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Abstract

In this paper we introduce a new method of mitigating the |enwbof long wait times for low
priority customers in a two-class call center. To this end,allow class 1 customers to be
“upgraded” to class 2 after they have been in queue for some. tWWe assume there arg
servers at station, © = 1,2. The servers at station 1 are flexible in the sense that they ca
work at either station while the servers at station 2 areadded. Holding costs at rate are
accrued per customer per unit time at statiph= 1, 2. This study yields several surprising
results. First, we show that stability analysis requiregadition on the order of the service
rates. This is unexpected since no such condition is redjuvieen the system does not have
upgrades. This condition continues to play a role when obmdrconsidered. We provide
structural results which include@a— p rule when an inequality holds and a threshold policy
when the inequality is reversed. Again, however, this tedwbs not necessarily hold without
the ordering of the service rates that is not required wherethre no upgrades. In the single
server case, a numerical study verifies that the optimalrcbpblicy significantly reduces
holding costs over the policy that assigns the flexible gervstation 1. At the same time, in
most cases the optimal control policy reduces waiting tiofdmth customer classes.



1 Introduction

As the U.S. economy has changed from its traditional manurfsg base to one centered on
service, the use of call centers has become an integral paraiy companies’ operations.
Call centers have become so pervasive that some estimate/tB@08 close to 1% of the U.S.
population (almost 300,000 people) will be employed as @atditer agents?]. The numbers
are equally astounding in other countries. India in pakiicaannot meet the demand for a
call center workforce. With this rapid change, managemeéstioh call centers has spawned a
significant amount of research. In this paper we focus onuhetion of a call center manager
related to the allocation of workers to incoming calls. Imtjgallar, we note that rather than
call center workers only being trained to handle a singlé tgake, it is often the case that
they are capable of cross-applying their skills to sevenag¢s of calls. This is a useful cost-
cutting measure both from the standpoint of total workearses and in consideration of worker
utilization. For example, in a call center that respondsdthlvoice and web chat inquiries,
some workers might be trained to handle both kinds of callslermthers are dedicated to the
(higher priority) voice calls. Similarly, (without regatd cross-training) a call center might
have some workers dedicated to high priority customerslendther workers are originally
assigned to lower priority customers but may be asked taed@gh priority customers as the
need arises. Since these workers may be allocated dyn&mtbal decision-making process
is significantly complicated.

In each of the above scenarios any time the cross-trainéldxibleworkers spend on the
high priority customers is in some sense at the expense dbtheriority customers. Thus,
there remains the somewhat secondary concern of the waitreg of the web chat/lower
priority customers. In this paper we consider an extensidghebalready classic “N-Network”
(cf. [12]) that has the potential to address both of these conceffiter. Waving waited for some
time in the low priority queue, we “upgrade” the low priorityistomers to the high priority
gueue treating them as high priority customers thereaf@ather than keeping track of the
current waiting time of each customer in queue, and upgggoiased on the queue lengths, we
assume that the time spent in queue before upgrades is raamttbexponential. The decision-
maker still must allocate flexible workers based on the nurobeustomers currently in each
gueue, the holding costs at each station, and the arrivalcegand upgrade parameters of the
model.

We view the analysis that follows to be interesting from batimanagerial and theoretical
standpoint. Suppose there is at most one server (we will eiseisfrom now on rather than
worker) at each station and no upgrades. When there are nocatidl servers and several
parallel stations, it is well-known that a flexible serveoshl be allocated using the;cfule



(cf. [8]). In the two station case, when there is a dedicated setvareaqueue and a flexible
server at the other queue (the N-network), the e is optimal (in the asymptotic sense)
when an inequality holdsg]. There exists a monotone optimal policy when the ineqgualit
is reversed. In neither case does the relationship betweesdrvice rates between the two
gueues appear to play an important role. We present syabditditions for the system with
upgrades and show that in fact when upgrades are allowedltdtenship between the service
rates plays a key role. This is somewhat surprising givemptbeiously mentioned results and
serves as a warning to call center managers. In essence,sfstem design ignores this fact,
an unstable design can result.

From these results it is clear that the ordering of the semates cannot be ignored in the
control. We show that a g-rule holds in one direction and a monotone optimal policysexi
in the other direction when there are no upgrades (even Im trgffic). When upgrades are
added, this result continues to hold, but only under therapsion that the service rates are
ordered in a specific way. In fact, if they are not ordered miight way, there can be dire
consequences in terms of average cost. This is shown viarmahexample. We also include
a numerical study that shows that the optimal policy in thetesy with upgrades performs
well both in terms of holding costs and waiting times when paned to the policy that always
prioritizes station 1. In many cases the waiting times aneroved forboth customer classes.
In summary, the main contributions of the paper are as falow

e We introduce “upgrades” as a way to balance the load betwestomer classes and
alleviate excessive wait times of low class customers.

¢ We derive stability conditions of a call center model witlgugdes.

e We show that under certain conditions there exist optimatigs with structure similar
to that of a model without upgrades.

e We show that the aforementioned structure of the optimatyaoes not necessarily
hold when the conditions are violated...in fact stabilitgyrmot even hold.

e We discuss the effect of upgrades on optimal cost and watitimes.

Since the call center literature is already vast, we do rtetrgit a complete review. The
interested reader should view the excellent literaturgests of Aksin et al. 2] and Gans et
al. [11]. In this paper we consider an extension of the N-network sa@strict attention to
this model and its variants. With minor modifications, theétwork can be described via the
current study by setting the upgrade rate to zero and theanti¥al and service distributions to
be exponential. The exponential assumption allows thedtation of the decision scenarios as
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a Markov decision process and significantly simplifies thiel@unalysis. To our knowledge, the
N-network was first introduced (from a research standpbwytiarrison [L2]. The asymptotic
optimality of threshold policies in the N-network was sholynBell and Williams f].

Other related studies on the N-network include that of Ahalefl], where the authors
show that the optimal policy in a system without arrivals l@acdng system) exhibits either
monotone switching curve structure or is exhaustive in onth® queues. Also, there has
been some work ohilingual call centers. These call centers are somewhat new to thedUnit
States, but they have been prevalent in other countriesuite gome time (cf. Stanford and
Grassman]5]). Although upgrades present different challenges, threyraelated to systems
with reneging. In 16, 17] Ward and Glynn show that the queue length processes ofrsgste
with exponential inter-arrival, service times and renagees with reneging and balking and
G/G/1 systems with reneging and balking (under heavy traffic) Gaafproximated with a
regulated Ornstein-Uhlenbeck process. Other posséslfor reducing congestion and dealing
with reneging are to announce a delay estimate to arrivisgpooers as described in Armony
et al. [5] or to provide callers with a call-back option as describedrmony and Maglaras
[3, 4]. Of course these estimation schemes do not work when th&ferce allocation is
adjusted dynamically as in the current model.

The rest of the paper is organized as follows. Secioantains a description of the model.
In order to simplify the analysis, we show that there existeptimal non-idling policy under
the finite horizon discounted cost, the infinite horizon distted cost and the average cost
cases in Sectiof. In Section4 we provide the stability analysis. We uniformize in Section
This allows us to define a discrete-time Markov decision ess@and prove the existence of an
optimal policy that follows a g+ rule in one direction, but not the other. A detailed numdrica
study is provided in Sectiof. The paper is concluded in Sectidn

2 Model Description

Consider a two station parallel queueing system whereostdti(2) is equipped witla; (c2)
servers. Both stations are assumed to have infinite buféerespCustomers arrive to station 1
(2) in accordance with a Poisson process of paté\,) and service times at station 1 (2) are
assumed to be exponential with rate(u2). Servers at station 1 are cross-trained in the sense
that they are able to work at either station. Furthermoriadfe are more than customers at
station 1 then those customers aboyare “upgraded” to station 2 after an exponential amount
of time with parametef. The rate of upgrades is bounded by, where initially L is assumed

to be finite. That is to say that when the queue length at stdtis i, customers are being
upgraded at rat§i — ¢;)* A L)5. Holding costs are accrued at rdtg > 0 for customers at



stationn, n = 1, 2. See Figurel.
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Figure 1. N-network with upgrades

LetX = {(4,4)|(4,j) € ZT x Z" } be the state space, whéfé& represents the non-negative
integers and (5) represent the number of customers at station 1 (2) (inctutiiose in service).
A decision-maker must decide how to dynamically allocatedioss-trained servers based on
the number of customers currently in each queue.

Consider the cost functiofi((7, j), a) = ihy + jhe, Where the action denotes the number
of cross-trained servers currently placed at station 2. &8k a policy that prescribes the action
to choose for each set of queue lengths for all time. The thsglounted expected cost of a
policy 7 up to timet is

t
u09) = B [ e (MQT) + 1aQ5(s))as.

whereQ7 (s) is the queue length (including those in service) at tinag station; = 1, 2 under
policy 7. Along with the finite horizon discounted expected cost,dtieer criteria considered
in this paper are the following

.9) = Jim o 0) = BTy [ e (1QTS) + haQE() ds
& 0
s ,l:’ >
p" (i, 7) = limsup M.

t—o00

wherev’ (i, ) represents the infinite horizan-discounted cost under starting in(4, 7) (the
interchange of limit and expectation is justified by the mone convergence theorem) and
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p"(i,7) represents the long-run average expected cost per unit thhage that in the finite
horizon casex € [0, 00) while in the infinite horizon case € (0,00). Under any of the
optimality criteria, a policyr* is called optimal ify™ (i,7) = infreny™(i, ), wherell is
the set of all (measurable, non-anticipating) policies and v, ., v,, Or p depending on the
optimality criterion.

3 Non-idling Palicies

In this section we show that a decision-maker need not cengidlicies that idle flexible
servers when they could be working at station 2. We begin byiging the following mono-
tonicity result.

Proposition 3.1 Lety = v, or v, , depending on the optimality criterion. For all statgs;)
the following inequalities hold.

1oy(i, 74+ 1) > y(i,7)
2. y(i+1,5) > y(i,j),

for eacha, where in the finite horizon case the result holds fortall

Proof. We prove the assertions in the infinite horizon case via a Eapgth argument. The
finite horizon case is directly analogous. Consider the ffigstilt. Suppose we start two pro-
cesses on the same probability space so that they see thesaraks, (potential) services and
(potential) upgrades. Process 1 starts in statg+ 1) and uses the optimal policy, say.
Process 2 uses the same allocation at station 1 as Procesghbiigh it started i, j + 1))
whenever possible, but allows idling at station 2 if it canmatch the service rate of Process
1. For example, suppoge+ 1 = ¢; + ¢, and7* assigns all servers to station 2. The service
rate is(c; + co) 2. Since Process 1 has assigned zero servers to station &sBrdcdoes the
same. However, since Process 2 has aenly- ¢, — 1 customers at station 2, it assigns only
that number of servers there and idles the other server. ddilgsas follows as above if, = j
and: = ¢; — 1. If Process 1 assigns — 1 servers to station 1 and one to station 2, Process 2
matches the number of servers at station 1, but idles thedagér. Finally, note that if = 0
then Process 1 may still be serving at station 2, while Po2esannot. In each case, since
Process 1 has more customers at station 2 than Process sttiergossibility that it will see
an extra service (in fact eventually this will occur).

Define the eventd as the event that there is a service seen by Process 1 thatsserm
by Process 2. If this extra service is seen, the relativetipasif the two processes is now the
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same; they couple (using the same policy thereafter) andivethe same cost streams. Let
be the time that evert occurs. Note that before timg Process 1 is accruing cost at rate
higher than that of Process 1. Thus

<1
0ai.3) = i3+ 1) S 000 J) ~valis S+ ) = s [ (1= Py € (5,54 ds)) <0,
0

wherey denotes the (potentially) sub-optimal policy followed byp&ess 2.

To prove the second result, again define two processes orathe space. This time let
Process 1 startiti + 1, ) and Process 2 start {4, j). Process 2 uses the same allocation at
station 2 as Process 1 (as though it startet in 1, j)) whenever possible, but allows idling
at station 1 if it cannot match the service rate of Process 4inAhe proof of the previous
assertion, there is the possibility that there is an extras®seen by Process 1, not seen by
Process 2. There is also the possibility of an extra upgrade by Process 1. Ld? be the
event that the prior case occurs before the latter. In thgs,c@n argument similar to the proof
of the first assertion leads to the two processes couplingth®mromplement of this event,
Process 1 moves to a state, $dy;’ + 1) while Process 2 is i/, j'). Let T represent the time
that either the processes couple or an extra upgrade is gdenotess 1.

aliy ) = vali+1,5) < 02(i, §) — vali + 1, 5)
= —hE[-(1 - )| BIP(B)

B[ (0(Xs, Yr) — va(Xo, Vs + 1)) B]P(BY) <0,

where) denotes the (potentially) sub-optimal policy used by Psec2 (X,,Y,) represents
the state of the system in Process 2 immediately after tiared the second inequality follows
using the first result of the proposition. .

Consider a left-continuous poligyand letd’ (w) € {0, 1,..., ¢} denote the number of the

¢, servers allocated to station 2 at timeaunder this policy. Note thdt{k(w) = Lik<er—df (w)}
represents the indicator that th& (flexible) server is available for service at station 1. Let
b;k(w) = lyx<as(w)y b€ the indicator that the" (flexible) server is available at station 2. Note
that if we allowk to range over the natural numbers tb?,g(w) =0,7 =12fork > c.
Define A;(s) to be the Poisson arrival process (ratgto queues, i = 1,2. Similarly, letY,"

be a Poisson process with ratefor i = 1,2 andk; = 1,2,...¢; andky = 1,2, ..., ¢1 + .
These represent the (potential) services of each servachtstation. Denote by,f3 for ks =
1,2,..., the Poisson processes of rat¢hat model the (potential) upgrades from queue 1 to



gueue 2. The queue length processes can be written

Q) = QO+ A =3 [ (Liggiumysn s ()Y @)

ki=1
&
B Z/ {Qf >cl+k3})dYk3( )
ks=1
and
c2
Q3(s) = Q4(0) + As(s Z/ Lo w02k }>dY,jf( )
ko=1
c1 ; )
N Z/ {Qf(w >cz+k2}b2 o (W )dYkZQ + Z/ {Qf —)>e +k3}>dYk3( ).
ko=1 ks=1
Consider
MEQL(s) = M EQLO) + Mhus — by 3 I (PN ) I
ki=1
_hlﬁZ/ {Qf(w >01+k3}>dw
ks=1
and

ha EQL(5) = ha EQL(0 )+)\2h23—h2u22/ E Lol woysho }>d

ko=1

f S
— hap Z / Lot woyzertha} P20z (w)>dw + hofs Z /0 (1{Q{(w—>zc1+k3}>dw’
k=1

ko=1
where the fact that we can replace the Poisson processetheiitihates follows by for example
Bremaud [] (see the “Partial result” on page 24 of). AssumingL > max{cy, c2} let

L o
¢! (s) = Z/O (5(}’2 ) ELor gz ~ MM E 1{Q{(w—>zk}b{,k(w)

Cc2 s
~ H2hz B 1{Q£(w—>zc2+k}bg,k(w)>dw —paha /0 (E 1{Q£(w—)2k})dw’ (3.1)
k=1
This leads to the following alternative form for the totapexted discounted cost

e+ )]

e—at

i) = s+ 3h) (5) (1= )+ Oubn -+ dah) [ (5) =

+ /Ot e o (s)ds

(%



This leads to the first major result which will consideralinglify the Markov decision pro-
cess formulation to follow.

Proposition 3.2 There exists an optimal policy that does not allow for unéoradling.

Proof. The result is proved via a sample path argument. Suppose/$tens is initially in
state(i, j). Consider an arbitrary policy and a fixed timev. Suppose:; > Q{(w—) and
Qg(w—) > cy. Thus, immediately prior taw (at timew—) there are more customers at station
2 than can be handled by thededicated servers, while not enough work for all serversto b
busy at station 1. This implies that the first term of the ina@gl in 3.1) is zero. Similarly, for
anyk such that; > k£ > Q{(w—) corresponding to a potentially idle server the second term
of the integrand is also zero. Suppoéélles serverk while another policy, say’, follows
precisely the same actions 6f but at timew— allows thek™ server to work until either one
customer service is completed preases to idle servér(whichever occurs first). Let the time
of this event beav + S;. There are several cases to considew H S, > t or w + S; does

not represent a time of a service completion by#Heserver, then the queue length processes
underf andf’ remain the same ofw, w+S;). Since the third term is non-positive, an optimal
policy is minimized Whenb;k(w) is maximized; when extra servers are assigned to station 2.
After this time, if the policies coincide, then bg.Q) we havev! (i, ) > v/, (i, 7). If, on

the other handv + S; corresponds to a service completion by tfeserver then the process
under f/ moves to some statg’, ;' — 1) while the process undef remains in state:’, ;).
Assuming the processes follow the same policy from then ehiybi,t(i,j) > Ugjt@, j) since

Vo rsn (53 = 00, (is) (@, 5" — 1) (almost surely) by Propositiod. 1. Thus, a policy
that does not allow unforced idling is optimal as desired. .

We conclude this section by noting that the results of Pritppos 3.1and3.2do not require
thatL < oo.

4 Stability

In this section we consider the stability of the system. Imtipalar we are interested in
determining conditions under which the system admits acpdhat has finite average cost
(which implies existence of a stationary distribution).t K&, ;(¢),¢ > 0} denote the Pois-

son processes consisting of i.i.d. processing times fwesgiof typej at queue, for (i, 5) €
{(1,1),(2,1),(2,2)}. LetU(t) be the number of customers that have been upgradgdn

and suppos#; ;(t) is the total time all servers of typehave worked at queuen [0, ¢|. For ex-
ampleT ;(t) is bounded by:;¢. We can now rewrite the queue length processes (suppressing



the dependence on the poli¢y

Qu(t) = Au(t) = U(t) — S1.1(T1a(1)) (4.1)
Qg(t) - Ag(t> + U(t) - SQ,Q(TZQ(t)) - SQJ(TQ’l(t)). (42)

Of courseT; ;(t) depends on the policy chosen. Rather than providingt) in complete
detail, we describe them sufficiently to provide stabilionditions. To do this, we will use the
standard technique of fluid model analysis (see BRi Suppos€z,,,n > 0} is a sequence of
non-negative real numbers such that, .. z,, = co. Define a fluid limit(Q(t), T'(t)) where
Qt) = (Qu(t), Qa(t)), T(t) = (T11(t), Top(t), Toa(t)) and

Qu(t) = lim 2,7 Qy(xnt)

n

T;;(t) = lim x;lTZ—J(xnt).
From Theorem 4.1 ofl[0], we have that

n—oo

lim 2" S; (T j(xnt)) = pT55(t).

n—oo

Scaling ¢.1)-(4.2) yields
Qi(t) =Mt = U(t) — Ty (¢) (4.3)
Q2(t) = Mot + U(t) — po(Taa(t) + T (1)), (4.4)

wherelU (t) = lim,, o 21U (2,1).

We first examine the stability of queue one. We will later oectrthis result to the stability
of the entire system for the underlying queueing network ehod he arrival rate is\; and
the maximum departure rateds:; + L/, due to the combined effects of service completions
and upgrades. Intuitively, one would expect that if thevafrrate is less than the maximum
departure rate, then queue 1 can be stabilized. The folgp¥@mma makes this precise in
terms of fluid limits. We postpone the connection to the ulytley queueing model.

Proposition 4.1 Consider the following two cases
1. Suppose; < cipug + L. If either

@ M —-Lp<0or
(b) \i—L3 > 0and forsome > 0, L7 ;(t) > (A —LB+¢)/p11 whenever); (¢) > 0,

then there exists; < co such that), (¢t) = 0 for all t > ¢,.
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2. If Xy > cipy + LB, thenQ, () — oo ast — oo.

Proof. Suppose),(t) > 0. As U(t) is bounded above by a renewal process of iate we
haveU (t) — U(s) < L3(t — s). Combining this with the fact th&f, ,(t) — Ty 1(s) < ¢1(t — s)
yields thatQ () is continuous. So, there exists an> 0 such thatmin e 111 Q1(s) =

¢ > 0. Now, from Theroem 4.1 ofl[(], there exists a subsequenge,, ,n, > 0} such that
{z,1Q1(2y,s), ik > 0} converges uniformly t@), (s) for s in [t, ¢ 4 h]. This implies that for
large enoughu,, we haver, ' Q:(z,,s) > ¢/2 and thus the samér,,, } can be chosen such
that@,(u) > L foru € [z, t,x,, (t + h)]. As Q1(u) remains abové in a neighborhood of
z,t, we have thatt U (t) = L3 and thus from4.3)

d - d -
EQl(t) =\ — LB - NIETIJ(’?)-

Under the conditions in statement 1, we see that we Haye(t) < 0 and the result follows
with t; = Q,(0)/e. Statement 2 follows upon noting thgtfm(t) < ¢; and thus if\; >
ciptn + LB, £0Q4(t) > 0 forall . .

We now turn our attention to the entire system. As we havedirexamined station 1, it
remains to consider station 2 under the assumption of gtabflstation 1. However system
stability is a little more subtle than that of station 1.

If hy = hy it seems intuitive that if.; > (<) u; the flexible servers should prefer to serve
customers at station 2 (1) since it can serve them fasteg.tifepolicy, sayr*, satisfying the
following properties exhibits preference for serving atisin 2 while maintaining the stability
of station 1:

1. If Q.(t) > 0, all flexible servers work at station 1.

2. If Q,(t) = 0, each flexible server works at station 1 a proportion of tiqaag to
max((A; — LB)/ (1), 0).

Proposition 4.2 Supposer® is used. Assumg, < ciu; + L.
1. If A\ < LB and\; + Xy < (c1 + co) o thenQsy(t) — 0 ast — oc.

2. If X\ > Lpand s + LG < (¢1 + o) g — %(Al — L), thenQs(t) — 0 ast — oo.

Proof. To prove statement 1 note that sinke< L3, n* calls for the flexible servers to not
work at station 1 ifQ,(¢) = 0 (work at station 1 is handled by the upgrades on the fluid cale
Moreover, by Propositiod.1, we have for some, thatQ, (t) = 0 for all t+ > ¢,. Combining
these two facts, from4(3), LU(t) = A, for ¢t > t;. AssumeQ, (') > 0 for somet’ > ¢;.

10



Since the flexible servers work at station 2 we ha\B  (s)|s—y = c¢; and-£T 5(s)| sy = co.
Substituting into4.4), %QQ(S”S:t/ = Ao+ A1 —(c1+¢2) 2, and the result follows immediately.

Consider now statement 2. Fof, if Q1 (¢) > 0, 7} ;(t) = ¢;. Thus since\; < ¢;p1+ L3

by Propositiont.1 part 1(b), we have for some and allt > ¢, Q,(t;) = 0. Now, fort > ¢,

from (4.3) and the second property of, LU(t) = L3. AssumeQs(t') > 0 for somet’ > ¢;.

We have%TQQ(S”s:t/ = Co and %TQJ(S”S:t/ = 01(1 — ()\1 — Lﬁ)/(clul)) SUbStitUting in
(4.9,

d -
£Q2(3)\s=t' =Xy + LB — capiz — crpia(1 — (A — LB)/(c1pn))
and the result follows immediately. .

Consider the following sets of conditions.

Conditions(Al): \; < ciuq + L3 and either

1. N\ < LG andA; + Ay < (¢1 + o) e, OF

2. My > LB andXs + LG < (c1 + o) o — %()\1 — Lp).
Conditions(B1): Any of the following hold

1. A\ > + LG, or

2. A\ < LpandA; + Ay > (c1 + ¢2) s, OF

3.\ > LBand\y + LB > (¢ + co)pe — %()\1 — Lp).

Note that(A1) and(B1) are not exactly complementary (they are missing the “efjualses).
The next theorem provides “necessary and sufficient” cardit(with the caveat of the missing
“equals” cases) for the cost function to be finite and is imiaedrom the previous results.

Theorem 4.3 The following hold.

1. If (A1) holds, then there exists a server assignment palisych thaty™ (i, j) = p < oo
for all initial states(z, j).

2. Assume:; > 4. If (B1) holds, then for any policy, p™(i, j) = oo for all initial states

(i, 7)-
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Proof. To prove statement 1, let each flexible server wse From the proof of Proposi-
tion 4.2, we haveQ, (t), Q»(t) — 0 ast — oo. The result then follows from Theorem 4.1 of
[10].

To show the second statement consider the workload fungtion = Q1 (t) /1 +Qo(t) / po.
We show that in all 3 cases (B1), W (t) — oo and apply Theorem 2.5.1 o]} If statement
1 of (B1) holds, by Lemmat.1, we haveQ, (t) — oo and thusiV (t) — oc. If statement 2 of
(B1) holds,

= At )\2) (1 1) _ _ _
Wit)=—+—t+Ul)| ——— ) = (Th1(t) + Toa(t) + T (t
0= (2432 ) 1060 (= ) = a0+ Toalt) + Taal0)
AlA 1 1
Z(—1—0——2)15—0—)\115(———)—(01—0—02)15
My R M2 1
AlA
> (—1+—2>t— (Cl+62)t,
M2 2

where the second inequality follows from the facts thiéat) < A\t (recall iy > 1), T11(t) +
Ty (t) < et andTy(t) < cot. We thus conclude that’ (t) — oo. Under statement 3 ¢B1),
we repeat the steps for statement ZB1), where nowl (¢) is bounded above bgst. In all
three cases we hav& (t) — oo and the result follows from Theorem 2.5.1 6f. n

In the case that, > 1, Theorem4.3 provides necessary and sufficient conditions for
stability. It remains to consider the case when> ,. We cannot expect that’ has finite
average cost since it prioritizes station 2. As when> 1, we first analyze station 1 if the
flexible server gives priority to customers there.

Under the policy that serves at station 1 except to avoidgglihe number of customers at
station 1 (including the one in service) is a birth-deathcpss with birth rate\; everywhere
and death ratey; when there arer < ¢; customers in the system,u; + (n — ¢1) when
there are:; + 1 < n < L + ¢; customers in the system ang; + L3 whenn > L + ¢; + 1.

If \y < i1 + L3, then the steady state probability that thereraceistomers at station ,,,
exists. In the usual manner we have

n

T;]fp07 1<n< C1,
A
g c n—c C 1 < n < L C
pn Cl!ull Hi:ll(ul"'iﬁ)po’ 1 —|— < < + 1y
AL
(@ > _1
Cl!ull (01M1+L/B)7L7L7C171 Hf:l(clﬂl"‘iﬁ)p(]’ n = L —|— Cl 1
Solving forpy:

A L+cy )\? )\1L+C1+1

1
1,,c1 n—cy . + c1 L . !
ey el TS (e +18) (e + LB = M)ealpd [Tz, (i + 553)

c1 n
Do = <1+Zn!;? + Z
n=1
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Consider the following sets of conditions.

Conditions(A2): A\ < c¢11 + LB and

Lta \L+er+l
)\2 + (n - 1)6pn + Lﬂpo L C - < (1 +p0)02u2. (45)
n:%:-i-l (erpn + LB = M)er ! [T (e + 38)

Conditions(B2): Either
1. A\ > cipy + Lﬁ or

2. 1 < c1p1 + Lﬁ and

Lz-i-:q )\L+c1+1
A2 + (n —1)Bpn + LBpo — — > (14 po)pia.
ey 1 (cip + LB — M)ealpd! Hf:1(01/~01 +75)

Theorem 4.4 The following hold.

1. If (A2) holds, then there exists a server assignment palisych thaty™ (i, j) = p < oo
for all initial states(z, j).

2. Assume:; > ps. If (B2) holds then for any policy, p™ (i, j) = oo for all initial states

(i,7)-

Proof. Let the flexible servers give priority to station 1 and comsistatement 1. By Propo-
sition4.1, \; < u1 + LB implies that there exists such that), () = 0 for all ¢ > ¢,. Using a
renewal-reward argument, we have fo¥ ¢,

) . L+1 )\f+01+1

O(t) — Ulty) = (t —t — )fpn + L ’
(t) (t1) = ( 1) (;(n )op Fpo (crpm + LB — A\)erlpd! HJL:1(CIM1 +Jﬂ)>

and

Ty (t) = Tua(ty) = e (t — t1)(1 — po).
Now, if Q,(t) > 0, we see that

L+1
)\f-i-cl—i-l

d
— t) =X+ —1)Bpn + L
dtQ2( )= ;(n o o (cippr + LB = M)erlpi! HJL=1(61'“1 +36)

and the result follows directly from Theorem 2.5.1 8f.[

To see (2), the policy that has the flexible servers give pyito station 1 trivially mini-
mizesQ, (t)/ 1 + Qo(t)/ s (it minimizes the combined idle time of the servers that caly o
work at queue 2). Combined with the proof of (1), this then iedfately yields (2). .

— Colt2 — C1PoM2,
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5 The Structure of Optimal Polices

In this section, we discuss optimal policy structure. Siweehave assumed that < oo, we
can applyuniformizatiorwith uniformization constant = 1 > A\j+Xo+(c1+co) max{py, po}+
L in the spirit of Lippman 13] so that instead of considering the continuous time proklem
described above, we consider the discrete time equivaldiiat is, optimal policies remain
unchanged while values coincide up to a multiplicative tamis Since we have uniformized
we restrict attention to the infinite horizon discountedtcsd the average cost cases. We
model the decision scenario as a Markov decision processa policyr = {d;,d», ...} and

for initial queue lengths = (4, j), define

N-—1

U]T/,G(x) =E7 [0"C (X, dn(X0))], (5.1)
n=0

= lim o5,(). 5:2)

w"(r) := limsup —wvy (7), (5.3)

where{X,,n > 0} denotes the stochastic process representing the queubdeatglecision
epochn. The equations(.1), (5.2), and 6.3) define thelV—stage expected discounted cost, the
infinite horizon expected discounted cost, and the longamamnage expected cost, respectively.
In the finite horizon problem only the portion of the policyguered for the time horizon is
used. Moreover, this has the interpretation of consideamipfinite horizon problem with only

a finite number of decision epochs possible. Again, in eask vz define the optimal values
y(i,7) == infren y™ (i, j), wherey = vy 9, v9, Or w depending on the optimality criterion.

One might note that as described we have defined policieslyoimeiude those that are
Markovian. However, our assumptions imply that this setcisially sufficient for finding an
optimal policy among all non-anticipating policies in trense that when searching over either
set the optimal values coincide.

To ease notation, lef(i) := ((: — ¢1)™ A L)S. Itis well-known that for eaclh > 0 the
valuev, ¢ satisfies thdinite horizon optimality equation&HOE)

’Un-i-l(i?j) = ’th +]h2 + 9()\121”(2 + 17]) + >\2’Un(i7j + 1) +g(l)’un(l - 17] + 1)
min { min{i,c; — k}pivn (¢ — 1, 5) + min{j, ¢ + k}pov, (4,5 — 1)
ke{0,1,....c1}

P — (A do + g(4) + min{i, e — kYpr + min{j, s + k}ao)]on (G, j)}). (5.4)

Similarly, if we replacev,, andv,,; with v we have thaliscounted cost optimality equations
(DCOE) and the optimal value, = v. In either case, a policy that achieves the minimum is
optimal under the respective criterion. We note that ar@alsgesults hold in the average cost
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case but the stability of the system must be considered. i@amiheaverage cost optimality
equationdACOE),

min  {min{i, ¢; — k}pqu(i — 1, 5) + min{j, o + k}pou(i, j — 1)
ke{0,1,....c1}

+ 1 — (M + A2+ g(i) + min{i, 1 — kg +min{j, o + ktpo)lu(i, j)}. (5.5)

It should be clear that under any non-idling policy all stsatemmunicate. It is well-known
(at least when all states communicate) that if a solutjanu), to the ACOE existsy is the
optimal average cost (independent of the initial stgtandu, called a relative value function,
is unique up to an additive constant. The next propositias ube results of Sectiofh to
provide conditions for convergence of the values and pesioi the infinite horizon discounted
cost case to those in the average case.

Proposition 5.1 Suppose eithgiAl) or (A2) hold. The following hold

1. The optimal average cost may be computed by limg; (1 — 0)v,(7, j) forany(i, j) €
X.

2. There exists a subsequengg,n > 0} such thatd,, T 1 anduy, (i,7) := vy, (i,7) —
vy, (0,0) — wu(i,j), wherew is a relative value function such théty, u) satisfy the
ACOE.

Proof. Note that for anyU > 0, the set{(i, j)|ih; + jhe < U} is finite. Moreover, under
the hypotheses of the proposition we have the existenceaf@/pvith constant finite average
cost. This implies the assumptions in Corollary 7.5.101af hold. The results now follow
from Theorems 7.2.3 and 7.5.6 df]]. .

The next result states that all of the flexible servers shbaldllocated to the station that is

of higher priority while staying within the class of non-ial policies.

Theorem 5.2 In the finite or infinite horizon discounted cost cases anchi dverage cost
case under the hypotheses of Propositioh there exists an optimal policy that satisfies the
following properties.

1. Servers are not allocated to station 2 unless there aressxcustomers in the buffer of
station 2 § > ¢»).

2. If there is enough excess capacity at station 1 to servefalie customers at station 2
((eg — i)™ > j — o), assign all excess capacity to station R.=€ ¢; — 1)
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3. If there are more excess customers at station 2 than caarbedwith the excess capac-
ity at station 1 (j — co)™ > ¢; — 7) there are but two possibilities.

(a) Prioritize station 1. Assign as many servers as possd#tation 1 with the caveat
that unforced idling should be avoided: £ max{0, ¢, —i})

(b) Prioritize station 2. Assign as many servers as possd#ation 2 with the caveat
that unforced idling should be avoided: € min{c;,j — ¢ })

Proof. We show the results in the finite horizon case. The other daflews similarly. The
first result follows trivially from the fact that unforcedlidg is not optimal. This implies that
for j < ¢, (there is no extra work for flexible servers to do) the optiredue fork is O.

Assume now thaf > ¢, and note that the no unforced idling assumption also rulegheu
possibility of an optimak in (5.4) such that; —i > kandk < j—co (K < min{c; —i, j—co});
otherwise servers would idle at station 1 while there is wottke buffer at station 2. Similarly
forc, —i < kandk > j — ¢ (k > max{c; —i,j — ¢»}) we would idle servers at station
2 while there is work to do at station 1. This leaves two caeesonsider. In the first case
c1 — 1> ] — co. Thatis, there is more excess capacity at station 1 thae thevork at station
2. Consider the following set

B(i,j) ={0<k<cala—-izk>j—c}

Fori < ¢y with & € B(i, j) the minimum in 6.4) is independent ok. Moreover, this is the
same value we would obtainif= ¢; —i = j — c3. Thus, in either case, an optimal action is to
setk = ¢; — i and the second result is proven. Of course whenc,, this case cannot occur
(in the case ofi > ¢;). Now consider the case whete— i < j — cy. That is, there are more
customers at station 2 than can be served by the excessédlegibMers at station 1. Define the
following set

Alij) ={0<k<ala—-i<k<j- e}
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Thus,

Unt1(2,7) = thy 4+ jho + M (va (i + 1,7) — v (2,7)) + Aa(vn (i, + 1) — v, (4, 7))
+9(@)[vn(i — 1,5 +1) —v,(i,5)] + min ){—(i — (e = k) fon(i — 1, 5) — vn(4,5)]

kEA(i,j
—(J = (2 + k) p2(vn(isj — 1) — vali, 5))}
+ipr(vn (i = 1,7) —vn(i,5)) + juz(vn(i, j — 1) —vn(i,5)) + vali, ) (5.6)

+9(@)[on(t = 1,5+ 1) —vn(i,j)] + kelgi(?j){—km[vn(i —1,j) = vn(i, J)]

+ kpa(on (i, j — 1) = vn(i,4))} 4 crpa (o (i — 1,5) — vn(i, )
+ C2lu2(vn(ivj - 1) - Un(zvj)) + UTL(Z>])
Since the quantities in the minimum are linearkithe optimal action is found at one of the extreme

points. That is to say, the optimal action is at one of theofelhg points: & = min{c;,j — co} Or
k = max{0,c; — i}. This proves the last case and the result is proven. "

The previous theorem implies that when the queue lengthiaaye enough so that no servers are
forced to idle the prioritization of customer classes defindere all of the servers should be placed;
the servers are not split between stations. In this casemigta think of the servers as a single server
with either rategi;, = c;pu; andziy, = copuo, respectively. With this observation it seems intuitivatth
the allocation decision can be translated to solving théogonas system with a single server at each
station.

5.1 TheSngle Server Case

Case 3 of Theorerh.2 still begs the question, “When should one prioritize statloor 2?” Suppose
c1 = co = 1. To ease notation defing,(—1,j) = v,(0,7) andv, (i, —1) = v,(7,0). Note that the
optimality equations in the finite horizon case reduce to

vt (i,5) = bt + jhz + 0 (Mon i 4+ 1,5) + Aova(isj + 1) + g(i)vn(i = 1,5 +1)

+, i {(1 —k)pavp(i — 1,5) + (1 + k)povn (i, j — 1)

1= O+ o+ 9(0) + (1= By + (L4 Kyo)loa (i, ) )
= ihy + jha + 9()\1vn(i +1,7) + Avn(i,j + 1) 4+ g(i)Bop (i — 1,5 + 1)
+ paon (i = 1,5) + poon (i, 5 — 1) + [1 = (A + A2+ 9(6) + 1 + p2)[on (i, )

+ min {kpalvn(i,g = 1) = a0, )] = kinloa(i = 1,5) = vl 9 }). - (6.7)

From (5.7) note that it is optimal to serve at station 1 (2) wheftv,, (7,7 — 1) — v,(¢, 7)) >
(<) pr(vn(i — 1,5) — va(i,5)). The next lemma follows in precisely the same manner as
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Proposition3.1. The proof is omitted for brevity.

Lemmab5.3 Lety = v,, vy or u depending on the optimality criterion. For all states;) the
following inequalities hold.

1oy(i,j+1) > y(i,j)

2. y(i+1,5) > y(i, ),
for eachd, where in the finite horizon case the result holds forall

For any functionf on the state space I&t; (i, 5) := f(i+1,7)— f(¢,7) andAy f (i, 7) :=
f(l,] -+ 1) — f(’L,]) Also, recall thatzk+1bk+1 — akbk = (akH — ak)bkﬂ + ak(bkﬂ — bk) =
ags1(bryr — b)) + (agr1 — ax)bx. The next result states that when = i, there exists an
optimal policy that is monotone in the number of customersation 2. This implies that for

each fixed;, there exists a (possibly infinite) control limit (i) such that it is optimal for the
flexible server to work at station 1 fgr< L. (i) and at station 2 fo§ > Lo(i).

Theorem 5.4 Suppose:; = u9 and lety = v,,, v or u depending on the optimality criterion.
The following hold

1,j) — Agy(i, j — 1) > 0.
2. Suppose = 0.
Ay (Av)y(i, j) = Aty(i, j) > 0 (convexity ini).

Awy(i —1,5) = Ay(i,j — 1) <0.

That is to say, from 1 ang(c) above we have under each of the optimality criteria

3. if it is optimal to allocate the flexible server to stationr2state(i, 7) it is optimal to
allocate it to station 2 fori, j + 1) (monotone iry)

4. wheng = 0, if it is optimal to allocate the flexible server to stationristate(, j) it is
optimal to allocate it to station 1 fofi + 1, j) (monotone in)
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Proof. We show the results far,. The others will follow by taking limits. Trivially all of
the results hold for, = 0. Suppose the results hold farand considern + 1. A little algebra
yields

Uns1(4, J) = ihi + jho + 9(>\wn(i +1,7) + Aovn (i, J + 1) + g(D)va(i — 1,5 + 1)
+[1— (N + Ao+ 90) +2u)on(i, §) + pop(t — 1,7) + po, (4,5 — 1)

+ pmin{on (i, j — 1) — va(i — 1, 9), 0}). (5.8)

Let k£ be the optimal allocation (0 or 1) at time+ 1 in state(i — 1,j + 1) and letk’ be the

optimal allocation in statéi, j — 1). Using the same allocation in statgs- 1, j) and (%, j),
respectively we have far> 1,5 > 1

Agvns1(i — 1,7) — Mgy (i j — 1)
> M[Bovn (i, §) = Bovn(i 41,5 = 1)) + Ao[Agvn (i = 1, j + 1) — Aguy (i, 5)]
+g(i— 1) A0, (i — 2,7+ 1) — g(i) Agun (2 — 1, )
(1 = B)Agvai = 2,3)] — (1 = K)Aavn(i — 1,5 — 1)
+ p[(1 4+ k) A0, (i — 1,5 — D] = p[(1+ &) Agvn (i, j — 2)]
—g(i — DA, (i —1,7) + g(i) Agv, (i, 5 — 1)
+ [1 = (M 4+ A+ 200)][Agvn (i — 1, ) — Aovy (4, — 1))
= M[Aoun (i, J) = Agon (i + 1,7 — 1)] + Mao[Aovn (i = 1,5 + 1) — Aguy (i, 7))
+ 1[Agv, (i — 2,7) — Agun(i — 1,5 — 1))
+ p[Agv, (i — 1,5 — 1) — Agv, (4,5 — 2)]
+ kplAovy (i = 1,5 — 1) = Aouy (i = 2, 7))
+ K p[Agv, (1 — 1,5 — 1) — Agu, (4,7 — 2)]
+ (i — 1D)[Ag0, (i — 2,5 + 1) — Agua (i — 1, 5)]
1= (A4 A+ 20+ g(0)][Agvy (i — 1, j) — Agun(i, 7 — 1)),

where the inductive hypothesis applies in each case exoefhd term with coefficienk. In
this case, it = 1, the term cancels with the first term with coefficigntThis is the case for
example wheni = 1. At j = 1, ¥/ = 0, butk = 0 or 1 while we must allocate the server to
station 1 in state§ — 1, j) and(4, j). The changes in the terms with coefficignare

w(l —k)Agv, (i —2,1) — plovn (i — 1,0) + (1 + k) Agv, (i — 1,0)
= p(1l—k)Asv,(i —2,1) + kulsv, (i — 1,0) > 0,

where the inequality follows by Propositi@nl and completes the proof of statement 1.
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Consider statement 2(a). Using.§) and ignoring the terms associated witfi) (since
£ =0) yields,
Afvni (i, j) = 9(A1A%vn<z’ +1,7) + A0 (i, + 1) + [1 = (A + Ao + 20)]ATv, (3, )
+ pATv, (i = 1, 5) + pATv (i, 5 — 1)
o+ p(minfon(i 42,5 = 1) = va(i +1,), 0} = min{un(i + 1, = 1) = a(0,), 0}
— minfun(i + 1,5 = 1) = 0a(i.j), 0} + min{v, (i, — 1) = va(i = 1,5), 0} ) ).
It should be clear that the terms associated With\, and uniformization all are non-negative
by the inductive hypothesis. Consider the terms with caefficu. Let £, (O or 1) be the
optimal allocation in staté + 2, j) andk] be the optimal allocation in state, j). Note that
the inductive hypothesis from statement 2(c) implies thatdptimal policy is monotone in

so thatk] = 0 impliesk; = 0. Assuming that we usk, in the second minimum ar in the
third we get a lower bound on the terms in question of

A(i, §) == pATon (i — 1,5) + pATon (i, 5 — 1) + p(ky [A v (i + 1,5 — 1) — Agvg (i, §)]
— K [An (i, 5 — 1) — Ayva (i — 1,5)]). (5.9)

There are three cases to considetklf= k| = 1, A(i, j) = 2ul3v,(i,5 — 1). If k; = Kk} = 0, then
A(i,5) = plA%v, (i — 1,5) + Av,(i,7 — 1)]. In either case, the inductive hypothesis yields 2(a). If
k1 = 0 andk] = 1, alittle algebra yields

A(i, ) = n[Aroa(i, ) — Aro(i,j — 1)] + pAfo(i,j — 1) 2 0,

where the first term is non-negative by the inductive assiom@(b).
To show that 2(b) holds consider only the termsfofv,, +1(i,5) — Ajv,41(i,5 — 1) that have
coefficientu (the other terms are analogous to the previous part),

Ao (i — 1,7) — Aqvp (i — 1,5 — 1) + plA1op (6,7 — 1) — Aqop (2,5 — 2)]
+ ,u(min{vn(i + 1,5 — 1) = vn(i,5),0} — min{vn(i,5 — 1) — va(i — 1,5),0}
— [min{v, (i + 1,5 —2) — v, (¢,7 — 1),0} — min{v,(i,7 — 2) —v,(i — 1,5 — 1),0}]).

Supposek, andk) represent the optimal allocations in statés- 1, j) and (i, j — 1), respectively. If
we mimic the allocations in the other two minimums we havefdlewing lower bound

B(i,j) = p[Arvn(i — 1,7) — Aron(i — 1,5 — D] + p[Aron(i, 5 — 1) — Aqop (4,5 — 2)]
F hap[Aqvn(i,§ — 1) — Aqon (i — 1,§)] — Kypu[Aqon(i,j — 2) — Ayon(i — 1,5 — 1)].

If ko = ko = 1,B(4,7) = 2u[Av, (4, j—1)—Ayvy (i, j—2)] > 0, where the inequality follows from the
inductive hypothesis at statement 2(b)kdf= &k, = 0, B(7, j) = p[Aiv,(i—1,75)—Arv,(i—1,j—1)]+
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A, (i, 5 —1) — Ay (i, § — 2)] > 0, again by the inductive hypothesis. Consider now the casswh
ko = 1andkl = 0. Inthis case3(i, j) = u[A3v,(i—1,5—1)]+p[A1v,(i,5—1) — Ay (i,5—2)] > 0.
To complete the proof of statement 2(b), suppbse= 0 andk, = 1. In this case we havB(i, j) =
/L[Alvn(z - 17]) - Alvn(imj - 1)] + 2#[A1’L)n(l,] - 1) - Alvn(ivj - 2)] > 0, by the inductive
hypothesis.
Consider now part 2(c). Again we note that only the terms wa#fficient present a challenge.
These terms are
IU[AIUTL(Z - 27]) - Alvn(i - 17] - 1)] + M[Al’[)n(l - 17] - 1) - Alvn(imj - 2)]
+ p((minfon (6,5 — 1) = va(i = 1,4), 0} = min{v,(i = 1,j = 1) = vai - 2,), 0}
- mln{’l)n(l + 17,7 - 2) - vn(iaj - 1)70} + mln{vn(zaj - 2) - Un(l - 17,7 - 1)70})
Let k5 and k4 represent the optimal allocation in statés- 1,5) and(i + 1,5 — 1), respectively. An
upper bound on the terms with coefficignts
C(1,7) = p[Arvp(i — 2,7) = Aqop(i — 1,5 — )] + plAron(i = 1,5 = 1) = Aqop (i, j — 2)]
+hsp[Arvn(i = 1,5 — 1) = Aqon(i — 2,5)] = kgpu[Aron(i, 5 — 2) = Agon(i — 1,5 — 1)].
If kg = k5 =1,C(i,7) = 2p[A1v,(i— 1,5 — 1) — Aqu, (4, § — 2)] < 0, where the inequality holds from
the inductive hypothesis in statement 2(c) whien 2 and 2(a) whery = 1. Similarly, if k5 = k% = 0,
Cli.§) = plA1vali —2,5) = Aron(i— 1,5 — D]+ p[Agva (i — 1,5 — 1) — A (i, j — 2)] < 0, where
again the inductive hypothesis yields the inequality when 2 and Lemmab.3 admits that it holds
wheni = 1. If k3 = 0 andkj = 1, then

C(i,5) = plArvn(i = 2,5) = Agon(i = 1,5 = 1)] + 2u[Arvn(i = 1,5 = 1) = Aqp(i,j — 2)] <0,
where again the inductive hypothesis yields the inequdfitys = 1 andk} = 0, C(4, j) = p[A1v, (i —
1,7 —1) — A, (i, — 2)] < 0, where the inequality follows by applying the inductive bipesis of
2(c) whenj > 2 and 2(a) wherj = 1. "
Theorem 5.5 Supposei hy > uoho and lety = v, v or u depending on the optimality criterion. If

1. 8 =0 (no upgrades) or
2. > p,
then for alli, 7 > 0 we have
—p2loy(i,j — 1) = paly(i, j — 1) — y(i,5)] = mly(i — 1,5) — y(i,5)] = = Ary(i — 1,5).

Thatis,u1 Avy(i — 1, 5) > ueloy(i,j — 1). Thus, under each of the optimality criteria, there exists a
optimal policy that always serves at station 1, except tacauaforced idling.
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Proof. Consider the finite horizon case. The result holds trivifdlyn = 0. Suppose it holds fon.
This implies that it is optimal to place the flexible servestgtion 1 except to avoid unforced idling.
Considem + 1 and supposé> 1,5 > 1
A1 (i = 1,5) = hi + 0| MA1vn (i, J) + Aedqvy (i — 1,5 + 1)
+ 1 Aron (i — 2,5) + poAqvp(i — 1,5 — 1)
+[1 = (AL + A2 + p1 + p2)]Arvp (i — 1, 5)
= gi)un (i) + g(i = Doni = 1,5)].

Similarly,

Agvn+1(i,j — 1) = h2 + 0 AlAgvn(i + 1,j — 1) + )\QAgvn(i,j)
+ 1 Doy (i — 1,5 — 1) + p2lavn (i, j — 2) + g(i) Agvn (i — 1, 5)
(1= O+ A+ a1+ g+ g (D)) Agun (i — 1)].

Consider nowu; Ajvp,41(i — 1, 7) — pelovy11(4, 5 — 1). Suppose(i) = 0 for all . Note that the
differences in the terms involving;, Ao, 11, o and that due to uniformization are non-negative by the
inductive hypothesis in each case. That is to say, the rbsids for3 = 0 as desired. Suppose now
thatg(:) > 0 for somei. Combining the remaining terms yields

(L= (A + A2+ pn + p2 + g(4))) [Mlﬂl’vn(i —1,5) — p2Bovy (i, j — 1)]
+ 9(0) [ Aoy (i — 2,5 + 1) — pelovy (i — 1, )]
+ A1g(t = Dpn(vn(@ = 2,5 +1) —vp(i — 1,5))
= (1= (M + A2+ p + p2+ (i) [Mlﬂl’vn(i —1,7) — p2lovy (i, j — 1)]
+9(i = D Arv(i = 2,5 + 1) — p2lovy (i — 1, 5)]
+ A1g(i — 1) (1 — p2)(Agv,(i — 1,5)).
The second result now holds for> 2 by the inductive hypothesis, the assumption that> us and
Proposition3.1 It remains to consider the case with- 1. In this case, the optimal policy ifi — 1, j)
is to assign both servers to station 2 (or not at all when1). Thus,
Arvni1(0,) = b1 + 0| M Aron(1,) + AeA10a 0, +1)
+ p2810,(0,5 — 1) + [1 = (A1 + A2 + p1 + p2)]A1va(0, 5)
+ 12800,(0,5 = 1)].

Again the terms ofi1 A1v,41(0, 7)) — pelov,+1(1,7 — 1) associated with\;, A2, and uniformization
(recallg(1) = 0) are non-negative via the inductive hypothesis. Simil&olyuo[u Aiv, (0,5 — 1) —
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12Aovy, (1,7 —2)] > 0. The last term\,v,, (0, j — 1) cancels and the proof is complete for:allTaking
limits asn — oo yields the analogous result in the infinite horizon case. didlye average case, define
a subsequencf,,,n > 0} as in Propositiorb.1 part 2. Taking limits and applying the ACOE yields
the results in the average case. "

6 Numerical Study and Examples

In this section we provide several examples and a detailetenoal study. In each of the examples
the state space was truncateds@tfor each station to make the MDP tractable. Given the resilts
Theoremb.5 one might wonder if the condition thag > 9 plays a significant role in determining the
optimal policy. The next example shows that indeed it does.

Example6.1 Assume:; = co = land suppose\; = 2; Ao =3, 1 =2, uo =3, 8 =1, L =T,
h1 = 1.5, hg = 1.

Sinceu1hi = pohy = 3 one might conjecture that the— g rule implies that the optimal policy is
to leave the flexible server at station 1 except to avoid wefdrdling. However, it turns out that the
optimal policy is to have the flexible server serve work atigite? except to avoid unforced idling. Upon
further inspection, this is intuitive sincg < L3 so that on the fluid scale all of the work is pushed to
station 2. On the other hand, if we replgege with 3, then as expected the optimal policy is to leave
the flexible server at station 1 except to avoid unforceagd(ias expected from the results of Theorem
5.5). In the prior case, the average cost is 7.8077 while in ttierlaase the average cost is 6.0735 (a
22% difference). Moreover, if we use the policy that pladesftexible server at station 1, in the system
with ;11 = 2, the average cost is 16.4862 (a 211% increase!).
The next example shows that there are cases that warrantca $eaan “optimal” upgrade rate.

Example 6.2 Suppose we have the following parametexs:= 3; A2 = 1;u1 = 3;u2 = 1.5;h =
1;hy = 7; L = 100.

Allowing (3 to range from zero to 2 yields the results shown in Figtirét should be clear that when

8 = 0, the system is unstabl€)((¢) — oo). Moreover one should note that the curve is unimodal, but
not convex ing. Thus, from a managerial standpoint, given a fixed set ofrpaters, one might search
to find the best upgrade rate.

An experiment was designed to see how changing the systénatitin and the holding costs affect
the usefulness of the optimal allocation of the flexible sem a system with upgrades. In each run, we
let the maximum buffer size of each queue be 35. We also fixalhefing parametersi; = Ay = 1;

L =10; 8 = .05. Define
A1

gireazi
Ao+ L

2= p2(2 — (AN — LB) /1)’

P1
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Figure 2: Average Cost v. Upgrade Rate

H1
25) P1

.6 .8 .95
.6 | 1.1667| .7500 | .5526
1.5909| 1.8750| 2.2826
pe | .8 | 1.1667| .7500 | .5526
1.1932| 1.4063| 1.7120
95| 1.1667| .7500 | .5526
1.0048| 1.1842| 1.4416

Table 1: Service rate inputs.

We note that in neither case dogs< 1 for i = 1,2 guarantee stability of the system. However, each
in some sense gives a measure of the congestion at eac stét@allowp,, po € {.6,.8,.95} and
hi,hy € {.5,1,3,7}. The service rates implied by each combinatiop0&ndp, are displayed in Table
1.

The average costs of the optimal policy and the base polatyassigns the flexible server to station
1 except to avoid unforced idling were computed. For eachthenpercent difference (divided by 100)
is obtained. The average cost percent difference betwessptimal and base policies across utilization
and holding costs combinations are displayed in Tabl®ne immediately notices that as increases
the average cost difference increases. This stands torsasme the higher the congestion in station 2,
the more important it becomes to spend time away from stati@mlike the base policy). By the same
token, the optimal policy is not often different than thedaslicy whenp, is small andp; is high (it
is optimal to serve at station 1). The point should also beenthdt the difference is significant when
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P1 hy
.6 .8 .95 5 1 3 7
.6 | 0.0659| 0.0579| 0.0205 0.0845| 0.0310| 0.0053| 0.0029
p2 | .8 | 0.0995| 0.2242| 0.1125 hs 0.1788| 0.0845| 0.0147| 0.0046
951 0.1019| 0.3270| 0.3254 0.3833| 0.2548| 0.0845| 0.0237
0.5186| 0.4102| 0.2073| 0.0845

~N|w| R,

Table 2: (Average Percent Difference)/100 across utibrend holding costs

Wy
Wi
W W, hy
2 P1
.5 1 3 7
.6 .8 .95
.51 0.1690| 0.0643| -0.2044| -0.3264
.6 | -0.1707| -0.0931| -0.0478
.510.4476| 0.5606| 0.6652 | 0.6764
0.1750| 0.2623| 0.2432
he | 1] 0.1992| 0.1645| -0.0132| -0.2486
P2 .8 | -0.3884| -0.1083| -0.0317
1| 0.3628| 0.4459| 0.6097 | 0.6711
0.2347] 0.5901] 0.5735 3 | 0.0879| 0.1980| 0.1661 | 0.0248
.95 -0.2293| 0.7544 | 0.7907
3 10.1326| 0.3278| 0.4460| 0.5762
0.0502 | 0.8163| 0.9800
7 | 0.1057| 0.0945| 0.2001 | 0.1642
7 10.1279| 0.1323| 0.3514 | 0.4446

Table 3: (Average Percent Decrease in Average Waiting Tith@8 across utilization and
holding costs
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po = .95; it is above 10% in each case and above 32% whempthe .8.

We see similar results when we consider the average differath regard to holding costs. Of
course when the holding costs are the samegnd uo, Theorem5.5 implies that the base case is
optimal. This is only violated in one instance (see Tablso that the terms down the diagonal are the
same. As for the other terms, one should note thataacreases relative th; the difference in costs
becomes more pronounced. In the worst case, it is over 17%.

We also examined (via simulation) the differences in avenagiting times between the base case
and the optimal policy. To do so, we calculated the waitimges of customers of each class after
30,000 time units of burn in and 30,000 actual time units.sMms done for 30 replications over each
of the combinations of the previous study. The results argatoed in Table3, wherelV; represents
the average waiting time of typecustomers and type 1 customers are called type 1 regardlessah
server actually serves them. The table on the left, whiclaffixed load averages over the 16 holding
cost cases, shows that for moderate loads, we get thevetoisult that the optimal policy has relatively
shorter waiting times for type 2 customers and longer waitimes for type 1 customers. However, at
high loads, there is a dramatic improvementlothtypes. This appears to be due to the fact that more
customers are upgraded than at lower loads, and the basg doks poorly with respect to these. On
the right hand side, we see that for almost all holding costsptnere is improvement for both types.

7 Conclusions

In this paper we have considered a new method of mitigatiegctincerns of waiting times for low-
priority customers while maintaining the prioritization & call center with two stations and flexible
servers. This is obtained by “upgrading” customers to higbriy if they have been waiting in queue
for some time. We also show several results that at first glamzy seem counter-intuitive. In particular,
we show that the allocation of flexible servers in this systemds to consider the relationship between
w1 and o directly (not justuihy and usho). This occurs in both the stability calculations and the
calculation of optimal policies. Moreover we provide cdradis under which the optimal policy mirrors
closely those that can be found in the literature.

We feel that this paper opens the door for several areas edirels. Since upgrades may be thought
of as reneging without the customer actually leaving theéesysit would be interesting to know how
control would work in larger multi-class networks with rgivey and upgrades. As we have pointed
out, the questions of both stability and control are wortilevhThere is also the question of direct
control of upgrades and flexible servers simultaneouslys iBtparticularly interesting since one might
consider both upgrades and downgrades in a call centeoenvant; it is unclear how much is gained
by providing immediate service in lieu of delayed servicdafer class customers. Since upgrades
in effect control the arrival process to the high class qumescan also ask the question if it would be
more prudent to affect the arrival process by alternativamsgfor example by pricing or even admission
control.
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