



Branching



Branching



Branching



Branching



Branching on binary variables

Full



Branching on binary variables

Full



Domain of Alternative Bin.

Alt



Domain of Alternative Bin.

Alt



Domain of Alternative Bin.

Alt

Size of tree = 6



Domain of unary tree

Unary



Improving domain

UnarAlt



Conclusions
(or at least, things to consider)



Unary

Full

LogOriginal

Strong

#1.  If you can afford it, use full



#2.  SUBSTITUTE!

min p>x+ q>y
X

i

xij = dj 8j

X

j

xij  ci 8i

yij  xij  aijyij

xij =

aijX

k=1

kzi,j,k,

X

k

zi,j,k  1

zi,j,k 2 {0, 1} 8 k

yij 2 {0, 1}

min p̂>z + q>y

X

i

aijX

k=1

kzi,j,k = dj 8j

X

j

aijX

k=1

kzi,j,k  ci 8i

yij 
aijX

k=1

kzi,j,k  aijyij

X

k

zi,j,k  1

zi,j,k 2 {0, 1} 8 k

yij 2 {0, 1}

Substitute



#3.  BRANCHING
branch on original variables 

NOT on binary variables



https://sites.google.com/site/robertdhildebrand/
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