McMaster University SFWR ENG 3E03
Department of Computing and Software Exercise Sheet 8
Dr. W. Kahl Solution Hints

Design and Selection of Programming Languages
4 November 2005

Exercise 8.1 — Using Operational Semantics to Prove Incorrectness

The following Hoare triples do not hold.

For each of these Hoare triples, present a derivation in the operational semantics that proves a
counterexample to the statement.

(@ {x= -5}z:=5-x{z<110x=> -3}
(b) {x= -5}z:=5-x;x:=z+2{z<110x=> -3}

“Proving a counterexample” for the Hoare triple

{pre} Prog{ post}
means to derive an assertion

ol(Prog) o,

involving
— astateg, for whichpreholds and

— a stateg,, for which post does not hold

Solution Hints

(a) Using operational semantics, we can prove a counterexample:
{xi~ - 5}5) (5 { xi» -5}x)0-5
{xi-» =5}5-x) 110
{Xi» =5z:=5-xX){ X—» =52z 10}

This last state clearly does not sati§fy< 11 [x = — 3}

(b) For{x= -5}z:=5-x;x:=x+2{z<110x = - 3}, we again use operational semantics
(expression evaluation not shown) to prove a counterexample:

{xi-» 20}5-x) 0-15 {xi-» 20,z1- —15}z+2) 0-13
{xi- 20(z:=5-x){ x- 20,2~ —-15} {x- 20,2i- -15}x:=x+2){ x - —-13,z» -15}
{xi- 20(z:=5-x;x:=z+2){ x> -13,z- - 15}

Although{x:— 20} satisfies the preconditidix > — 5}, the final stat§x - — 13,2\ - 15}does not



satisfy the postconditiofz < 11 [0x > - 3}.

Exercise 8.2 — Partial Correctness

For each of the following Hoare triples, determine whether it holds; if yes, prove it using the rules of
axiomatic semantics, and if no, prove a counter-example using the rules of operational sey@untics (
may abbreviate eachexpression evaluation into a single step.

(@ {x= -5}z:=5-x{z<11}
(b) {x= -5}z:=5-x{z<110x=> -7}
() {x= -5}z:=5-x{z<110x=> -3}

(d) {x= -5}z:=5-x;x:=x+2{z<110x> -3}

(e) {x= -5}z:=5-x;Xx:

X+z{z<110x =2}
(f) {z=abs(x)}if x=0then z:= —zfi {xz= - x?%
(@) {z=0}if x=0then w := Trueelse z:= Uxfi {~w - xz=1}

Solution Hints

X2 -50 x=2-6 « 5-x<11 {5-x<11} z:=5-x{z< 11}
(a) —
{x= -5}z:=5-x{z< 11}
(b) X2 -505- x<110x=2 -7 {5-x<110x=2 -7}z:=5-x{z<110x=> -7}

{x=2 -5}z:=5-x{z<110x=> -7}
(c) Using operational semantics, we can prove a counterexample:

{x\-» —-5}5) (b { xi» =5}x)0-5
{xi-» =55 -x) 10
{xi» =5z:=5-x) x-» -5z 10}

This last state clearly does not sati§fy< 11 Ox = — 3}



(d) {x= -5}z:=5-x;x:=x+2{z<110x=> -3}
0 O sequence rulé]
{x= -5}z:=5-x{z<11 Ox+2= -3}
Hz<1l Ox+22=2 -3}x:=x+2{z<1100x=> -3}
O O left consequencge assignment]
x= -505- x<11 Ox+2= -3))
5- x<11 Ox+2=> -3}z:=5-x{z<11 Ox+2=> -3}
O True
O O logic and arithmeti¢ assignment]
(x=z -50x=2-6)dx=-50 x= —-5)0True
0 O arithmeticOl
True

(e) For{x= -5}z:=5-x;x:=x+z{z< 11 0x = 2}, we again use operational semantics
(expression evaluation not shown) to prove a counterexample:

{x- O}5-x) [b {xi1- 0,21 5}(x+2) [b
{xi- 0z:=5-x){ Xi-» 0,2i- 5} {xi» 0,25 5}(x:=x+2) [ Xi- 5,2 5}
{X-0(z:=5-x;x:=x+2){ x1- 5,2 5}

Although{x - 0} satisfies the preconditidix = - 5}, the final stat§x - 5,z:— 5} does not
satisfy the postconditiofz < 11 [0x = 2}.

() Here arule for if ... then ... fi" is needed — this was not provided in the lecture, but is easy
to produce:

{POB}S{Q}  PmRbOQ
{P}if bthen S, fi{Q}

{z=abs(x)} if x=0then z:= —zfi {xz= - x%}
0 O one-sided conditiond]lz = abs(x) Ox =0} z:= —-z{xz= - %%}
Qz=abs(x) Ox<00O xz= - X%
O O left consequence arithmeticd
(z=absx)Ox=200 xQ-2)= - XA xA-2 = -x}z:= -z{xz= - %%
Qz=-x0 xz= -x9)
O 0O arithmetic, assignment arithmeticl]
(z=x0O X -2) = -x% OTrue O True
0 0O arithmeticO
True



(@) {z=0}if x=0then w := Trueelse z:= UXfi {~w - xz=1}
00O conditionald
{z=00Ox=0}w:=True{~w - xz2=1}{ z=00x#0}z:= Ux{~w > xz= 1}
00 left consequence left consequencél
(z=00Ox=00~ True - xz=1))
- True - xz=1} w:=True{~w - xz=1}
Az=00x#00- w - xXOVUX)=1))
- wo xOQUx)=z:=Ux{-w > x2=1}
00 logic, assignment logic, assignment]
(z=00Ox=0[ False - x2=1))OTrue ({ x# 0 O x {VX) = 1) OTrue
00 exfalsoquodlibet, arithmetic
(z=00Ox=00 True) OTrue
00 logic O
True

Exercise 8.3 — Partial Correctness Proof — 50% of Midterm 4, 2003
Consider the following program in a language providing a Java-like printing statement:

s:=1;

r:=0;

while Ss<ndo
ro=r+1,;

S:=s+20r+1;
printin (r +" " +5)
od

(a) What is the output of this program for= 30?
(b) Give an equation relating the valuesradndsin eachprintln statement.

(c) For this progranwithout the printin statementprove partial correctnesswith respect to the
precondition { n > 0 } and thepostcondition{ r’<n 0 n< (r + 1¥ }.

Hint: Usetheequation from (b)as part of the invariant!

Solution Hints

1 4 —(b): s=(r + 17
2 9
3 16
4 25
5 36

{(n=20}P{rP<n On<(r+1f}



O right consequencel
{(n=20}P{r’sn Os=(r+1% On<s}
QrPsnOs=(+1f On<s O rP<nOdn<(r+1Y)
O 0 sequence logic) O
{n=0}(sr):=(1,0){?<n O s=(r + 1}
qr?<n O s=(r+1f}while ssndoBod {r’<sn Os=(r+1f On<s}
[ True
OO0 left consequence while) O
(n=00 0?<n O1= (0+1%)
0?<n 01= (0+1f}(sr):=(1,0){r?<n O s=(r + 1¢}
QrlsnOs=(@+1f Ossnjr:=r+1;s:=s+20r+1{r’<n 0 s=(r + 1¥}
OO logic, assignment sequencé [
True [ True
QrPsnOs=(@+1% Os<snir:=r+1{rP<sn 0s+20 +1=( + 1¥}
QrPsnOs+20+1=(+1f}s:=s+20r+1{r’<n O s=(r +1¥}
OO left consequence assignmeny [J
(r’<nOs=(+1f Ossn O( r+1f<sn Os+2Qr+1)+1=(¢ +1)+1f)
(r+1f<sn Os+2Mr+D)+1=(¢+1)+1f}r:=r+1{r2<sn Os+20+1=
(r + 17}
L True
O 0 arithmetic, assignmeny [J
(r2§n Os=(+1f Ossn O( r+1<sn Os+2@r+)+1=¢+1f+2Q@+1)
+ 1
DTrfje
OO logic, arithmetic) O
True




