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Strings - §2.1

v

> is a finite set of distinct symbols. ie. «a, 5,7, 7,...

v

We refer to X as an alphabet.

YT is the set of all finite sequences o105 .. .0}, where o; € %,
k>1.

v

v

We denote the empty sequence (k = 0) by symbol € (called
the empty string), with € € X.

v

We denote the set of all words or strings over 3 as ¥*,

defined as:
Y i={e}U »t
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Concatenation and String Length

» Llets,t € X, and s=0109...0, and t = 1172 ... Ty.

v

Concatenating strings s and t gives

st =0102...0mT1T2...Tn

v

Defn: We define the operation catenation of strings,
cat : X* x X* — ¥*, as follows:

cat(e,s) = «cat(s,e) =s, seX”
cat(s,t) = st, s,text

v

Defn: For string s € ¥*, we define the length of s, |s

, as:

lef =0, |s|=kifs=0102...0,€%"

v

For s,t € X%, we get:
|cat(s, )| = [s| + [¢]
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Languages
» Defn: We define a language L over ¥ to be any subset of >*.
ie. L € Pwr(¥X¥)

» Examples:
1. L =0 (empty language - contains no strings)

2. L = {e} (language is nonempty, but only contains the empty
string)

3. L =3%* (all finite strings, including €)
4. Let ¥ = {«, 8}, could have:
L={(aB)"|n=0,1,2,...},
where (af8)? = ¢, (aB)? = aBaf etc.
5. L={seX|#a(s) =#B(s)} =
{e, a8, Ba, afB, aBap, ...}

- ie. all finite strings that have equal number of a and 3
symbols.
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Nerode Equivalence - §2.2

v

Let L C ¥* be an arbitrary language.

v

Want to be able to decide if a given string is a member of L

v

Imagine a machine that beeps when the string fed in is a
member of L.

v

We start by constructing a partition on X* that is finer than
{L,¥* — L}, but has a desired invariance property wrt L.

Source

L - recognizer
e S
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Nerode Equivalence - Il

» Defn: We define the Nerode equivalence relation on ¥* with
respect to L (or mod L) as follows:

(Vs,t € ¥*)s=p t or s =t(mod L) iff
(Vu e ¥*)sue Lifftue L

» Means that if s =, t then both can be continued (if at all) in
same way to form a string in L.

» Note: if we take u = ¢, we get:
se=seclL&Ste=tel

» Thus, the Nerode equivalence relation refines {L,>* — L}.

» For the index (cardinality of the set of cosets) of relation =y,
we write ||L]|.

» If ||L|| < oo, we say L is regular.
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Right Congruence
» Defn: We say R € £(X%) is a right congruence on ¥* if
(Vs,t,u € ¥*) sRt = (su)R(tu)

» Says relation R is a right congruence iff the cells of R are
respected by right concatenation.

» Theorem: 2.2.1
Let L C X*. The Nerode equivalence (mod L) is the coarsest
right congruence on X* that is finer than {L,¥* — L} = .

Proof: see text.
> This is equivalent to saying:
=r=sup{p € E(X")| p is a right congruence and p < B}
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Prefix Closure

>

Defn: For s € ¥*, we say t € ¥* is a prefix of s and write
t < sif:
(FueX)s=tu

Defn: For L C X%, the prefix closure of L is L defined as:
L:={t € X"t <sforsomesc L}

We have LC Lass<s. If L#(, thenec L as e < s.
Defn: A language L is closed if L = L.

Proposition 3.2.4: NerodE equivalence =, refines the
partition {L,L — L,>* — L}

Cell (X* — L) (if it is nonempty) is called the dump cell and
once entered can't be exited.
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Canonical Recognizers - §2.4

» We can use the Nerode equivalence relation to construct
abstractly an automaton that can determine the current
Nerode cell as a string evolves.

» We refer to the automaton as the canonical recognizer as =y,
is the coarsest congruence that will allow us to do this.

» Fix L C ¥*, and define our set of equivalence classes to be:
X =¥/=
» The canonical projection:
Pr:Y¥ = X :s—[s]
» The concatenation operator:
cat: X" x ¥ = X" : (s,0) — so
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Canonical Recognizers - |l
» The identity operator on X:

dy: Y —>X:0—0
» Combined map:
Prxidy : X" XX = X x3:(s,0)— ([s],0)

» Proposition 2.3.1: There exists a unique map
€: X x ¥ — X such that £ o (P, x idy) = Pp o cat, namely
the following diagram commutes.

cat "
P — &

P
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Canonical Recognizers Proof

Proof: By Proposition 1.4.2, to show the existence of &, is is
sufficient to show that:

ker (Pr, x idy) < ker (P, o cat)

Uniqueness of £ will then follow from fact that Pr, x idy is
surjective.

Let ((s,0),(s',0")) € ker (P, x idy) (1)
Must show implies: ((s,0), (s',0")) € ker (Pf o cat)

We have: (P, x idy)(s,0) = (P, x idy)(s’,0’) from (1) and
definition of equivalence kernel.

= ([3]70) = ([3/]70/)
= s=r s and 0 =o'
= so =, s'o’ as =, is a right congruence.
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Canonical Recognizers Proof - Il

= cat(s,0) =, cat(s',0’)

= Pp(cat(s,0)) = Pr(cat(s’,0’))

= (Pp ocat)(s,0) = (P ocat)(s',0)

= ((s,0),(s',0")) € ker (P, o cat), as required.

QED
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Canonical Recognizer Definition

» For fixed L C ¥*, define the state set to be:
X =¥/=

» Our transition function is the induced:
E: X x¥Y—= X

» Want string transition function so we recursively define
£: X x¥* — X as follows:

£(xe) = x, z€X
{(x,0) = E&(a,0), TE€X,0€D
E(z,50) = &(€(x,8),0), 1€ X,s€X 0€Y

> As we are interested in strings, we will now omit the " and use
& for &.
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Canonical Recognizer Definition - 11

v

We define the initial state to be: z, := €]

v

We define the set of marker states of L to be:

X :={[s]|s € L}

v

Thus, if s € L then &(x,,s) = [es] = [s] € X

v

We define the canonical recognizer for L to be the 5-tuple:
R=(X,%¢ 20, Xm)

» We say a recognizer is canonical if its state set X is in

bijective correspondence with the equivalence classes of =j..
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Graph Representation

» Common representation of a recognizer is to equate its states
X with the nodes of a directed graph, G.

> The edges of G are labelled by o € 3.
» Thus (z,0,2') is an edge of G iff §(x,0) = o’
» We say that G is a state transition graph for R (or L).

Let ¥ = {a, 8}

1. L=10
@ =
+

2. L=%"
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Recognizer Examples

3. L={a"n=0,1,2,..}

>
g N
4. L={o"p"n=0,1,2,..}.

a [e3 o

— —O——>
5]
ran Ny

In the above transition graph, the nodes labelled + should be merged to a single ‘dump’
node self-looped with {a, 8}

5. L= {s|#a(s) = #0(s)}, where 0 < #0(s) = number of ¢’s in the string s.

B 8 B 8 B B
P — T
[e3 « [e% [e% @ [e3
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Automata - §2.4

> Let: A = (Y727775 yo,Ym)

v

We say A is an automaton over the alphabet ¥ where Y is a
nonempty set, y, € Y, Y, CY andn: Y xX =Y.

v

We immediately extend 7 as we did before to:

n:Yx¥ =Y

v

The language L recognized by A is:

L:={s € ¥ |n(yo,s) € Yin)}

v

We say that A is a recognizer for L.
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Automata Example

» For this example, y, =0, Yar = {2}, ¥ = {«, 5, \, u}, and
Y ={0,1,2,3}.

» Eg. of nare: n(0,a) =1, and n(1,\) =0
> L(A) == {s € =*[5(0,5) = 2}
» eg. L(A) = {a)\, afa), alual, ...}

mach States
0= Idle
1=Working
2=Down
3 =Dump State
Events
o =machine starts job
3 =machine finishes job
A =machine breaks down
/4 =machine is repaired
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Automata Example - Il
Claim: A = (Y, 3,7, Yo, Yim) = Recog(L(A))

Sketch of Proof: Must show that states Y of A correspond to
the cells of =(a).

Let S, :={s € ¥*|7(0,s) =n}, forn=0,1,2,3
Show that {S,|n =0,1,2,3} is a partition of ¥*.
1) Let 5,8 € S, for some n € {0,1,2,3}

Show s =p,(a) &'

2) Show:

(Vn,m €{0,1,2,3}),n #m =
(Vs € Sp)(Vs' € Sp)s Zp(a) 8
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Reachable Automata

» Defn: For A = (Y, X, n,v, Yin), a state y € Y is reachable if
(3s € %) (o, 5) = .

A is reachable if all of its states are reachable.

v

v

Let Y;ch C Y be the subset of reachable states.

v

Define the reachable subautomaton A, of A to be:
Arch = (Y;chy %, Nrchs Yoo Ym,rch)

where: Tlrch = 77|Yrch XX Ym,rch =YnN }/rch

v

Clear that L(Axn) = L(A).
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A-equivalent
» Fix A= (Y,%,n,9, Ym) and let L = L(A)

» Defn: We define equivalence relation A on Y as:
(Vy,y' € Y)y =1y/'(mod \) iff
(Vs € Z)n(y,s) € Y = n(y',s) € Yy
ie. two states are equivalent if they have the same marked

future.
» Proposition 2.4.1

(i) (vt t' € %) (o, t) = n(yo,t’)(mod ) & t =#'(mod L)

(ii)

(Vy, 9y € Y)y=y'(mod \) & (Vs € *)n(y,s) =n(y',s)(mod )
(iii)(Vy,y' € Y)y € Y&y =y/(mod A) = ¢/ € Yy,

» As the cosets of \ corresponds to the cells of =, we can use
A to construct a minimal state recognizer.
(©2022 R.J. Leduc 21



Complementary and Product Automata

» Defn: For A = (Y, X, n,y,, Y;n), we define the
complementary automaton as:

ACO = (}/7 Ea 777 y07 Y - Ym)

» Easy to see that A recognizes L iff A, recognizes the
complementary language Lo = X% — L.

» Defn: If A;, Ay are automata over X, then the product
automaton is defined to be:

Al x Ay = (Y1 x Y2, 2, m X 12, (Y10, Y20), Y10 X Yor)

where 1 X 12 : Y7 X Yo X X : Y] X Ys is defined for y; € Y7,

Y2 € Ye, and o € X:

(m x n2)((y1,92),0) = (m(y1,0),m2(y2, 0))

» If A; recognizes L; (i = 1,2), then Aj x Ay recognizes
LiN Ly
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Generators - §2.5

» Generators are more flexible and economical way to represent
a language than recognizers.

v

A generator is a transition structure in which normally only a
proper subset of ¥ can occur at a given stage.

v

We define the generator G as follows:

G =Y., 9,Ynm)

v

Here, the transition function 7 is defined at each state only for
a subset of X, thus 7 is a partial function (pfn). We write:

n:Y xX =Y (pfn)

v

For y € Y and o € X, we use notation 7(y,o)! to mean that
n(y, o) is defined.

(©2022 R.J. Leduc
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Generators - |l
» We extend nton: Y x ¥* = Y (pfn) as follows:

n(y,e) = y
n(y,so) = nn(y,s),0), se€ ¥

as long as ¢’ :=n(y, s)! and n(y’, o)!.
» Defn: We define the closed behavior of G to be:
L(G) == {s € %[ n(yo, s)'}
> We define the marked behavior of G to be:
Lin(G) :={s € X*|1(yo, 5)! & n(yo, 5) € Y}
» Clearly, L(G) is closed, and L,,(G) C L(G)
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Generator Interpretation

>

Can think of G as something that “generates” strings by
starting at initial state, and doing only transitions that are
defined by 7.

Thus G can be used to model the behavior of a dynamic
system by only producing strings that are consistent with the
systems behavior.

L(G) represents all possible sequences of events that could
occur in the system.

Transitions possible at a given state represent possible events
at the current state of the dynamic system.

If more than one event possible at a given state, then event
selection is determined by some unmodelled system behaviour
or perhaps random.

(©2022 R.J. Leduc
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Generator Example

mach

Events
o =machine starts job
(3 = machine finishes job
A =machine breaks down

M =machine is repaired

» Y= {CV?B:)‘MU'}
» ie. (I, 5)! and —n(W, a)!
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Generator Definitions

>

>

For generator G = (Y, X, 1, Yo, Yin):

Defn: A state y € Y is reachable if there is a string s € ¥*
such that 7(y,, $)! and 1(yo, s) = y.

G is reachable if all of its states are reachable.

Defn: We say a state y € Y is coreachable if there is a string
s € ¥* such that n(y, s)! and n(y, s) € Y.

G is coreachable if all of its states are coreachable.

Defn: We say G is nonblocking if every reachable state is
coreachable.

Equivalent to saying: L(G) = L,,,(G)

Defn: We say G is trim if it is both coreachable and
reachable.
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Generator Definitions

mach

(©2022 R.J. Leduc

28



Generator Examples

1. Lp=0 EMPTY (having empty state set)

3. Lm={o"n=0,1,2,..}

: o
4. Lp={o"Bf"n=0,1,2,..}

0L e ¥ po Y pOr-----
A
BB

5. L = {s|#ta(s) = #8(s)}
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A-equivalent For Generators

>

For generator G = (Y, X, 1, Yo, Yin):

As for recognizers, can define equivalence relation on state
set, Y.

Will allow us to reduce a reachable generator to a minimal
state version that represents the same closed and marked
behavior.

However, we now need Nerode equivalence relations on X* for
both L(G) (label =) and L,,(G) (label =,,,).

Defn: We define equivalence relation A on Y as:
(Vy,y € Y)y =y'(mod \) iff

i) (Vs € 2%)n(y,s)! <y, s)!

i) (Vs € Z*)n(y, s)!&n(y,s) € Yo & (Y, s)!&n(y’,s) € Vi

(©2022 R.J. Leduc
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A-equivalent For Generators - |l

» Proposition 2.5.1

(i) (Vs,s" € ) (Yo, 8) = 1Yo, s')(mod \) & s =, 5" & s =, 5
(i) (vy,y' € Y)y =y (mod \) & (Vs € ¥*)n(y, 5) = 1(y', 5)(mod \)

(ii)(Vy,y €Yy € Vn&y =y (mod \) = ¢/ €Y,

» The minimal version of G can be constructed using the cells
of A as states, and the induced transition function (ie.
projection (mod \)).

» The TCT procedure minstate does this.
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Nondeterministic Generators

» Defn: A nondeterministic generator is a generator where more
than one transition at a given state may carry the same event
label.

> We define it as the 5-tuple:
T=(Y.%,7,%,Yn)

» Difference: transition function now maps (y, o) into subsets of
Y:
T:Y x 3 — Pwr(Y)

> We extend 7 to operate on strings by:

m(y,e) = {y}
T(y,s0) = U{r(,0)ly €1(y,s)}, seXoeX
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Nondeterministic Generators - ||

» Defn: The closed behavior is:
L(T) == {s € | 7(yo, 5) # 0}
» The marked behavior is:

Lo (T) :={s € " 7(yo,5) N Yy, # 0}
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Subset Construction

» Given a nondeterministic generator T = (Y, 3, 7, Yo, Yin), we
can construct a deterministic generator Tget that generates
the same closed and marked behavior.

> To construct Tyet, We take as its states the nonempty subsets
of Y:
Ydet = PWF(Y) - {@}

» The process of constructing T get is called subset construction.
> Let Tget = (X, 3, &, 20, Xin) where:

X = Pur(¥) — {0}, &(r.0) = Ufrly, o)y € o)
Lo = {yo}a X = {x’ rNYpy, 7é Q)}

» Transition &(z,0)! iff U{T(y,0)|y € x} # 0.
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Subset Construction - 1I

v

NOTE: Subset construction is used in the TCT procedure
Project, as the initial result may be nondeterministic.

» The Project operator constructs a new DES by removing
specified events from the DES’ event set.

> See defn in course notes. See also defn of natural projection
in notes.

» TCT operations are defined in course notes as well.

(©2022 R.J. Leduc

35



Subset Construction Problem

» Warning: subset construction may hide blocking situations as

in the example below:

0, 1

T a converts to T gqt —O0—O0—>=O—>

» A solution: extend T so that all non-coreachable are
selflooped by new event label k & X

' v
T converts to Tdet yel

(©2022 R.J. Leduc
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Regular Expressions - 2.6

» We will not cover this, but you should know about regular
expressions.

» Read Section 2.6
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