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Introduction

Introduction

objects of our research:
@ finite strings over a finite alphabet A
@ required to have only = and # defined for elements of A

what is the maximum number of distinct squares problem ?

counting types of squares rather than their occurrences:

alalblalalblala
v ) -, v

|-

6 occurrences of squares, but 4 distinct squares: — ‘
aa, aabaab, abaaba, and baabaa Iﬁwm
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Introduction

research of periodicities is an active field

a deceptively similar problem of determining the maximum
number of runs
occurrences of maximal (fractional) repetitions are counted

shown recently using the notion of Lyndon roots by
to be bounded by the length of the string
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Introduction

Basic concepts
X is primitive <= x # yP for any string y and any integer p > 2
Ex: aab aab is not primitive while aabaaba is

primitive root of x: the smallest y s.t. x = yP for some integer
p=>1

2 is primitively rooted <= u is a primitive string
x and y are conjugates if x = uv and y = vu for some u, v

X <y <= xis aproper prefix of y (i.e. x # y)

' pﬂmlzumn‘
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Introduction

at most O(n log n) distinct squares

at most O(log n) squares can start at the same position

lalalblalalblalalblalalb]
O ~ g Y,
'

could it be O(n)? what would be the constant?

why this is not simple?

McMaste: !a.mm!
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Introduction

easy to compute for short strings, why not recursion?

lalalblalalb] + [a]a]b]a]a]b]
%{_J %K_J
lalalblalalblalalblala[b]
%’_J
%,_J
N\ M J

'

concatenation

"destroys" multiply occurring existing types (aa, aabaab)

"creates" new types ( , ) :
M I;‘x‘ v
i
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History

History

1994 Fraenkel and Simpson
How Many Squares Must a Binary Sequence Contain?
45 citations

what is the value of g(k) = the longest binary word containing
at most k distinct squares?

g(0)=3, g(1) =7, g(2) =18 and g(k) = oo, k > 3

motivated by the classic problem of combinatorics on words
going all the way back to 7Thue: avoidance of patterns
an infinite ternary word avoiding squares
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introduced the term distinct squares
for different types (or shapes) of squares

significant part of the paper — a construction of an infinite binary
word containing only 3 distinct squares

focused on binary words as s result made the question
irrelevant for larger alphabets

natural inversion of the question for all finite alphabets:

what is a number of distinct squares in a word ?

' pﬂmlzumn‘
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History

1998 provided first non-trivial upper
bound in How Many Squares Can a String Contain?
77 citations

Theorem
There are at most 2n distinct squares in a string of length n.
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History

1998 provided first non-trivial upper
bound in How Many Squares Can a String Contain?
77 citations

Theorem
There are at most 2n distinct squares in a string of length n.

e count only the rightmost occurrences

e show that if there are three rightmost squares u? <1 v < w?,
then w? contains a farther occurrence of u?

based on Crochemore and Rytter 1995 Lemma: |w| > |u| + |v|
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: u? < v? < w? all primitively rooted,
then |u| + |v| < |w|

u? substring of the first w = 12 substring of the second w =
u? cannot be rightmost

however u?, v2 and w? are rightmost and not primitively rooted

checking the details of the s proof,
noted that only the primitiveness of u
needed

most of their proof is thus devoted to the case when ¢? is not
primitively rooted

' pﬂmlzumn‘

On the Number of Distinct Squares Invited talk: PSC 2014, Czech Technical University, Prague, Czech Republic



(2014) generalization:

u? < v? < w2, then either
(a) |ul+Iv|<|w
or
(b) u, v, and w have the same primitive root

s result follows directly from it
(u, v, and w have the same primitive root = u® not rightmost)

2005 /lie simpler proof not using S
lemma (almost proved the generalized lemma)
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further hypothesized that
o(n)<n

o(n) =max { s(x) : x is a string of length n }

s(x) = number of distinct squares in x

and gave an infinite sequence of strings {x,}°°; s.t.

|Xn| /oo and
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2007 llie gives an asymptotic upper bound 2n—0(log n)

key idea — the last rightmost square of x must start way before
the last position of x:

we saw this picture before: reversing it yields 6(log n)

lalalblalalblalalblalalb]
C ~ g Y,
I
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2011 proposed a d-step approach and conjectured
og(n) <n-—d
oq(n) = max { s(x) : |x| = n with d distinct symbols }

¢ addresses dependence of the problem on the size of the
alphabet
e is amenable to computational induction

up-to-date table of determined values:

http://optlab.mcmaster.ca/~jiangm5/research/square.html

McMaste: !a.mm!
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http://optlab.mcmaster.ca/~jiangm5/research/square.html

‘ n-d

[ T213]4]s 678 [o]10]11]12]13[14]15]16]17[18[19]20]21]22 23 [24]25]26]27 28 [29]30]31[32[33[34]35 6]
2[22]33]a]slls[z][z ] 8 2101 [12]12|13[13]14]15 16 17[18[19[20]20[21]22 232323 2425|2627 |28
3(2[3[3]4]4]5]6]7] 882 [10]11[12[13[13]14]14[15]16[17 18[19]20[21[21]22[23]24[24]25 26 26 27]28
4234 4]s]s]s[2] 8921011 [12[13]14[14]15]15[16[17[18[19[20[21[22[22 2324]25 25 26[27

[s[2[3[4]ss]e[s 28 2 [10[r0]st 12[13[1[1515[16[16[17 1819 [20[21[2223 [2324[2526] [ [ | |
[623[4]s6 s 7]z |8 [9 [10/11[11]12[13]14]151616[17[17[18]19 20021 [a2p3fa4] | [ [ [ [ [ |
723 5]s[z][7]8] 89 [10]11[12[12[13]14[15]16[17[17[18[18[19]20[21[22]23]24]25
8[2]3]4[5]sz][88][2 [ [10]11]12[13[13[14[15]16[17[18

9[2]3[4]5]s]z][8]2] 2 [10]10[11]12[13[14[14]15]16[17[18]19

0/2/2 /5828 210 10/ 11 12 13 1413 15 16 o as 1s20 | | | | |
[11]2]3]4]5]6][7][8]9]10]a1]11[12[12[13[14[15[16[16[17[181920[21] | | |
f2[2(3¢/s[s 7 s sl 2l eshem | | [ | [ ||
[13[2]3]4]5]6[7][8]9]10]11]12[13[131a]14[15[16[17[i8] [ [ [ [ T | |
[14]2]3]4]5]6[7][8]o]10]11]12[13[1414]15[15[16[17[i8[io] | [ [ T T |
15(2[3]4[5]6]7]8][9]10[11]12[13[14[15 15[16]16[17[18[19]20
16[2[3]4[5[6[7]8][o]10]11]12[13[14[15[16[16[17[17[18[15

17(2[3]4]5[6 [7]8]9]10[11]12[13[14]15[16[17[17[18[18
[18[2]3]4]5]6[7][8o]10]11]12[13[1d15[ne[17[u8[18[ss] [ [ [ [ T T |
[19[2]3]4]5]6][7][8]9][10]11]12[13[14[15[x6[17[18[10[1o20] | [ [ T [ |
[20[2]3]4]5]6][7][8]o]10]11]12[13[14[15[16[17[18[10]20f20] | [ [ T T |
[21[2]3]4]5]6][7][8]s]10]11]12[13[14[15]16[17[18[1o[2z0f2a] | [ [ T T |
[22[2]3]4]5]6[7][8]o]10]11]12[13[14[15[16[17[18[10[202122] [ [ [ | |
[23[2]3]4]5]6][7][8]9]10]11]12[13[14[15]16[17[18[19[20212223] [ [ | |
[24[2]3]4[5]6][7][8]9]10]11]12]13[14]15]16[17[18[19]2021[22[23[24] | | |
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(2013, preprint 2009)

. . 95 —~
claimed a universal upper bound ¢(n) < 33n~ 1.98n

obtained by bounding # double squares and assuming at most
single square everywhere else

double square = pair of rightmost squares starting at the same
position

bounding of # double squares based on a complete taxonomy
of mutual configurations of 2 or more double squares

is the taxonomy complete and sound ?
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in How many double squares can a string contain?
(fo appear in Discrete Applied Mathematics)

followed ’s approach
to further investigate the structural and combinatorial

properties of double squares, resulting in

o(n) < —n ~ 1.83n

presented today e Mﬁ:&!
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Basic notions and tools

Basic notions and tools

Lemma (Synchronization Principle)

Given a primitive string x, a proper suffix y of x, a proper prefix
z of x, and m > 0, there are exactly m occurrences of x in
yxMz.

—=

McMaste ! aw;-m_ o !
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Introduction History Basic notions and tools Double squares Inve actors Fraenkel-Simpst S) double square

Lemma (Common Factor Lemma)

For any strings x and y, if a non-trivial power of x and a
non-trivial power of y have a common factor of length |x|+|y/|,
then the primitive roots of x and y are conjugates.

In particular, if x and y are primitive, then x and y are
conjugates.

Note that both x and y must repeat at least twice

really a folklore, but proofs given in Two squares canonical
factorization, PSC 2014, by
' pnmlzcmon‘_
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Double squares

Double squares

a configuration of two proportional squares u® and U?

has been investigated in many different contexts:

Mc \I1 ter Ia ‘
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Double squares

° : with intention to find a position for
amortization argument for runs conjecture

@ in computational framework by : such
configurations are used in Liu’s PhD thesis to speed up

computation of o4(n)

° : two rightmost squares form a particular structure

hence the following notation

' pﬂmlzumn‘
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Double squares

@ a double square (u, U) in a string x is a configuration of
two squares u? and U? in x starting at the same position
where |u| < |U|

@ adouble square (u, U) in x is balanced in x if uand U are
proportional, i.e. |U| < 2|u|

@ a balanced double square (u, U) in x is factorizable if either
u is primitive, or U is primitive, or u? is rightmost in U?

@ a double square (u, U) in x is a FS-double square in x if
both u? and U? are the rightmost occurrences in x

McMaste: !a.mm!
niversity S5 imization
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Double squares

@ (u, U) is a double square (balanced, factorizable) in x & x
a factor in y = double square (balanced, factorizable) in y

@ (u,U) is a FS-double square in x & x a factor in y = may
not be FS-double square in y, unless x is a suffix of y

@ (u,U) is a FS-double square in x = balanced in x
(if (u, U) not balanced, then u? is factor of U and hence a farther
occurrence of u?)

@ (u,U) a FS-double square in x = factorizable in x
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Double squares

Lemma

For a factorizable double square (u, U) there is a unique
primitive string uy, a unique non-trivial proper prefix us of uy,
and unique integers ey and ez satisfying 1 < e» < ey such that
u=u®u, and U = u1® uu .

a generalization by will be presented in a
contributed talk

notation: (u, U : uy, Uo, €1, €2)
U> is defined as a suffix of uy so that uy = usts»

~ — McMaste; dvanced
Ui = Uslo erity g 'amimn‘
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Double squares

for a factorizable double square U = (u, U : uy, Uo, €1, €2)
simplified notation:

eq is denoted as u(1) end e, is denoted as u(2)
Ex: for a factorizable double square V, the shorter square is

v?, the longer square is V2, and (v, V : vy, va, V(1), V(2)),
Vi = Vs V5 and |71 = VaVo

On the Number of Distinct Squares
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Double squares

Structure of a factorizable double square

U U gy 1 U@  U) y y UR)

e T S T S Lt e T i a1

|U2|Uz':|:|:|:|:' Uzlljz- Uzlljz':ﬂ:ﬂ:l UzlljzllleUz':l:l:ﬂ:' U2|02|U2|U2|GQ':|:|:E|:| Uzlljzl
AN

& & S
< u ?< ?
&

€

ur

& S
72T ?

only strings of length at least 10 may contain a factorizable
double square:

U2 = 2((u()+u@)|ug | +lue]) > 2((1 +1)2+1) = Master H’"“"

On the Number of Distinct Squares
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Double squares

right cyclic shift

left cyclic shift

right cyclic shift is determined by lco(uy, Uy)

left cyclic shift is determined by les(uy, q)

lep = largest common prefix
Ics = largest common suffix

McMaste: !a.mm!
niversity g imization
W pa"bamory
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Double squares

Uy = aaabaa, u, = aaab, U, = aa, U(1) = U@) =2

aaabaaaaabaaaaabaaabaaaaabaaaaabaaaaabaaaaabaaabaaaaabaaaaa

[ 11 ) (] )

aaabaaaaab_"aaabaaab |- aaabaaaaabaaaaabc'-aaabaaab_ - aaabaa.

[ 10 ) ] )
.aabaaaaaba_ aabaaaba - aabaaaaabaaaaabal'-aabaaaba laabaaa..

[ 11 ) ] )
.abaaaaabaa’-abaaabaa’-abaaaaabaaaaabaa. abaaabaaabaaaa.

[ N ) (] )

' ptlmlzumn‘
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Introduction History Basic notions and tools Double squares Inversion factors Fraenkel-Simpson (FS) double so

uy = aaabaa, u, = aaab, U, = aa, u(1) =2, and u(2) = 1

aaabaaaaabaaaaabaaabaaaaabaaaaabaaaaabaaabaaaaa

L 1L )( 1 )
aaabaaaaab: -aaabaaab: -aaabaaaaab: -aaabaaab: . .
L 1L )( 1 )
. aabaaaaaba’-aabaaaba‘-aabaaaaaba‘-aabaaaba::! .
L 1L )( 1 )
. abaaaaabaa: -abaaabaa: -abaaaaabaa: -abaaabaa: .
L 1L )( 1 )

. baaaaabaaa: - baaabaaa: - baaaaabaaa: -baaabaaa
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Inversion factors

Inversion factors

For a double square U/, vvvv where |v| = |Uz| and |v| = |ug] is
an inversion factor

U = 0y U gy, URIHUC) ) UR)

un U 0T up Uy U uy YU =2 41y up Ly U 1y (U ()Y
N, Ny
natural inversion factors g | ey
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Inversion factors

a cyclic shift of an inversion factor is an inversion factor
determined by lcp(uy, uy) and les(uy, Uy)

Lo

L1
] )

L 1L )(

aaabaaaaabaaaaabaaaaaba“aabaaaba‘- aabaaaaabaaaaabaaaaabaaaaabal
aaabaaaaabaaaaabaaaaabaal aabaa: -'abaaaaabaaaaabaaaaabaaaaabaa

aaabaaaaabaaaaabaaaaabaaal
R1
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Inversion factors

all inversion factors are cyclic shifts of the natural ones:

Lemma (/nversion factor lemma)

Given a factorizable double square U, there is an inversion
factor of U within the string U? starting at position i <=
i€ [Ly, B] U [L2, Ra].

McMa a}” ! a%&%n‘?
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Fraenkel-Simpson (FS) double squares

FS-double squares

Theorem (Fraenkel and Simpson, llie)
At most 2 rightmost squares can start at the same position.

McMaste la&vym‘
niversity g2 imizafion
W pa"bamory
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Fraenkel-Simpson (FS) double squares

FS-double squares

Theorem (Fraenkel and Simpson, llie)
At most 2 rightmost squares can start at the same position.

assume 3 rightmost squares u® <1 U? < v

(u, U) is a factorizable double square so (u, U : uy, Uo, €1, €2)

first v contains an inversion factor, so second v must also

contain an inversion factor

if it were from [Lo, Ro], then |v| = |U|, a contradiction

s0 u UMy uy U+ UR) 4, must be a prefix of v

v2 contains another occurrence of us YM upu YNy, = 12,

a contradiction NeMaster [ Abwenced
g Y
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Introduction History Basic notions and tools Double squares Inversion factors Fraenkel-Simpson (FS) double squares F

key observation:

Lemma

Let x be a string starting with a FS-double squareU. LetV be a
FS-double square with s(U) < s(V), then either

(a) s(V) < Ry(U), in which case either

(a1) V is an a-mate of U (cyclic shift), or

(a2) Vs a p-mate of U (cyclic shift of U to V), or
(as) V is a~y-mate ofU (cyclic shift of U to v), or
(a4) Vis ad-mate ofU (big tail),

or
(b) Ry(U) < s(V), then
(b1) Vis ae-mate of U (big gap).

14> ovanced
aiversiy g | Q ‘mizuﬁon‘
W | Tbcmory T
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Introduction History Basic notions and tools Double squares version factors  Fraenkel-Simpson (FS) double squares

a-mate (cyclic shift):

| [Re Q—D

L 1L H( 1 )

aaabaaaaab: - aaabaaab‘-aaabaaaaab: - aaabaaab

[ L )( ] )y

. aabaaaaaba: -aabaaaba: -aabaaaaaba:-aabaaaba

' pnmlzcmon‘
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Fraenkel-Simpson (FS) double squares

B-mate (cyclic shift of U to V)

[ 10 ) ( ] )
baaaaabaaaaabaaaaabaaaaabaaa-baaabaaa“"baaaaabaaaaabaaaaabaaaaabaaa’-baaabaaa

[ 11 ) ( ] )
. aaabaaaaabaaaaabaaaaab’-aaabaaab:‘aaabaaaaabaaaaabaaaaabaaaaab’:laaabaaab:‘aaabaa.
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Fraenkel-Simpson (FS) double squares

~-mate (cyclic shift of U to v)

I |-
—_—__

L 1L H( 1 )

aabaabaabaabaabaaabaabaabaabaabaabaaab

L 1L )( 1 )

aabaabaabaaabaabaabaabaabaabaaabaabaabaaabaabaabaabaabaaba

inced
|y
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Introduction History B notions and tools Double squares version fa s Fraenkel-Simpson (FS) double squares

d-mate (big tail)
sufficiently big tail

R @ D

11916 1 )

aabaabaabaabaabaaabaabaabaabaabaabaaab

aabaabaabaaabaabaabaabaabaabaaaabaabaabaaabaabaabaabaabaabaaabaabaabaabaabaabaaaabaabaabaaabaabaab

' pﬂmlzcmon‘
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Fraenkel-Simpson (FS) double squares

e-mate (big gap)

R ) Q

] |

sufficiently big gap

L 1L D (C ] )
aabaabaabaabaabaaabaabaabaabaabaabaaab
L 1L )( ] )

aabaabaabaabaabaabaaabaabaabaabaabaabaabaabaaabaab

v | ey

mber of Distinct Squares Invited talk: PSC 2014, Czech Technical University, Prague, Czech Republic



FS-double squares: upper bound

we show by induction that # FS-double squares §(x) satisfies
3(x) < glx| — glul

where u? is the shorter square of the leftmost FS-double
square of x

e B

the fundamental observation lemma basically states that either

e J-mate and gap G is “big", or
e c-mate and tail T is “big", or
McMaster dvanced
e a-mate or S-mate or y-mate e Hm;‘
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Lemma (Gap-Tail lemma)

5(x") < 2|x'| — §|v| implies
3(x) < Blx| = §lul + h=3IGU, V)| = §ITWU, V)|
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we deal with a-mates, 5-mates, and v-mates in a special way
which is possible as they form families
@ «-family, or

@ a+[-family, or
@ «o-+p+vy-family
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U-family consists only of a-mates

illustration of an a-family with ©(1) = u(2)

aaabaaaaabaaaaabaaabaaaaabaaaaabaaaaabaaaaabaaabaaaaabaaaaa

[ 10 ) (] )
aaabaaaaab_ - aaabaaab“''aaabaaaaabaaaaab_. - aaabaaab  laaabaa.

[ 11 ) (] )

[ 10 )( ] )
.abaaaaabaa“ "abaaabaa abaaaaabaaaaabaa ' abaaabaa_ labaaaa.

[ 110 ) €] )

el
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Introduction History Basic notions and tools Double squares Inversion factors Fraenkel-Simpson (FS) double squ

illustration of an a-family with ©(1) > u(2)

aaabaaaaabaaaaabaaabaaaaabaaaaabaaaaabaaabaaaaa

L 1L O( 1 )
aaabaaaaab: -aaabaaab: -aaabaaaaab: -aaabaaab: . .
[ 1L ( 1 )
. aabaaaaaba’ -aabaaaba: - aabaaaaaba: -aabaaaba: .
L 1L O( 1 )
. abaaaaabaa: -abaaabaa: -abaaaaabaa:-abaaabaa: .
[ 1L ( 1 )

. baaaaabaaa: -baaabaaa: - baaaaabaaa: -baaabaaa
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easy to bound the size of a-family, as it is determined by
lep(uy, in): |a-family| < |uy]

@ either there are no other FS-double squares, and then it
can be shown directly that the bound holds, or

@ there is a V underneath:
VY must be either v-mate, or §-mate, or e-mate, and the
Gap-Tail lemma can be applied to propagate the bound

' pﬂmlzumn‘
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U-family consists of a-mates and 5-mates

illustration of an a-+pg-family

aaal

10 ) ( 1 )
a-segment starts

[
T ][ )(
abaaa“baaaaabaaaaabaaaaabaaaaabaaa“baaabaaa“’l. .. .........
) ( 1
23 B-segment starts

p-segment starts

laaabaaaaabaa. .
)
aabaaaaabaaa.
)
abaaabaa’abaaaaabaaaa.

baaaaabaaaaabaaa“baaabaaa“"baaaaabaaaaabaaaaabaaaaabaaa‘“baaabaaa“baaaaabaaaaa

Invited talk: PSC 2014, Czech Technical University, Prague, Czech Republic
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more complicated to bound the size of a+3-family:
[Mﬂuﬂ if u(2) =1
|+ B-family| <

UU@) g i ue) > 1

@ either there are no other FS-double squares, and then it
can be shown directly that the bound holds, or

@ there is a V underneath:
VY must be either 6-mate, or e-mate, and the Gap-Tail
lemma can be applied to propagate the bound Special
care needed for =-mate case and super-c-mate must be
put in play ! MicMaser lam.mn‘
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illustration of an a+5+~-family

Ry
L 10)¢ 1 ) type
aabaabaab; 2, aabaabaabaaba 5 1 <--- start of a-segment
[ 1) ¢ 1 )
5 1 <--- end of o-segment
[ 10 ) ( 1 )
42 <--- start of p-segment
[ 10 ) ( 1 )
_______________ 42 <--- end of p-segment

3 3 <--- start of y-segment

2 4 not a double square

2 4 not a double square

2 4 not a double square

2 4 not a double square

baaabaabaabaabaabaabaaabaabaabaaabaabaabaabaabaabaaabaab 1 5 not a double square
[ 10 ) ( 1 )
baagbaabaabaabaab) abaabaabaagbaabaabaabaabaabaagbaab: 1 5 not a double square
R;
1 'w\rh“ I {iﬁMmumwn“
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it is quite complex to bound the size of a+p+~-family:

|+ B+~-family| < 3(u(1) +1)|uy]

@ either there are no other FS-double squares, and then it
can be shown directly that the bound holds, or

@ thereisaV:
V must be either j-mate, or e-mate, and the Gap-Talil
lemma can be applied to propagate the bound

' pﬂmlzumn‘
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Main results

There are at most |5n/6| FS-double squares in a string of
length n.

Corollary

There are at most |11n/6| distinct squares in a string of
length n.

McMaste: !a.mm!
niversity g imization
W pa"bamory
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Conclusion

@ We presented a universal upper bound of ”T” for the
maximum number of distinct squares in a string of length n

@ A universal upper bound of % for the maximum number of
FS-double squares in a string of length n

@ It improves the universal bound of 2n by Fraenkel and
Simpson

@ It improves the asymptotic bound of 2n — ©(log n) by llie

@ The combinatorics of double squares is interesting on its
own and may be applicable to other problems R
g Y
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