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Abstract

A fundamental aspect of designing systems with dedicated servers is identifying and
improving the system bottlenecks. We extend the concept of a bottleneck to networks
with heterogeneous, flexible servers. In contrast with a network with dedicated servers,
the bottlenecks are not a priori obvious, but can be determined by solving a number
of linear programming problems. Unlike the dedicated server case, we find that a bot-
tleneck may span several nodes in the network. We then identify some characteristics
of desirable flexibility structures. In particular, the chosen flexibility structure should
not only achieve the maximal possible capacity (corresponding to full server flexibility),
but should also have the feature that the entire network is the (unique) system bottle-
neck. The reason is that it is then possible to shift capacity between arbitrary nodes

in the network, allowing the network to cope with demand fluctuations. Finally, we



specify when certain flexibility structures (in particular chaining, targeted flexibility,
and the “N” and “W?” structures from the call center literature) possess these desirable

characteristics.

1 Introduction

In this paper, we are concerned with the problem of deciding how to cross-train a collection
of servers to perform a set of tasks. Absent additional constraints, we would like to identify
fundamental properties of the set of skills that each server should have. We are in general
interested in which sets of skills are needed to approach the same throughput performance as
that of full flexibility (i.e., all servers are trained for all tasks) while also being adaptable to
changes in the environment, manifested by perturbations in arrival and/or service rates. We
would like to do this in a very general setting, so that the system topology is general, there
can be many different demand types, and the servers are heterogeneous in their capabilities.

We perform our studies using queueing network models (our insights apply to more
general systems) and find that fundamental properties of sound flexibility structures can be
identified by examining a number of related linear programming problems (LPs). This allows
a designer to quickly evaluate candidate structures, leading to a smaller number of desirable
structures that may then be further examined using more detailed analysis (simulation or
other techniques, see the concluding remarks of this paper for more on the latter). An
important notion in our work is that of a system bottleneck, which generalizes the notion
of a bottleneck for a system with dedicated servers. Just as in the dedicated server case,
we find that one can make initial design decisions by simply doing a bottleneck analysis.
However, when the servers are flexible, then their time can be divided between stations in

the network, and the overall load at each station or set of stations depends on how much



time the servers capable of working at those stations in fact spend working there (rather than
simply on the number of servers allocated to each station and their respective service rates).
Consequently, it is no longer sufficient to consider only individual stations when determining
what “bottleneck” bounds the capacity of the system. In other words, the bottleneck set
may be a set of stations, rather than a single station.

We show that in addition to achieving the maximum possible capacity, it is desirable for
the unique bottleneck to consist of all of the stations in the network. When this is true, the
network is robust with respect to the assumptions that it is derived under. In particular, if
demands increase or service rates decrease, capacity from within the system can be shifted
to compensate for these changes. We will refer to flexibility structures possessing these two
properties as “capacity effective,” while recognizing that a manager may also be interested
in other objectives or constrained by other considerations, a point that is discussed further
in Section 5 below.

An important notion that has appeared in the literature is that of chaining, introduced
in the seminal paper of Jordan and Graves [22] and further developed by, amongst others,
Bassamboo et al. [7], Graves and Tomlin [12], Gurumurthi and Benjaafar [13], Hopp et al.
[18], Iravani et al. [21], and Sheikzadeh et al. [25]. Our results reinforce the insight in [22]
(and further developed in Chou et al. [10]) that chaining is desirable in homogeneous envi-
ronments, but also indicate that other flexibility structures often show better performance
in heterogeneous settings. A similar observation was made by Gurumurthi and Benjaafar
[13] who present numerical results showing that other flexibility structures could be better
than chaining (with throughput as the performance measure of interest). Using simulation
studies for a specific system where workers sharing the same role are identical, Jordan et

al. [23] discuss the robustness of chaining to errors in estimating system parameters (see



Section 3.3 in particular), which is in the spirit of our notion of effectiveness.

Our general results are used to identify when various flexibility structures are capacity
effective. For example, while prior works provide insights about when chaining is desirable,
we use the notion of a system bottleneck to identify explicit conditions guaranteeing that
chaining is capacity effective. This is done for systems of arbitrary size when there is structure
in the service rates (the servers are generalists). For systems with three servers and three
classes, we identify a sufficient condition for when chaining is capacity effective for arbitrary
service rates. While the resulting conditions are somewhat complicated, they do demonstrate
how our approach yields explicit conditions. We then proceed to specify when targeted
flexibility, in which all servers are trained for one class or one server is trained for all classes,
is capacity effective. As for chaining, this is done for systems of arbitrary size with generalist
servers and for systems with three classes and three servers for general service rates. We
also provide explicit results for the “N” and “W” flexibility structures that have arisen in
the call center literature.

The organization of this paper is as follows. Section 2 provides an overview of the main
results. Section 3 gives details of the queueing model under study. Section 4 demonstrates
how to locate the system bottleneck and discusses the connections between determining the
bottleneck and stability properties of the queueing system. Section 5 then discusses how the
bottleneck can be used to characterize capacity effective flexibility structures. Section 6 ex-
amines when specific flexibility structures (including chains) are capacity effective. Section 7
provides concluding remarks. Finally, the proofs of most of our results are provided in an
appendix, together with a discussion of how our work relates to the literature on complete

resource pooling.



2 Overview of Results

In this section, we provide an overview of the results in the paper. The notions presented
here are made precise and generalized in the following sections, but as the notation can get
somewhat involved, we present the main results here in as plain language as possible.

Consider the following queueing model. We have K demands in parallel, with customers
of each demand arriving at rate Ay. There are M flexible servers, where server j is capable
of working (if trained) on customers from demand k at rate p; .

Consider a system with full flexibility in that each server is trained to work on all demands.
This flexibility structure is depicted in Figure 1, where an arrow from a server to a demand
indicates that the server has been trained for that demand. This flexibility structure is
desirable in that it is both efficient (it maximizes capacity) and robust (it can deal with
fluctuations in demand and processing rates via server reassignment). However, it is costly
in that it involves the maximal possible server training (each server is trained to work on
all tasks). This raises the question of whether it is possible to achieve the benefits of full
flexibility in a less costly manner (i.e., with fewer server skills).

Suppose now that we are presented with the flexibility structure in Figure 2. We would
like to identify guidelines as to whether this is a good flexibility structure or not. Here,
what we mean by good is that the system is both efficient and robust, and hence achieves
the benefits of full flexibility (in a first order sense). We will show that efficiency is easily
checked by solving two linear programs (LPs) and that robustness can be verified by solving
at most another K LPs.

Our guidelines allow a system designer to quickly check many different flexibility config-
urations. To facilitate this task and illustrate our approach, we leverage our guidelines to

obtain a number of explicit conditions (in terms of the demand rates {\;} and processing
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Figure 1: Full flexibility

rates {/;x}) that guarantee that several flexibility structures of interest yield the benefits
of full flexibility, including the “2-chain” structure (Figure 3), targeting training on one de-
mand (Figure 4), and targeting training on one server (Figure 5). The remainder of the
paper provides details for the results summarized above, not only for the parallel queueing

model introduced here, but for networks of arbitrary topology.

3 Queueing Model

We consider a system with N mutually independent renewal arrival (demand) streams, with
rates \; > 0,7 =1,..., N. Arrivals from stream ¢ will be called type ¢ customers. There are

K > N queues in the system. We will call customers stored in queue £ class k customers,
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Figure 2: Proposed flexibility structure

and we define (k) to be the corresponding type of class k customers. The set of classes
IC; contains all classes with type i customers, ie., K; = {k : i(k) = i}. We assume that
K:NK; =0 when ¢ # j and that |, K; = {1,..., K}. This can be thought of as separating
different customer types into different queues, allowing the types to be treated separately, if
desired. Type ¢ arrivals from outside are routed to class k € K; with probability p . Upon
completion of service at class k, a customer becomes a class k&’ customer with probability
Py - In the parallel system discussed in Section 2, K = N, KC; = {i} for all ¢, and py = 1
for all k.

There are M servers. A server j has a potential service rate of u;, for class k customers.
Thus the server may or may not be trained to work on class k£ customers, and if the server is

trained to work on class k, the service times form an independent and identically distributed
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Figure 3: The “2-chain” structure

(ii.d.) sequence with rate j; . Servers can either work in parallel at a class, or work together
on a customer, in which case their service rates are additive. Without loss of generality, we
assume that Zszl ik > 0 for each server j =1,..., M. Let f;, = 1 if server j is trained for
class k and 0 otherwise. By varying the number and location of the ones in the set {f;}, we
can examine different flexibility structures. It is worthwhile to note here that we can extend

our results to unreliable servers. This will be discussed briefly near the end of Section 5.

4 Determining the Bottleneck

Let aj be the expected number of visits by a class i(k) customer to class k. To determine

ag, k= 1,..., K, we need to solve the following set of traffic equations for each customer
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Figure 4: Structure targeted on a single demand

type ¢ and all classes k € IC; visited by that customer type:
ar = Pok + Z k' Pk’ k-
k' eX;
We assume that (I — P')~! exists, where P is a K by K matrix with (4,7) entry p;; and
" denotes transpose. This is equivalent to assuming that all arrivals eventually leave the
network, and, in particular, that a; is finite for k =1,..., K.

Because there are multiple arrival streams, the notion of capacity is complicated, due
to the tradeoff over how much capacity to give to each demand type. We approach this
by measuring capacity with respect to how much a particular set of arrival rates for the K
demand types can be inflated (or needs to be deflated) in order to ensure the stability of the

system. In other words, we are maximizing the total capacity under the constraint that the
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Figure 5: Structure targeted on a single server

fraction of the total capacity that is given to each demand type remains unchanged. This

7 and is certainly appropriate when there

can be viewed as treating the demand types “fairly,
is just one demand type. Keeping the relative demands fixed is useful because otherwise we
would have to look at a polytope of achievable demands, rather than a single number.

To accomplish this, we consider the following allocation LP, where I' C {1,..., K} is a

subset of the set of all classes. The decision variables are {J;;} and 7, and we will denote

the optimal value of the LP by 7*(I"). We maximize 7 subject to

M
Zé‘,kﬂj,kfj,k > yapigk) keT; (1)
j=1
K
> Gk <1 j=1...M; (2)
st
S > 0, j=1,...M k=1, K (3)



The above LP determines the optimal assignments {47, } of servers to the classes in I' if we
increase the demands to the point of instability while keeping the relative demands fixed.
The constraint (1) guarantees that the service capacity allocated to class k is at least the
arrival rate. Constraint (2) prevents overallocation of a server, while (3) prevents negative
server allocations.

We call any set I' satisfying v*(I') = v*({1,..., K}) a bottleneck set. This is a natural
definition, as the bottleneck sets determine the maximum load, which is consistent with the
conventional use of the term “bottleneck.” If {1,..., K} is the unique bottleneck set, we will
say that the entire system is the unique bottleneck. Note that in the traditional (dedicated
server) setting, servers are uniquely identified with classes, so the set of bottleneck servers
is identical to the set of bottleneck classes. In our flexible server setting, there is similarly
a correspondence between the sets of bottleneck servers and classes, but this connection is
less immediate. In particular, the set of bottleneck servers is composed of all servers capable
of serving a class in minimal sets of bottleneck classes (these servers are highly utilized as
any such server has constraint (2) tight). In the traditional setting, the performance of the
system is improved by enhancing the capacity of the bottlenecks. In our setting, as the
potential service rates {4} of the servers are given, we will not be enhancing the capacity
of highly utilized servers, but will instead enhance the capacity of bottleneck classes by
training under-utilized servers to work there. This explains why the system bottlenecks are
more naturally defined as sets of classes, rather than sets of servers, in our setting.

We will use the allocation LP above to identify capacity effective flexibility structures.
However, we first make precise the notion that v*({1,..., K'}) is a measure of the stability
of the network. Let Qx(t) > 0 be the queue length at class k at time ¢ (including customers

in process, if any) and let Q(t) be a vector whose kth entry is Qx(t). The norm |Q(t)| is
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defined as Zszl Qr(t). The following result has been shown for N = 1, see Theorem 1 of

Andradéttir et al. [4], and here it is extended to an arbitrary number of demand types.

Proposition 1 (i) For any set of arrival processes with rates vA;, i = 1,..., N, where
v <y ({1,...,K}), there exists a server scheduling policy such that the distribution of the
queue length process {Q(t)} converges to a steady-state distribution ¢ as t — 0o.

(ii) For any set of arrival processes with rates y\;, i = 1,..., N, where v > v*({1,..., K}),

P(|Q(t)| — o0) =1 for any server scheduling policy.

Proof. The proof follows from Theorem 1 of [4], where p;, A, and ay in [4] are replaced
by ik fiks v, and agAi), respectively, from this paper. Replacing oy in [4] by arAix) is
equivalent to setting poy in [4] equal to N pok/ SV A\ in this paper. (For future refer-
ence, note that appropriate generalized round-robin server scheduling policies are explicitly
constructed in [4].) &

An immediate corollary indicates whether the system with the given arrival processes

can be stabilized.

Corollary 1 (i) If v*({1,...,K}) > 1, then for the set of arrival rates {\;}, a server
scheduling policy exists such that the queue length process {Q(t)} converges to a steady-state
distribution ¢ ast — oo.

(i) If v*({1,..., K}) < 1, then for the set of arrival rates {\;}, P(|Q(t)| — oo0) =1 for any

server scheduling policy.

5 Characterizing Effective Flexibility Structures

Let 4 be the largest possible value of v*({1,..., K}), which occurs under full flexibility when

fig=1forj=1,..., M, k=1,..., K. We are interested in identifying fundamentally sound
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structural properties for a given set {f;;} that are explicitly verifiable given the system’s

parameters. We will see that we would like to choose {f;x} such that

7L LK) =75 (4)

and

¥(T) > ~v*({1,...,K}) for all strict subsets I" of {1,..., K'}. (5)

As discussed in Section 2, the first property (4) indicates that we would like the flexibility
structure to be efficient, i.e., it can handle the same load on the queues as full flexibility.
The physical interpretation of the entire set of tasks being the unique bottleneck (5) is
that it is possible to shift excess capacity from any class to any other class, which should
aid in alleviating both long-term and short-term workload imbalances. Thus the flexibility
structure is robust with respect to the assumptions it is derived under. This is discussed in
more detail below. Properties (4) and (5) are likely to be appealing to a manager in that (4)
ensures optimal performance in the present environment, while (5) establishes the ability to
rapidly adapt to changes, and is hence aimed at future performance. Also, note that (5) is
satisfied under full flexibility when p;;, > 0 for all j, k, so flexibility structures satisfying (4)
and (5) can be said to offer the benefits of full flexibility (in a first order sense).

Note that if (4) and (5) are satisfied but the wrong scheduling policy is chosen, an artificial
bottleneck may develop at demand rates much less than optimal. Fortunately, avoiding this
situation is always possible, see the proof of Proposition 1. Thus we can decouple the question
of how to design a flexible system in terms of choosing skills for the available servers from
the question of how to identify a scheduling policy to ensure a given level of throughput
performance. From this point on, we will be concerned only with the issue of choosing a

flexibility (skill) structure. Gurumurthi and Benjaafar [13] also show that performance can
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be policy dependent using numerical results for Markovian systems (optimal policies are not
identified).

In general, the conditions (4) and (5) must both be checked. Consider a system with
M = 3 servers and N = K = 3 classes in parallel, with arrival rates Ay = Aos = A3 = A. Let
P = f12 = P = fo3 = M31 = f33 = pand juy 3 = g1 = pz2 = 241 Then, the (chaining)
flexibility structure fi1 = fi2 = foo = fos = f31 = f33 =1 and f;; = 0 otherwise satisfies
(5), but v*({1,..., K}) = u/X <5 =2u/\, so (4) is not satisfied. On the other hand, the
(dedicated) flexibility structure fi3 = fa1 = f32 = 1 and f;; = 0 otherwise satisfies (4), but
not (5) (v*({k}) =~*({1,2,3}) for k =1,2,3).

On the computation side, we do not need to evaluate (5) for all I', as if I' C I, 4*(I") >
v*(I') (see (1)). This implies that we need only check (5) for at most all subsets of T
consisting of K — 1 classes. Thus, in order to check the conditions, we need to solve at most
K + 2 LPs (one for the given flexibility structure, one for full flexibility, and K with one
class removed).

To make more precise the notion of being able to shift capacity, we see that (5) implies
the following more formal result. The first part of Theorem 1 states that if the entire system
is the unique bottleneck, and there is a change in the underlying environment such that
a demand \; decreases, then the system can accommodate increased demand for all other
customer types ¢’ # i. Flipping this around, if there is a change in the underlying environment
such that a demand increases, any other demand may be decreased to compensate (at least
in part). The second part shows that we cannot shift capacity into a bottleneck set from
outside. For example, this implies that increases in demand within the bottleneck can only
be compensated for by decreases in other demands within the bottleneck. The proofs of

Theorem 1 and 2 in this section are provided in Appendix A, together with a corollary of
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Theorem 1.

Theorem 1 (i) Suppose that (5) holds. For any i € {1,...,N}, if \; is decreased, then
v({1,...,K}) is increased.
(i) Suppose that (5) does not hold for some strict subset I' of {1,...,K}. Then, for all i

such that IC; N T = 0, if we decrease A\; by any amount, v*({1,..., K}) remains unchanged.

It may also be worthwhile to express our results about the sensitivity of system perfor-
mance to changes in the service rates. The interpretation of Theorem 2 below is similar to
that of Theorem 1, only the uncertainty in the environment that is being addressed is that

in the service rates.

Theorem 2 (i) Suppose that (5) holds. Fiz j € {1,...,M} and k € {1,..., K} such that
ik > 0. If we increase ;. fix, then v*({1,..., K}) is increased.
(i1) Suppose (5) does not hold for some strict subset I' of {1,...,K}. Fiz k ¢ T'. If we

increase . fix by any amount, then v*({1,..., K'}) remains unchanged.

Theorem 2 bears some resemblance to work on “complete resource pooling” in the diffu-
sion limit literature, even though the questions being addressed are different. For the sake
of continuity, the discussion of connections between that body of work and ours is included
in Appendix B.

Our results are easily extended to unreliable servers. If the proportion of time server j
is up is given by u;, then we can simply replace p; by ;i in the preceding development,
so that capacity effective flexibility structures that account for server failures would simply
be based on the effective rates u;u; ;. One could also extend these results to more complex
failure models (allowing for class failures and dependencies), but one would have to examine

a similar generalization of the allocation LP given by (4)-(6) in [5].
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Finally, while we believe (4) and (5) provide valuable insights and guidelines for design-
ing desirable flexibility structures, they are certainly not the final word on this subject. For
example, our observations are specific to throughput as the performance measure, the situa-
tion becomes more complex for performance measures such as mean waiting times or holding
costs. Also, while our results give guarantees as to when changes in demand or processing
rates may be accommodated, a manager may also be interested in flexibility that targets
sources of variability. Moreover, we have not considered constraints on server flexibility
(e.g., certain tasks may not be performed by the same server, while other tasks may require
a dedicated server) or on cost. Such constraints may lead one to make lower investments
than recommended here (e.g., if the return on investment is not sufficient), or additional in-

vestments. More detailed analysis would need to be performed for such additional concerns.

6 Specific Flexibility Structures

In this section, we examine specific flexibility structures with the goal of identifying when
they are capacity effective (in the sense of equations (4) and (5)). We start by considering
chains, which have been suggested as desirable flexibility structures in the literature (see
Section 1). We by no means claim to be the first to explore this issue, but with the pioneering
work of [22] as a starting point, we endeavor to identify explicit conditions under which
chaining is and is not capacity effective, for specific systems. This is the subject of Section 6.1.
Section 6.2 examines when targeted flexibility (where all flexibility is concentrated on either
one class or one server) is capacity effective. In both Sections 6.1 and 6.2, we present results
for systems of arbitrary size and structured service rates, as well as results for three classes
and three servers for arbitrary service rates. Finally, Section 6.3 discusses when two popular

structures (the “N” and “W” structures from the call center literature) for small systems
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are capacity effective (in complete generality). The proofs of all results in this section are
provided in Appendix C.

Define \, = agAik)- In the remainder of this section, our insights depend only on the
values of A, and hence will hold for all network topologies that give rise to the same values
of A. Just to give one small example, let K = 3. The following three systems all give rise

to 5\1 = 5\2 = 1.0 and 5\3 =0.5.

1. The three classes are in parallel (with N =3, \; = Ay = 1 and A\3 = 0.5, K1 = {1},

Ko = {2}, Ks = {3}, Po,1 = Po,2 = P03 = 1, and Dk = 0, kK =1, 273)-

2. The three classes are in tandem (with N =1, \y = 1, K; = {1,2,3}, po1 = p12 = 1,

P23 = 0.5, and P21 = P22 = P31 = P32 = P33 = 0)-

3. The three classes are in tandem with feedback (with N =1, A\; = 0.5, Ky = {1,2, 3},

Po1 =DPi12=1,pa1 =pa3=0.5, and p3; =p32 = p33 =0).

Much of the literature is based on the parallel server model (in particular [12] and [22] base
their insights on such a model). In addition, the literature on call centers is concerned with
such models. For excellent overviews of the vast literature in this area, see Aksin et al.
[1, 3] and Gans et al. [11]. Here, our insights are for more general systems, but also include

parallel systems as a special case.

6.1 Chains

Let pjr = p = 100, K = M = 10, and A= [64,53,123,99,78,118,82,84,117,132], where
the kth entry in the vector \ is the arrival rate \y. Now, consider the “2-chain” flexibility
structure f;; = fjj41 = Lfor j =1,...,9, fio10 = fion = 1, and f;r = 0 otherwise (see

Figure 3 for a “2-chain” with M = K = 5). One can verify that this structure satisfies (4)
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and (5) with 4 = 1.0526, and thus Theorem 1 (i) holds and the system is stable. For this
kind of system, we can, in fact, state a more general result. We suppose that the servers
are “generalists” in the sense that p; is given by B, for j=1,... .M and k =1,... K.
Here, (3; characterizes the intrinsic speed of server j and py; captures the inherent difficulty
of class k. Also, let I';,, be the set of consecutive classes starting at ¢ and containing n

classes, where K and 1 are also considered consecutive classes. For example, I';; = {i} and

Ik_13={K —1,K,1}. Finally, define I'y,, = ' .

Proposition 2 If K = M, p;, = Bjur > 0 for all 3, k, and

M
Zjeri—l,n+1 6j > Zj:l ﬁj
Sers, M/t Yoy A/t

fori=1,..., K andn=1,...,K=2, then the “2-chain” flexibility structure f; ; = f; j+1 = 1,

(6)

j=1,....M =1, fiu = fi1 =1, and f; =0 otherwise, satisfies (4) and (5).

The condition (6) states that the offered load due to any subset consisting of adjacent
classes in isolation must be less than the overall system load. It may be useful to note that
(6) automatically holds forn € {K —1,K} and alli=1,... K.

To further illustrate under what circumstances 2-chaining is capacity effective, we exam-
ine three special cases. We first consider the case where the servers are identical. For the

following corollary, define the average arrival rate (over all classes) as A = Zszl /K.
Corollary 2 If K = M, p;, = p, for all j,k, and

3 A< (4 DA, (7)

keri,n
fori=1,...,Kandn =1,..., K=2, then the “2-chain” flexibility structure f; ; = fjj+1 = 1,

j=1,....M =1, fium = fi1=1, and f; =0 otherwise, satisfies (4) and (5).

18



The condition (7) requires the arrival rates to be balanced in an appropriate manner. In
particular, it limits to what degree groups of neighboring arrival rates can differ from the
average, and also limits the maximum arrival rate to be less than twice the average (). One
particular example where (7) trivially holds is if Ay = A for k=1,..., K.

Suppose that in the above setting A = X and ik = i for all j, k (i.e., the service rates
depend only on the class, a common assumption in the literature). Similar to Corollary 2,
(6) translates into a condition which requires groups of neighboring mean service times to

be close to the average mean service time, given by m = (Zszl 1/,uk) /K.
Corollary 3 If K = M, A =\, for all k, p;, = pu for all 3,k and

> Ve < (n+1)m,

keri,n

fori=1,...,Kandn=1,..., K=2, then the “2-chain” flexibility structure f; ; = f;j+1 = 1,

j=1,...,.M =1, fju=fi1 =1, and f; = 0 otherwise, satisfies (4) and (5).

Finally, suppose that M = A and wir = B for all j, k (i.e., the service rates depend
only on the server). Similar to Corollary 2, (6) translates into a condition which requires

groups of neighboring mean service rates to be close to the average mean service rate, given
3 M
by = ijl Bi/M.

Corollary 4 If K = M, A =\, for all k, p;, = B; for all 3,k and

7€l nt1

fori=1,..., K andn =1,..., K=2, then the “2-chain” flexibility structure f; ; = fjj+1 = 1,

j=1,...,.M =1, fiju=fi1 =1, and f; = 0 otherwise, satisfies (4) and (5).

The results above are consistent with the work of Chou et al. [10], who show that long

2-chains perform well when demand and service rates are homogeneous. Our results above
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quantify the degree to which demand and service rates may deviate from homogeneity in
long 2-chains, while still being capacity effective.

Our conditions may also be useful in analyzing structures within which a chain exists.
One example of this is the “tailored chaining” approach of [7]. A particular system that has
this structure is given in Figure 6. For the model in [7], where j1;, = p and A = A for all Ik,

Servers
Demands

Figure 6: Tailored Chaining

and K arbitrary (M = 2K for this structure), it is not difficult to show that the proposed
“tailored chaining” structure satisfies (4) and (5). It is also not difficult to show that the
“tailored pairing” approach of [7] satisfies (4) and (5) for arbitrary K (M = K+ K(K+1)/2
for this structure) under the same assumptions on the arrival and service rates.

We will next discuss when chaining is the minimal capacity effective flexibility structure.

For the example at the beginning of this section, if we “break” the chain by setting f54 = 0,
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we then have v*({1,..., K'}) = 0.9859, the system is unstable, and (5) does not hold. One
general result that we can show is that, if M = A for all k, then chaining is a minimal
capacity effective flexibility structure. This is consistent with the observation on the value

of “completing the chain” in [18, 22].

Proposition 3 Suppose that K = M, i, = i, and Mo = \ for all j, k. If for the “2-chain”
structure described in Proposition 2 we change f;j from 1 to 0 for some j, k, then (5) is

violated.

Proposition 2 and Corollaries 2, 3, and 4 illustrate how the order of the classes and
servers matters. For example, Corollaries 2, 3, and 4 require, respectively, the average
adjacent arrival rates, mean service times, or service rates not to differ too far from their
overall averages A, m, and 3. Thus, some “2-chain” flexibility structures may satisfy (4) and
(5), but not others. The third paragraph of Section 5 provides an example with a “2-chain”
structure which satisfies (5) but not (4). The “2-chain” structure fi1 3 = fo1 = f32 = fi2 =
fa3 = f31 =1and f;, = 0 otherwise satisfies both (4) and (5).

Finally, we present a general result for when 2-chaining is capacity effective, in the case
when K = M = 3 and service rates are arbitrary. As far as we know, this is the first explicit
result in such generality, as previous analytic results [10, 22] have been for systems with
homogeneous servers. The conditions in the first part of Proposition 4 quantify the intuition
that in order for 2-chaining to be desirable, no one arrival rate should be too dominant ((8)
can be rewritten to reflect this for class k) and no server should be too dominant (both (9)
and (10) can be rewritten to reflect this for server j). Moreover, the proof of Proposition
4 shows that it is not capacity effective to target all flexibility on a single demand when

condition (8) holds, or on one server when conditions (9) and (10) hold. The conditions are

21



actually written in terms of service rates normalized by corresponding arrival rates, i.e., we
let fijx = pyn/ N for 5,k =1,2,3.

The second part of Proposition 4 gives sufficient conditions under which we can choose
a specific 2-chain that satisfies (4) and (5) for K = M = 3. For all servers j and pairs of
classes (k, k'), let p;/p; denote the relative ability of server j at class k (relative to the
server’s ability at class &£’). Condition (11) of Proposition 4 shows that if each server has the
largest relative ability for one pair of classes (1,2), (2,3), or (3,1) and the smallest relative
ability for another pair, then each server should be assigned to the pair of classes where
his/her abilities are the most balanced. This chain ensures that the servers never spend time

at classes where they have the lowest relative ability (relative to any other class).
Proposition 4 Suppose that p;, >0 for j,k =1,2,3 and

1. for all j, 7', j" and k, k', k" such that {j, 7', "}, {k, K, K"} = {1,2,3}, and p;; <

min{uj/7k/, /Lj//7k//}, either

_ _ Pk + Bk _ _ Pk + Bk
I[,L‘/’k/ S ,U/'”,k" <f) or M‘N’k// S ,U",k' (f) 3 8
J J :uj",k” + /'Lj”,k J J ,uj/,k’ + ,LLj’,k ( )

2. for all 3, 5', j" and k, k', k" such that {j,7',7"}, {k, k', K"} = {1,2,3}, and p;) >

max{uj/,k/ 5 ,uj//,k//}, either

_ _ ﬂj,k}" —I— ﬂj",k” _ _ ﬂj,k" + ﬂj’,k"
ke 2 [k (f) or [k 2 [k (f> 5 (9)
’ ’ gk~ L ke ! ’ Hje + [ k!
3. forall j,k=1,2,3,

Sz Draslor. 0

J'# Zk'#k Hie

Then a 2-chain flexibility structure satisfies (4) and (5). In particular, if

H2,1 < M1 < H3,1

p22 T 12— 432’

13,2 < 12,2 < 1,2 (11)
w33 — 2,3 — 41,3’

M3 M3 o H23

M1, T M3 T p2a
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Then (4) and (5) hold for the 2-chain flexibility structure with the non-zero values of fjy

being given by fi1 = fi2 = foo = foz = f33=f31 = 1.

6.2 Targeted Flexibility

It is not true that (4) and (5) only hold if the flexibility structure is a chain. Consider the
following example. Let M = K = 2, p;, = 1 for all j, k and M=1—-2 ) =1—c¢ for
some 0 < ¢ < 1/2. Now, for this example the “2-chain” structure and full flexibility are
identical, with 4 = 2/(2 — 3¢). If we set fy; = 0, then (4) and (5) still hold. However, if we
set fi2 = 0, then v*({2}) = 7*({1,2}) = 1/(1 — ¢), and thus both (4) and (5) are violated.
This discrepancy is due to the unbalanced demand.

The above idea can be generalized to the following result, which can be thought of as the
other extreme from balanced demand. The resulting flexibility structure is in some sense
the opposite of chaining: all servers must be trained for demand type 1, while M — 1 servers
are each trained for a different one of the remaining demands (see Figure 4 for an example
with K = M =5). It is instructive to note that this structure requires fewer skills than the

“2-chain” structure.

Proposition 5 Suppose K = M > 2, p;, = p for all j, k, A > (M — 1)p, and Zfil i <
M.

(1) The structure f;1 =1, j=1,....M, f;;, =1,5=2,....M, and f;j, = 0 otherwise
satisfies (4) and (5).

(i) The “2-chain” structure described in Proposition 2 does not satisfy (4).

As for the chaining structures in the previous section, we can generalize Proposition 5 to
arbitrary service rates in the case when there are three servers and classes. In what follows

we use the convention that 0/0 = 0 and /0 = oo when x > 0. Note that conditions (13)
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and (14) imply that server 3 (2) has the largest relative ability at class 3 (2) (relative to the
server’s ability at class 1), and that condition (12) implies that server 2 (3) can cover the
work at class 2 (3) while also helping with class 1. Moreover, Proposition 6 is consistent
with Proposition 5 in that when i, = p for all j, k (the case considered in Proposition 5),

conditions (13) and (14) always hold, and condition (12) holds if ) is large relative to Ag, As.

Proposition 6 If K = M =3, pe1, 31 > 0,

lfl,l + lfS,l - lfz,z - Af2,1 + ,lfz,Q7 (12)
M3l + H3z  p33 1t H2

meax{w,@}, and (13)
H3.1 Hi1 H21

@zmax{&,@}, (14)
21 H11 H31

then the flexibility structure

Loif (G, k) € {(1,1),(2,1),(3,1),(2,2),(3,3)},

0 otherwise

Jik =
in which all servers are trained at class 1 satisfies (4) and (5).

We now consider the case where one server dominates. Consider the following example.
Suppose that M = K = 3, \; = A = A3 = 3.5, and the service rates are i = pap = 1
for all & and poy = 10 for all k. If we set fi1 = fs3 = fo1 = fo2 = fo3 = 1 and all
other f;; =0, then it is not difficult to show that (4) and (5) hold. If we use the “2-chain”
structure, i.e., fi1 = fia = fo2 = fo3 = faz3 = f31 = 1, and f;; = 0 otherwise, we see that
(4) and (5) are both violated.

We can generalize this example. If one server is sufficiently dominant in terms of its
service rate, we have the following result, similar in spirit to Proposition 5. In this case, one

should simply train the dominant server for all demands, with the remaining servers trained
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for exactly one demand (see Figure 5 for one example of this with K = M = 5). Not only
does this result in a more capacity effective flexibility structure, it requires fewer skills than

chaining.

Proposition 7 Suppose K = M > 2, pjp, =pn, j=2,...,M, k=1,...,K. In addition,
assume that \; = \, i = 1,..., K. If, for somed > K + 1, mr=du, k=1,..., K, then
(i) The structure fip, =1, k =1,...,K, fj; =1, 7 =2,...,M, and f; = 0 otherwise
satisfies (4) and (5).

(i) The “2-chain” structure described in Proposition 2 does not satisfy (4).

Note that it is not difficult to relax the condition that K = M > 2 and d > K + 1 to
2K+ M > 2and d > K — 1 in part (i) of Proposition 7.

We can also give the following result for arbitrary service rates, similar in spirit to Propo-
sition 6. Note that conditions (16) and (17) imply that server 2 (3) is relatively better at
class 2 (3) than server 1 (relative to classes 1,3 (1,2)), and condition (15) implies that server
1 can cover the work at class 1 while also helping with classes 2 and 3. Moreover, Proposition
8 is consistent with Proposition 7 in that when (i ;, = dp and 5, = p for j =2,..., M and
all k and \; = A for all i (the case considered in Proposition 7), conditions (16) and (17)
always hold, and condition (15) holds if d > 1, so that p, 4 is large relative to po g, i3 for

all k.

Proposition 8 If K = M =3, pi2,/13 > 0,

_ _ Mg+ i3\ Mg+ 2
M1 > max oo | ————— |, U33 | — ——— ) (15)
1,3+ 1433 12+ fi22

32 < N1,2’ 2.3 < M1,3’ (16)
H33 H1,3 H22 H12

Hii s B21 g Bl Hs1 (17)
12 H2 2 H13 133
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then the flexibility structure

1 oaf (5, k) € {(1,1),(1,2),(1,3),(2,2), (3,3)},

0 otherwise

Jik =
in which server 1 is trained at all classes satisfies (4) and (5).

The results to this point have given scenarios that suggest either chaining or concentrating
all training on either one demand type or one server. For these extremes, we provide explicit
results for the flexibility structures to satisfy (4) and (5). This shows that capacity effective
flexibility structures could range from being balanced like the “2-chain” structure to focusing
all flexibility (beyond satisfying base demand) on one demand or on one server. To enumerate
all intermediate possibilities and study their performance is impractical, but one can envision
that anything between these two extremes would be possible, depending on the level of

heterogeneity.

6.3 The “N” and “W?” structures

In this subsection, we discuss two other flexibility structures for small, parallel systems
that have been studied in the call center literature. The first is sometimes referred to
as the “N” structure, see Figure 7. It has two servers, two classes (M = K = 2), and
a flexibility structure where one server is trained for both classes, the other for just one
class. Such a structure has arisen in a number of settings, in particular the bilingual call
center model of Stanford and Grassman [27]. This model has also been studied by Shumsky
[26]. We assume that the servers and classes are labelled such that py; > 0, p2o > 0,
pi2 >0, pyaflas > plopiy e, and 5\1//1471 < 5\2//12,2. We will consider the flexibility structure
fi1 = fiz = fa2 =1 and fo; = 0. The following result generalizes part (i) of Proposition 7

to more general arrival and service rates when there are two servers and classes.
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Demands Servers

Figure 7: The “N” structure

Proposition 9 The “N” structure described above satisfies (4) and (5).

The interpretation of the above result is quite straightforward. First, to achieve maximum
throughput, server 2 should be at class 2, server 1 at class 1 (unless idle). To be able to shift
capacity in an appropriate manner, the load at class 2 using server 2 only must be greater
than the load at class 1 for server 1 only. Here, server 1 must be able to serve class 2, but
fluctuations in the load at class 1 can be handled by server 1 alone. It is easy to see that the
wrong “N” structure may achieve arbitrarily poor capacity. Fix A=Ay = Ho1 = o2 = 1.
Also, let 111 and g1 9 go to zero. Here, the assumption 5\1//11,1 < 5\2//@72 is violated. Then
the capacity of the “N” structure described above approaches zero, while if we change fs,

to 1 and f12 to 0 (also an “N” structure), then the capacity goes to 1/2.
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The second flexibility structure from the call center literature that we consider is some-
times called the “W?” structure, see Figure 8 (see also Saghafian et al. [24] for a detailed study

of the “W” structure). It has M = 2 servers and K = 3 classes, with each server trained for

Demands Servers

Figure 8: The “W” structure

two classes in such a way that all three classes are covered. Without loss of generality, we

assume that the servers and classes are labelled such that

H1,3 < H1,2 < ,u1,1' (18)
H23 H22 H2.1

Furthermore, we assume that g7 > 0, 12 > 0, po2 > 0, peg > 0, and the following

inequalities hold:

A A A

=< 242 (19)
H11 12,2 2,3

A A A

2 A2 (20)
H23 H11 H12
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The “W” flexibility structure that we consider corresponds to fi1 = fi2 = fo2 = foz =1
and fo; = fo3 = 0. In light of (18), this flexibility structure corresponds to training both
servers for the class that has the most balanced rates between servers, and having only server
1 serve class 1 and only server 2 serve class 3. The assumptions (19) and (20) require the
load at each of the classes where there is only one server to be strictly less than the load at
the remaining two classes if served by the other server. This means that the two servers must
both work at class 2 at optimal throughput levels. This gives simple sufficient conditions in

terms of the system parameters.
Proposition 10 The “W” structure described above satisfies (4) and (5).

Note that an arbitrarily defined “W” structure can be significantly worse than that
described above, so that the labeling of classes and servers (18) and the assumptions (19)-
(20) are crucial. Let M = XA = A3 = 1 and begin with pir = 1 for j,k = 1,2,3. If we
change p;1 to be close to zero, then the capacity will be close to zero. Here, (18) and (19)
are violated. Choosing any other “W” structure that has f;; = 0 results in capacity 2/3. If
we instead let p1 2 be close to zero, then the capacity will be close to 1/2, compared to the
capacity of 2/3 for any “W” structure with f; o = 0. In this case, (18) is violated.

It appears that it would be quite straightforward to use (4) and (5) to quickly evaluate

other structures.

7 Concluding Remarks

We have provided means to identify flexibility structures that are throughput optimal and
adaptable to changes in the environment, manifested by perturbations in arrival and/or

service rates. Our approach is not only intuitive but is also computationally efficient. To

29



accomplish this, we have extended the notion of a bottleneck to queueing networks with
flexible, heterogeneous servers, so that the bottleneck may include several queues and servers.
As a result, we have identified minimal conditions that should be required of any flexibility
structure, if possible. We have further specialized these results to obtain insights for more
specific structures, including chains.

Our research yields the following managerial insights:

1. Asin a system with dedicated servers, the bottleneck limits system performance (in this
case throughput and adaptation to changes in the environment). The bottleneck may
span several classes and may not be obvious a priori, however it is easily determined

by solving several associated LPs.

2. It is desirable for the unique bottleneck to be the entire set of classes because this
allows capacity to be shifted to compensate for fluctuations in demand and/or service

rates.

3. When demand and service ability are sufficiently balanced, skill chaining is known
to be an effective strategy, but it is suboptimal in more heterogeneous settings. We
have provided explicit criteria for determining precisely when chaining and other cross
training strategies are capacity effective (i.e., throughput optimal and adaptable to
changes in the environment), including the well known “N” and “W” structures defined

in the call center literature.

In terms of future work, one obvious question is: given a number of flexibility structures
that are all fundamentally sound, how could one make a more refined choice? This is a topic
of recent interest, see in particular the work of Aksin and Karaesmen [2] and Iravani et al.

[19, 20, 21]. To this end, we are currently interested in how the work in this paper can be
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leveraged into developing metrics that compare flexibility structures. Here, one is typically

interested in performance metrics such as (mean) waiting times, holding costs, etc.
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A Proofs for Section 5

A.1 Proof of Theorem 1

Let {07} be the solution for the allocation LP (1)-(3) under the original arrival rates. If we
decrease \;, then for any class k € K;, (1) is not tight.
From (5), v*({1,..., K} \ K;) > v*({1,..., K}). This implies that there exists a server

J1 and classes k € K;, k1 ¢ K; satisfying 67

1,

wlvin e fivk > 0and pj, g, fi 6, > 0. Hence, we can
decrease 67, , and increase d7, , , without reducing v*({1,..., K}), so that (1) is not tight
for any k" € IC; U {k1}.

Since v*({1,..., K} \ (K; U{ki})) > v*({1,..., K}), there exists a server jp and classes
ke, U{k} and ky ¢ K; U {k;} such that 0%, ko ke Jink > 0 and pj, x, fj, 1, > 0. Hence, as
for j; and £, we can decrease 07, , and increase 03, , , without reducing v({1,...,K}), so
that (1) is not tight for any &’ € IC; U {k1, k2 }.

34



It is clear that if we proceed in this manner, eventually (1) is not tight for any k' €
{1,..., K}, and hence if we define 3*({1,..., K}) to be the optimal solution of the LP with

A; decreased, we have
¥({L...,K}) >y ({L,...,K}).
Part (ii) follows immediately as IC; C I'“ and (5) not holding imply that I" and T do
not have a server j in common such that 03, fjr > 0 and g 405 > 0 where k € I' and
K el.

A.2 Corollary to Theorem 1

The construction in the proof of Theorem 1 leads to the following corollary, which states
that if (5) holds, (1) and (2) are tight. In other words, for every class the capacity assigned
to the class is equal to the demand (adjusted by v*). Also, when the entire set of classes is

the unique bottleneck, then every server is completely allocated.

Corollary 5 If (5) holds, then (1) and (2) are tight. In addition, for all j =1,..., M,

K
> 8t =1
k=1

A.3 Proof of Theorem 2

The proof follows that of Theorem 1, with KC; replaced by {k}.

B Relation to Complete Resource Pooling

The allocation LP considered in this paper is closely related to the Static Planning Problem
given in Definition 4.1 of Bramson and Williams [9] (this problem was introduced earlier by

Harrison and Lépez [17] and Harrison [15, 16]). If the inequality in (1) is replaced by an
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equality (which can be done without loss of generality), the allocation LP and the Static
Planning Problem can be shown to be equivalent. The analysis in [9] continues under the
assumption of heavy traffic, which by their definition means that the Static Planning Problem
has a unique optimal solution with value 1 (corresponding to v* = 1 for our allocation LP).
They then show that the resulting diffusion scaled workload process has reduced dimension.
If the resulting scaled workload process is one dimensional, it is said that “complete resource
pooling” (CRP) has taken place.

To connect to our results, first note that we do not require a unique solution to the
allocation LP. So, for example, let N = K = 3 (parallel servers), p;, = 1, and A\, = 1 for
J,k = 1,2,3. For the flexibility structure, choose the 2-chain fi1 = fi2 = fa2 = fa3 =
fass = fs1 =1, and fi3 = fo1 = fs32 = 0. We have an infinite number of solutions to the
allocation LP such that (4) holds with v* =4 =1, and (5) also holds. The non-uniqueness
of the solution means that CRP cannot be demonstrated. If we modify this example so that
i3 = fo1 = 32 = 2, A1 = Ay = 0.95, A3 = 1.1, and f5; = 0, then the allocation LP
has a unique optimal solution with v* = 1, so the heavy traffic assumption of [9] holds, and
CRP can be demonstrated. However, here (4) does not hold as ¥ &~ 1.95, and hence this
structure does not achieve the maximum possible capacity. From these examples, we see
that in general, (4) and (5) do not imply CRP, and CRP does not imply (4). That CRP
implies (5) is obvious. This is not to say that there are not cases where the two conditions
coincide. If we return to the original service rates of p;, =1, 7,k = 1,2, 3, but set \; = 2.8,
Ao =01, A3 =01, fi1 = fo1 = f3g = fo2 = f33=1,and fio = f32 = fiz = fa3 =0,
we see that ¥ = v* = 1, so (4) holds. It is also straightforward to check that (5) holds.
The solution to the allocation LP is unique, and from there it is not difficult to see that the

heavy traffic assumption of [9] holds and CRP can be demonstrated.
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The observations above are consistent with work in Stolyar [28], where it is shown that for
a system of parallel queues (i.e., N = K), then if there is a unique solution to the allocation
LP with v* = 1 and the graph that has an arc between a node representing server j and a
node representing class k is a fully connected tree (no cycles are permitted), then CRP occurs.
Any flexibility structure satisfying (5) has a subgraph that is a fully connected tree (see the
proof of Theorem 1). In some cases, a tree structure may satisfy (4) and (5) (for one example,
see Proposition 5), but in general it does not (see Proposition 2). Atar [6] and Gurvich and
Whitt [14] show that CRP can occur if the allocation LP does not have a unique solution,
but they both require that all solutions have a tree structure. The additional structure in
our case is due to the desire to protect against changes in the environment (i.e., changes in
the means of the underlying distributions), rather than to protect against variability due to
(unchanging) underlying distributions. The structures satisfying (4) and (5) protect against
both (see Theorems 1 and 2 and also the Introduction, where we discuss that our main goal

is to look at effective design in the face of a changing environment, in the spirit of [23]).

C Proofs for Section 6

C.1 Proof of Proposition 2

In [4], a different system is considered, but Proposition 4 of [4] directly examines an LP
((3)-(5) in [4]) that is the same as our allocation LP, with v, A\, and f;u; here playing

the roles of A, ay, and p;, in [4], respectively. So, using the result of Proposition 4 of [4],

M )
-~ 014 . =1{for some kin I
QL. Ky = min =L 4 (21)

where 1{-} is the indicator function. We first see that 5 = Zj\il B;/ (Eker S\k/,uk) as the

numerator is Zj\il B; for all I' under full flexibility and the denominator is maximized when
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r={1,...,K}.
Now, for the “2-chain” flexibility structure, the minimum in (21) is achieved for a set of

the form I';,,. To see this, suppose that I" achieves the minimum in (21). We can write

I'= Uszlrieme? (22)
where iy < iy4q for £ = 1,...,L — 1 and there is at least one class separating I';, ,, and
Liviimess (and Iy, 5, and T, where classes K and 1 are considered to be adjacent). Thus,

the term in the minimum in (21) becomes

25:1 (EjeFianeH ﬁj)
25:1 (Zker :\k/ﬂk> ’

where in particular each 3; appears at most once. Now, as for by >0, ¢, >0,¢=1,...,L,

igyng

we can conclude that the minimum is achieved by one of the sets I';, ,, in (22). However,
under (6), the minimum is uniquely achieved when I' = {1, ..., K} (note that (6) holds for
all # when n = K — 1) and is equal to 7, so (4) holds. Finally, (5) holds as it suffices to
consider sets I' with K — 1 elements (see the middle of page 14). In this case, the numerator

in (21) remains unchanged, while the denominator decreases.

C.2 Proof of Proposition 3

Without loss of generality, suppose that it is fj;; that is changed to zero. Then we triv-
ially have v*({1}) = v*({1,...,K}) = p/X, achieved with 67, = 1 for all j (recall that

7L LK) <yr({1}).
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C.3 Proof of Proposition 4

From Proposition 2 of [4], we know that under full flexibility (all f;; = 1), there exists an
optimal solution to the allocation LP with no more than five values in the set {45, } greater
than zero.

First note that if there are exactly three non-zero values, then each server j and each
class k must have exactly one 07, greater than zero (because pj, > 0 for all j, k), so we
can relabel the servers and classes such that 07, = 5, = 033 = 1 under full flexibility. So,
setting f11 = fao = f33 =1 and f;; = 0 otherwise satisfies (4), while (5) is satisfied by the
2-chain constructed by adding fi2 = fa3 = f31 = 1.

If there are exactly four non-zero values under full flexibility, then as each server j and
each class k must have at least one 07, greater than zero, we can relabel the classes such that
011, 019 > 0 and 63, = 0553 = 1. Setting f11 = f12 = fop = f33 =1 and fj; = 0 otherwise
then satisfies (4), while (5) is satisfied by the 2-chain constructed by adding fo3 = f51 = 1.

After relabelling servers and/or classes as necessary, there are five potential cases for the

sets {07, } with exactly five non-zero values. These sets of non-zero values are:
(1) {5T,1a ik,27 225 5,37 §,3}§

(ii) {5f,175f,2a 5,17 5,27 ;,3}§

(iii) {51‘,1: 5;,1> 5;,17 55,27 5§,3}3

(iv) {516,1» 5T,Qv 5i3> 55,% 5;,3}5

(v) {511’ 120735022, §2}

For case (i), we have that if we choose a flexibility structure that has f;, = 1 for the

j and k represented in the given set, then 7 is still achieved with the same solution, so (4)
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is satisfied, but (5) may not be. Now, setting f;3 = 1 leaves 4 unchanged, but now (5) is
trivially satisfied. The structure {f;;} is a 2-chain.

For case (ii), applying Proposition 2 of [4] to servers 1 and 2 and classes 1 and 2 yield
that one of {67 1,67 4,05 ,,05,} is zero, so case (ii) is not possible.

For case (iii), note that d7, = 1. We have that the solution must satisfy

fag + 0y fian + 031 fis1 = 7,

Ogoll22 = 7,

O33M33 = 7

Clearly this is only possible if fi; 1 < min{figo, fi33}. We seek a condition under which either
05 or 03, is zero and thus case (iii) cannot occur. If

firg + 03 ji31 = (1 — 63 )fls3,

then solving for (1 —d3,) = d3 3 yields

1—5, = /_il,l +/f3,1'
' 3,3+ 31
So,
_ f11 + i3 1) _
— | > 23
s (Ms,s + 13,1 e %)

implies that 05, = 1 and hence 65 ; = 0. The same argument for 03 ; = 0 yields the condition

_ Hi1 + [lo1 _
2.2 (/1272 I ﬁ2,1> = 33 ( )

So, (23) or (24) implies that case (iii) is not possible. Undoing the relabelling of servers
and/or classes yields that (8) implies that case (iii) is not possible.
Similar arguments yield that (9) is sufficient for case (iv) to be eliminated and (10) is

sufficient for case (v) to be eliminated.
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To show the second part, conditions (8)-(10) imply that a 2-chain satisfies (4) and (5).
There are six possible 2-chains. In addition to the one in the Proposition statement, the

remaining five are (only non-zero values of f; are given):
(@) fir=fiz=fo2=foz=fa1=fa2=1
(b) fir=fiz=fo1=fop=fa2=faz =1
(€) fia=fiz=for1=foz=fa1=fa2=1
(d) fie=fis=lor=lfe2=fa1=faz=1
(e) fir=fia=fo1=fos=fa2=fa3=1

We proceed by showing that for the 2-chains (a) through (e), the desired 2-chain has no
worse value of 4. This implies the desired 2-chain satisfies (4), and it also satisfies (5)
because (1 > 0 for all j, k.

Suppose that chain (a) satisfies (4) and (5). Suppose first that 675 > 0 and 5, > 0.
Suppose that we add € to 0] 5 and subtract € from 07 3. Also, we add « to 43 3 and subtract

the inequalities

a from 63 ,. Since 22 < F12

13,3 — H1,3’

EM12 — QU3 2 > 0,

apss — ey = 0

admit a solution satisfying a,e > 0. Therefore, we can decrease either 473 or 43, to zero
without impacting (4). If both are zero, then we have that the desired 2-chain satisfies (4)
and (5).

Now, suppose that 03, > 0 and 473 = 0. Suppose that we add « to 035 and subtract «
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from 03 ,. Also, we add ¢ to d;, and subtract € from 45 ;. Since % < £22

- < o the inequalities

Efog — apizs > 0,

apzs — gz = 0

admit a solution a, € > 0. Therefore, we can make either 03 5 or 05 3 zero. If 43, = 0, we have
that the desired 2-chain satisfies (4) and (5). If 053 = 0, then we have that the flexibility
structure with only 67 |, 6] 5, 055,03 1,03 9,03 3 > O satisfies (4) and (5).

Assume that 03, > 0. If 07, = 0, we are done, as by relabeling the servers we have

structure (v) from Proposition 4, which contradicts (10). If 67, > 0, we have

P10y 1 + 131037 = 7,

v
=

1,207 9 + f12,205 5 + 13,203 5

(AV4
Y

k
M3,353,3

* : * * : *
Suppose that we decrease d7; by «, increase 7, by «, decrease 93, by €, and increase 93

by e. If % < %, the inequalities

ez — oy > 0,

apiyg —€pz2 = 0

admit a solution a, € > 0. Therefore, we can make either 07 ; or 03 5 zero. If 03, = 0, as before
we are done. If 07, is zero, then we have structure (v) from Proposition 4, a contradiction.

If 073 > 0 and 43, = 0, the proof is similar to the case when 03, > 0 and 67 3 = 0. This
completes the proof for chain (a).

The proof for chains (b) through (e) is similar and is omitted in the interest of space.
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C.4 Proof of Proposition 5

(i) The fact that 57 = pM/ Zszl A, follows as in the proof of Proposition 2. It is not
difficult to see that 7*({1,...,K}) = 7. Set 6;; = 1 and §;; = MM/ ST A 07, =
(Zszl i — Mj\j)/szzl M for j = 2,...,M. The conditions of the Proposition imply

M/ SR A > (M —1)/M, and hence

M 6*

for j =2,..., M. However, ud;; = 75\j for j =2,..., M, and similarly pd7; + ,uszQ 1=

FA1. This shows that (4) holds. Now, v*({1,..., K} \ {k}) > v*({1,..., K}) is trivial for
k=1,...,K. Since (5) must only be verified for all subsets of {1,..., K} of size K — 1, we
have (i).

(ii) For k& = 1, we have Zj\il d;1fj1 < 2, which in turn implies that v*({1,...,K}) <

2u/ A <2/(M —1) <5 when M > 2.

C.5 Proof of Proposition 6

We will write the allocation LP for full flexibility in standard form,

min 'z s.t.

where
b = (0,0,0,1,1,1),
¢ = (-1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0),

T = (%51,1,51,2,51,3,52,1,52,2,52,3,53,1,53,2,53,3,31752,83754,35,56)7
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s1,...,Sq are slack variables, and

(1 s 0 0 —jy O 0 —jgy O 0 10000 0]
1 0 —fus O 0  —fins O 0 —fisa 0 010000
Ao 1 0 0 —l13 0 0 — 2,3 0 0 —pzz 001 0 0 O
0 1 1 1 0 0 0 0 0 0 000100
0 0 0 0 1 1 1 0 0 0 000 O0T1OQO0
_O 0 0 0 0 0 0 1 1 1 000 0O 1_
To prove (4), it suffices to prove that the basis
I —p1n —pep 0 —pzr O
1 0 0 — 22 0 0
L1000 0y
0 1 0 0 0 0
0 0 1 1 0 0
_O 0 0 0 1 1 |

corresponding to the decision variables v and d; 5, where (5, k) € {(1,1),(2,1),(3,1),(2,2),(3,3)},
is optimal. We will show that the corresponding basic solution is feasible and that the
corresponding reduced costs are nonnegative (see for example Definition 3.3 in Bertismas
and Tsitsiklis [8]). Let 5 = (—1,0,0,0,0,0). We will verify that the vectors B~'b and
¢ — dyB7'A are nonnegative. Algebra shows that the only terms in B~'b that could be

negative are the terms corresponding to dy; and ds, which are given by

fo2(fis 1 + [izs) — fas(fiig + fisn) and fs3(fion + fl22) — fo2(fn1 + fi2q) (25)
Ho2fis 1 + H2,103,3 + H2,2/133 fo2fisy + fioifiss + Aooflss

respectively, and both are nonnegative under condition (12). Similarly, the only terms in
¢ — dgB™1 A that could be negative are the terms corresponding to 19, 013, d2.3, and d3,

which are given by

fis3(fi1 122 — f12fi2.1) P2 ([ flss — f,3M3,1)
Ro2fisy + fioifiss + fAooflss Hoofisn + foafiss + fzofss
f2.2(fl21fis3 — f2,3031) fis,3(fi22fis1 — f21[t32)

fioofis1 + fo1fiss + foofiss Hoofisy + Hoifiss + Hoofss
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respectively, and are all nonnegative under conditions (13) and (14) (note that (12) implies
that pg9, 133 > 0). This proves that (4) holds.
In order to prove (5), it suffices to show that us o9, i3 3, and the terms corresponding to

d21 and &3 in B7'b are positive. This follows from condition (12), see (25).

C.6 Proof of Proposition 7

(i) The fact that ¥ = (K —1+d)pu/ KX follows as in Proposition 2. To show that v*({1,..., K}) =
¥, set 67, = (d+ K —1)/Kd > 0 and 67, = (d —1)/Kd > 0, k = 2,..., K, so that
Zszl 01 x = 1. Moreover, dudy; = yA and similarly dudy ; + po;,; = A\ for j =2,..., M.
This shows that (4) holds, and (5) is trivial.

For (ii), note that for K > 2, we have 07, = 0 for j # 2,3, so that

2 K—-1+d

TUL KD S (3 < T < T X

> =
|
2l

C.7 Proof of Proposition 8

The proof resembles the proof of Proposition 6, except that we now have

(1 @, 0 0 0o o0 |
I 0 —ma 0  —p2o O

B L0 0  —m3 0 —p33
0 1 1 1 0 0
0 0 0 0 1 0

I 0 0 0 0 0 1 |

Algebra shows that the only terms in B~1b that could be negative are the terms corresponding

to 012 and ¢y 3, which are given by

P (s + fias) — f22(fiig + f1,3) and fia(fing + foo) — fiss(fng + f12)

- - — —= e — 26
H1ifre + s + Ha2fi3 M1 + s + Ha2fi13 (26)
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respectively, and both are nonnegative under condition (15). Similarly, the only terms in
¢ — dg B A that could be negative are the terms corresponding to dy1, 2.3, 431, and d3,

which are given by

P 3 (a1 flo2 — [l ,2f2,1) P 1 (fa3flo2 — [l1,2fk2,3)
Paifag + faifas + figfns faifae + diafas + fiofing
f2(fa1fis3 — fa,3f43,1) f1 (i 2ft3.3 — fa,3/43,2)

Paafite + fiafs + fuefis fiifae + Bafls + figfns
respectively, and are all nonnegative under conditions (16) and (17). This proves that (4)
holds.
In order to prove (5), it suffices to show that p;; and the terms corresponding to d; o

and 0, 3 in B~'b are positive. This follows from condition (15), see (26).

C.8 Proof of Proposition 9

We first consider the full flexibility structure and make (1) and (2) tight for £ = 1,2:

f11011 + fl21021 = 7,

f1a2(l —0d11) + fiea(l —d21) = 7,

where fi;, = lujyk/j\k, 7,k =1,2. Rewriting:

o1 + ﬂ2,25 12+ [22
————091 + ————,
P11+ 2 P11+ 2

. _ fi2,1 + [i2,2 P (fa 2 + flo2)
Y = (o1 —Hia\ —/—/——— 021 + — — .
P11+ 2 H11 + 2

o1 =

)

So, the solution to the LP (1)-(3) satisfies 05, = 0, 07, < 1, and 5 = iy 1 (fi1 2 + fla2) /(fl11 +

fi12) when
_ _ fo1 + o2
Hzl = Ht <,u1,1 + ,MLQ) (27)
and
faztH22 (28)
M1+ 2
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The relation (27) reduces to pg1pt12 < 1,122 and (28) reduces to :\1/;1171 < :\2/,u272. The
fact that 5, = 0 means that (4) holds for the “N” structure, and the fact that (5) holds

follows from 07 ; < 1 and py2 > 0.

C.9 Proof of Proposition 10

As for the “N” structure in Proposition 9, we rewrite (1) and (2) with both constraints tight

for full flexibility:

f11011 + fl21021 = 7,
(1 =611 —013)f2+ (1 — 021 — 023)fiee = 7,

fi13013 + flaslas = 7,

where fi, 5, = ujyk/j\k, j=1,2, k=1,2,3. This can be rewritten as

P fi2,102,1

1,1 = ———
Hi1

5. — 1T fi1,301,3

23 — ————,
H23

(M2,_1M1,2 _ H2,2) 5271 4 (Ml,_?.uz,z _ ul,z) 5173 i+ fine =7 (1 4 /_il,z I /_Lz,Q) ‘
M1 H2,3 M1 2,3

So, the optimal solution to the LP (1)-(3) satisfies 65, =0, 073 =0, 67, < 1, 653 < 1, and

1211 [2,3 + fo2li11/42,3
1,123 + [12fle3 + 220011

'7:

when (18)-(20) hold. That the “W” structure satisfies (4) follows from &5, = 67 ;3 = 0, and

(5) holds from 67, < 1,055 <1, 12 >0, paz >0, a2 > 0 and py; > 0.
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