
SampledDataSystems

Example
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Considerthesystemshownbelow:

T
ZOHLPF

x(t) rh(t) r(t)r
∗
(t)

LetthesamplingperiodbeT=0.01secand

assumethattheinputis:

r(t)=
3

π
cos(50t+

π

6
)

HereLPFisanideallowpassfiltersuchthat:

LPF(jω)=

{

1,|ω|<π
T

0,otherwise

Firstrecall:

F{Acos(ωot+φ)}=πA

[

ejφδ(ω−ωo)

+ejφδ(ω+ωo)

]

(1)

ZOH(jw)=Te−jωT/2sin(ωT/2)

ωT/2
(2)

Wecansketchthespectrumofallofthesig-

nals,|R(jω)|,|R∗(jω)|,|R
h(jω)|,and|X(jω)|.
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Wheredothesecomefrom?Fromeqn.(1)

wehave

R(jω)=3[e
jπ
6δ(ω−50)+e

jπ
6δ(ω+50)]

Hence,

|R(jω)|=3[δ(ω−50)+δ(ω+50)]

Samplingr(t)toobtainr∗(t)producescopies

ofR(jw)shiftedbyintegermultiplesofthe

samplingfrequencyωs=
2π
T=200πrad/sec

thatarescaledbyafactorof
1
T=100.Thus

|R∗(jω)|=1

T
|

∞∑

k=−∞

R(j(ω−kωs))|

=300
∞∑

k=−∞

[δ(ω−kωs−50)+δ(ω−kωs+50)]

=300
∞∑

k=−∞

[δ(ω−200πk−50)+δ(ω−200πk+50)]
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WeobtainRh(jω)=ZOH(jω)R∗(jω)usingeqn.(2)

toget:

Rh(jω)=ZOH(jω)R∗(jω)

=[Te−jωT/2sin(ωT/2)

ωT/2
][
1

T

∞∑

k=−∞

R(j(ω−kωs))]

=[e−jωT/2sin(ωT/2)

ωT/2
][

∞∑

k=−∞

R(j(ω−kωs))]

=3
sin(ωT/2)

ωT/2
e
jπ
6

∞∑

k=−∞

[

δ(ω−200πk−50)
+δ(ω−200πk+50)

]

|Rh(jω)|=|3
sin(ωT/2)

ωT/2
|

∞∑

k=−∞

[

δ(ω−200πk−50)
+δ(ω−200πk+50)

]
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WeobtainX(jω)bythrowingawayallofthe

signalRh(jω)outsideoftheinterval[−ωc,ωc]

whereωc=π
T=100π,thecut-offfrequencyof

ouridealfilter.Thusweareleftwith:

X(jω)=L(jω)Rh(jω)

=3
sin(ωT/2)

ωT/2
e
jπ
6[δ(ω−50)+δ(ω+50)]

so

|X(jω)|=3|
sin(ωT/2)

ωT/2
|[δ(ω−50)+δ(ω+50)]
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Whatistheoutputx(t)?

x(t)=F−1{X(jω)}

=
3

π
|ZOH(j50)|cos(50t+

π

6
+∠ZOH(j50))

=
3

π
|
sin(50T/2)

50T/2
|cos(50t+

π

6
−
50T

2
)

=
3

π
|
sin(50T/2)

50T/2
|cos(50(t−

T

2
)+

π

6
)

=
3

π
|
sin(.25)

.25
|cos(50(t−.005)+

π

6
)

≈0.9896
3

π
cos(50(t−.005)+

π

6
)

≈0.955cos(50(t−.005)+
π

6
)
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