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Abstract

Hierarchical Interface-based Supervisory Control (HISC) is a method to alleviate

the state-explosion problem when verifying the controllable and nonblocking prop-

erties of a large discrete event system. By decomposing a system as a number of

subsystems according to the HISC method, we can verify the subsystems separately

and the global system controllability and nonblocking property are guaranteed, so

that potentially great computation e�ort is saved.

In this thesis, we �rst present a predicate-based synthesis algorithm for each type

of subsystem and then prove the correctness of the algorithms. Then a predicate-

based veri�cation algorithm for each type of subsystem is provided. Based on the

predicate-based algorithms, a symbolic implementation is proposed by using Binary

Decision Diagrams (BDD) and the fact that a subsystem is usually composed of a

number of components. With the symbolic implementation, we can handle a much

larger subsystem of each type.

Two large and complicated examples (with estimated worst-case state space on

the order of 1030) extended from the AIP example are provided for demonstrating

the capabilities of the algorithms and the implementation. A software tool for the

synthesis and veri�cation using our approach is also developed.
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Chapter 1

Introduction

A Discrete Event System (DES) is a dynamic system that is discrete in state space

and is event-driven. Ramadge and Wonham (RW) [36] proposed the supervisory con-

trol theory framework for a class of general DES, in which the DES is represented

as an automaton over an event alphabet, and its behavior is described by the lan-

guage generated by the automaton. The events in the alphabet are partitioned as

controllable events which can be disabled and uncontrollable events which can not

be disabled. By disabling and enabling controllable events, a system controller can

restrict the behavior of a plant. Such a controller is also called a supervisor. Two

properties, controllability and nonblocking, are usually desirable for the behavior of

the controlled system.

Although the supervisory control theory does not require the language to be reg-

ular, in practice the language should be, so that the automaton representing the

language has a �nite state space. The control action in the theory is based on the

strings generated by the plant. However, the number of the strings could be in�nite.

In order to implement such a controller, a supervisor DES can be designed so that

the synchronous product of the plant DES and the supervisor DES can generate the

1
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desired behavior. We can design the supervisor DES by hand, and then verify the

controllable and nonblocking properties.

In [48], RW provided an algorithm to synthesize an optimal supervisor according

to an arbitrary speci�cation language. An optimal supervisor means that it is a

minimally restrictive controller that satis�es the speci�cation and is nonblocking and

controllable. The complexity of this algorithm is polynomial on the number of the

DES states.

The most intuitive but ine�cient method to store a DES in a computer is to save

the state space and transitions in look-up tables directly. To check the controllable

and nonblocking properties, we have to traverse the DES which means we have to

go through and search the look-up tables. However, most practical systems have a

very large state space since they are usually modeled as the synchronous product of

a group of component DES, so the state space size is increased exponentially on the

number of the components. Such a problem is known as the state explosion problem.

The software TCT [47] is a tool using the above method to store a DES. It provides

a synthesizing routine (supcon) to compute the optimal supervisor and other routines

to help model a system and check properties. Due to the state explosion problem,

TCT can only handle some simple systems under the memory limitations (With 1GB

RAM, TCT can handle a system on the order of 107 states). Therefore, it is necessary

to �nd other e�cient approaches to model and represent DES such that for a large

system a supervisor can be synthesized and nonblocking and controllable properties

can be veri�ed.

2
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1.1 Research Review

In order to overcome the state explosion problem, usually two categories of ap-

proaches can be applied: to explore control architectures and to explore internal

structures of DES.

Modular control [13,34,49] is an early and widely used method, which implements

control action by designing multiple supervisors. Each supervisor is responsible to

implement part of the control speci�cations. In [3, 30, 39, 45, 50], this approach is

extended as decentralized control by allowing each supervisor access only to partial

observations of the plant. These architectures successfully solved the controllability

veri�cation but not for the nonblocking veri�cation.

Another architectural approach is the model aggregation methods or the bottom

up methods [8,18,33,41,46,52]. In these methods, the aggregation model(high-level)

is obtained from low-level models by language aggregation or state aggregation. The

"hierarchical consistency" concept is introduced to make sure that a high-level super-

visor can be implemented in low-levels. However, as aggregate models are constructed

from low-levels sequentially, a given level can not be constructed until all the levels

below it have been constructed. Furthermore, the conditions for this type of ap-

proaches are su�cient and necessary, which means that a change on one level may

a�ect all the levels above it.

In [35], RW introduced a static state feedback supervisory control framework

by using predicates to store the state space and de�ne the speci�cations. In [47],

a dynamic state feedback control is also introduced by using memory components.

However, they did not mention how to represent a predicate.

In the VDES [9, 10, 28, 29] or Petri Net [32, 42, 43] framework, a system state is

represented by a vector with integer components, and state transitions by integer

3
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vector addition. The speci�cations are de�ned in the form of linear inequalities. The

supervisor is synthesized by using linear programming algorithms. These approaches

are applied well on the systems with high degree of regularity. Moreover, to verify

the nonblocking property or synthesize a nonblocking controller, a reachability graph

may need to be constructed �rst.

STCT [51] utilized the fact that a system is usually modeled as a group of DES

components, so that each state of the system can be represented as a vector. It

then does the synthesis process based on the synchronous product of the plant and

the speci�cation components but does not actually build the synchronous product.

By using IDD (Integer Decision Diagram, an extension of Binary Decision Diagram

(BDD) [6]) to encode the state space and transitions of the system, STCT can synthe-

size an optimal controllable and nonblocking supervisor for a system with closed-loop

state space size on the order of 1023, but that system is quite arti�cial, and there is

no rigorous theoretical foundation for the algorithms.

Ma [31] presented a top-down multi-level design model called State Tree Structures

(STS) which was initiated in [44] by using the idea of state charts [17]. A STS includes

a State Tree to store states and holons to store local dynamics. A sub-state-tree is

used to store a state set and a basic sub-state-tree is used to represent one state.

Set operations such as union could be done by the join operation of two sub-state-

trees, and global dynamics could be constructed from the local holons, but there

is no easy sub-state-tree operation corresponding to the intersection of two state

sets. Furthermore, not all of the state sets can be represented as one sub-state-tree.

However, by using STS, one could model a system from the top level and treat each

module as a superstate, and later on the module can be further designed in detail.

These modeling steps re
ect the hierarchical nature of most complex systems, so

modeling a system as a STS will be straightforward.

4
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To solve the above problems in STS, Ma used BDDs to represent state sets. Due

to the rich structure of STS, the state sets can be represented by BDDs compactly. By

using the optimized recursive algorithms, he modeled and synthesized a state-based

supervisor for a system with an estimated state space on the order of 1024. However,

in order to construct the global transitions from local transitions, STS requires the

local coupling condition: no shared events between two holons matched to the OR

superstates that are not AND-adjacent to the same AND superstates. This restriction

could force a modeler to 
atten the STS, so that it makes the STS less structural

and some optimization techniques (e.g. coreachable inference) work less e�ciently.

We will talk more about this in the AIP example chapter. Furthermore, in STS, the

synthesis process is still working on the global state space, which grows exponentially

on the number of components.

Leduc et al. [21{27] proposed the Hierarchical Interface-based Supervisory Control

(HISC) by bringing the information hiding theory from software engineering into su-

pervisory control. By using this method, a system is decomposed into one high-level

subsystem and multiple low-level subsystems. Between the high-level subsystem and

each low-level subsystem, there is a well-de�ned interface which restricts the inter-

action of the subsystems. All the communications between the high-level subsystem

and low-level subsystems must be done through a speci�c interface. Therefore, after

modeling the interfaces, we can model those subsystems simultaneously. The really

valuable thing in HISC is that as long as each subsystem and its interface satis�es cer-

tain local conditions, then the global controllable and nonblocking properties can be

guaranteed, which means that we only need to work on the states in each subsystem

instead of the states of the synchronous product of the whole system. With automata

based algorithms, Leduc successfully veri�ed a system with an estimated worst-case

closed-loop state space on the order of 1021. Richter et al: [37] also modeled and

5
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veri�ed a bottling plant by using the HISC method with estimated state space on

the order of 1047 (They obtained this number by multiplying the number of states in

each component DES).

1.2 Thesis Overview

Because the algorithms in [21] (Leduc) explicitly list the states and transitions,

each subsystem could not be very large. With 1GB of RAM, he could handle in-

dividual components only as large as 106{107 states. This might put limitations on

modeling a real system especially for the high-level. Dai [14] is developing synthesis

algorithms to compute the supervisors for each subsystem. However, his algorithms

are still based on the explicit state and transition listing, thus do not save much

computation.

As each subsystem in HISC is usually modeled as a group of plant DES and a group

of speci�cation/supervisor DES, each subsystem-wide state can be represented as a

vector, where each member of the vector is the state of a component DES. Therefore,

we can use BDD to represent the state space and transitions for each subsystem, and

develop algorithms based on BDD representations to verify or synthesize supervisors

for it. By using the BDD representation and algorithms, our program is able to

handle much larger subsystem, so the power of HISC is greatly improved.

In this thesis, we need to verify not only the controllable and nonblocking proper-

ties but also the interface consistent conditions in [21] for the high-level and low-level

subsystems. The conditions we used are from [23, 24], an equivalent version of the

conditions in [21]. A proof for the equivalence between the two can be found in [14,24].

We �rst present the synthesis algorithms based on speci�cations for each type of sub-

system, and then give the veri�cation algorithms based on modular supervisors for

6
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each type of subsystem. The correctness of the algorithms is proved. A software tool

to implement these algorithms is also developed.

Two examples of industrial size are provided to show the capability of our algo-

rithms in this thesis. The �rst one is extended from the AIP example in [21], which

synthesizes a high-level supervisor with state space on the order of 1015. In the second

example, we build a feedback system by treating each high-level subsystem in the �rst

example as a low-level system, and then synthesize a low-level supervisor.

As the structure of each subsystem could be thought of as a special STS with

three levels (Level 0 is the root AND superstate, and each state in Level 1 is an

OR superstate corresponding to each component DES, and each state in Level 2 is a

simple state corresponding to each state in the component DES), we borrowed many

ideas from [31], especially with respect to BDD implementation.

1.3 Thesis Structure

The remaining chapters in this thesis are organized as follows.

In Chapter 2, we present the necessary algebra and language foundations for

proofs in this thesis. Basic supervisory control theory of DES and some fundamental

operations of DES and propositions are also presented.

In Chapter 3, we give an overview for the HISC method, and then give an equiv-

alent de�nition of the interface consistent condition for the purpose of proving our

synthesis algorithms.

In Chapter 4 and 5, the synthesis and veri�cation algorithms based on predicate

operations for an HISC system are presented and proved.

In Chapter 6, we give a BDD-based implementation of the algorithms in Chapter

4 and 5. The encoding techniques and optimization techniques for the BDD imple-

7



Master Thesis { R. Song { McMaster { Computing and Software

mentations are the main focus of this chapter.

In Chapter 7 and 8, examples to show the capabilities of our algorithms and BDD

implementations are presented.

Finally, in Chapter 9, we discuss the future work and conclusions.

8



Chapter 2

Preliminaries

In this chapter, we �rst discuss some basic algebraic and linguistic concepts that

will be used in the later chapters. Then we introduce the predicate and predicate

transformers which are important for our later algorithms. After that, we give an

overview of DES and the RW supervisory control theory. We also state and prove

several fundamental propositions. This chapter is largely based on [47]. Proposi-

tion 2.1 is an extension of Theorem 3.18 from [19] by Huth and Ryan.

2.1 Algebra

2.1.1 Posets and Lattices

Let X be a set, and � be a binary relation on X. � is a partial order if it has

the following three properties:

� re
exive: (8x 2 X) x � x

� transitive: (8x; y; z 2 X) x � y & y � z ) x � z

� antisymmetric: (8x; y 2 X) x � y & y � x) x = y

9
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If � is a partial order on X, then the pair (X;�) is called a poset. If � is

understood, we could call X a poset.

Let (X;�) be a poset, x; y 2 X. An element l 2 X is a meet of x and y(denote

it as x u y = l 1), if

l � x & l � y & ((8a 2 X) a � x & a � y ) a � l):

Dually, an element u 2 X is a join of x and y(denote it as x t y = u), if

x � u & y � u & ((8b 2 X) x � b & y � b) u � b):

Let L be a set. A poset (L;�) is a lattice if the meet and join of any two elements

in L always exist.

Let S be a nonempty subset of L and l 2 L. Element l is the in�mum of S (inf S)

if

(8y 2 S) l � y & (8z 2 L)((8y 2 S)z � y)) z � l

Dually, u 2 L is the supremum of (sup(S)) if

(8y 2 S) y � u & (8z 2 L)((8y 2 S)y � z)) u � z

A lattice (L;�) is complete if, for any nonempty subset S of L, both inf S and

sup S always exist. Every �nite lattice is complete.

Let X be a set. De�ne Pwr(X) as the set consisting of all the subsets of X.

(Pwr(X);�) is a complete lattice [15]. This fact is fundamental for the correctness

of our algorithms.

1In [47], the meet of elements x and y is denoted as x ^ y, and the join of them is denoted as
x _ y, but we will use the notation ^ for predicate operation and and _ for predicate operation or,
because the predicate operations are heavily used in this thesis.

10
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2.1.2 Equivalence Relations

Let X be a nonempty set, and E a binary relation on X. E is an equivalence

relation if

� (8x 2 X)xEx (re
exive)

� (8x; x0 2 X)xEx0 ) x0Ex (symmetric)

� (8x; x0; x00 2 X)xEx0 & x0Ex00 ) xEx00 (transitive)

Let x 2 X, de�ne [x] � X as [x] := fx0 2 Xjx0Exg: [x] is called the coset or

equivalent class of x with respect to the equivalence relation E:

By x 2 [x], [x] is nonempty.

Let x; y 2 X, then it can be shown that either [x] = [y] or [x] \ [y] = ;. Namely,

[x] and [y] are either equal or disjoint.

2.1.3 Monotone Functions and Fixpoints

Let (X;�) be a complete lattice. A function f : X ! X is monotone if

(8x; y 2 X) x � y ) f(x) � f(y):

Let X be a set, and f : X ! X be a function. An element x 2 X is a �xpoint of

f if x = f(x). Let (X;�) be a complete lattice. The element x is the greatest �xpoint

of f if

(8x0 2 X) x0 = f(x0)) x0 � x:

Let X be a set, and f : X ! X be a function. For x 2 X, denote f 0(x) for x,

f 1(x) for f(x), f 2(x) for f(f(x)), ..., and f i(x) for

11
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f(f(: : : f| {z }
i

(x))); i 2 f0; 1; 2; : : :g:

We now state Theorem 2.1 which is the well known Knaster-Tarski Theorem [40].

Theorem 2.1 (Knaster-Tarski Theorem). Let (X;�) be a complete lattice, and let

f : X ! X be a monotone function. Then the greatest �xpoint of f exists and is

equal to supfxjx � f(x)g:

Note that the set X can be uncountable in�nite, and that this theorem does not

say anything about how to compute the greatest �xpoint. It only states the existence.

For our usage, the complete lattice is (Pwr(��);�): �� is countable in�nite, while

Pwr(��) is uncountable in�nite.

Proposition 2.1 is a special case of the Knaster-Tarski theorem, and it also gives

a method to compute the greatest �xpoint for the special case.

Proposition 2.1. Let X be a �nite set with n elements, n 2 f0; 1; : : :g. If a function

f : Pwr(X) ! Pwr(X) is a monotone function with respect to �, then there exists

k 2 f0; 1; 2; : : :g such that k � n and f k(X) is the greatest �xed point of f with

respect to (Pwr(X);�), and (8i 2 f1; 2; : : :g) i > k ) f i(X) = fk(X):

Proof:

1. Show that there exists k � n; f k(X) is a �xpoint of f , i.e. f k(X) = fk+1(X).

We know that f(X) � X,

) f 2(X) � f(X); as f is monotone:

) f 3(X) � f 2(X)

� � �

) fn+1(X) � fn(X)

So, we have

12
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fn+1(X) � fn(X) � � � � � f 1(X) � X

Assume @k � n; f k(X) = fk+1(X), then

fn+1(X) � fn(X) � � � � � f 1(X) � X

This is impossible, because X only contains n elements, and f k+1(X) � fk(X)

(k 2 f0; 1; : : :g) means that f k+1(X) contains at least one less element than

fk(X) does.

2. Show that f k(X) is the greatest �xpoint of f , i.e. (8S 2 Pwr(X)) S = f(S))

S � fk(X):

Let S 2 Pwr(X), and assume S = f(S):

Must show this implies S � f k(X).

We know that S � X

) f(S) � f(X); as f is monotone

) S � f(X); as S = f(S)

) f(S) � f 2(X); as f is monotone

) S � f 2(X); as S = f(S)

� � �

) S � fk(X)

3. Show that (8i 2 f1; 2; : : :g)i > k ) f i(X) = fk(X):

This follows immediately since f k(X) is a �xpoint of f , i.e. f k(X) = fk+1(X):

13
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2.2 Languages

Let � be a �nite set of symbols, and we refer to � as an alphabet. A string over �

is a �nite sequence of symbols in �. Denote �+ as the set of all such strings over �:

Let � (=2 �) be the empty string (no symbols), we write �� = �+ [ f�g:

We de�ne the operation of concatenation of strings: cat : ����� ! �� according

to

cat(�; s) = cat(s; �) = s; s 2 ��;

cat(s; t) = st; s; t 2 �+:

A language L is a subset of ��; and thus an element of Pwr(��):

Let s; t 2 ��: t is said to be a pre�x of s (t � s) if (9u 2 ��) tu = s:

Let L � ��. The (pre�x) closure of L is de�ned as:

L := ft 2 ��j(9s 2 L) t � sg:

A language L is closed if L = L:

The following proposition will be used in following chapters.

Proposition 2.2. Let L1; L2 2 Pwr(��): Then the following holds:

L1 [ L2 = L1 [ L2

proof:

L1 [ L2 � L1 [ L2 follows immediately since L1 � L1 [ L2 and L2 � L1 [ L2:

We now show L1 [ L2 � L1 [ L2:

Let s 2 L1 [ L2 (1)

Must show this implies s 2 L1 [ L2

By (1), we know (9s0 2 ��) ss0 2 L1 [ L2

) ss0 2 L1 or ss0 2 L2 (2)

14
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If ss0 2 L1; then s 2 L1: We thus have s 2 L1 [ L2: (3)

Similarly, if ss0 2 L2; then s 2 L2: We thus also have s 2 L1 [ L2: (4)

By (2), (3) and (4), we can conclude s 2 L1 [ L2:

Let L � �� and s 2 ��. The operator EligL : �� ! Pwr(�) is used to get the set

of eligible events for s with respect to L:

EligL(s) := f� 2 �js� 2 Lg:

Let L � ��: The Nerode equivalence relation on �� with respect to L is de�ned as

(8s; t 2 ��) s �L t i� (8u 2 ��) su 2 L, tu 2 L:

Write k L k as the cardinality of the set of the equivalence class of �L. If k L k is

�nite, we say L is regular. All the languages in this thesis are regular unless otherwise

stated.

For a regular language L, if we treat each Nerode equivalence class as a state,

then we can build a recognizer with �nite number of states to tell if a string s 2 ��

is in L or not. Such a recognizer is said to be canonical.

2.3 DES

A DES G is a generator, and formally de�ned as a �ve tuple

G := (Q; �; �; q0; Qm);

where Q is the state set; � = �c _[�u, where �c is the set of controllable events,

and �u is the set of uncontrollable events; � : Q � � ! Q is the (partial) transition

function; q0 is the initial state, and Qm � Q is the set of marker states. We always

assume Q and � are �nite.
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Let q 2 Q; � 2 �: We use �(q; �)! to mean that �(q; �) is de�ned.

The transition function � can be extended to � : Q� �� ! Q according to

�(q; �) = q

�(q; s�) = �(�(q; s); �)

provided q0 := �(q; s)! and �(q0; �)!: Note that �(q; �) is always de�ned.

A DES over � is the empty DES if Q = ;; and we denote it as EMPTY.

A DES G can be represented as a transition graph. The nodes(circles) in the

graph represent states in Q. The edges represent transitions. The initial state is

labeled with an entering arrow (!I�); and the marker states are labels with an exiting

arrow(�!I): If the initial state is also a marker state, it will be labeled with a double

side arrow(�J$I): The controllable transitions are labeled with a slash on the edge.

Figure 2.1 is the transition graph representation for the well known MACH DES.

The DES MACH includes three states s0, s1 and s2. State s0 is the initial state and

Figure 2.1: MACH

the only marker state. There are four transitions: (s0; �; s1); (s1; �; s0); (s1; �; s2);

(s2; �; s0). Events �; � are controllable events and events �; � are uncontrollable

events. Note that the event set � may include events other than the four events

shown in the graph.
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A DES G generates two languages: L(G) and Lm(G), which are called the closed

behavior of G and the marked behavior of G respectively, and are de�ned as follows.

L(G) := fs 2 ��j�(q0; s)!g

Lm(G) := fs 2 ��j�(q0; s) 2 Qmg

The language L(G) is closed, and Lm(G) � L(G):

Let q 2 Q. State q is reachable if 9s 2 �� such that �(q0; s) = q: State q is

coreachable if 9s 2 �� such that �(q; s) 2 Qm:

A DES G is reachable, if every state in Q is reachable.

A DES G is coreachable, if every state in Q is coreachable.

A DES G is trim, if every state in Q is reachable and coreachable.

A DES G is nonblocking, if every reachable state in Q is coreachable. i.e. Lm(G) =

L(G):

We say that DES G represents a language K � �� if G is nonblocking and

Lm(G) = K: We thus have L(G) = K:

In the tuple de�nition of G; we de�ne that � : Q � � ! Q is a partial func-

tion. We say such a DES G is deterministic. Instead, one can de�ne a DES T :=

(Q; �; �; q0; Qm); where Q; �; q0 and Qm are de�ned as in G; but � : Q��! Pwr(Q)

is a total function. We say such a DES T is nondeterministic.

As every nondeterministic DES can be converted to a deterministic DES, we

assume that all the DES in this thesis are deterministic.
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2.4 Operations on DES

2.4.1 Product and Meet

Let G1 = (Q1; �; �1; q10 ; Q1m
) and G2 = (Q2; �; �2; q20 ; Q2m

) be two DES de�ned

over the same alphabet �. The product of two DES is de�ned as:

G1 �G2 := (Q1 �Q2; �; �1 � �2; (q10 ; q20); Q1m
�Q2m

);

where �1 � �2 : Q1 �Q2 � �! Q1 �Q2 is given by

(�1 � �2)((q1; q2); �) := (�1(q1; �); �2(q2; �));

whenever �1(q1; �)! and �2(q2; �)!:

From the de�nition, we have L(G1�G2) = L(G1)\L(G2), and Lm(G1�G2) =

Lm(G1) \ Lm(G2):

The meet of DES G1 and G2 is de�ned as G1 � G2 but only including the

reachable states, and we denote it as meet(G1;G2):

Obviously, L(meet(G1;G2)) = L(G1�G2) and Lm(meet(G1;G2)) = Lm(G1�

G2):

2.4.2 Synchronous Product

Synchronous Product on Languages

Let �1; �2 be two alphabets, � = �1 [ �2.
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De�ne the natural projection Pi : �� ! ��
i (i = 1; 2) according to

Pi(�) = �

Pi(�) =

8
><
>:

� if � =2 �i

� if � 2 �i

Pi(s�) = Pi(s)Pi(�) s 2 ��; � 2 �

Clearly, (8s; t 2 ��) Pi(st) = Pi(s)Pi(t): In other words, Pi is catenative.

Let P �1
i : Pwr(��

i ) ! Pwr(��) be the inverse image function of Pi, namely for

H � ��
i ;

P �1
i (H) := fs 2 ��jPi(s) 2 Hg:

Let L1 � ��
1; L2 � ��

2: The synchronous product L1 k L2 � �� is de�ned as

L1jjL2 := P �1
1 (L1) \ P �1

2 (L2):

Sel
oop

Let G1 = (Q1; �1; �1; q10 ; Q1m
) be a DES de�ned on alphabet �1, and �2 be

another alphabet with �1 \�2 = ;: The sel
oop operation on G1 is used to generate

a new DES G by sel
ooping each event in �2 on each state of G1. Formally,

G = sel
oop(G1; �2) = (Q1; �1 [ �2; �2; q10 ; Q1m
);

where �2 : Q1 � (�1 [ �2)! Q1 is a partial function and de�ned as

�2(q; �) :=

8
>>>>>><
>>>>>>:

�1(q; �); � 2 �1; �1(q; �)!

q; � 2 �2

unde�ned; otherwise
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Let P1 : (�1 [ �2)
� ! ��

1 be a natural projection, then we have

L(sel
oop(G1; �2)) = P �1
1 (L(G1))

Lm(sel
oop(G1; �2)) = P �1
1 (Lm(G1))

Synchronous Product on DES

Let G1 = (Q1; �1; �1; q10 ; Q1m
), G2 = (Q2; �2; �2; q20 ; Q2m

) be two DES. The syn-

chronous product of G1 and G2 is de�ned as 2

G1 k G2 := sel
oop(G1; �2 � �1)� sel
oop(G2; �1 � �2):

Note that the alphabet set of G1 k G2 is �1[�2: The product of two DES G1;G2

is actually a special case of the synchronous product where �1 = �2:

We de�ne sync(G1;G2) as the DES G1 k G2 but only with reachable states.

Then, we have

L(G1 k G2) = L(sync(G1;G2)) = L(G1) k L(G2) = P �1

1 (L(G1)) \ P �1

1 (L(G2))

Lm(G1 k G2) = Lm(sync(G1;G2)) = Lm(G1) k Lm(G2) = P �1

1 (Lm(G1)) \ P �1

1 (Lm(G2))

Note that our synchronous product operation on DES is associative. Namely, for

DES G1, G2, G3, we have

((G1 k G2) k G3) = (G1 k (G2 k G3))

sync(sync(G1;G2);G3) = sync(G1; sync(G2;G3))

2.5 Predicates and Predicate Transformers

2.5.1 Predicates

Let G = (Q; �; �; q0; Qm) be a DES. A predicate P de�ned on Q is a function

P : Q! f1; 0g: P is identi�ed by a corresponding state subset

2The operator is same as the synchronous product operator on languages, but they can be easily
distinguished by context.
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QP := fq 2 QjP (q) = 1g � Q:

If q 2 QP , we write q j= P and say q satis�es P or P includes q: So, q j= P if and only

if P (q) = 1: We write Pred(Q) for the set of all predicates de�ned on Q; so Pred(Q)

can be identi�ed by Pwr(Q): With the predicates, we can build boolean expression

using the following operations:

(:P )(q) = 1 i� P (q) = 0

(P1 ^ P2)(q) = 1 i� P1(q) = 1 and P2(q) = 1

(P1 _ P2)(q) = 1 i� P1(q) = 1 or P2(q) = 1

(P1 � P2)(q) = 1 i� P1(q) = 1 and P2(q) = 0

where P; P1; P2 2 Pred(Q) and q 2 Q: Clearly, P1 � P2 = P1 ^ :P2:

The two special predicates true and false are identi�ed by Q and ; respectively.

The predicate Pm is identi�ed by Qm:

For convenience, if Q is understood, for Q1 � Q, denote the predicate identi�ed by

Q1 as pr(Q1). For a predicate P1 2 Pred(Q), denote the corresponding state subset

QP1 as st(P1):

The relation � on Pred(Q) is de�ned as

(8P1; P2 2 Pred(Q)) P1 � P2 i� P1 ^ P2 = P1:

It can easily be shown that � is a partial order on Pred(Q): Clearly, P1 � P2 i�

QP1 � QP2 ; so (8q 2 Q) q j= P1 ) q j= P2:

If P1 � P2; we say that P1 is stronger than P2; and we also say that P1 is a

subpredicate of P2:

Under the identi�cation of Pred(Q) with Pwr(Q) and � with �; it is clear that

(Pred(Q);�) is a complete lattice. The top element is true, and the bottom element
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is false:

For a predicate P 2 Pred(Q); we de�ne Sub(P ) to be the set of all the sub-

predicates of P: Clearly, Sub(P ) is identi�ed by Pwr(QP ), and (Sub(P );�) is also a

complete lattice with top element P and bottom element false:

Proposition 2.3. Let Q be the state set of a DES G with n states, n 2 f0; 1; : : :g,

and let P be a predicate on Q. If a function f : Sub(P ) ! Sub(P ) is a monotone

function with respect to �, then there exists k 2 f0; 1; : : :g such that k � n and f k(P )

is the greatest �xed point of f with respect to (Sub(P );�), and (8i 2 f1; 2; : : :g) i >

k ) f i(P ) = f k(P ):

proof:

Immediately from Proposition 2.1 and the identifying relationship of Sub(P ) with

Pwr(QP ); � with �; P with QP ; and false with ;:

2.5.2 Predicate Transformers

Let G = (Q; �; �; q0; Qm) be a �xed DES. A predicate transformer is a function

f : Pred(Q)! Pred(Q): We now introduce several predicate transformers which will

be used later on.

� R(G; :)

Let P 2 Pred(Q): The reachability predicate R(G; P ) is de�ned to hold pre-

cisely on those states that can be reached in G from q0 via states satisfying P:

Formally,

1. q0 j= P ) q0 j= R(G; P )

2. q j= R(G; P ) & � 2 � & �(q; �)! & �(q; �) j= P ) �(q; �) j= R(G; P )
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3. No other states satisfy R(G; P ):

In other words, q j= R(G; P ) if and only if there exists a path in G from q0 to q

and each state on the path satis�es P: Therefore, q0 2 P ) R(G; P ) = false:

Clearly, R(G; P ) � P and R(G; :) is monotone with respect to � : Note that

R(G; true) exactly includes all the reachable states in Q:

� CR(G; :)

Let P 2 Pred(Q): The coreachability predicate CR(G; P ) is de�ned to hold

precisely on those states that can reach a marker state in G via states satisfying

P: Formally,

1. Pm ^ P = false) CR(G; P ) = false

2. q j= Pm ^ P ) q j= CR(G; P )

3. q j= CR(G; P ) & q0 j= P & � 2 � & �(q0; �)! & �(q0; �) = q ) q0 j=

CR(G; P )

4. No other states satisfy CR(G; P ):

In other words, q j= CR(G; P ) if and only if there exists a path in G from q to

a marker state satisfying P and each state on the path satis�es P:

Clearly, CR(G; P ) � P and CR(G; :) is monotone with respect to � : Note

that CR(G; true) exactly includes all the coreachable states in Q:

� TR(G; :; �0)

Let �0 � �: With G and �0 �xed, TR(G; :; �0) is a predicate transformer. Let

P 2 Pred(Q): TR(G; P; �0) is de�ned to hold precisely on those states that can

reach a state satisfying P in G only via transitions with events in �0: Formally,
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1. P = false) TR(G; P; �0) = false

2. q j= P ) q j= TR(G; P; �0)

3. q j= TR(G; P; �0) & q0 2 Q & � 2 �0 & �(q0; �)! & �(q0; �) = q ) q0 j=

TR(G; P; �0)

4. No other states satisfy TR(G; P; �0):

In other words, q j= TR(G; P; �0) if and only if there exists a path in G from q

to a state satisfying P and each transition event in the path is in �0: Note that

the states on the path (excluding the end point state) do not need to satisfy P:

Clearly, P � TR(G; P; �0); and TR(G; P; �0) is monotone with respect to � :

� CR(G; P 0; �0; :)

Let P 0 2 Pred(Q) and �0 � �: With G; P 0 and �0 �xed, CR(G; P 0; �0; :) is also

a predicate transformer. Let P 2 Pred(Q): CR(G; P 0; �0; P ) is de�ned to hold

precisely on those states that can reach a state satisfying P 0 in G via states

satisfying P and transitions with events in �0: Formally,

1. P 0 ^ P = false) CR(G; P 0; �0; P ) = false

2. q j= P 0 ^ P ) q j= CR(G; P 0; �0; P )

3. q j= CR(G; P 0; �0; P ) & q0 j= P & � 2 �0 & �(q0; �)! & �(q0; �) = q ) q0 j=

CR(G; P 0; �0; P )

4. No other states satisfy CR(G; P 0; �0; P ):

In other words, q j= CR(G; P 0; �0; P ) if and only if there exists a path in G

from q to a state which satis�es P 0 and each state on the path satis�es P and

each transition event is in �0:
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Clearly, CR(G; P 0; �0; P ) � P and P 0 ^ P � CR(G; P 0; �0; P ): Note that

CR(G; :) is actually a special case of CR(G; P 0; �0; :) with P 0 = Pm and �0 = �:

Proposition 2.4. For a �xed G; �xed predicate P 0 2 Pred(Q); and �0 � �; the

predicate transformer CR(G; P 0; �0; :) is monotone with respect to �; i.e.

(8P1; P2 2 Pred(Q))P1 � P2 ) CR(G; P 0; �0; P1) � CR(G; P 0; �0; P2)

proof:

Let P1; P2 2 Pred(Q): Assume P1 � P2: Must show this implies

CR(G; P 0; �0; P1) � CR(G; P 0; �0; P2):

Let q j= CR(G; P 0; �0; P1): (1)

We now show implies q j= CR(G; P 0; �0; P2):

From (1), we know (9k 2 f1; 2; : : :g)(9q1; q2; : : : ; qk 2 Q)(9�1; �2; : : : ; �k�1 2 �0);

q1 = q; qk j= P 0

qi+1 = �(qi; �i); i = 1; 2; : : : ; k � 1

qi j= P1; i = 1; 2; : : : ; k

By P1 � P2; we have

(9k 2 f1; 2; : : :g)(9q1; q2; : : : ; qk 2 Q)(9�1; �2; : : : ; �k�1 2 �0)

q1 = q; qk j= P 0

qi+1 = �(qi; �i); i = 1; 2; : : : ; k � 1

qi j= P2; i = 1; 2; : : : ; k

) q j= CR(G; P 0; �0; P2)

As these predicate transformers play important roles in our algorithms, we give

an example for them. Let G be the DES shown in Figure 2.2(a). A state labeled
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with a predicate (P or P 0) means that it satis�es that predicate. For example, state

s3 satis�es P but not P 0, state s1 satis�es neither P nor P 0; and state s2 satis�es

both P and P 0. The other �gures in Figure 2.2 show the result of the above predicate

transformers. The states �lled with gray color satisfy the corresponding predicate

transformer result.
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(c) CR(G; P ) = pr(fs0; s2; s5; s6; s7g)
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(d) TR(G; pr(fs7g); fa1; a2; a3; a4; a6g) = pr(f
s0; s1; s2; s4; s7g)
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(e) CR(G; P 0; fa1; a2; a4; a5; a7; a8g; P ) = pr(f
s0; s2; s5; s6g)

Figure 2.2: Example for predicate transformers
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2.5.3 Languages Induced by Predicates

Let G = (Q; �; �; q0; Qm) be a DES, and P 2 Pred(Q) be a predicate on Q:

The language L(G; P ) is the closed language induced by P: Informally, L(G; P ) is

the closed language generated by the DES G with only those states satisfying P:

Formally,

L(G; P ) := fw 2 ��j(8v � w)�(q0; v) j= Pg:

Similarly, we de�ne Lm(G; P ) as the marked language induced by P:

Lm(G; P ) := fw 2 L(G; P )j�(q0; w) 2 Qmg

We can de�ne a DES G0 based on DES G and P as follows. If q0 2 P; then

G0 is de�ned as the EMPTY DES. Otherwise let G0 := (Q0; �; �0; q0; Q
0
m); where

Q0 := QP ; Q0
m := QP \ Qm; and the partial function �0 : Q0 � � ! Q0 is de�ned

according to

(8q0 2 Q0)(8� 2 �) �0(q0; �) :=

8
>><
>>:

�(q0; �); if �(q0; �)! & �(q0; �) j= P

unde�ned; otherwise.

Essentially, the DES G0 is the DES G after removing all the states not satisfying

P and all the transitions with source states or target states not satisfying P: Now one

may think of L(G; P ) and Lm(G; P ) as L(G0) and Lm(G0) respectively.

The following two propositions will be used in following chapters.

Proposition 2.5. Let G = (Q; �; �; q0; Qm) be a DES, then the following holds:

(8P 2 Pred(Q))(8s 2 ��) s 2 L(G; P ), �(q0; s) j= R(G; P ):

proof:

Let P 2 Pred(Q) and s 2 ��: Must show implies s 2 L(G; P ) , �(q0; s) j=

R(G; P ):
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s 2 L(G; P )

, (8t � s) �(q0; t) j= P; by de�nition of L(G; P )

, (9n 2 f0; 1; 2; : : :g)(9�0; �1; : : : ; �n�1 2 �)(9q1; q2; : : : ; qn 2 Q)

s = �0�1 � � � �n�1

qn = �(q0; s)

qi j= P; i = 0; 1; : : : ; n

qi+1 = �(qi; �i); i = 0; 1; : : : ; n� 1

, �(q0; s) j= R(G; P ):

From this proposition, it is clear that the language L(G; P ) only depends on those

states satisfying R(G; P ):

Proposition 2.6. Let G = (Q; �; �; q0; Qm) be a DES, then the following holds:

(8P 2 Pred(Q))(8s; t 2 L(G; P )) �(q0; s) = �(q0; t)) s �L(G;P ) t & s �Lm(G;P ) t

where �L(G;P ) and �Lm(G;P ) are the Nerode equivalence relations on �� with respect

to L(G; P ) and Lm(G; P ) respectively.

proof:

Let P 2 Pred(Q); s 2 L(G; P ) and t 2 L(G; P ): (1)

Assume �(q0; s) = �(q0; t): (2)

1. Show s �L(G;P ) t:

Su�cient to show that (8u 2 ��)su 2 L(G; P ), tu 2 L(G; P ):

Let u 2 ��: Must show the following two points.
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(a) su 2 L(G; P )) tu 2 L(G; P )

Assume su 2 L(G; P ): (3)

We now show that tu 2 L(G; P ):

By (3) and Proposition 2.5, we know �(q0; su) j= R(G; P ): (4)

If u = �, then tu = t 2 L(G; P ) from (1). So, we assume u 6= �:

Let u := �1�2 � � � �n; where n 2 f1; 2; : : :g and �1; �2; : : : ; �n 2 �:

By (4) and the de�nition of R(G; P ), we have

�(q0; s�1) j= P; �(q0; s�1�2) j= P; : : : ; �(q0; s�1�2 � � � �n) j= P: (5)

By (2) and G is deterministic, we have

�(q0; s�1) = �(q0; t�1); �(q0; s�1�2) = �(q0; t�1�2); � � � ;

�(q0; s�1�2 � � � �n) = �(q0; t�1�2 � � � �n): (6)

By (5)(6), we have

�(q0; t�1) j= P; �(q0; t�1�2) j= P; : : : ; �(q0; t�1�2 � � � �n) j= P: (7)

From (1), we know t 2 L(G; P ): From this and Proposition 2.5, we have

�(q0; t) j= R(G; P ) (8)

By (7),(8) and the de�nition of R(G; P ), we have �(q0; tu) j= R(G; P ):

) tu 2 L(G; P ); by Proposition 2.5

(b) tu 2 L(G; P )) su 2 L(G; P )

Identical to Part 1(a) by exchanging s and t.

2. Show s �Lm(G;P ) t:

Su�cient to show that (8u 2 ��) su 2 Lm(G; P ), tu 2 Lm(G; P ):

Let u 2 ��: Must show the following two points.

29



Master Thesis { R. Song { McMaster { Computing and Software

(a) su 2 Lm(G; P )) tu 2 Lm(G; P )

Assume su 2 Lm(G; P ): (9)

We now show that tu 2 Lm(G; P ):

By (9) and the de�nition of Lm(G; P ); we have

su 2 L(G; P ) & �(q0; su) 2 Qm

) �(q0; su) j= R(G; P ) & �(q0; su) 2 Qm; by Proposition 2.5 (10)

If u = �; then tu = t 2 Lm(G; P ) from (1) and (2). So, we assume u 6= �:

Let u := �1�2 � � � �n; where n 2 f1; 2; : : :g and �1; �2; : : : ; �n 2 �:

By (10) and the de�nition of R(G; P ), we have

�(q0; s�1) j= P; �(q0; s�1�2) j= P; : : : ; �(q0; s�1�2 � � � �n) j= P

�(q0; s�1�2 � � � �n) 2 Qm (11)

By (2) and G is deterministic, we have

�(q0; s�1) = �(q0; t�1); �(q0; s�1�2) = �(q0; t�1�2); � � � ;

�(q0; s�1�2 � � � �n) = �(q0; t�1�2 � � � �n): (12)

By (11)(12), we have

�(q0; t�1) j= P; �(q0; t�1�2) j= P; : : : ; �(q0; t�1�2 � � � �n) j= P:

�(q0; t�1�2 � � � �n) 2 Qm (13)

From (1), we know t 2 L(G; P ): From this and Proposition 2.5, we have

�(q0; t) j= R(G; P ) (14)

By (13),(14) and the de�nition of R(G; P ), we have

�(q0; tu) j= R(G; P ) & �(q0; tu) 2 Qm
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) tu 2 L(G; P ) & �(q0; tu) 2 Qm; by Proposition 2.5

) tu 2 Lm(G; P ); by de�nition of Lm(G; P )

(b) tu 2 Lm(G; P )) su 2 Lm(G; P )

Identical to Part 2(a) by exchanging s and t.

Let s 2 L(G; P ): We de�ne the following set of strings

Ls(G; P ) := ft 2 L(G; P )j(9u � t) �(q0; u) = �(q0; s)g:

We see that Ls(G; P ) exactly includes all the strings in L(G; P ) reaching or passing

through the state �(q0; s):

From the de�nition of Ls(G; P ), we have

L(G; P )� Ls(G; P ) = ft 2 L(G; P )j(8u � t) �(q0; u) 6= �(q0; s)g (2.1)

Let K � L(G; P ): The following de�nition will be useful later on.

LK(G; P ) =
[

s2K

Ls(G; P ):

Proposition 2.7. Let G = (Q; �; �; q0; Qm) be a DES, P; P 0 2 Pred(Q); s 2 L(G; P )

and q = �(q0; s): Let P 0 := P � pr(fqg); then the following holds

L(G; P 0) = L(G; P )� Ls(G; P )

proof:

1. Show that L(G; P 0) � L(G; P )� Ls(G; P ):

Let t 2 L(G; P 0): (1)
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We now show this implies t 2 L(G; P )� Ls(G; P ):

By (1) and the fact P 0 � P; we have t 2 L(G; P ): (2)

By (1) and the de�nition of L(G; P 0), we also have

(8v � t) �(q0; v) j= P 0

) (8v � t) �(q0; v) 6= q; by de�nition of P 0

) (8v � t) �(q0; v) 6= �(q0; s)

) t 2 L(G; P )� Ls(G; P ); by Equation 2.1 and (2)

2. Show that L(G; P )� Ls(G; P ) � L(G; P 0):

Let t 2 L(G; P )� Ls(G; P ): (3)

We now show this implies t 2 L(G; P 0):

By (3) and (2.1), we know (8v � t) �(q0; v) 6= �(q0; s)

) (8v � t) �(q0; v) 6= q

) (8v � t) �(q0; v) j= P 0; as t 2 L(G; P )

) t 2 L(G; P 0)

This proposition states that if we remove all the strings in Ls(G; P ); it is equivalent

to removing the state �(q0; s) from P:

2.6 Supervisory Control

2.6.1 Controllable Languages

Let G = (Q; �; �; q0; Qm) be a DES with � = �c _[�u:

Let K � ��: K is controllable with respect to G if
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(8s 2 K)(8� 2 �u) s� 2 L(G)) s� 2 K

Let S � ��, and �0 � �. Denote S�0 as the set fs�js 2 S; � 2 �0g. The

condition for language K being controllable with respect to G can be rewritten as

K�u \ L(G) � K

We can also use the Elig operator to express that K is controllable with respect

to G as

(8s 2 K \ L(G)) EligL(G)(s) \ �u � EligK(s)

The above three representations for controllable language will be used in this

thesis interchangeably.

Clearly, ;; L(G) and �� are always controllable with respect to G:

Let E � �� be an arbitrary language. De�ne the set of all sublanguages of E that

are controllable with respect to G as

C(E) := fK � EjK is controllable with respect to Gg

Proposition 2.8 (From [47]). C(E) is nonempty and is closed under arbitrary unions.

In particular, the supremal element sup C(E) 2 C(E):

This proposition says that sup C(E) � E. Therefore, we can compute sup C(E)

by removing strings from E.

2.6.2 Supervisory Control

Let G = (Q; �; �; q0; Qm) be a nonempty DES with � = �c _[�u: A control pattern

is the union of �u and a subset of �c: Then, the set all of control patterns is
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� := f
 2 Pwr(�)j
 � �ug;

where 
 is a control pattern.

A supervisory control for G is any map V : L(G)! �. We write the pair (G; V )

as V=G. We also refer to G as the plant (DES).

The closed behavior of V=G is de�ned to be the language L(V=G) � L(G), which

is described as follows.

1. � 2 L(V=G)

2. If s 2 L(V=G); � 2 V (s); and s� 2 L(G) then s� 2 L(V=G)

3. No other strings belong to L(V=G):

Clearly, � 2 L(V=G) and L(V=G) is closed and f�g � L(V=G) � L(G):

The marked behavior of V=G is de�ned as Lm(V=G) = L(V=G) \ Lm(G): We

always have ; � Lm(V=G) � L(G):

V is a nonblocking supervisory control(NSC) for G if Lm(V=G) = L(V=G):

Usually, given a plant DES G, we want the plant G to behave in a desired way.

That means that we want a sublanguage of Lm(G) which represents a set of desired

tasks that the plant is supposed to complete. It is also desired that the controlled

system be nonblocking. However, it is not always true that we can �nd a nonblocking

supervisory control for a sublanguage of Lm(G):

Let K � L � ��. We say the language K is L-closed if K = K \ L:

Theorem 2.2 (From [47]). Let K � Lm(G); K 6= ;: There exists a NSC V for G

such that Lm(V=G) = K if and only if K is controllable with respect to G and K is

Lm(G)-closed:
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The above supervisory control V does not play a role in marking a string, so the

desired sublanguage K is required to be Lm(G)-closed: If we also allow V to include

marking, then we can implement a more 
exible supervisory control.

Let K � Lm(G): We rede�ne the marked behavior of V=G as Lm(V=G) =

L(V=G) \ K: The map V : L(G) ! � is called a marking nonblocking supervisory

control (MNSC) for the pair (K;G) if Lm(V=G) = L(V=G):

Theorem 2.3 (From [47]). Let K � Lm(G); K 6= ;: There exists a MNSC V for the

pair (K;G) such that Lm(V=G) = K if and only if K is controllable with respect to

G:

In this thesis, we will focus on MNSC.

2.6.3 Implementation of MNSC V for G

The supervisory control V : L(G)! � is mainly used for theoretical purpose. In

reality, it is not convenient to build such a map.

Let K � Lm(G) be a desired marked sublanguage for a nonempty DES G =

(Q; �; �; q0; Qm). Assume K is controllable. By Theorem 2.3, there exists a MNSC V

such that K = Lm(V=G); K = L(V=G):

In order to implement the language K, we construct a DES over � = �c _[�u

which we will refer to as a supervisor, say S, such that K = Lm(S �G) � Lm(G)

and L(S �G) = K. Then we say that S implements V: In order to ensure that S

implements V, by Theorem 2.3 and the MNSC de�nition, the following veri�cation

conditions are required.

1: Lm(S�G) is controllable with respect to G:

2: Lm(S�G) = L(S�G):

(2.2)
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The �rst condition can be written as

Lm(S�G)�u \ L(G) � Lm(S�G)

As we also require the second condition to hold, the �rst condition is equivalent to

L(S�G)�u \ L(G) � L(S�G)

A supervisor S is controllable with respect to G if it satis�es the �rst condition.

A supervisor S is nonblocking for G if it satis�es the second condition. The second

condition also states that S�G is nonblocking.

In [21], the �rst condition is de�ned as L(S)�u\L(G) � L(S), we now show that

our condition is equivalent to it.

Proposition 2.9. Let G be a plant DES, S be a supervisor for G, and both G and

S are de�ned over event set � = �c _[�u. Then we have

L(S�G)�u \ L(G) � L(S�G) i� L(S)�u \ L(G) � L(S)

proof:

1. (if) Assume L(S)�u \ L(G) � L(S): (1)

Must show this implies L(S�G)�u \ L(G) � L(S�G):

Let s 2 L(S�G)�u \ L(G): (2)

We now show implies s 2 L(S�G):

By (2) we know s 2 L(S)�u \ L(G) & s 2 L(G)

) s 2 L(S) & s 2 L(G); by (1)

) s 2 L(S�G); by de�nition of L(S�G)

36



Master Thesis { R. Song { McMaster { Computing and Software

2. (only if) Assume L(S�G)�u \ L(G) � L(S�G): (3)

Must show this implies L(S)�u \ L(G) � L(S)

Let s 2 L(S)�u \ L(G): (4)

We now show implies s 2 L(S):

By (4), we know (9s0 2 L(S))(9� 2 �u) s = s0� & s 2 L(G) (5)

) s0 2 L(S) & s0� 2 L(G)

) s0 2 L(S) & s0 2 L(G) & s0� 2 L(G); as L(G) is closed

) s0 2 L(S�G) & s0� 2 L(G)

) s0� 2 L(S�G)�u & s0� 2 L(G)

) s0� 2 L(S�G); by (3)

) s0� 2 L(S); by de�nition of L(S�G)

) s 2 L(S); by (5)

Except for some trivial systems, usually both the plant G and the supervisor S

are modeled as a group of modular(component) DES. The �nal G and S are the

synchronous product of their modular components. For convenience, we sometimes

add some arti�cial events to supervisor DES. The events must be sel
ooped at each

state of the plant G. Similarly, the supervisors may not care about some events in

the plant DES, so those events may not appear in any of the supervisor DES. Then,

we have to sel
oop all the "don’t care events" at each state of S:

Let S := S1 k � � � k Sm, G := G1 k � � � k Gn, m;n 2 f1; 2; : : :g: Let S 0 :=

sel
oop(S; �G � �S) and G0 := sel
oop(G; �S � �G); where �S and �G are the

event set for S and G respectively. The veri�cation conditions (Equation 2.2) become
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1. L(S0 �G0)�u \ L(G0) � L(S0 �G0);

2. Lm(S0 �G0) = L(S0 �G0)).

2.6.4 Supervisor Synthesis

Sometimes, it is di�cult to design a controllable and nonblocking supervisor S for

a plant G, especially for a complicated system.

To this end, we need a synthesis method to build a controllable and nonblocking

supervisor S from a speci�cation DES E, which only cares about the system require-

ments. However, E is usually not controllable with respect to G and E � G may

block, so we would like to �nd the supremal sublanguage sup C(Lm(E �G)). Then

according to Theorem 2.3, a MNSC V can be built. If we construct a nonblocking

DES KDES representing sup C(Lm(E�G)), then KDES implements V:
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Chapter 3

HISC Overview

The Hierarchical Interface-based Supervisory Control (HISC) framework was pro-

posed by Leduc et al. in [21{27] to alleviate the state explosion problem. In this

chapter, we �rst give an overview of the HISC system structure and then give the

de�nitions of high-level and low-level proper supervisors.

3.1 System Structure

An HISC system currently is a two-level system which includes one high-level sub-

system and n low-level subsystems (n � 1). The high-level subsystem communicates

with each low-level subsystem through a separate interface. Figure 3.1 shows the

system block diagram and the conceptual 
ow of information. In [21], if n = 1, the

system is called a serial interface system, otherwise the system is called a nth de-

gree parallel interface system. Because the serial interface system is a special case

of a parallel interface system, here we only discuss the parallel interface system and

call the nth degree parallel interface system as the nth degree interface system. All

the subsystems and interfaces are modeled as DES automata. In order to restrict
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Figure 3.1: HISC block diagram

the information 
ow at the interface, for an nth degree interface system, the system

alphabet is partitioned into pairwise disjoint alphabets:

� := �H _[
_[

k2f1;:::;ng

[�Lk
_[�Rk

_[�Ak
] (3.1)

In the remainder of this chapter, j is always an index with range f1; : : : ; ng.

The high-level subsystem is modeled by DES GH , which is the product of the high-

level plant Gp
H and the high-level supervisor SH (both are de�ned over event set

�H _[( _[k2f1;:::;ng[�Rk
_[�Ak

])). The jth low-level subsystem is modeled by DES GLj
,

which is the product of the jth low-level plant Gp
Lj

and the jth low-level supervisor

SLj
(both are de�ned over event set �Lj

_[�Rj
_[�Aj

), and the jth interface is modeled

by GIj
(de�ned over event set �Rj

_[�Aj
): The description for each event partition is

as follows:

�H : The set of high-level events, exist only in high-level subsystem.
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�Rj
: The set of request events for the jth interface.

�Aj
: The set of answer events for the jth interface.

�Lj
: The set of jth low-level events, exist only in the jth low-level subsystem.

For controllability, the event set � is also partitioned as � = �c _[�u, where �c is

the controllable event set and �u is the uncontrollable event set.

We refer to DES GH := GH k GI1 k : : : k GIn
as the high-level and DES

GLj
:= GIj

k GLj
as the jth low-level. For convenience, the following event sets are

also de�ned:

�Ij
:= �Rj

_[�Aj
The set of interface events for the jth interface

�A := _[k2f1;:::;ng�Ak
The set of all the answer events

�IH := ( _[k2f1;:::;ng�Ik
) _[�H The set of interface and high-level events

�ILj
:= �Lj

_[�Ij
The set of jth interface and low-level events

�IL := _[k2f1;:::;ng�ILk
The set of all interface and low-level events

�hu := �IH \ �u The set of the high-level uncontrollable events

�hc := �IH \ �c The set of the high-level controllable events

�luj
:= �ILj

\ �u The set of the jth low-level uncontrollable events

�lcj
:= �ILj

\ �c The set of the jth low-level controllable events

Then the high-level subsystem and the high-level are de�ned over event set �IH :

The jth interface is de�ned over event set �Ij
, and the jth low-level subsystem and

the jth low-level are de�ned over event set �ILj
: We also have �IH = �hu _[�hc and

�ILj
= �luj

_[�lcj
: The overall system structure is shown in Figure 3.2.
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Figure 3.2: HISC system structure

3.1.1 Command-pair Interfaces

The interface DES play a very important role in the HISC structure. The high-

level subsystem GH send requests through an interface to a low-level subsystem. Once

the low-level subsystem completes the requested job, it sends back an answer through

the interface to the high-level subsystem. However, until the low-level subsystem

completes the requested job, it can not accept another request from the high-level.

To enforce such a mechanism, the interface DES is required to be a command-pair

interface as de�ned below.

De�nition 3.1. For the nth degree interface system composed of plant components

Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors SH ;SL1 ; : : : ;SLn

; and interfaces GI1 ; : : : ;GIn
, the jth
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interface DES GIj
= (Xj; �Rj

_[�Aj
; �j; xj0 ; Xjm

) is a command-pair interface if 1:

(A) L(GIj
) � (�Rj

:�Aj
)�

(B) Lm(GIj
) = (�Rj

:�Aj
)� \ L(GIj

)

}

An example command-pair interface from [23], with �Rj
:= f�iji = 1; 2; 3g and

�Aj
:= f�iji = 1; : : : ; 7g, is shown in Figure 3.3.

Figure 3.3: Example interface

3.1.2 Flat System

An HISC system is actually a structured 
at system. The 
at plant is de�ned as

PLANT := Gp
H k Gp

L1
k � � � k Gp

Ln

and the 
at supervisor is de�ned as

SUP := SH k SL1 k � � � k SLn
k GI1 k � � � k GIn

:

Therefore, both PLANT and SUP are de�ned over event set �: The whole 
at

system is the product of the 
at supervisor and the 
at plant.

1As we require GIj
to be expressible as a tuple including initial state xj0 , it thus can not be an

empty DES. It follows that the empty string belongs to L(GIj
), and thus to Lm(GIj

) by point B.
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SYSTEM := SUP�PLANT

As stated in Chapter 2, we want to ensure SYSTEM satis�es the following two

properties.

1. L(SYSTEM)�u \ L(PLANT) � L(SYSTEM)

2. Lm(SYSTEM) = L(SYSTEM)

The �rst property is called global controllability, and the second property is called

global nonblocking.

3.2 Local Conditions

One of the most important bene�ts of modeling a system as an HISC system

is that we can guarantee global controllability and nonblocking by only checking

local conditions on the high-level and each low-level separately. The conditions here

are based on [23] and [27]. Please refer to them for a more detailed discussion.

All our conditions here are based on either the high-level languages or the low-level

languages. We do not directly use the conditions in [23] because our conditions are

more convenient to prove the correctness of the predicate algorithms in the next

chapters. All we do here mainly is to remove low-level event sel
oops from the

languages in high-level conditions in [23], and to remove high-level event sel
oops

from the languages in low-level conditions in [23].

De�nition 3.2. For the nth degree interface system that respects the alphabet parti-

tion given by 3.1 and is composed of plant components Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors

SH ;SL1 ; : : : ;SLn
; and interfaces GI1 ; : : : ;GIn

, for all j 2 f1; : : : ; ng, de�ne

Gh
Ij

:= sel
oop(GIj
; �IH � �Ij

)
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Gl
Ij

:= sel
oop(GIj
; �Lj

)

}

From the de�nition, Gh
Ij

is de�ned over �IH , and Gl
Ij

is de�ned over �ILj
: Now

we de�ne

Gh
I := Gh

I1
� � � � �Gh

In
:

Therefore, the high-level GH and jth low-level GLj
can be de�ned as

GH = SH �Gp
H �Gh

I GLj
= SLj

�Gp
Lj
�Gl

Ij

3.2.1 Interface Consistent

De�nition 3.3. The nth degree interface system composed of plant components

Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors SH ;SL1 ; : : : ;SLn

; and interfaces GI1 ; : : : ;GIn
is in-

terface consistent with respect to the alphabet partition given by 3.1, if for all

j 2 f1; : : : ; ng; the following conditions are satis�ed:

� Multi-level Properties

1. The event set of GH is �IH , and the event set of GLj
is �ILj

:

2. GIj
is a command-pair interface.

� High-level Properties

3. L(GH �
Q

k=1;:::;n
k 6=j

Gh
Ik

)�Aj
\ P �1

Ij j�IH
(L(GIj

)) � L(GH �
Q

k=1;:::;n
k 6=j

Gh
Ik

);

where
Q

k=1;:::;n
k 6=j

Gh
Ik

:= Gh
I1
� � � � �Gh

Ij�1
�Gh

Ij+1
� � � � �Gh

In
;

PIj j�IH
: ��

IH ! ��
Ij

is a natural projection.
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� Low-level Properties

4. L(GLj
)�Rj

\ P �1
Ij j�ILj

(L(GIj
)) � L(GLj

);

where PIj j�ILj
: ��

ILj
! ��

Ij
is a natural projection.

5. (8s 2 ��
ILj

:�Rj
\L(GLj

)) EligL(GLj
)(s�

�
Lj

)\�Aj
= EligL(GIj

)(PIj
(s))\�Aj

;

where EligL(GLj
)(s�

�
Lj

) := [l2��

Lj
EligL(GLj

)(sl);

PIj
: �� ! ��

Ij
is a natural projection.

6. (8s 2 L(GLj
)) PIj

(s) 2 Lm(GIj
)) (9l 2 ��

Lj
) sl 2 Lm(GLj

)

}

For the purpose of later proofs, we will give an equivalent interface consistent

de�nition in De�nition 3.5. For convenience to prove the equivalence between De�n-

ition 3.3 and De�nition 3.5, we �rst present an intermediate version of the interface

consistent de�nition.

De�nition 3.4. The nth degree interface system composed of plant components

Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors SH ;SL1 ; : : : ;SLn

; and interfaces GI1 ; : : : ;GIn
is in-

terface consistent with respect to the alphabet partition given by 3.1, if for all

j 2 f1; : : : ; ng; the following conditions are satis�ed:

� Multi-level Properties

1. The event set of Gp
H and SH is �IH , and the event set of Gp

Lj
and SLj

is

�ILj
:

2. GIj
is a command-pair interface.
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� High-level Properties

3. L(GH)�Aj
\ L(Gh

Ij
) � L(GH)

� Low-level Properties

4. L(GLj
)�Rj

\ L(Gl
Ij

) � L(GLj
)

5. (8s 2 ��
ILj

:�Rj
\ L(GLj

)) EligL(GLj
)(s�

�
Lj

) \ �Aj
= EligL(Gl

Ij
)(s) \ �Aj

;

where EligL(GLj
)(s�

�
Lj

) := [l2��

Lj
EligL(GLj

)(sl)

6. (8s 2 L(GLj
)) s 2 Lm(Gl

Ij
)) (9l 2 ��

Lj
)sl 2 Lm(GLj

)

}

Proposition 3.1. De�nition 3.3 is equivalent to De�nition 3.4.

proof:

For the nth degree interface system that respects the alphabet partition given by 3.1

and is composed of plant components Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors SH ;SL1 ; : : : ;SLn

;

and interfaces GI1 ; : : : ;GIn
; we prove the equivalence between each point in De�ni-

tion 3.3 and De�nition 3.4.

1. Point 1 in both de�nitions are equivalent.

As we de�ned GH := SH �Gp
H and GLj

:= SLj
�Gp

Lj
in Section 3.1, Point 1

in both de�nitions are clearly equivalent.

2. Point 2 in both de�nitions are equivalent.

Point 2 in both de�nitions are exactly the same.
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3. Point 3 in both de�nitions are equivalent.

By the de�nitions of PIj j�IH
and Gh

Ij
; we have P �1

Ij j�IH
(L(GIj

)) = L(Gh
Ij

): Thus

we know Point 3 in De�nition 3.3 is equivalent to

L(GH �
Q

k=1;:::;n
k 6=j

Gh
Ik

)�Aj
\ L(Gh

Ij
) � L(GH �

Q
k=1;:::;n

k 6=j

Gh
Ik

) (1)

We now show that (1) is equivalent to Point 3 in De�nition 3.4.

By the de�nition of GH ; we have GH = GH �Gh
I1
� � � � �Gh

In
:

The rest proof of this point is identical to the proof of Proposition 2.9 by

substituting � with �IH , �u with �Aj
, �c with �IH � �Aj

, S with GH �
Q

k=1;:::;n
k 6=j

Gh
Ik

, G with Gh
Ij

, and S�G with GH .

4. Point 4 in both de�nitions are equivalent.

By the de�nitions of PIj j�ILj
and Gl

Ij
; we have P �1

Ij j�ILj

(L(GIj
)) = L(Gl

Ij
): Thus

we know Point 4 in De�nition 3.3 is equivalent to

L(GLj
)�Aj

\ L(Gl
Ij

) � L(GLj
) (2)

We now show that (2) is equivalent to Point 4 in De�nition 3.4.

By the de�nition of GLj
; we have GLj

= GLj
�GIj

:

The rest proof of this point is identical to the proof of Proposition 2.9 by

substituting � with �ILj
, �u with �Rj

, �c with �ILj
� �Rj

, S with GLj
, G

with Gl
Ij

, and S�G with GLj
.

5. Point 5 in both de�nitions are equivalent.

By comparing Point 5 in De�nition 3.3 and Point 5 in De�nition 3.4, it is

su�cient to show
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(8s 2 ��
ILj

:�Rj
\ L(GLj

)) EligL(Gl
Ij

)(s) \ �Aj
= EligL(GIj

)(PIj
(s)) \ �Aj

:

Let s 2 ��
ILj

:�Rj
\ L(GLj

): (3)

(a) Show that EligL(Gl
Ij

)(s) \ �Aj
� EligL(GIj

)(PIj
(s)) \ �Aj

Let � 2 EligL(Gl
Ij

)(s) \ �Aj
: (4)

We now show that � 2 EligL(GIj
)(PIj

(s)) \ �Aj
:

By (4), we know s� 2 L(Gl
Ij

)

) s� 2 P �1
Ij j�ILj

(L(GIj
)); by the de�nitions of Gl

Ij
and PIj j�ILj

) PIj j�ILj
(s�) 2 L(GIj

)

) PIj j�ILj
(s)� 2 L(GIj

); as � 2 �Aj
by (4)

From (3), we know s 2 ��
ILj

: By the de�nitions of PIj j�ILj
and PIj

, we thus

have PIj
(s)� 2 L(GIj

)

) � 2 EligL(GIj
)(PIj

(s)) \ �Aj
:

(b) Show that EligL(GIj
)(PIj

(s)) \ �Aj
� EligL(Gl

Ij
)(s) \ �Aj

Let � 2 EligL(GIj
)(PIj

(s)) \ �Aj
: (5)

We now show that � 2 EligL(Gl
Ij

)(s) \ �Aj
:

By (5), we know PIj
(s)� 2 L(GIj

)

From (3), we know s 2 ��
ILj

: By the de�nitions of PIj j�ILj
and PIj

, we thus

have PIj j�ILj
(s)� 2 L(GIj

)

) PIj j�ILj
(s�) 2 L(GIj

); as � 2 �Aj
by (5)

) s� 2 P �1
Ij j�ILj

(L(GIj
))

) s� 2 L(Gl
Ij

); by the de�nitions of Gl
Ij

and PIj j�ILj

) � 2 EligL(Gl
Ij

)(s) \ �Aj
:
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6. Point 6 in both de�nitions are equivalent.

By comparing Point 6 in De�nition 3.3 and Point 6 in De�nition 3.4, it is

su�cient to show

(8s 2 L(GLj
)) s 2 Lm(Gl

Ij
) i� PIj

(s) 2 Lm(GIj
)

Let s 2 L(GLj
):

) s 2 ��
ILj

; by the fact that GLj
is de�ned over �ILj

: (6)

Let function PIj j�ILj
: ��

ILj
! ��

Ij
be a natural projection.

(a) Show that s 2 Lm(Gl
Ij

)) PIj
(s) 2 Lm(GIj

):

Assume s 2 Lm(Gl
Ij

): Must show this implies PIj
(s) 2 Lm(GIj

):

From assumption s 2 Lm(Gl
Ij

); by the de�nitions of PIj j�ILj
and Gl

Ij
; we

have s 2 P �1
Ij j�ILj

(Lm(GIj
)):

) PIj j�ILj
(s) 2 Lm(GIj

)

) PIj
(s) 2 Lm(GIj

); by (6) and the de�nitions of PIj
and PIj j�ILj

:

(b) Show that PIj
(s) 2 Lm(GIj

)) s 2 Lm(Gl
Ij

)

Assume PIj
(s) 2 Lm(GIj

): Must show this implies s 2 Lm(Gl
Ij

):

From assumption PIj
(s) 2 Lm(GIj

); by (6) and the de�nitions of PIj
and

PIj j�ILj
; we have PIj j�ILj

(s) 2 Lm(GIj
):

) s 2 P �1
Ij j�ILj

(Lm(GIj
))

) s 2 Lm(Gl
Ij

); by the de�nitions of PIj j�ILj
and Gl

Ij
:

We now give our �nal interface consistent de�nition. We will always use this

de�nition in the rest of this thesis.
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De�nition 3.5. The nth degree interface system composed of plant components

Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors SH ;SL1 ; : : : ;SLn

; and interfaces GI1 ; : : : ;GIn
is in-

terface consistent with respect to the alphabet partition given by 3.1, if for all

j 2 f1; : : : ; ng; the following conditions are satis�ed2:

� Multi-level Properties

1. The event set of Gp
H and SH is �IH , and the event set of Gp

Lj
and SLj

is

�ILj
:

2. GIj
is a command-pair interface.

� High-level Properties

3. L(GH)�Aj
\ L(Gh

Ij
) � L(GH)

� Low-level Properties

4. L(GLj
)�Rj

\ L(Gl
Ij

) � L(GLj
)

5. (8s 2 L(GLj
))(8� 2 �Rj

)(8� 2 �Aj
)

s�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) s�l� 2 L(GLj
)

6. (8s 2 L(GLj
)) s 2 Lm(Gl

Ij
)) (9l 2 ��

Lj
) sl 2 Lm(GLj

)

}

Proposition 3.2. De�nition 3.5 is equivalent to De�nition 3.4.

proof:

For the nth degree interface system that respects to the alphabet partition given by 3.1

and is composed of plant components Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors SH ;SL1 ; : : : ;SLn

;

and interfaces GI1 ; : : : ;GIn
;

2This de�nition is only for proving our synthesis algorithm. For understanding HISC, please see
the interface consistent de�nition in [23] by Leduc.
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1. assume for all j 2 f1; : : : ; ng; the system satis�es all the conditions in Def-

inition 3.4. Must show this implies the system satis�es all the conditions in

De�nition 3.5 as well.

Point 1, 2, 3, 4 and 6 in both de�nitions are exactly same, so the system satis�es

Point 1, 2, 3, 4 and 6 in De�nition 3.5.

We now show that the system also satis�es Point 5 in De�nition 3.5.

Let j 2 f1; : : : ; ng; s 2 L(GLj
); � 2 �Rj

; � 2 �Aj
: (1)

Assume s�� 2 L(Gl
Ij

). (2)

Must show implies (9l 2 ��
Lj

) s�l� 2 L(GLj
):

By (1), we know s 2 L(GLj
); � 2 �Rj

) s� 2 L(GLj
); by Point 4 in De�nition 3.4

) s� 2 ��
ILj

:�Rj
\ L(GLj

)

) EligL(GLj
)(s���

Lj
) \ �Aj

= EligL(Gl
Ij

)(s�) \ �Aj
; (3)

by Point 5 in De�nition 3.4

By (2), we have s�� 2 L(Gl
Ij

)

) � 2 EligL(Gl
Ij

)(s�) \ �Aj
:

) � 2 EligL(GLj
)(s���

Lj
) \ �Aj

; by (3)

) (9l 2 ��
Lj

) s�l� 2 L(GLj
)

2. assume for all j 2 f1; : : : ; ng; the system satis�es all the conditions in Def-

inition 3.5, must show this implies the system satis�es all the conditions in

De�nition 3.4 as well.

Point 1, 2, 3, 4 and 6 in both de�nitions are exactly same, so the system satis�es

Point 1, 2, 3, 4 and 6 in De�nition 3.4.
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We now show that the system also satis�es Point 5 in De�nition 3.4.

Let j 2 f1; : : : ; ng and s 2 ��
ILj

:�Rj
\ L(GLj

): (3)

Must show this implies EligL(GLj
)(s�

�
Lj

) \ �Aj
= EligL(Gl

Ij
)(s) \ �Aj

:

(a) Show that EligL(GLj
)(s�

�
Lj

) \ �Aj
� EligL(Gl

Ij
)(s) \ �Aj

.

Su�cient to show that

(8� 2 �Aj
)(8l 2 ��

Lj
) � 2 EligL(GLj

)(sl)) � 2 EligL(Gl
Ij

)(s):

Let � 2 �Aj
; l 2 ��

Lj
:

Assume � 2 EligL(GLj
)(sl): (4)

Must show this implies � 2 EligL(Gl
Ij

)(s)

By GLj
= SLj

�Gp
Lj
�Gl

Ij
; we have L(GLj

) � L(Gl
Ij

) (5)

By (4) and (5), we have � 2 EligL(Gl
Ij

)(sl)

As Gl
Ij

:= sel
oop(GIj
; �Lj

); we have EligL(Gl
Ij

)(s) = EligL(Gl
Ij

)(sl):

So, � 2 EligL(Gl
Ij

)(s):

(b) Show that EligL(Gl
Ij

)(s) \ �Aj
� EligL(GLj

)(s�
�
Lj

) \ �Aj
:

Su�cient to show that (8� 2 �Aj
)s� 2 L(Gl

Ij
) ) (9l 2 ��

Lj
) sl� 2

L(GLj
):

From (3), we know s 2 ��
ILj

:�Rj
\ L(GLj

)

) (9s0 2 L(GLj
))(9� 2 �Rj

) s0� = s

) (8� 2 �Aj
) s0�� 2 L(Gl

Ij
)) (9l 2 ��

Lj
) s0�l� 2 L(GLj

);

by Point 5 in De�nition 3.5

) (8� 2 �Aj
) s� 2 L(Gl

Ij
)) (9l 2 ��

Lj
) sl� 2 L(GLj

):
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Note that although Point 5 in De�nition 3.5 is stronger than Point 5 in De�n-

ition 3.4, the two de�nitions are equivalent, because Point 5 in De�nition 3.5 only

requires some extra conditions which are already present in Point 4 of both de�nitions.

By Proposition 3.1 and Proposition 3.2, we know that De�nition 3.3 and De�ni-

tion 3.5 are equivalent.

3.2.2 Local Conditions for Global Nonblocking

De�nition 3.6. The nth degree interface system composed of plant components

Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors SH ;SL1 ; : : : ;SLn

; and interfaces GI1 ; : : : ;GIn
is said

to be level-wise nonblocking with respect to the alphabet partition given by 3.1, if

the following two conditions are satis�ed:

1. Nonblocking at the high-level : Lm(GH) = L(GH)

2. Nonblocking at the low-level: (8j 2 f1; : : : ; ng) Lm(GLj
) = L(GLj

)

}

Theorem 3.1 (From [24]). If the nth degree interface system composed of plant com-

ponents Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors SH ;SL1 ; : : : ;SLn

; and interfaces GI1 ; : : : ;GIn
;

is level-wise nonblocking and interface consistent with respect to the alphabet partition

given by 3.1, then

Lm(SYSTEM) = L(SYSTEM)

3.2.3 Local Conditions for Global Controllability

De�nition 3.7. The nth degree interface system composed of plant components

Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors SH ;SL1 ; : : : ;SLn

; and interfaces GI1 ; : : : ;GIn
is said
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to be level-wise controllable with respect to the alphabet partition given by 3.1, if for

all j 2 f1; : : : ; ng the following two conditions are satis�ed:

1. The alphabet of Gp
H and SH is �IH , the alphabet of Gp

Lj
and SLj

is �ILj
; and

the alphabet of GIj
is �Ij

2. Controllable at the high-level : L(GH)�hu \ L(Gp
H �Gh

I ) � L(GH)

3. Controllable at the low-level : L(GLj
)�luj

\ L(Gp
Lj

) � L(GLj
)

}

Theorem 3.2. If the nth degree interface system composed of plant components

Gp
H ;Gp

L1
; : : : ;Gp

Ln
; supervisors SH ;SL1 ; : : : ;SLn

; and interfaces GI1 ; : : : ;GIn
; is level-

wise controllable with respect to the alphabet partition given by 3.1, then

L(SYSTEM)�u \ L(PLANT) � L(SYSTEM)

proof:

Follows immediately from Theorem 2 of [24] and Proposition 2.9.

3.3 Level-wise Interface Controllable Supervisor

From Section 3.2, we can see that all the conditions are either based on the high-

level or a single low-level. Therefore, we can verify the global controllability and

global nonblocking by only verifying the local conditions. For convenience, we now

group the conditions by levels and give several corresponding de�nitions.

De�nition 3.8. For the nth degree interface system that respects the alphabet parti-

tion given by 3.1 and is composed of plant components Gp
H ;Gp

L1
; : : : ;Gp

Ln
, supervisors

SH ;SL1 ; : : : ;SLn
; and interfaces GI1 ; : : : ;GIn; de�ne the following:
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� SH is high-level interface controllable (HIC), if the following conditions are sat-

is�ed:

1. L(GH)�hu \ L(Gp
H �Gh

I ) � L(GH)

2. (8j 2 f1; : : : ; ng) L(GH)�Aj
\ L(Gh

Ij
) � L(GH)

� SH is a high-level proper supervisor, if the following conditions are satis�ed:

1. SH is high-level interface controllable.

2. Lm(GH) = L(GH)

� For all j 2 f1; : : : ; ng; SLj
is jth low-level interface controllable (LICj), if the

following conditions are satis�ed:

1. L(GLj
)�luj

\ L(Gp
Lj

) � L(GLj
)

2. L(GLj
)�Rj

\ L(Gl
Ij

) � L(GLj
)

3. (8s 2 L(GLj
))(8� 2 �Rj

)(8� 2 �Aj
)

s�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) s�l� 2 L(GLj
)

4. (8s 2 L(GLj
)) s 2 Lm(Gl

Ij
)) (9l 2 ��

Lj
)sl 2 Lm(GLj

)

� For all j 2 f1; : : : ; ng; SLj
is a jth low-level proper supervisor, if the following

conditions are satis�ed:

1. SLj
is jth low-level interface controllable.

2. Lm(GLj
) = L(GLj

)

}

Proposition 3.3. For the nth degree interface system that respects the alphabet parti-

tion given by 3.1 and is composed of plant components Gp
H ;Gp

L1
; : : : ;Gp

Ln
, supervisors
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SH ;SL1 ; : : : ;SLn
; and interfaces GI1 ; : : : ;GIn; the 
at system is nonblocking and the


at supervisor is controllable for the 
at plant if for all j 2 f1; : : : ; ng, the following

conditions are satis�ed:

1. The alphabet of Gp
H and SH is �IH :

2. The alphabet of Gp
Lj

and SLj
is �ILj

:

3. GIj
is a command-pair interface.

4. SH is a high-level proper supervisor.

5. SLj
is a jth low-level proper supervisor.

proof:

If the system satis�es all the above �ve conditions, clearly, it is interface consistent,

level-wise nonblocking and level-wise controllable, so the 
at system is is nonblocking

and the 
at supervisor is controllable for the 
at plant by Theorem 3.1 and 3.2.
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Chapter 4

Synthesis of HISC

In [21{27], the supervisors in an HISC system are designed by hand, and then the

system is veri�ed for the interface consistent, level-wise controllable and nonblock-

ing conditions. However, for a complicated system it is very desirable to synthesize

the supervisors from some speci�cations which specify the desired system behavior

but the system containing them does not necessarily satisfy all the required con-

ditions. In this chapter, we �rst discuss how to compute the supremal high-level

and low-level interface controllable sublanguages, and then give the predicate-based

algorithms. These algorithms can easily be implemented by using Binary Decision

Diagrams(BDD) as we will discuss in Chapter 6.

4.1 Introduction

In the previous chapter, we speci�ed that a nth degree interface system is composed

of plants, supervisors and interfaces. By supervisors, we expect that the system

containing them not only have the desired behavior but also is interface consistent,

level-wise controllable and level-wise nonblocking. As we discuss the synthesis process
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in this chapter, we will assume that a nth degree parallel interface system is composed

of plants, speci�cations and interfaces. By speci�cations, we mean that they specify

the desired behavior but the system containing them is likely not interface consistent,

level-wise controllable and level-wise nonblocking.

For the nth degree interface system that respects the alphabet partition given by

3.1 and is composed of plant components Gp
H ; Gp

L1
; : : : ; Gp

Ln
, supervisors SH ; SL1 ;

: : : ; SLn
; and interfaces GI1 ; : : : ; GIn;, if we replace the high-level supervisor SH

by a high-level speci�cation DES EH (de�ned over �IH), and for all j 2 f1; : : : ; ng;

we replace the jth low-level supervisor SLj
by a jth low-level speci�cation DES ELj

(de�ned over �ILj
), then the resulting system is called a nth degree speci�cation

interface system. We refer to the original system with supervisors as a nth degree

supervisor interface system. In case we do not care whether a system is composed of

speci�cations or supervisors, we refer to it as a nth degree interface system.

We can apply all the concepts de�ned for a nth degree supervisor interface sys-

tem to a nth degree speci�cation interface system by replacing each supervisor DES

by its corresponding speci�cation DES. To make things clear, we give the following

corresponding de�nitions for a nth degree speci�cation system.

� The high-level subsystem: GH := EH �Gp
H :

� The jth low-level subsystem: GLj
:= ELj

�Gp
Lj

; j 2 f1; : : : ; ng

� The high-level: GH := EH �Gp
H �Gh

I :

� The jth low-level: GLj
:= ELj

�Gp
Lj
�Gl

Ij
; j 2 f1; : : : ; ng

We now give the starting point for the synthesis process.

De�nition 4.1. The nth degree parallel interface speci�cation system composed of

plant components Gp
H ;Gp

L1
; : : : ;Gp

Ln
, speci�cations EH ; EL1 ; : : : ; ELn

; and interfaces
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GI1 ; : : : ;GIn; is HISC-valid with respects to the alphabet partition given by 3.1, if

for all j 2 f1; : : : ; ng; the following conditions are satis�ed:

1. The alphabet of Gp
H and EH is �IH .

2. The alphabet of Gp
Lj

and ELj
is �ILj

:

3. GIj
is a command-pair interface.

}

Obviously, the three conditions are exactly same as the �rst three conditions

in Propositions 3.3 except that we use the speci�cation DES instead. Given a nth

degree HISC-valid parallel interface speci�cation system, our main objective in this

chapter is to develop a method to synthesize a proper high-level supervisor and proper

low-level supervisors such that the marked behavior of the constructed nth degree

supervisor interface system is as large as possible. That is, we would like to compute

the largest marked sublanguages of the high-level and each of the low-levels such

that the DES representing each is either a proper high-level supervisor or a proper

low-level supervisor, as appropriate. We say such a proper high-level supervisor or

low-level supervisor is locally maximally permissive for its level.

Let � be the nth degree HISC-valid speci�cation interface system1 that respects

the alphabet partition given by 3.1 and is composed of plant components Gp
H ; Gp

L1
;

: : : ; Gp
Ln

, speci�cations EH ;EL1 ; : : : ;ELn
; and interfaces GI1 ; : : : ;GIn: We assume

that all the DES in system � have a �nite number of states. In this chapter, we

always use the system �, and j is always an index with range f1; : : : ; ng:

For later usage, we give the tuple de�nitions for the following DES:

GH := (QH ; �IH ; �H ; qH0 ; QHm
); Gp

H := (YH ; �IH ; �H ; yH0 ; YHm
);

1We use the Greek letter to mean that � is not a simple DES, but a structured system.
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EH := (ZH ; �IH ; �H ; zH0 ; ZHm
); Gh

Ij
:= (Xh

j ; �IH ; �h
j ; xh

j0
; Xh

jm
);

Gh
I := (Xh; �IH ; �h; xh

0 ; X
h
m);

GLj
:= (QLj

; �ILj
; �Lj

; qLj0 ; QLjm
); Gp

Lj
:= (YLj

; �ILj
; �Lj

; yLj0 ; YLjm
);

ELj
:= (ZLj

; �ILj
; �Lj

; zLj0 ; ZLjm
); Gl

Ij
:= (X l

j; �ILj
; �l

j; x
l
j0

; X l
jm

):

So,

GH = (ZH � YH �Xh; �IH ; �H � �H � �h; (zH0 ; yH0 ; x
h
0); ZHm

� YHm
�Xh

m)

GLj
= (ZLj

� YLj
�X l

j; �ILj
; �Lj
� �Lj

� �l
j; (zLj0 ; yLj0 ; x

l
j0

); ZLjm
� YLjm

�X l
jm

)

Gh
I = (Xh

1 � � � � �Xh
n ; �IH ; �h

1 � � � � � �h
n; (xh

10
; � � � ; xh

n0
); Xh

1m
� � � � �Xh

nm
)

4.2 High-level Supervisor Synthesis

In this section, we show how to synthesize a locally maximally permissive proper

high-level supervisor for system �:

4.2.1 High-level Interface Controllable Language

De�nition 4.2. For system �; let K � ��
IH be a language. K is high-level interface

controllable(HIC) with respect to system � if

1. K�hu \ L(Gp
H �Gh

I ) � K

2. (8j 2 f1; : : : ; ng) K�Aj
\ L(Gh

Ij
) � K

}

Obviously, the empty language ; is high-level interface controllable with respect

to system �. Note that the de�nition is based on the language K; so K is high-level

interface controllable with respect to system � i� K is high-level interface controllable

with respect to system �.
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For an arbitrary language E � ��
IH , we de�ne the set of all sublanguages of E

that are high-level interface controllable with respect to system � as

CH(E) := fK � EjK is high-level interface controllable with respect to system �g

Clearly, (CH(E);�) is a poset. We now show that the supremum in this poset

always exists in CH(E):

Proposition 4.1. For system �; let E � ��
IH : The set CH(E) is nonempty and is

closed under arbitrary unions. In particular, CH(E) contains a (unique) supremal

element, sup CH(E) = [fKjK 2 CH(E)g:

proof:

1. Show that CH(E) is nonempty

The empty language ; is high-level interface controllable with respect to system

�, so ; 2 CH(E):

2. Show that CH(E) is closed under arbitrary unions.

Let B be an index set. Assume that (8� 2 B)K� 2 CH(E): Su�cient to show

that [�2BK� 2 CH(E):

Let K := [�2BK�: (1)

Su�cient to show that K is high-level interface controllable with respect to

system �. Then by De�nition 4.2, we have to show the following:

(a) Show that K�hu \ L(Gp
H �Gh

I ) � K

Let s 2 K�hu \ L(Gp
H �Gh

I ): (2)

Must show this implies s 2 K:

From (2), we know (9s0 2 K)(9� 2 �hu)s
0� = s (3)
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As s0 2 K; we can conclude (9u 2 ��
IH) s0u 2 K

) (9� 2 B)s0u 2 K�; by (1)

) s0 2 K�; by (1)

) s0� 2 K��hu

) s0� 2 K��hu \ L(Gp
H �Gh

I ); by (3) and (2)

) s0� 2 K�; as K� 2 CH(E)

) (9u0 2 ��
IH)s0�u0 2 K�

) s0�u0 2 K; by (1)

) su0 2 K; by (3)

) s 2 K

(b) Show that (8j 2 f1; : : : ; ng) K�Aj
\ L(Gh

Ij
) � K

Let j 2 f1; : : : ; ng. Let s 2 K�Aj
\L(Gh

Ij
): Must show this implies s 2 K:

The rest is identical to Part 2(a) (from the line labeled with (3)) after

substituting �hu with �Aj
, �IH with �ILj

and L(Gp
H �Gh

I ) with L(Gh
Ij

):

3. Show that sup CH(E) = [fKjK 2 CH(E)g:

Let Ksup := [fKjK 2 CH(E)g (4)

Clearly, for all K 2 CH(E); we have K � Ksup

All that remains is to show:

(8K 0 2 Pwr(��
IH)) (((8K 2 CH(E)) K � K 0)) Ksup � K 0)

Let K 0 2 Pwr(��
IH)

Assume (8K 2 CH(E)) K � K 0 (5)

Must show this implies Ksup � K 0

Let s 2 Ksup (6)
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Must show implies s 2 K 0

By (4) and (6), we know (9K 2 CH(E))s 2 K

) s 2 K 0; by (5)

4. Show that sup CH(E) 2 CH(E):

This immediately follows from Part 3: sup CH(E) = [fKjK 2 CH(E)g:

From Proposition 4.1, we have sup CH(E) � E, which means that we can compute

sup CH(E) by removing strings from E:

The following lemma will be used later.

Lemma 4.1. For system �; let L � ��
IH . If L is closed then sup CH(L) is also closed.

proof:

Assume L = L. Must show this implies sup CH(L) = sup CH(L):

sup CH(L) � sup CH(L) is automatic. We now show sup CH(L) � sup CH(L):

Su�cient to show that sup CH(L) � L and sup CH(L) is high-level interface con-

trollable with respect to system �:

sup CH(L) is high-level interface controllable with respect to system � automati-

cally by the de�nition of high-level interface controllable language.

By Proposition 4.1, we know that sup CH(L) � L:

) sup CH(L) � L:

) sup CH(L) � L; as L is closed.
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4.2.2 sup CH(Lm(GH)) and the Greatest Fixpoint of 
H

For system �, if we compute the supremal high-level interface controllable sub-

language of Lm(GH); then a DES representing this sublanguage is a maximally per-

missive proper high-level supervisor. Therefore, we have to �nd a method to compute

sup CH(Lm(GH)): To this objective, we de�ne the following function.

De�nition 4.3. For system �, de�ne the function 
H : Pwr(��
IH) ! Pwr(��

IH)

according to

(8K 2 Pwr(��
IH)) 
H(K) = 
HNB(HIC(K))

where 
HNB and HIC are functions for system �; which are de�ned as following:

� 
HNB : Pwr(��
IH)! Pwr(��

IH)

(8K 2 Pwr(��
IH)) 
HNB(K) = Lm(GH) \K

� HIC : Pwr(��
IH)! Pwr(��

IH)

(8K 2 Pwr(��
IH)) HIC(K) = sup CH(K):

}

Since the supremal element of sup CH(K) is unique and must exist by Proposi-

tion 4.1, the function HIC is well-de�ned. The function 
HNB and HIC both are de�ned

on Pwr(��
IH), so we can composite them and the function 
H is well-de�ned.

Clearly, function 
HNB is monotone with respect to �; and HIC is also monotone

with respect to � by Proposition 4.1, so the function 
H is monotone with respect

to � as well.

By the Knaster-Tarski Theorem(Theorem 2.1), the greatest �xpoint of the func-

tion 
H with respect to (Pwr(��
IH);�) must exist.
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Proposition 4.2. For system �; sup CH(Lm(GH)) is the greatest �xpoint of the func-

tion 
H with respect to (Pwr(��
IH);�):

proof:

By the de�nition of 
H , we can rewrite it as

(8K 2 Pwr(��
IH)) 
H(K) = Lm(GH) \ sup CH(K)

Let S = sup CH(Lm(GH)):

1. Show that S is a �xpoint of 
H , i.e. S = 
H(S):

Su�cient to show that S � 
H(S) and 
H(S) � S:


H(S) = Lm(GH) \ sup CH(S)

As S is high-level interface controllable with respect to system �, S is high-level

interface controllable as well. Then,


H(S) = Lm(GH) \ S (1)

By Proposition 4.1, S � Lm(GH). Also S � S, so we have S � 
H(S): (2)

Now we show that 
H(S) � S:

Let t 2 
H(S): (3)

Must show this implies t 2 S:

By (3), we have t 2 
H(S)

) t 2 Lm(GH) and t 2 S; by (1)

) ftg � Lm(GH) and ftg � S

) ftg � Lm(GH) and ftg � S (4)

Let S 0 = S [ ftg:
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) S 0 � Lm(GH); (5)

by (4) and S � Lm(GH)

We now show that S 0 is high-level interface controllable with respect to system

�:

It is enough to show that

S 0�hu \ L(Gp
H �Gh

I ) � S 0 and (8j 2 f1; : : : ; ng) S 0�Aj
\ L(Gh

Ij
) � S 0:

� Show that S 0�hu \ L(Gp
H �Gh

I ) � S 0

S is high-level interface controllable, so S�hu \ L(Gp
H �Gh

I ) � S: (6)

By (4) and (6), we have ftg�hu \ L(Gp
H �Gh

I ) � S (7)

From (6) and (7), we have (S [ ftg)�hu \ L(Gp
H �Gh

I ) � S

) (S [ ftg)�hu \ L(Gp
H �Gh

I ) � S; by Proposition 2.2

) S 0�hu \ L(Gp
H �Gh

I ) � S

) S 0�hu \ L(Gp
H �Gh

I ) � S 0; (8)

as S � S 0 and thus S � S 0

� Show that (8j 2 f1; : : : ; ng) S 0�Aj
\ L(Gh

Ij
) � S 0:

Let j 2 f1; : : : ; ng: We show S 0�Aj
\ L(Gh

Ij
) � S 0:

S is high-level interface controllable, so S�Aj
\ L(Gh

Ij
) � S: (9)

By (4) and (9), we have ftg�Aj
\ L(Gh

Ij
) � S (10)

From (9) and (10), we have (S [ ftg)�Aj
\ L(Gh

Ij
) � S

) (S [ ftg)�Aj
\ L(Gh

Ij
) � S; by Proposition 2.2

) S 0�Aj
\ L(Gh

Ij
) � S

) S 0�Aj
\ L(Gh

Ij
) � S 0; (11)

as S � S 0 and thus S � S 0
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By (5), (8), (11), we have S 0 2 CH(Lm(GH)): As S is the supremal high-level

interface controllable sublanguage of Lm(GH); we get S 0 � S:

) ftg � S

) t 2 S

We thus have 
H(S) � S: Combining it with (2) gives 
H(S) = S:

2. Show that S is the greatest �xpoint of 
H . i.e. (8T 2 Pwr(��
IH))T = 
H(T ))

T � S:

Let T 2 Pwr(��
IH): Assume T = 
H(T ): Must show this implies T � S:

Su�cient to show that T is high-level controllable with respect to system � and

T � Lm(GH):

T = 
H(T )

= Lm(GH) \ sup CH(T ) (12)

� sup CH(T )

By Lemma 4.1, sup CH(T ) is closed, so combining with (12), we have

T � sup CH(T )

By Proposition 4.1, we know that sup CH(T ) � T . Therefore, we have

T = sup CH(T )

So, T is high-level controllable with respect to system �, which means that T

is high-level controllable with respect to system �:

From (12), clearly, T � Lm(GH):
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4.2.3 Computing the greatest �xpoint of 
H

From the above section, we know that we can compute the sup CH(Lm(GH)) by

computing the greatest �xpoint of 
H . It is tempting to compute the greatest �xpoint

by iteration of 
H .

Proposition 4.3. For system �, the set theoretic limit limi!1 
i
H(L(GH)); i 2

f1; 2; :::g exists, and sup CH(Lm(GH)) � limi!1 
i
H(L(GH)):

proof:

Let S := sup CH(L(GH)):

1. Show that limi!1 
i
H(L(GH)) exists.

From the de�nition of 
H ; we know 
H(L(GH)) = Lm(GH) \ sup CH(L(GH));

so by Lm(GH) � L(GH) and sup CH(L(GH)) � L(GH) by Proposition 4.1, we

have


H(L(GH)) � L(GH)

) 
2
H(L(GH)) � 
H(L(GH)); as 
H is monotone.

) 
3
H(L(GH)) � 
2

H(L(GH)); as 
H is monotone.

� � �

Then, we have

L(GH) � 
H(L(GH)) � 
2
H(L(GH)) � � � �

Therefore, limi!1 
i
H(L(GH)) exists and equals to

T1
i=0 
i

H(L(GH)):

2. Show that S � limi!1 
i
H(L(GH)):

By Proposition 4.1, we have S � L(GH)
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) 
H(S) � 
H(L(GH)); as 
H is monotone.

) S � 
H(L(GH)); as S = 
H(S) by Proposition 4.2.

) 
H(S) � 
2
H(L(GH)); as 
H is monotone.

) S � 
2
H(L(GH)); as S = 
H(S) by Proposition 4.2.

� � �

) S � limi!1 
i
H(L(GH)):

Note that we start the iteration from the closed language L(GH): It remains to

show the reverse limi!1 
i
H(L(GH)) � sup CH(Lm(GH)): For practical computation,

we also have to show that the limit will be reached after a �nite number of iterations on


H . In general case, actually limi!1 
i
H(L(GH)) * sup CH(Lm(GH)): Please see [48]

for details. However, in the case that all the languages are regular, the reverse holds

and the number of iterations on 
H is �nite, as we will show in the following sections.

To iterate the computation on the function 
H ; we �rst must know how to com-

pute the function HIC; i.e. to compute the supremal high-level interface controllable

sublanguage of a closed language. Here, we only focus on the special class of closed

languages. Let Pred(QH) be the set of all predicates on QH ; the state set of GH : Let

Pha 2 Pred(QH) be a predicate2, we now show how to compute sup CH(L(GH ;Pha)):

Note that L(GH) = L(GH ; true); so at the starting point, we let Pha = true and then

compute sup CH(L(GH ;Pha)):

We compute sup CH(L(GH ;Pha)) by creating another function, and we will prove

that sup CH(L(GH ;Pha)) is the greatest �xpoint of that function.

2Pha is just an arbitrary predicate. We use this notation as we need to distinguish a given
predicate (Pha) with an arbitrary predicate P in the next subsection.
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4.2.4 Computing sup CH(L(GH ;Pha))

De�nition 4.4. For system �; let Pha 2 Pred(QH) be a given predicate. De�ne the

function 
HIC : Pwr(L(GH ;Pha))! Pwr(L(GH ;Pha)) according to

(8K 2 Pwr(L(GH ;Pha)))


HIC(K) := fs 2 K j fsg�hu \ L(Gp
H �Gh

I ) � K &

((8j 2 f1; : : : ; ng) fsg�Aj
\ L(Gh

Ij
) � K)g

}

Clearly 
HIC is monotone. Note that 
HIC(K) � K � L(GH ;Pha); so this

function is well-de�ned, and it only removes strings from K:

To make it easier to understand and use this function, the de�nition can be rewrit-

ten as

(8K 2 Pwr(L(GH ;Pha)))


HIC(K) := fs 2 K j (8t � s)

((8�u 2 �hu) t�u 2 L(Gp
H �Gh

I )) t�u 2 K) &

((8�a1 2 �A1) t�a1 2 L(Gh
I1

)) t�a1 2 K) &

� � �

((8�an
2 �An

) t�an
2 L(Gh

In
)) t�an

2 K)g:

Proposition 4.4. For system �; let Pha 2 Pred(QH) be the given predicate for

function 
HIC : Then sup CH(L(GH ;Pha)) is the greatest �xpoint of 
HIC with respect

to (Pwr(L(GH ;Pha));�):

proof:

Let S = sup CH(L(GH ;Pha)): By Proposition 4.1, S � L(GH ;Pha); S is a valid

input for 
HIC :
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1. Show that S = 
HIC(S):


HIC(S) = fs 2 S j fsg�hu \ L(Gp
H �Gh

I ) � S &

((8j 2 f1; : : : ; ng) fsg�Aj
\ L(Gh

Ij
) � S)g

By the de�nition of S, clearly, all the strings in S must satisfy the condition,

so 
HIC(S) = S:

2. Show that S is the greatest �xpoint of 
HIC ; i.e.

(8T 2 Pwr(L(GH ;Pha))) T = 
HIC(T )) T � S:

Let T 2 Pwr(L(GH ;Pha)): Assume T = 
HIC(T ):

Must show this implies T � S:

Su�cient to show that T is high-level interface controllable with respect to

system �:


HIC(T ) = fs 2 T j fsg�hu \ L(Gp
H �Gh

I ) � T &

((8j 2 f1; : : : ; ng) fsg�Aj
\ L(Gh

Ij
) � T )g

So,

T = fs 2 T j fsg�hu \ L(Gp
H �Gh

I ) � T &

((8j 2 f1; : : : ; ng) fsg�Aj
\ L(Gh

Ij
) � T )g

Then, we have

T�hu \ L(Gp
H �Gh

I ) � T & ((8j 2 f1; : : : ; ng) T�Aj
\ L(Gh

Ij
) � T );

which means T is high-level interface controllable with respect to system �:

From Proposition 4.4, we know that we can compute the sup CH(L(GH ;Pha)) by

computing the greatest �xpoint of 
HIC . It is also tempting to compute the greatest

�xpoint by iteration of 
HIC .
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Proposition 4.5. For system �, let Pha 2 Pred(QH) be the given predicate for the

function 
HIC : The set theoretic limit limi!1 
i
HIC(L(GH ;Pha)); i 2 f1; 2; :::g exists,

and sup CH(L(GH ;Pha)) � limi!1 
i
HIC(L(GH ;Pha)):

proof:

Let S := sup CH(L(GH ;Pha)):

1. Show that limi!1 
i
HIC(L(GH ;Pha)) exists.

From the de�nition of 
HIC ; we have 
HIC(L(GH ;Pha)) � L(GH ;Pha):

) 
2
HIC(L(GH ;Pha)) � 
HIC(L(GH ;Pha)); as 
HIC is monotone.

) 
3
HIC(L(GH ;Pha)) � 
2

HIC(L(GH ;Pha)); as 
HIC is monotone.

� � �

Then, we have

L(GH ;Pha) � 
HIC(L(GH ;Pha)) � 
2
HIC(L(GH ;Pha)) � � � �

So, limi!1 
i
HIC(L(GH ;Pha)) exists and equals to

T1
i=0 
i

HIC(L(GH ;Pha)):

2. Show that S � limi!1 
i
HIC(L(GH ;Pha)):

By Proposition 4.1, we have S � L(GH ;Pha)

) 
HIC(S) � 
HIC(L(GH ;Pha)); as 
HIC is monotone.

) S � 
HIC(L(GH ;Pha)); as S = 
HIC(S) by Proposition 4.4.

) 
HIC(S) � 
2
HIC(L(GH ;Pha)); as 
HIC is monotone.

) S � 
2
HIC(L(GH ;Pha)); as S = 
HIC(S) by Proposition 4.4.

� � �

) S � limi!1 
i
HIC(L(GH ;Pha)):
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It remains to show that limi!1 
i
HIC(L(GH ;Pha)) � sup CH(L(GH ;Pha)) and that

we only need to iterate a �nite number of iterations in the case that GH only has

�nite number of states.

De�nition 4.5. For system �; de�ne the function WH : Pred(QH) ! Pwr(��
IH)

according to

(8P 2 Pred(QH))

WH(P ) :=
�
s 2 L(GH ; P ) j

�
(9�u 2 �hu) s�u 2 L(Gp

H�Gh
I ) & s�u =2 L(GH ; P )

�
or

�
(9j 2 f1; : : : ; ng)(9�aj

2 �Aj
) s�aj

2 L(Gh
Ij

) & s�aj
=2 L(GH ; P )

�	

}

Note that WH(P ) � L(GH ; P ): The following two lemmas will be used in the

proof of the next proposition.

Lemma 4.2. For system �; the following holds:

(8P 2 Pred(QH))(8s; t 2 L(GH ; P ))

s 2 WH(P ) & (�H(qH0 ; s) = �H(qH0 ; t))) t 2 WH(P );

where qH0 is the initial state of GH as de�ned in section 4.1.

proof:

Let P 2 Pred(QH); and s; t 2 L(GH ; P ): (1)

Assume �H(qH0 ; s) = �H(qH0 ; t) and s 2WH(P ): (2)

Must show this implies t 2WH(P ):

Let �L(GH ;P ), �L(Gp
H

�Gh
I
), �L(Gh

Ij
) (j 2 f1; : : : ; ng) be the Nerode equivalence

relation on ��
IH with respect to L(GH ; P ); L(Gp

H �Gh
I ); and L(Gh

Ij
) respectively.

From (2), we have �H(qH0 ; s) = �H(qH0 ; t)

By Proposition 2.6, we thus have s �L(GH ;P ) t (3)
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As GH = EH �Gp
H �GI1 � � � � �GIn

; we can conclude �H � �h((yH0 ; x
h
0); s) =

�H � �h((yH0 ; x
h
0); t) and (8j 2 f1; : : : ; ng) �h

j (xh
j0

; s) = �h
j (xh

j0
; t):

By Proposition 2.6 and the fact L(Gp
H�Gh

I ; true) = L(Gp
H�Gh

I ) and L(Gh
Ij

; true) =

L(Gh
Ij

), we thus have s �L(Gp
H

�Gh
I
) t and (8j 2 f1; : : : ; ng) s �L(Gh

Ij
) t (4)

From (1), we have s 2 WH(P )

)
�
(9�u 2 �hu)s�u 2 L(Gp

H �Gh
I ) & s�u =2 L(GH ; P )

�
or

�
(9j 2 f1; : : : ; ng)(9�aj

2 �Aj
) s�aj

2 L(Gh
Ij

) & s�aj
=2 L(GH ; P )

�

)
�
(9�u 2 �hu) t�u 2 L(Gp

H �Gh
I ) & t�u =2 L(GH ; P )

�
or

�
(9j 2 f1; : : : ; ng)(9�aj

2 �Aj
) t�aj

2 L(Gh
Ij

) & t�aj
=2 L(GH ; P )

�
; by (3)(4)

) t 2 WH(P )

Lemma 4.3. For system �; let Pha 2 Pred(QH) be the given predicate for 
HIC .

Then the following holds:

(8P 2 Sub(Pha))(8s 2 L(GH ; P ))

((9t � s) t 2 WH(P )), s =2 
HIC(L(GH ; P ))

proof:

Let P 2 Sub(Pha) and s 2 L(GH ; P ): (1)

1. Show that ((9t � s) t 2 WH(P ))) s =2 
HIC(L(GH ; P ))

Assume (9t � s) t 2 WH(P ): (2)

Must show this implies s =2 
HIC(L(GH ; P )):

From (2), we have

(9t � s)
�
(9�u 2 �hu) t�u 2 L(Gp

H �Gh
I ) & t�u =2 L(GH ; P )

�
or

�
(9j 2 f1; : : : ; ng) (9�aj

2 �Aj
) t�aj

2 L(Gh
Ij

) & t�aj
=2 L(GH ; P )

�
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) :
�
(8t � s) ((8�u 2 �hu) t�u 2 L(Gp

H �Gh
I )) t�u 2 L(GH ; P )) &

((8�a1 2 �A1) t�a1 2 L(Gh
I1

)) t�a1 2 L(GH ; P )) &

� � �

((8�an
2 �An

) t�an
2 L(Gh

In
)) t�an

2 L(GH ; P ))
�

) s =2 
HIC(L(GH ; P )); by de�nition of 
HIC

2. Show that s =2 
HIC(L(GH ; P ))) (9t � s) t 2WH(P ):

Assume s =2 
HIC(L(GH ; P )): (3)

Must show this implies (9t � s) t 2WH(P ):

From (1), we know s 2 L(GH ; P ): From (3), we thus have

) :
�
(8t � s) ((8�u 2 �hu) t�u 2 L(Gp

H �Gh
I )) t�u 2 L(GH ; P )) &

((8�a1 2 �A1) t�a1 2 L(Gh
I1

)) t�a1 2 L(GH ; P )) &

� � �

((8�an
2 �An

) t�an
2 L(Gh

In
)) t�an

2 L(GH ; P ))
�

) (9t � s)
�
(9�u 2 �hu) t�u 2 L(Gp

H �Gh
I ) & t�u =2 L(GH ; P )

�
or

�
(9j 2 f1; : : : ; ng) (9�aj

2 �Aj
) t�aj

2 L(Gh
Ij

) & t�aj
=2 L(GH ; P )

�
(4)

As s 2 L(GH ; P ) and L(GH ; P ) is closed, we have t 2 L(GH ; P ) (5)

By (4) and (5), we have (9t � s) t 2 WH(P ):

The above two lemmas state a very important fact. If a string s 2 L(GH ; P ) is in

WH(P ) with P � Pha; Lemma 4.2 says that all strings in L(GH ; P ) that go from qH0

to the state �H(qH0 ; s) are also in WH(P ); while Lemma 4.3 says that all strings in

L(GH ; P ) that are extended from a string in WH(P ) are not in 
HIC(L(GH ; P )): It

means that if a string s 2 L(GH ; P ) is in WH(P ); then all the strings in L(GH ; P ))
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that lead from qH0 to or pass through the state �H(qH0 ; s) are not in 
HIC(L(GH ; P )):

The fact is formally proved as follows by using these two lemmas.

Proposition 4.6. For system �; let Pha 2 Pred(QH) be the given predicate for


HIC , then

(8P 2 Sub(Pha)) L(GH ; P )� 
HIC(L(GH ; P )) = LWH(P )(GH ; P );

where LWH(P )(GH ; P ) = [s2WH(P )L
s(GH ; P ) as de�ned in Section 2.5.3.

proof:

Let P 2 Sub(Pha).

1. Show that LWH(P )(GH ; P ) � L(GH ; P )� 
HIC(L(GH ; P )):

Let s 2 LWH(P )(GH ; P ): (1)

Must show this implies s 2 L(GH ; P )� 
HIC(L(GH ; P )):

From (1), we know (9t 2 WH(P )) s 2 Lt(GH ; P )

) (9t 2 WH(P )) s 2 fu 2 L(GH ; P )j(9v � u) �H(qH0 ; v) = �H(qH0 ; t)g

) s 2 L(GH ; P ) & (9v � s)(9t 2 WH(P )) �H(qH0 ; v) = �H(qH0 ; t)

) s 2 L(GH ; P ) & (9v � s) v 2 WH(P );

by Lemma 4.2 and the fact L(GH ; P ) is closed.

) s 2 L(GH ; P ) & s =2 
HIC(L(GH ; P )); by Lemma 4.3

) s 2 L(GH ; P )� 
HIC(L(GH ; P ))

2. Show that L(GH ; P )� 
HIC(L(GH ; P )) � LWH(P )(GH ; P ):

Let s 2 L(GH ; P )� 
HIC(L(GH ; P )): (2)

Must show this implies s 2 LWH(P )(GH ; P ):
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Su�cient to show that (9t 2 WH(P )) s 2 Lt(GH ; P )

From (2), we know s 2 L(GH ; P ) & s =2 
HIC(L(GH ; P )):

) s 2 L(GH ; P ) & (9t � s) & t 2WH(P ); by Lemma 4.3

) (9t 2 WH(P )) s 2 Lt(GH ; P ); as t is a pre�x of s and L(GH ; P ) is closed.

Now, if we look at Proposition 2.7, it seems that we can compute 
HIC(L(GH ; P ))

by removing all the states in fq 2 QH j(9s 2 WH(P ))�H(qH0 ; s) = qg from the state

set QH of GH :

For any q 2 QH ; as GH = EH�Gp
H�Gh

I , there must exist unique z 2 ZH ; y 2 YH

and x 2 Xh such that q = (z; y; x): For the state x 2 Xh; as Gh
I = Gh

I1
� � � � �Gh

In
;

there must also exist unique x1 2 Xh
1 ; : : : ; xn 2 Xh

n such that x = (x1; : : : ; xn), so

q = (z; y; x) = (z; y; x1; : : : ; xn) (4.1)

De�nition 4.6. For system �; let Pha 2 Pred(QH) be a given predicate. De�ne the

function �HIC : Sub(Pha)! Sub(Pha) according to

(8P 2 Sub(Pha))

�HIC(P ) = P�pr(BadRH [fq j= R(GH ; P ) j (9� 2 �hu[�A) �H(q; �) j= :Pg);

where BadRH = fq j= R(GH ; P )j

((9�u 2 �hu) (�H � �h((y; x); �u)! & �H(z; �u) 6 !)) or

((9j 2 f1; : : : ; ng)(9�aj
2 �Aj

) (�h
j (xj ; �aj

)! &

�H � �H � �h
1 � � � � � �h

j�1 � �h
j+1 � � � � � �h

n((z; y; x1; : : : ; xj�1; xj+1; : : : ; xn); �aj
) 6 !))g

and q = (z; y; x) = (z; y; x1; : : : ; xn) as in equation (4.1).

}
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Note that �HIC(P ) � P � Pha; so the function is well-de�ned.

Proposition 4.7. For system �; let Pha 2 Pred(QH) be the given predicate for


HIC , then

1. (8P 2 Sub(Pha)) 
HIC(L(GH ; P )) = L(GH ; �HIC(P ))

2. (8i 2 f0; 1; : : :g) 
i
HIC(L(GH ;Pha)) = L(GH ; �i

HIC(Pha))

proof:

1. Let P 2 Sub(Pha): Must show that 
HIC(L(GH ; P )) = L(GH ; �HIC(P )):

We prove this proposition by a series of transformation.


HIC(L(GH ; P ))

= L(GH ; P )� LWH(P )(GH ; P ); by Proposition 4.6

= L(GH ; P )� [w2WH(P )L
w(GH ; P )

= L
�
GH ; P � pr([w2WH(P )f�H(qH0 ; w)g)

�
; by Proposition 2.7

= L
�
GH ; P � pr(fq 2 R(GH ; P )j�H(qH0 ; w) = q for some w 2WH(P )g)

�
;

as WH(P ) � L(GH ; P ) and by Proposition 2.5

= L
�
GH ; P � pr

�
fq 2 R(GH ; P )j(9w 2 L(GH ; P )) �H(qH0 ; w) = q &

�
(9�u 2 �hu) w�u 2 L(Gp

H �Gh
I ) & w�u =2 L(GH ; P )

�
or

�
(9j 2 f1; : : : ; ng)(9�aj

2 �Aj
) w�aj

2 L(Gh
Ij

) & w�aj
=2 L(GH ; P )

�
g
��

;

by de�nition of WH(P )

= L
�
GH ; P � pr

�
fq j= R(GH ; P )j

�
(9�u 2 �hu) �H � �h((y; x); �u)! &

(�H(q; �u) 6 ! or (�H(q; �u)! & �H(q; �u) 2 P ))
�

or
�
(9j 2 f1; : : : ; ng)(9�aj

2 �Aj
) �h

j (xj; �aj
)! &
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(�H(q; �aj
) 6 ! or (�H(q; �aj

)! & �H(q; �aj
) 2 P ))

�
g
��

;

where q = (z; y; x) = (z; y; x1; : : : ; xn) as in equation (4.1).

= L
�
GH ; P � pr

�
fq j= R(GH ; P )j

�
(9�u 2 �hu) (�H � �h((y; x); �u)! & �H(q; �u) 6 !) or

(�H � �h((y; x); �u)! & �H(q; �u)! & �H(q; �u) 2 P )
�

or
�
(9j 2 f1; : : : ; ng)(9�aj

2 �Aj
) (�h

j (xj; �aj
)! & �H(q; �aj

) 6 !) or

(�h
j (xj; �aj

)! & �H(q; �aj
)! & �H(q; �aj

) 2 P )
�
g
��

;

by logical distribution law.

= L
�
GH ; P � pr

�
fq j= R(GH ; P )j

�
(9�u 2 �hu) (�H � �h((y; x); �u)! & �H(q; �u) 6 !) or

(�H(q; �u)! & �H(q; �u) 2 P )
�

or
�
(9j 2 f1; : : : ; ng)(9�aj

2 �Aj
) (�h

j (xj; �aj
)! & �H(q; �aj

) 6 !) or

(�H(q; �aj
)! & �H(q; �aj

) 2 P )
�
g
��

;

as �H(q; �u)!) �H � �h((y; x); �u)! and �H(q; �aj
)!) �h

j (xj; �aj
)!

by de�nition of �H :

= L
�
GH ; P � pr

�
fq j= R(GH ; P )j

�
(9�u 2 �hu) (�H � �h((y; x); �u)! & �H(q; �u) 6 !) or �H(q; �u) 2 P

�
or

�
(9j 2 f1; : : : ; ng)(9�aj

2 �Aj
) (�h

j (xj; �aj
)! & �H(q; �aj

) 6 !) or

�H(q; �aj
) 2 P

�
g
��

;

as �H(q; �u) 2 P , �H(q; �u)! & �H(q; �u) 2 P and

�H(q; �aj
) 2 P , �H(q; �aj

)! & �H(q; �aj
) 2 P:

= L
�
GH ; P � pr

�
fq j= R(GH ; P )j

�
(9�u 2 �hu)(�H � �h((y; x); �u)! & �H(z; �u) 6 !) or �H(q; �u) 2 P

�
or

�
(9j 2 f1; : : : ; ng)(9�aj

2 �Aj
) (�h

j (xj ; �aj
)! &

�H��H��h
1�� � ���h

j�1��h
j+1�� � ���h

n((z; y; x1; : : : ; xj�1; xj+1; : : : ; xn); �aj
) 6 !) or
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�H(q; �aj
) 2 P

�
g
��

; by de�nition of �H :

= L
�
GH ; P � pr

�
fq j= R(GH ; P )j

�
(9�u 2 �hu) (�H��h((y; x); �u)! & �H(z; �u) 6 !) or �H(q; �u) j= :P

�
or

�
(9j 2 f1; : : : ; ng) (9�aj

2 �Aj
) (�h

j (xj ; �aj
)! &

�H��H��h
1�� � ���h

j�1��h
j+1�� � ���h

n((z; y; x1; : : : ; xj�1; xj+1; : : : ; xn); �aj
) 6 !) or

�H(q; �aj
) j= :P

�
g
��

, by q0 2 P , q0 j= :P

= L
�
GH ; P � pr

�
fq j= R(GH ; P )j

((9�u 2 �hu) �H � �h((y; x); �u)! & �H(z; �u) 6 !) or

((9�u 2 �hu) �H(q; �u) j= :P ) or

((9j 2 f1; : : : ; ng)(9�aj
2 �Aj

) �h
j (xj ; �aj

)! &

�H��H��h
1�� � ���h

j�1��h
j+1�� � ���h

n((z; y; x1; : : : ; xj�1; xj+1; : : : ; xn); �aj
) 6 !) or

((9j 2 f1; : : : ; ng)(9�aj
2 �Aj

) �H(q; �aj
) j= :P )g

��
; by regrouping conditions

= L(GH ; P � pr(BadRH [ fq j= R(GH ; P )j

((9�u 2 �hu) �H(q; �u) j= :P ) or

((9j 2 f1; : : : ; ng)(9�aj
2 �Aj

) �H(q; �aj
) j= :P )g));

by de�nition of BadRH

= L(GH ; P � pr(BadRH [ fq j= R(GH ; P )j

((9�u 2 �hu) �H(q; �u) j= :P ) or

((9�a 2 �A) �H(q; �a) j= :P )g))

= L(GH ; P � pr(BadRH [ fq j= R(GH ; P ) j (9� 2 �hu [�A) �H(q; �) j= :Pg))

= L(GH ; �HIC(P )):

2. Show that (8i 2 f0; 1; : : :g) 
i
HIC(L(GH ;Pha)) = L(GH ; �i

HIC(Pha))

We prove this by induction.
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(a) Base case: (i = 0)

By the de�nitions of 
0
HIC(L(GH ;Pha)) and �0

HIC(Pha) (see section 2.1.3),

we have


0
HIC(L(GH ;Pha)) = L(GH ;Pha)

L(GH ; �0
HIC(Pha)) = L(GH ;Pha)

So, 
0
HIC(L(GH ;Pha)) = L(GH ; �0

HIC(Pha))

(b) Inductive step:

Let k 2 f0; 1; : : :g: Assume 
k
HIC(L(GH ;Pha)) = L(GH ; �k

HIC(Pha)): Must

show this implies 
k+1
HIC(L(GH ;Pha)) = L(GH ; �k+1

HIC(Pha)):


k+1
HIC(L(GH ;Pha)) = 
HIC(
k

HIC(L(GH ;Pha)))

= 
HIC(L(GH ; �k
HIC(Pha))); by assumption

= L(GH ; �k+1
HIC(Pha)); by taking �k

HIC(Pha) as our

predicate P in Point 1 of this proposition.

Now, if we take a look at the de�nition of the function �HIC ; we can see that for

any P � Pha; the function �HIC only removes states in R(GH ; P ) from P: Precisely,

�HIC only removes all the states in pr(BadRH [ fq j= R(GH ; P ) j (9� 2 �hu [

�A) �H(q; �) j= :Pg), which is a subpredicate of R(GH ; P ). If we also remove any

state that is not in R(GH ; P ); then the language L(GH ; P ) is not a�ected at all,

because the L(GH ; P ) is only dependent on R(GH ; P ): Similarly, removing any state

that is not in R(GH ; P ) does not a�ect the language L(GH ; �HIC(P )) either, because

it is only dependent on a subpredicate of R(GH ; P ): The following function �HIC is

a replacement of the function �HIC :
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De�nition 4.7. For system �; let Pha 2 Pred(QH) be a given predicate. De�ne the

function �HIC : Sub(Pha)! Sub(Pha) according to

(8P 2 Sub(Pha))

�HIC(P ) := P � pr(BadH [ fq 2 QH j (9� 2 �hu [ �A) �H(q; �) j= :Pg);

where BadH := fq 2 QH j

((9�u 2 �hu) (�H � �h((y; x); �u)! & �H(z; �u) 6 !)) or

((9j 2 f1; : : : ; ng)(9�aj
2 �Aj

) (�h
j (xj ; �aj

)! &

�H � �H � �h
1 � � � � � �h

j�1 � �h
j+1 � � � � � �h

n((z; y; x1; : : : ; xj�1; xj+1; : : : ; xn); �aj
) 6 !))g

and q = (z; y; x) = (z; y; x1; : : : ; xn) as in equation (4.1).

}

Note that for system �; BadH is constant.

Corollary 4.1. For system �; let Pha 2 Pred(QH) be the given predicate for the

function 
HIC ; �HIC and �HIC : Then the following holds:

1. (8P 2 Sub(Pha)) 
HIC(L(GH ; P )) = L(GH ; �HIC(P ))

2. (8i 2 f0; 1; : : :g) 
i
HIC(L(GH ;Pha)) = L(GH ; �i

HIC(Pha))

proof:

1. Let P 2 Sub(Pha); show that 
HIC(L(GH ; P )) = L(GH ; �HIC(P ))

By the de�nitions of �HIC and �HIC ; and from the above description, we know

that removing states that are not in R(GH ; P ) does not a�ect the language

L(GH ; �HIC(P )): We thus have

L(GH ; �HIC(P )) = L(GH ; �HIC(P )): (1)

By Point 1 of Proposition 4.7, we know
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HIC(L(GH ; P )) = L(GH ; �HIC(P )): (2)

By (1) and (2), we have 
HIC(L(GH ; P )) = L(GH ; �HIC(P )):

2. Show that (8i 2 f0; 1; : : :g) 
i
HIC(L(GH ;Pha)) = L(GH ; �i

HIC(Pha))

Identical to the proof of Part 2 of Proposition 4.7 after substituting �HIC with

�HIC :

The following lemma will be used in the next proposition.

Lemma 4.4. For system �; let Pha 2 Pred(QH) be the given predicate for the func-

tion �HIC : The function �HIC is monotone with respect to �; i.e.

(8P1; P2 2 Sub(Pha)) P1 � P2 ) �HIC(P1) � �HIC(P2)

proof:

Let P1; P2 2 Sub(Pha): Assume P1 � P2: Must show implies �HIC(P1) � �HIC(P2):

�HIC(P1) = P1 � pr(BadH [ fq 2 QH j (9� 2 �hu [ �A)�H(q; �) j= :P1g)

= P1 ^ :pr(BadH [ fq 2 QH j (9� 2 �hu [ �A)�H(q; �) j= :P1g)

= P1 ^ (:pr(BadH)) ^ :(pr(fq 2 QH j ((9� 2 �hu [ �A) �H(q; �) j= :P1)g))

= P1 ^ (:pr(BadH)) ^ pr(fq 2 QH j ((8� 2 �hu [�A) �H(q; �)!) �H(q; �) j= P1)g)

� P2 ^ (:pr(BadH))^ pr(fq 2 QH j ((8� 2 �hu [�A) �H(q; �)!) �H(q; �) j= P2)g),

by assumption P1 � P2:

= P2 ^ (:pr(BadH)) ^ :(pr(fq 2 QH j ((9� 2 �hu [ �A) �H(q; �) j= :P2)g))

= P2 ^ :pr(BadH [ fq 2 QH j (9� 2 �hu [ �A)�H(q; �) j= :P2g)

= P2 � pr(BadH [ fq 2 QH j (9� 2 �hu [ �A) �H(q; �) j= :P2g)

= �HIC(P2)
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Proposition 4.8. For system �; let Pha 2 Pred(QH) be the given predicate for the

function 
HIC and �HIC ; then,

1. There exists k 2 f0; 1; 2; : : :g with k � jst(Pha)j such that �k
HIC(Pha) is the

greatest �xpoint of the function �HIC with respect to (Sub(Pha);�); and where

st(Pha) is the identifying state subset of QH for Pha:

2. sup CH(L(GH ;Pha)) = L(GH ; �k
HIC(Pha))

proof:

1. Show that there exists k � jst(Pha)j such that the greatest �xpoint of the

function �HIC is equal to �k
HIC(Pha):

As we assume the number of states in GH is �nite (Section 4.1), the number of

states in st(Pha) is also �nite. By Lemma 4.4, we know that �HIC is monotone

with respect to �, so by Proposition 2.3, there exists k � jst(Pha)j such that

the greatest �xpoint of the function �HIC is equal to �k
HIC(Pha):

2. Show that sup CH(L(GH ;Pha)) = L(GH ; �k
HIC(Pha))

(a) Show that sup CH(L(GH ;Pha)) � L(GH ; �k
HIC(Pha))

By Proposition 2.3, we know that

(8i 2 f0; 1; : : :g) i � k ) L(GH ; �i
HIC(Pha)) = L(GH ; �k

HIC(Pha))

) limi!1 L(GH ; �i
HIC(Pha)) = L(GH ; �k

HIC(Pha))

) limi!1 
i
HIC(L(GH ;Pha)) = L(GH ; �k

HIC(Pha)); by Corollary 4.1

) sup CH(L(GH ;Pha)) � L(GH ; �k
HIC(Pha)); by Proposition 4.5

(b) Show that L(GH ; �k
HIC(Pha)) � sup CH(L(GH ;Pha))

From Point 1 of this proposition and Proposition 2.3, we have
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�k
HIC(Pha) = �k+1

HIC(Pha)

) L(GH ; �k
HIC(Pha)) = L(GH ; �k+1

HIC(Pha)) (1)

) L(GH ; �k
HIC(Pha)) = 
k+1

HIC(L(GH ;Pha)); by Corollary 4.1

) L(GH ; �k
HIC(Pha)) = 
HIC(
k

HIC(L(GH ;Pha)))

) L(GH ; �k
HIC(Pha)) = 
HIC(L(GH ; �k

HIC(Pha))); by Corollary 4.1

So, L(GH ; �k
HIC(Pha)) is a �xpoint of the function 
HIC : By Proposi-

tion 4.4, sup CH(L(GH ;Pha)) is the greatest �xpoint of 
HIC ; thus,

L(GH ; �k
HIC(Pha)) � sup CH(L(GH ;Pha))

We are now able to write a computer program to compute sup CH(L(GH ;Pha)) by

computing �k
HIC(Pha) (k 2 f0; 1; 2; : : :g); and we know that after at most jst(Pha)j

number of iterations, a �xpoint of �HIC will be reached, which is the greatest �xpoint

of �HIC by Proposition 2.3. However, such a program based on function �HIC is not

e�cient enough. For instance, each time when we implement the �HIC function, we

have to do the predicate subtracting operation. The following alternative method can

avoid this.

De�nition 4.8. For system �; de�ne the function PHIC : Pred(QH) ! Pred(QH)

according to

(8P 2 Pred(QH)) PHIC(P ) := :TR(GH ;:P _ pr(BadH); �hu [ �A):

}

The following lemma will be used in the next proposition.

Lemma 4.5. For system �; the following two points hold:

1. The function PHIC is monotone with respect to �, i.e.

(8P1; P2 2 Pred(QH)) P1 � P2 ) PHIC(P1) � PHIC(P2):
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2. (8P 2 Pred(QH)) PHIC(P ) � P:

proof:

1. Show that PHIC is monotone.

Let P1; P2 2 Pred(QH):

Assume P1 � P2: Must show this implies PHIC(P1) � PHIC(P2):

By assumption P1 � P2, we have :P2 � :P1:

) TR(GH ;:P2_ pr(BadH); �hu[�A) � TR(GH ;:P1_ pr(BadH); �hu[�A);

as TR is monotone

) :PHIC(P2) � :PHIC(P1)

) PHIC(P1) � PHIC(P2)

2. Show that (8P 2 Pred(QH)) PHIC(P ) � P:

Let P 2 Pred(QH): We will now show that PHIC(P ) � P:

PHIC(P ) = :TR(GH ;:P _ pr(BadH); �hu [ �A)

) :PHIC(P ) = TR(GH ;:P _ pr(BadH); �hu [ �A)

) :P � :PHIC(P ); by de�nition of TR and fact :P � :P _ pr(BadH)

) PHIC(P ) � P:

Proposition 4.9. For system �; the following holds:

(8Pha 2 Pred(QH)) sup CH(L(GH ;Pha)) = L(GH ; PHIC(Pha)):
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proof:

Let Pha 2 Pred(QH) be the given predicate for the function �HIC (i.e. Sub(Pha)

is the domain and codomain for �HIC).

From Lemma 4.5, we know PHIC(Pha) � Pha; so PHIC(Pha) 2 Sub(Pha) and is thus

a valid input of �HIC :

From Proposition 4.8, su�cient to show PHIC(Pha) is the greatest �xpoint of �HIC :

1. Show that PHIC(Pha) is a �xpoint of �HIC ; i.e. PHIC(Pha) = �HIC(PHIC(Pha)):

�HIC(PHIC(Pha)) = PHIC(Pha)�

pr(BadH [ fq 2 QH j (9� 2 �hu [ �A) �H(q; �) j= :PHIC(Pha)g)

To show �HIC(PHIC(Pha)) = PHIC(Pha), su�cient to show that

(8q0 2 QH) q0 j= PHIC(Pha)) q0 2 pr(BadH) &

q0 =2 fq 2 QH j (9� 2 �hu[�A) �H(q; �) j= :PHIC(Pha)g

Let q0 2 QH : Assume q0 j= PHIC(Pha): (1)

Must show the following two points.

(a) Show q0 2 pr(BadH):

By (1), we have q0 j= PHIC(Pha)

) q0 2 TR(GH ;:Pha _ pr(BadH); �hu [ �A)

) q0 2 pr(BadH); by de�nition of TR

(b) Show q0 =2 fq 2 QH j (9� 2 �hu [ �A) �H(q; �) j= :PHIC(Pha)g

We prove this by contradiction.

Assume q0 2 fq 2 QH j (9� 2 �hu [ �A) �H(q; �) j= :PHIC(Pha)g:

) q0 2 fq 2 QH j

(9� 2 �hu [ �A) �H(q; �) j= TR(GH ;:Pha _ pr(BadH); �hu [ �A)g
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) (9� 2 �hu [ �A) �H(q0; �) j= TR(GH ;:Pha _ pr(BadH); �hu [ �A)

) q0 j= TR(GH ;:Pha _ pr(BadH); �hu [ �A); by de�nition of TR

) q0 j= :PHIC(Pha);

which contradicts with (1): the assumption q0 j= PHIC(Pha); so

q0 =2 fq 2 QH j (9� 2 �hu [ �A) �H(q; �) j= :PHIC(Pha)g:

2. Show that PHIC(Pha) is the greatest �xpoint of �HIC ; i.e.

(8P 0 2 Sub(Pha)) P 0 = �HIC(P 0)) P 0 � PHIC(Pha):

Let P 0 2 Sub(Pha): Assume P 0 = �HIC(P 0). (2)

Must show this implies P 0 � PHIC(Pha):

We show this by contradiction.

Assume P 0 6� PHIC(Pha)

) (9q0 j= P 0)q0 2 PHIC(Pha)

) (9q0 j= P 0)q0 j= TR(GH ;:Pha _ pr(BadH); �hu [ �A) (3)

By the de�nition of �HIC ; we have

�HIC(P 0) = P 0 � pr(BadH [ fq 2 Q j (9� 2 �hu [ �A) �H(q; �) j= :P 0g)

= P 0 ^ :pr(BadH [ fq 2 Q j (9� 2 �hu [ �A) �H(q; �) j= :P 0g)

= P 0 ^ :pr(BadH) ^ :pr(fq 2 Q j (9� 2 �hu [ �A) �H(q; �) j= :P 0g)

= P 0� pr(BadH)� pr(fq 2 Q j (9� 2 �hu[�A) �H(q; �) j= :P 0g) (4)

From (3), by the de�nition of TR; one of the following two conditions must be

satis�ed.

(a) q0 j= :Pha _ pr(BadH)

By (3), we also have q0 j= P 0
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) q0 j= Pha; as P 0 2 Sub(Pha)

) q0 j= :(:Pha)

) q0 2 :Pha

) q0 j= pr(BadH); as q0 j= :Pha _ pr(BadH):

As q0 j= pr(BadH) and �HIC(P 0) = P 0; by (4), we thus have q0 2 P 0; which

contradicts q0 j= P 0 in (3).

(b) q0 2 :Pha _ pr(BadH)

) (9s 2 (�hu [ �A)+) �H(q0; s) j= :Pha _ pr(BadH); by de�nition of TR

) (9k 2 f1; 2; : : :g) (9q1; q2; : : : ; qk+1 2 QH) (9�1; �2; : : : ; �k 2 �hu [ �A)

q1 := q0

qk+1 j= :Pha _ pr(BadH) (5)

�H(qi; �i) = qi+1; i = 1; 2; : : : ; k

s = �1�2 : : : �k

First,we show that qk+1 j= :P 0:

By (5), we have qk+1 j= :Pha _ pr(BadH):

If qk+1 j= :Pha; as P 0 � Pha; we have :Pha � :P 0; thus qk+1 j= :P 0:

If qk+1 j= pr(BadH); by (4) and assumption �HIC(P 0) = P 0; we also have

qk+1 j= :P 0:

Thus, in both cases we have qk+1 j= :P 0: (6)

Now we show that qk j= :P 0:

By (5), we know �H(qk; �k) = qk+1: By (6), we know qk+1 j= :P 0: By (4)

and assumption �HIC(P 0) = P 0; we thus have qk j= :P 0:
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Similarly, we can prove that qi j= :P 0 for i = k � 1; : : : ; 1: As q1 = q0 by

(5), we have q0 j= :P 0; which contradicts q0 j= P 0 in (3).

As Part (a) and Part (b) both will cause contradictions, we have P 0 � PHIC(Pha):

4.2.5 Computing 
HNB(L(GH ; P ))

For a predicate P 2 Pred(QH); in the previous section, we have found a way

to compute sup CH(L(GH ; P )): To complete the computation for the function 
H ;

we now show the method to compute 
HNB(L(GH ; P )); i:e: the method to compute

Lm(GH) \ L(GH ; P ):

Proposition 4.10. For system �; the following holds:

(8P 2 Pred(QH)) Lm(GH) \ L(GH ; P ) = Lm(GH ; CR(GH ; P ))

proof:

Let P 2 Pred(QH):

1. Show that Lm(GH ; CR(GH ; P )) � Lm(GH) \ L(GH ; P )

Clearly, Lm(GH ; CR(GH ; P )) � Lm(GH): (1)

By the de�nition of CR(GH ; :), we know CR(GH ; P ) � P:

) Lm(GH ; CR(GH ; P )) � Lm(GH ; P )

) Lm(GH ; CR(GH ; P )) � L(GH ; P ) (2)

By (1) and (2), Lm(GH ; CR(GH ; P )) � Lm(GH) \ L(GH ; P ):

2. Show that Lm(GH) \ L(GH ; P ) � Lm(GH ; CR(GH ; P ))

Let s 2 Lm(GH) \ L(GH ; P ): (3)
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Must show implies s 2 Lm(GH ; CR(GH ; P )):

Su�cient to show s 2 L(GH ; CR(GH ; P )) and �H(qH0 ; s) 2 QHm
; where QHm

is

the marker state set of GH as de�ned in Section 4.1.

From (3), we know s 2 Lm(GH)

) �H(qH0 ; s) 2 QHm
(4)

From (3), we also know s 2 L(GH ; P )

) (9n 2 f0; 1; : : :g)(9q0; q1; : : : ; qn 2 QH)(9�0; �1; : : : ; �n�1 2 �IH)

q0 = qH0 (qH0 is the initial state of GH)

qi j= P; i = 0; 1; : : : ; n

�H(qi; �i) = qi+1; i = 0; 1; : : : ; n� 1

(5)

s = �0�1 � � � �n�1

qn = �H(qH0 ; s):

By (4) and (5), we know (8i 2 f0; 1; : : : ; ng) qi j= CR(GH ; P )

) s 2 L(GH ; CR(GH ; P )); as q0 = qH0 by (5)

4.2.6 The Algorithm to Compute sup CH(Lm(GH))

It is time to put everything for the high-level together and to obtain our algorithm.

De�nition 4.9. For system �; de�ne the function �H : Pred(QH) ! Pred(QH)

according to

(8P 2 Pred(QH)) �H(P ) := CR(GH ; PHIC(P ))

}
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As PHIC (by Lemma 4.5) and the predicate transformer CR(GH ; :) are monotone,

the function �H is monotone.

Lemma 4.6. For system �; the following holds:

(8P 2 Pred(QH)) Lm(GH ; CR(GH ; P )) = L(GH ; CR(GH ; P ))

proof:

Let P 2 Pred(QH):

Lm(GH ; CR(GH ; P )) � L(GH ; CR(GH ; P )) is automatic.

We now show L(GH ; CR(GH ; P )) � Lm(GH ; CR(GH ; P )):

Let s 2 L(GH ; CR(GH ; P )): (1)

Must show this implies s 2 Lm(GH ; CR(GH ; P )):

Su�cient to show (9s0 2 ��
IH) ss0 2 Lm(GH ; CR(GH ; P )):

By (1), we know s 2 L(GH ; CR(GH ; P ))

) (9k 2 f0; 1; : : :g)(9q0; q1; : : : ; qk 2 QH)(9�0; �1; : : : ; �k�1 2 �IH)

q0 = qH0

qi j= CR(GH ; P ); i = 0; 1; : : : ; k (2)

�H(qi; �i) = qi+1; i = 0; 1; : : : ; k � 1

s = �0�1 � � � �k�1:

As qk 2 CR(GH ; P ); it follows that

((9n 2 f0; 1; : : :g) n � k)(9qk+1; : : : ; qn 2 QH)(9�k; �k+1; : : : ; �n�1 2 �IH)

qn 2 QHm

qi j= CR(GH ; P ); i = k; k + 1; : : : ; n (3)

�H(qi; �i) = qi+1; i = k; k + 1; : : : ; n� 1
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Let s0 = �k�k+1 : : : �n�1: Combining (2) and (3), we thus have

(9n 2 f0; 1; : : :g)(9q0; q1; : : : ; qn 2 QH)(9�0; �1; : : : ; �n�1 2 �IH)

q0 = qH0

qn 2 QHm

qi j= CR(GH ; P ); i = 0; 1; : : : ; n

�H(qi; �i) = qi+1; i = 0; 1; : : : ; n� 1

ss0 = �0�1 � � � �n�1

) ss0 2 Lm(GH ; CR(GH ; P ))

Lemma 4.7. For system �; the following holds:

(8P 2 Pred(QH))(8i 2 f1; 2; : : :g) Lm(GH ; �i
H(P )) = L(GH ; �i

H(P ))

proof:

Let i 2 f1; 2; : : :g; and P 2 Pred(QH). By de�nition of �H ; we have

Lm(GH ; �i
H(P )) = Lm(GH ; �H(�i�1

H (P )))

= Lm(GH ; CR(GH ; PHIC(�i�1
H (P )))); by de�nition of �H

= Lm(GH ; CR(GH ; P 0)) by letting P 0 = PHIC(�i�1
H (P ))

= L(GH ; CR(GH ; P 0)); by Lemma 4.6

= L(GH ; CR(GH ; PHIC(�i�1
H (P ))))

= L(GH ; �i
H(P )); by de�nition of �H

Proposition 4.11. For system �; the following two points hold:

1. (8P 2 Pred(QH)) 
H(L(GH ; P )) = Lm(GH ; �H(P ))

2. (8P 2 Pred(QH))(8i 2 f1; 2; : : :g) 
i
H(L(GH ; P )) = Lm(GH ; �i

H(P ))
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proof:

1. Show that (8P 2 Pred(QH)) 
H(L(GH ; P )) = Lm(GH ; �H(P ))

Let P 2 Pred(QH):


H(L(GH ; P )) = Lm(GH) \ sup CH(L(GH ; P )); by de�nition of 
H

= Lm(GH) \ sup CH(L(GH ; P ))

= Lm(GH) \ L(GH ; PHIC(P )); by Proposition 4.9

= Lm(GH ; CR(GH ; PHIC(P ))); by Proposition 4.10

= Lm(GH ; �H(P )); by de�nition of �H

2. Show that (8P 2 Pred(QH))(8i 2 f1; 2; : : :g) 
i
H(L(GH ; P )) = Lm(GH ; �i

H(P ))

Let P 2 Pred(QH): We prove this by induction.

(a) Base Case: i = 1

By Point 1 of this proposition, we know 
H(L(GH ; P )) = Lm(GH ; �H(P ))

) 
1
H(L(GH ; P )) = L1

m(GH ; �H(P ))

(b) Inductive step.

Let k 2 f1; 2; : : :g: Assume 
k
H(L(GH ; P )) = Lm(GH ; �k

H(P )). Must show


k+1
H (L(GH ; P )) = Lm(GH ; �k+1

H (P )):


k+1
H (L(GH ; P )) = 
H(
k

H(L(GH ; P )))

= 
H(Lm(GH ; �k
H(P ))); by inductive assumption

= Lm(GH) \ sup CH(Lm(GH ; �k
H(P ))); by de�nition of 
H

= Lm(GH) \ sup CH(L(GH ; �k
H(P ))); by Lemma 4.7

= 
H(L(GH ; �k
H(P ))); by de�nition of 
H

= Lm(GH ; �k+1
H (P )); by Point 1 of this proposition.
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Theorem 4.1. For system �; the following two points hold:

1. There exists k 2 f0; 1; : : :g such that k � jQH j and �k
H(true) is the greatest

�xpoint of the function �H with respect to (Pred(QH);�):

2. sup CH(Lm(GH)) = sup CH(Lm(GH ; true)) = Lm(GH ; �k
H(true)):

proof:

1. Show that there exists k 2 f0; 1; : : :g such that k � jQH j and �k
H(true) is the

greatest �xpoint of the function �H with respect to (Pred(QH);�):

As �H is monotone and jQH j is assumed to be �nite (Section 4.1), we know

immediately from Proposition 2.3 that there exists k 2 f0; 1; : : :g such that

k � jQH j and �k
H(true) is the greatest �xpoint of the function �H .

2. Show that sup CH(Lm(GH)) = sup CH(Lm(GH ; true)) = Lm(GH ; �k
H(true)):

sup CH(Lm(GH)) = sup CH(Lm(GH ; true)) is automatic as Lm(GH) = Lm(GH ; true):

(a) Show that sup CH(Lm(GH ; true)) � Lm(GH ; �k
H(true))

By Proposition 2.3, we know that

(8i 2 f1; 2; : : :g) i > k ) Lm(GH ; �i
H(true)) = Lm(GH ; �k

H(true))

) limi!1 Lm(GH ; �i
H(true)) = Lm(GH ; �k

H(true))

) limi!1 
i
H(L(GH ; true)) = Lm(GH ; �k

H(true)); by Proposition 4.11

) sup CH(Lm(GH ; true)) � Lm(GH ; �k
H(true)); by Proposition 4.3

(b) Show that Lm(GH ; �k
H(true)) � sup CH(Lm(GH ; true)):

Based on the value of k; we show this in two cases:
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� Case 1: k 2 f1; 2; : : :g

By Point 1 of this theorem and Proposition 2.3, we have

�k
H(true) = �k+1

H (true)

) Lm(GH ; �k
H(true)) = Lm(GH ; �k+1

H (true))

) Lm(GH ; �k
H(true)) = 
k+1

H (L(GH ; true)); by Proposition 4.11

) Lm(GH ; �k
H(true)) = 
H(
k

H(L(GH ; true)))

) Lm(GH ; �k
H(true)) = 
H(Lm(GH ; �k

H(true)));

by Proposition 4.11 and k 2 f1; 2; : : :g

� Case 2: k = 0

If �0
H(true) is the greatest �xpoint of �H , then by Proposition 2.3 we

know that

�1
H(true) = �0

H(true), (1)

so �1
H(true) is also the greatest �xpoint of �H :

) Lm(GH ; �1
H(true)) = 
H(Lm(GH ; �1

H(true))); by Case 1

) Lm(GH ; �0
H(true)) = 
H(Lm(GH ; �0

H(true))); by (1)

From Case 1 and Case 2, we know that Lm(GH ; �k
H(true)) is always a

�xpoint of the function 
H :

By Proposition 4.2, sup CH(Lm(GH ; true)) is the greatest �xpoint of 
H ;

so Lm(GH ; �k
H(true)) � sup CH(Lm(GH ; true)):

Corollary 4.2. For system �; let SH be a DES de�ned over event set �IH with

L(SH) = L(GH ; �k
H(true)) and Lm(SH) = Lm(GH ; �k

H(true)); where k 2 f0; 1; : : :g

and �k
H(true) is the greatest �xpoint of �H with respect to (Pred(QH);�): Then for

the nth degree parallel interface system composed of Gp
H ; Gp

L1
; : : : ; Gp

Ln
; GI1 ; : : : ;
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GIn
; SH ; EL1 ; : : : ; ELn

with respect to the alphabet partition in Equation 3.1, SH is

a high-level proper supervisor.

proof:

We �rst note that by Theorem 4.2, an appropriate k 2 f0; 1; : : :g exists such that

�k
H(true) is the greatest �xpoint of �H with respect to (Pred(QH);�):

1. Show that Lm(SH �Gp
H �Gh

I ) = L(SH �Gp
H �Gh

I ):

Lm(SH) = Lm(GH ; �k
H(true))

) Lm(SH) � Lm(GH)

) Lm(SH) � Lm(EH �Gp
H �Gh

I )

) Lm(SH) � Lm(Gp
H �Gh

I )

) Lm(SH) = Lm(SH �Gp
H �Gh

I ) (1)

Similarly, we can show that L(SH) = L(SH �Gp
H �Gh

I ) (2)

If k 2 f1; 2; : : :g and �k
H(true) is the greatest �xpoint of �H ; then by Lemma 4.7

we know that Lm(SH) = L(SH):

If k = 0 and �0
H(true) is the greatest �xpoint of �H ; then as jQH j is assumed to

be �nite (Section 4.1), by Proposition 2.3 we know that �1
H(true) = �0

H(true) .

) L(SH) = L(GH ; �1
H(true)) and Lm(SH) = Lm(GH ; �1

H(true))

) Lm(SH) = L(SH); by Lemma 4.7.

Therefore, we always have

Lm(SH) = L(SH); (3)

when k 2 f0; 1; : : :g and �k
H(true) is the greatest �xpoint of �H :

Combining (1), (2) and (3), we can conclude Lm(SH �Gp
H �Gh

I ) = L(SH �

Gp
H �Gh

I ):
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2. Show that SH is high-level interface controllable.

By Part 1, De�nition 3.8 and De�nition 4.2, it is su�cient to show that Lm(SH�

Gp
H �Gh

I ) is high-level interface controllable.

From Theorem 4.1, we know Lm(SH) is high-level interface controllable.

By (1), we can conclude Lm(SH �Gp
H �Gh

I ) is also high-level interface control-

lable.

The supervisor SH can be built by trimming o� states from GH that do not satisfy

�k
H(true): A trim supervisor DES SH can be built by trimming states from GH that

do not satisfy R(GH ; �k
H(true)):

Algorithm 4.1 shows how to compute �k
H(true); where k 2 f0; 1; : : :g and �k

H(true)

is the greatest �xpoint of �H with respect to (Pred(QH);�): By Point 1 of Theo-

rem 4.1, we know that the greatest �xpoint will be reached after �nite number of

iterations.

Algorithm 4.1 Computing the greatest �xpoint of �H w.r.t. (Pred(QH);�)

1: PbadH
 pr(BadH);

2: P1  true;
3: repeat
4: P2  P1;
5: P1  CR(GH ;:TR(GH ;:P2 _ PbadH

; �hu [ �A));
6: until P1 = P2

7: return P1;

Line 5 computes �H(P2); because CR(GH ;:TR(GH ;:P2 _ PbadH
; �hu [ �A)) =

CR(GH ; PHIC(P2)) = �H(P2):
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4.3 Low-level Supervisor Synthesis

In this section, we show how to synthesize a maximally permissible proper low-

level supervisor for the jth low-level in system �; j 2 f1; : : : ; ng: Unlike the high-level

supervisor synthesis, the low-level supervisor synthesis is much more complicated.

We �rst only discuss part of the conditions for the jth low-level.

4.3.1 The jth Low-level P4 Interface Controllable Language

De�nition 4.10. Let K � ��
ILj

be a language. K is jth low-level P4 interface

controllable (LPCj) with respect to system � if the following conditions are satis�ed:

1. K�luj
\ L(Gp

Lj
) � K

2. K�Rj
\ L(Gl

Ij
) � K

}

Clearly, the empty language ; is jth low-level P4 interface controllable and the

de�nition is based on the language K; so K is jth low-level P4 interface controllable

with respect to system � i� K is jth low-level P4 interface controllable with respect

to system �.

The low-level P4 interface controllable language de�nition is quite simple. Notice

that the �rst condition here is identical to the �rst condition in the the high-level

interface controllable language de�nition(De�nition 4.2) by substituting �IH with

�ILj
, �hu with �luj

, L(Gp
H�Gh

I ) with L(Gp
Lj

). The second condition in De�nition 4.2

is actually composed of n sub-conditions. The second condition here is identical

to the jth sub-conditions of the second condition in De�nition 4.2 by substituting

�IH with �ILj
, �Aj

with �Rj
, L(Gh

Ij
) with L(Gl

Ij
). Also notice that all the sub-

conditions in the second condition of De�nition 4.2 are independent. Therefore, the
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following propositions or lemmas are provided without detailed proofs, but with the

corresponding propositions or lemmas in Section 4.2. The detailed proofs can be

easily obtained by appropriate substitutions from the corresponding propositions or

lemmas.

For an arbitrary language E � ��
ILj

; we de�ne the set of all sublanguages of E

that are jth low-level P4 interface controllable with respect to system � as

LPCj(E) := fK � E j K is jth low-level

P4 interface controllable with respect to system �: g

Clearly, (LPCj(E);�) is a poset. The following proposition shows that the supre-

mum in this poset always exists in LPCj(E):

Proposition 4.12. For system �; LPCj(E) is nonempty and is closed under arbi-

trary unions. In particular, LPCj(E) contains a (unique) supremal element,

supLPCj(E) = [fKjK 2 LPCj(E)g:

proof: Similar to Proposition 4.1.

From Proposition 4.12, we have supLPCj(E) � E; which means that we can

compute supLPCj(E) by removing strings from E:

Lemma 4.8. For system �; let L � ��
ILj

: If L is closed then supLPCj(L) is also

closed.

proof: Similar to Lemma 4.1.

Let Plaj
2 Pred(QLj

) be a given predicate, we now give our method to compute

supLPCj(L(GLj
;Plaj

)):
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De�nition 4.11. For system �; let Plaj
2 Pred(QLj

) be a given predicate. De�ne

the function 
LPCj
: Pwr(L(GLj

;Plaj
))! Pwr(L(GLj

;Plaj
)) according to

(8K 2 Pwr(L(GLj
;Plaj

)))


LPCj
(K) := fs 2 K j fsg�luj

\ L(Gp
Lj

) � K & (fsg�Rj
\ L(Gl

Ij
) � K)g

}

Clearly 
LPCj
is monotone. Note that 
LPCj

(K) � K � L(GLj
;Plaj

); so this

function is well-de�ned, and it only removes strings from K:

To make it easier to understand and use this function, the de�nition can be rewrit-

ten as

(8K 2 Pwr(L(GLj
;Plaj

)))


LPCj
(K) := fs 2 K j (8t � s)((8�u 2 �luj

) t�u 2 L(Gp
Lj

)) t�u 2 K) &

((8�rj
2 �Rj

) t�rj
2 L(Gl

Ij
)) t�rj

2 K)g:

Proposition 4.13. For system �; let Plaj
2 Pred(QLj

) be the given predicate for


LPCj
: Then supLPCj(L(GLj

;Plaj
)) is the greatest �xpoint of 
LPCj

with respect to

(Pwr(L(GLj
;Plaj

));�):

proof: Similar to Proposition 4.4.

From Proposition 4.13, we know that we can compute the supLPCj(L(GLj
;Plaj

))

by computing the greatest �xpoint of 
LPCj
. It is also tempting to compute the

greatest �xpoint by iteration of 
LPCj
.

Proposition 4.14. For system �, let Plaj
2 Pred(QLj

) be the given predicate for

the function 
LPCj
: The set theoretic limit limi!1 
i

LPCj
(L(GLj

;Plaj
)); i 2 f1; 2; :::g

exists, and supLPCj(L(GLj
;Plaj

)) � limi!1 
i
LPCj

(L(GLj
;Plaj

)):
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proof: Similar to Proposition 4.5.

It remains to show that limi!1 
i
LPCj

(L(GLj
;Plaj

)) � supLPCj(L(GLj
;Plaj

))

and that we only need to iterate a �nite number of iterations in the case that GLj

has a �nite number of states.

De�nition 4.12. For system �; de�ne the function WLj
: Pred(QLj

)! Pwr(��
ILj

)

according to

(8P 2 Pred(QLj
))

WLj
(P ) :=

�
s 2 L(GLj

; P ) j
�
(9�u 2 �luj

) s�u 2 L(Gp
Lj

) & s�u =2 L(GLj
; P )

�
or

�
(9�rj

2 �Rj
) s�rj

2 L(Gl
Ij

) & s�rj
=2 L(GLj

; P )
�	

}

Note that WLj
(P ) � L(GLj

; P ): The following two lemmas will be used in the

proof of the next proposition.

Lemma 4.9. For system �; the following holds:

(8P 2 Pred(QLj
))(8s; t 2 L(GLj

; P ))

s 2 WLj
(P ) & (�Lj

(qLj0 ; s) = �Lj
(qLj0 ; t))) t 2 WLj

(P );

where qLj0 is the initial state of GLj
as de�ned in section 4.1.

proof: Similar to Lemma 4.2.

Lemma 4.10. For system �; let Plaj
2 Pred(QLj

) be the given predicate for 
LPCj
.

Then the following holds:

(8P 2 Sub(Plaj
))(8s 2 L(GLj

; P ))

((9t � s) t 2 WLj
(P )), s =2 
LPCj

(L(GLj
; P )):
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proof: Similar to Lemma 4.3.

The above two lemmas state a very important fact. If a string s 2 L(GLj
; P )

is in WLj
(P ) with P � Plaj

; Lemma 4.9 says that all strings in L(GLj
; P ) that

go from qLj0 to the state �Lj
(qLj0 ; s) are also in WLj

(P ); while Lemma 4.10 says

that all strings in L(GLj
; P ) that are extended from a string in WLj

(P ) are not in


LPCj
(L(GLj

; P )): It means that if a string s 2 L(GLj
; P ) is in WLj

(P ); then all the

strings in L(GLj
; P )) that lead from qLj0 to or pass through the state �Lj

(qLj0 ; s) are

not in 
LPCj
(L(GLj

; P )): The fact is formally proved as follows by using these two

lemmas.

Proposition 4.15. For system �; let Plaj
2 Pred(QLj

) be the given predicate for


LPCj
, then

(8P 2 Sub(Plaj
)) L(GLj

; P )� 
LPCj
(L(GLj

; P )) = LWLj
(P )(GLj

; P );

where LWLj
(P )(GLj

; P ) = [s2WLj
(P )L

s(GLj
; P ) as de�ned in Section 2.5.3.

proof: Similar to Proposition 4.6.

Now, if we look at Proposition 2.7, it seems that we can compute 
LPCj
(L(GLj

; P ))

by removing all the states in fq 2 QLj
j(9s 2WLj

(P ))�Lj
(qLj0 ; s) = qg from the state

set QLj
of GLj

:

For any q 2 QLj
; as GLj

= ELj
�GLj

�Gl
Ij

; there must exist z 2 ZLj
; y 2 YLj

and x 2 X l
j such that

q = (z; y; x) (4.2)

De�nition 4.13. For system �; let Plaj
2 Pred(QLj

) be a given predicate. De�ne

the function �LPCj
: Sub(Plaj

)! Sub(Plaj
) according to
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(8P 2 Sub(Plaj
))

�LPCj
(P ) = P � pr(BadRLj

[

fq j= R(GLj
; P ) j (9� 2 �luj

[ �Rj
) �Lj

(q; �) j= :Pg);

where BadRLj
= fq j= R(GLj

; P )j

((9�u 2 �luj
) �Lj

(y; �u)! & �Lj
� �l

j((z; x); �u) 6 !) or

((9�rj
2 �Rj

) �l
j(x; �rj

)! & �Lj
� �Lj

((z; y); �rj
) 6 !)g

and q = (z; y; x) as in equation (4.2).

}

Note that �LPCj
(P ) � P � Plaj

; so the function is well-de�ned. Let P 2

Pred(QLj
): Function �LPCj

removes all the states in fq 2 QLj
j(9s 2 WLj

(P ))�Lj
(qLj0 ; s) =

qg from P . The following proposition shows this.

Proposition 4.16. For system �; let Plaj
2 Pred(QLj

) be the given predicate for


LPCj
, then

1. (8P 2 Sub(Plaj
)) 
LPCj

(L(GLj
; P )) = L(GLj

; �LPCj
(P ))

2. (8i 2 f0; 1; : : :g) 
i
LPCj

(L(GLj
;Plaj

)) = L(GLj
; �i

LPCj
(Plaj

))

proof: Similar to Proposition 4.7.

Now, if we take a look at the de�nition of the function �LPCj
; we can see that

for any P � Plaj
; the function �LPCj

only removes states in R(GLj
; P ) from P:

Precisely, �LPCj
only removes all the states in pr(BadRLj

[ fq j= R(GLj
; P ) j (9� 2

�luj
[�Rj

) �Lj
(q; �) j= :Pg), which is a subpredicate of R(GLj

; P ). If we also remove

any state that is not in R(GLj
; P ); then the language L(GLj

; P ) is not a�ected at

all, because the L(GLj
; P ) is only dependent on R(GLj

; P ): Similarly, removing any

state that is not in R(GLj
; P ) does not a�ect the language L(GLj

; �LPCj
(P )) either,
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because it is only dependent on a subpredicate of R(GLj
; P ): The following function

�LPCj
is a replacement of the function �LPCj

:

De�nition 4.14. For system �; let Plaj
2 Pred(QLj

) be a given predicate. De�ne

the function �LPCj
: Sub(Plaj

)! Sub(Plaj
) according to

(8P 2 Sub(Plaj
))

�LPCj
(P ) = P � pr(BadLj

[ fq j= QLj
j (9� 2 �luj

[ �Rj
) �Lj

(q; �) j= :Pg);

where BadLj
= fq 2 QLj

j

((9�u 2 �luj
) �Lj

(y; �u)! & �Lj
� �l

j((z; x); �u) 6 !) or

((9�rj
2 �Rj

) �l
j(x; �rj

)! & �Lj
� �Lj

((z; y); �rj
) 6 !)g

and q = (z; y; x) as in equation (4.2).

}

Note that for system �; BadLj
is constant.

Corollary 4.3. For system �; let Plaj
2 Pred(QLj

) be the given predicate for the

function 
LPCj
; �LPCj

and �LPCj
: Then the following holds:

1. (8P 2 Sub(Plaj
)) 
LPCj

(L(GLj
; P )) = L(GLj

; �LPCj
(P ))

2. (8i 2 f0; 1; : : :g) 
i
LPCj

(L(GLj
;Plaj

)) = L(GLj
; �i

LPCj
(Plaj

))

proof: Similar to Corollary 4.1.

The following lemma will be used in the next proposition.

Lemma 4.11. For system �; let Plaj
2 Pred(QLj

) be the given predicate for the

function �LPCj
: The function �LPCj

is monotone with respect to �; i.e.

(8P1; P2 2 Sub(Plaj
)) P1 � P2 ) �LPCj

(P1) � �LPCj
(P2)

107



Master Thesis { R. Song { McMaster { Computing and Software

proof: Similar to Lemma 4.4.

Proposition 4.17. For system �; let Plaj
2 Pred(QLj

) be the given predicate for

the function 
LPCj
and �LPCj

; then,

1. There exists k 2 f0; 1; 2; : : :g with k � jst(Plaj
)j such that �k

LPCj
(Plaj

) is the

greatest �xpoint of the function �LPCj
with respect to (Sub(Plaj

);�); and where

st(Plaj
) is the identifying state subset of QLj

for Plaj
:

2. supLPCj(L(GLj
;Plaj

)) = L(GLj
; �k

LPCj
(Plaj

))

proof: Similar to Proposition 4.8.

Now, we are able to write a computer program to compute supLPCj(L(GLj
;Plaj

))

by computing �k
LPCj

(Plaj
) (k 2 f0; 1; 2; : : :g); and we know that after at most jst(Plaj

)j

number of iterations, a �xpoint of �LPCj
will be reached, which is the greatest �xpoint

of �LPCj
by Proposition 2.3. However, such a program based on function �LPCj

is

not e�cient enough. For instance, each time when we implement the �LPCj
function,

we have to do the predicate subtracting operation. The following alternative method

can avoid this.

De�nition 4.15. For system �; de�ne the function PLPCj : Pred(QLj
)! Pred(QLj

)

according to

(8P 2 Pred(QLj
)) PLPCj(P ) := :TR(GLj

;:P _ pr(BadLj
); �luj

[ �Rj
):

}

Lemma 4.12. For system �; the following holds:

1. The function PLPCj is monotone, i.e.

(8P1; P2 2 Pred(QLj
)) P1 � P2 ) PLPCj(P1) � PLPCj(P2):
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2. (8P 2 Pred(QLj
)) PLPCj(P ) � P:

proof: Similar to Lemma 4.5.

Proposition 4.18. For system �; the following holds:

(8Plaj
2 Pred(QLj

)) supLPCj(L(GLj
;Plaj

)) = L(GLj
; PLPCj(Plaj

)):

proof: Similar to Proposition 4.9.

The following lemma is obvious, but for later convenience, we give a proof here.

Lemma 4.13. For system �; the following holds:

(8P 2 Pred(QLj
))(8q 2 QLj

) q j= PLPCj(P )) ((8� 2 �Rj
) �l

j(x; �)!) �Lj
(q; �)!)

proof:

Let P 2 Pred(QLj
) and q 2 QLj

:

Assume q j= PLPCj(P ): (1)

Must show this implies (8� 2 �Rj
) �l

j(x; �)!) �Lj
(q; �)!:

Let � 2 �Rj
: Assume �l

j(x; �)!: We now show �Lj
(q; �)!:

From (1), we have q j= PLPCj(P )

) q j= :TR(GLj
;:P _ pr(BadLj

); �luj
[ �Rj

)

) q 2 TR(GLj
;:P _ pr(BadLj

); �luj
[ �Rj

)

) q 2 pr(BadLj
); by de�nition of TR

) �Lj
� �Lj

((z; y); �)!; by de�nition of BadLj
and q = (z; y; x) and �l

j(x; �)!

) �Lj
(q; �)!; by �Lj

= �Lj
� �Lj

� �l
j and �l

j(x; �)!:
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4.3.2 The jth Low-level Interface Controllable Language

De�nition 4.16. Let K � ��
ILj

. K is jth low-level interface controllable (LICj) with

respect to system � if the following conditions are satis�ed:

1. K is jth low-level P4 interface controllable.

2. (8s 2 K)(8� 2 �Rj
)(8� 2 �Aj

) s�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) s�l� 2 K

3. (8s 2 K) s 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) sl 2 K

}

Obviously, the empty language ; is jth low-level interface controllable with respect

to system �: Note that the �rst and the second conditions are based on the closed

language K:

For a language K � ��
ILj

; if K satis�es the second condition of LICj, we say that

K is jth low-level P5-satis�ed, and if K satis�es the third condition of LICj, we say

that K is jth low-level P6-satis�ed.

For an arbitrary language E � ��
ILj

, we de�ne the set of all sublanguages of E

that are jth low-level interface controllable with respect to system � as

CLj
(E) := fK � EjK is jth low-level interface controllable with respect to system �g

Clearly, (CLj
(E);�) is a poset. We now show that the supremum always exists in

CLj
(E):

Proposition 4.19. Let E � ��
ILj

: The set CLj
(E) is nonempty and is closed un-

der arbitrary unions. In particular, CLj
(E) contains a (unique) supremal element,

sup CLj
(E) = [fKjK 2 CLj

(E)g:
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proof:

1. Show that CLj
(E) is nonempty

The empty language ; is jth low-level interface controllable with respect to

system �; so ; 2 CLj
(E):

2. Show that CLj
(E) is closed under arbitrary unions.

Let B be an index set. Assume that (8� 2 B) K� 2 CLj
(E): Su�cient to show

that [�2BK� 2 CLj
(E):

Let K := [�2BK� 2 CLj
(E): It is su�cient to show that K is jth low-level

interface controllable with respect to system �: By De�nition 4.16, we have to

show the following:

(a) Show that K�luj
\ L(Gp

Lj
) � K

Identical to the proof of Proposition 4.1(Part 2(a)) by substituting �hu

with �luj
, L(Gp

H �Gh
I ) with L(Gp

Lj
) and CH with CLj

:

(b) Show that K�Rj
\ L(Gl

Ij
) � K

Identical to the proof of Proposition 4.1 (Part 2(a)) by substituting �hu

with �Rj
, L(Gp

H �Gh
I ) with L(Gl

Ij
) and CH with CLj

:

(c) Show that (8s 2 K)(8� 2 �Rj
)(8� 2 �Aj

) s�� 2 L(Gl
Ij

) ) (9l 2

��
Lj

) s�l� 2 K:

Let s 2 K; � 2 �Rj
; � 2 �Aj

: (1)

Assume s�� 2 L(Gl
Ij

): (2)

Must show this implies (9l 2 ��
Lj

) s�l� 2 K:

By (1), we have s 2 K

) (9s0 2 ��
ILj

) ss0 2 K
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) (9� 2 B) ss0 2 K�

) s 2 K� (3)

By (3), (2) and K� 2 CLj
(E), we have (9l 2 ��

Lj
) s�l� 2 K�

) (9l 2 ��
Lj

) s�l� 2 K; as K� � K

(d) Show that (8s 2 K) s 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

)sl 2 K

Let s 2 K: (4)

Assume s 2 Lm(Gl
Ij

): (5)

Must show this implies (9l 2 ��
Lj

) sl 2 K:

By (4), we have s 2 K

) (9s0 2 ��
ILj

) ss0 2 K

) (9� 2 B) ss0 2 K�

) s 2 K� (6)

By (6), (5) and K� 2 CLj
(E), we have (9l 2 ��

Lj
) sl 2 K�

) (9l 2 ��
Lj

) sl 2 K; as K� � K

3. Show that sup CLj
(E) = [fKjK 2 CLj

(E)g:

Identical to the proof of Proposition 4.1 (Part 3) by substituting CH with CLj

and �IH with �ILj
:

4. Show that sup CLj
(E) 2 CLj

(E):

This immediately follows from Part 2 and Part 3.

From Proposition 4.19, we have sup CLj
(E) � E; which means that we can com-

pute sup CLj
(E) by removing strings from E:
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4.3.3 sup CLj
(Lm(GLj

)) and the Greatest Fixpoint of 
Lj

For system �, if we compute the supremal jth low-level interface controllable

sublanguage of Lm(GLj
); then a DES representing this sublanguage is a maximally

permissible jth proper low-level supervisor. Therefore, we need to �nd a method to

compute sup CLj
(Lm(GLj

)): For this purpose, we de�ne the following function.

De�nition 4.17. For system �; de�ne the function 
Lj
: Pwr(��

ILj
)! Pwr(��

ILj
)

according to

(8K 2 Pwr(��
ILj

)) 
Lj
(K) := 
LNBj

(
p6j
(
p5j

(LPCj(K))))

where 
LNBj
; 
p6j

; 
p5j
; LPCj are functions for system �; which are de�ned as follows:

� LPCj : Pwr(��
ILj

)! Pwr(��
ILj

)

(8K 2 Pwr(��
ILj

)) LPCj(K) := supLPCj(K)

� 
p5j
: Pwr(��

ILj
)! Pwr(��

ILj
)

(8K 2 Pwr(��
ILj

))


p5j
(K) := fs 2 K j (8t � s)(8� 2 �Rj

)(8� 2 �Aj
)

t�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) t�l� 2 Kg

� 
p6j
: Pwr(��

ILj
)! Pwr(��

ILj
)

(8K 2 Pwr(��
ILj

))


p6j
(K) := fs 2 Kj(8t � s) t 2 Lm(Gl

Ij
)) (9l 2 ��

Lj
)tl 2 Lm(GLj

) \Kg

� 
LNBj
: Pwr(��

ILj
)! Pwr(��

ILj
)

(8K 2 Pwr(��
ILj

)) 
LNBj
(K) := Lm(GLj

) \K

}
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As all the functions in 
Lj
are de�ned on Pwr(��

ILj
); so we can compose them

together.

Clearly, 
p5j
; 
p6j

; 
LNBj
are monotone with respect to � : By Proposition 4.12,

it is also clear that LPCj is monotone with respect to � : Therefore, the function 
Lj

is monotone with respect to � as well.

Note that (8K 2 Pwr(��
ILj

)) LPCj(K) � K; 
p5j
(K) � K; 
p6j

(K) � K and


LNBj
(K) � K:

By the Knaster-Tarski Theorem(Theorem 2.1), the greatest �xpoint of the func-

tion 
Lj
with respect to (Pwr(��

ILj
);�) must exist. The following lemmas will be

used later on.

Lemma 4.14. For system �; let L � ��
ILj

be a closed language, then 
p5j
(L) and


p6j
(L) are also closed.

proof:

Assume L = L: Must show implies 
p5j
(L) = 
p5j

(L) and 
p6j
(L) = 
p6j

(L):


p5j
(L) � 
p5j

(L) and 
p6j
(L) � 
p6j

(L) are automatic.

1. Show that 
p5j
(L) � 
p5j

(L)

Let s 2 
p5j
(L): (1)

Must show this implies s 2 
p5j
(L):

From (1), we have (9s0 2 ��
ILj

) ss0 2 
p5j
(L)

) ss0 2 L & ((8t � ss0)(8� 2 �Rj
)(8� 2 �Aj

)

t�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) t�l� 2 L)

) s 2 L & ((8t � s)(8� 2 �Rj
)(8� 2 �Aj

)

t�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) t�l� 2 L); as L is closed.

) s 2 
p5j
(L)
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2. Show that 
p6j
(L) � 
p6j

(L):

Let s 2 
p6j
(L): (2)

Must show this implies s 2 
p6j
(L):

From (2), we have (9s0 2 ��
ILj

) ss0 2 
p6j
(L)

) ss0 2 L & ((8t � ss0) t 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

)tl 2 Lm(GLj
) \ L)

) s 2 L & ((8t � s) t 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

)tl 2 Lm(GLj
) \ L);

as L is closed.

) s 2 
p6j
(L):

Lemma 4.15. For system � and for all T 2 Pwr(��
ILj

);

1. T = supLPCj(T ) i� T is jth low-level P4 interface controllable.

2. T = 
p5j
(T ) i� T is jth low-level P5-satis�ed.

proof:

Let T 2 Pwr(��
ILj

):

1. Show that T = supLPCj(T ) i� T is jth low-level P4 interface controllable.

We �rst show T = supLPCj(T ) i� T is jth low-level P4 interface controllable.

(a) Show (T = supLPCj(T ))) (T is jth low-level P4 interface controllable).

Assume T= supLPCj(T ). (1)

Must show this implies T is jth low-level P4 interface controllable.

Su�cient to show that T 2 LPCj(T ):

By Proposition 4.12, we know supLPCj(T ) = [fKjK 2 LPCj(T )g:
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) T = [fKjK 2 LPCj(T )g; by (1)

) T 2 LPCj(T ); by Proposition 4.12

(b) Show (T is jth low-level P4 interface controllable) ) (T = supLPCj(T )):

Assume T is jth low-level P4 interface controllable. (2)

Must show this implies T = supLPCj(T ):

By (2), we know T 2 LPCj(T )

) T � supLPCj(T ) (3)

By Proposition 4.12, we know supLPCj(T ) � T (4)

From (3) and (4), we have T = supLPCj(T ):

From De�nition 4.10, we know that T is jth low-level P4 interface controllable

i� T is jth low-level P4 interface controllable.

So, we have T = supLPCj(T ) i� T is jth low-level P4 interface controllable.

2. Show that T = 
p5j
(T ) i� T is jth low-level P5-satis�ed.

T is jth low-level P5-satis�ed

, (8s 2 T )(8� 2 �Rj
)(8� 2 �Aj

) s�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) s�l� 2 T

, (8s 2 T )(8t � s)(8� 2 �Rj
)(8� 2 �Aj

)

t�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) t�l� 2 T ; as T is closed

, (8s 2 T ) s 2 
p5j
(T )

, T � 
p5j
(T )

, T = 
p5j
(T ); as 
p5j

(T ) � T by de�nition of 
p5j
:
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Proposition 4.20. For system �; sup CLj
(Lm(GLj

)) is the greatest �xpoint of the

function 
Lj
with respect to (Pwr(��

ILj
);�):

proof:

Let S := sup CLj
(Lm(GLj

)):

1. Show that S is a �xpoint of 
Lj
; i.e. S = 
Lj

(S)

(a) Show that S = supLPCj(S) and S = 
p5j
(S):

As S is jth low-level interface controllable, S is jth low-level P4 interface

controllable and jth low-level P5-satis�ed.

By Lemma 4.15, we have S = supLPCj(S) and S = 
p5j
(S):

(b) Show that S = Lm(GLj
) \ S

Su�cient to show that S � Lm(GLj
) \ S and Lm(GLj

) \ S � S:

By Proposition 4.19, we have S � Lm(GLj
): (1)

) S � Lm(GLj
) \ S; as S � S

Now we show Lm(GLj
) \ S � S:

Let t 2 Lm(GLj
) \ S: (2)

Must show this implies t 2 S:

From (2), we have t 2 Lm(GLj
) and t 2 S

) ftg � Lm(GLj
) and ftg � S

) ftg � Lm(GLj
) and ftg � S (3)

Let S 0 := S [ ftg:

) S 0 � Lm(GLj
); by (1) and (3) (4)

We now show S 0 is jth low-level interface controllable with respect to system

�:
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i. Show that S 0�luj
\ L(Gp

Lj
) � S 0

S is jth low-level interface controllable, so S�luj
\ L(Gp

Lj
) � S: (5)

By (3) and (5), we have ftg�luj
\ L(Gp

Lj
) � S (6)

From (5) and (6), we have (S [ ftg)�luj
\ L(Gp

Lj
) � S

) (S [ ftg)�luj
\ L(Gp

Lj
) � S; by Proposition 2.2

) S 0�luj
\ L(Gp

Lj
) � S

) S 0�luj
\ L(Gp

Lj
) � S 0; as S � S 0 by de�nition of S 0 (7)

ii. Show that S 0�Rj
\ L(Gl

Ij
) � S 0

S is jth low-level interface controllable, so S�Rj
\ L(Gl

Ij
) � S: (8)

By (3) and (8), we have ftg�Rj
\ L(Gl

Ij
) � S (9)

From (8) and (9), we have (S [ ftg)�Rj
\ L(Gl

Ij
) � S

) (S [ ftg)�Rj
\ L(Gl

Ij
) � S; by Proposition 2.2

) S 0�Rj
\ L(Gl

Ij
) � S

) S 0�Rj
\ L(Gl

Ij
) � S 0; as S � S 0 by de�nition of S 0 (10)

iii. Show that (8s 2 S0)(8� 2 �Rj
)(8� 2 �Aj

) s�� 2 L(Gl
Ij

)) (9l 2 ��

Lj
) s�l� 2 S0

S is jth low-level interface controllable, so

(8s 2 S)(8� 2 �Rj
)(8� 2 �Aj

) s�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) s�l� 2 S (11)

By (3) and (11), (8s 2 ftg)(8� 2 �Rj
)(8� 2 �Aj

)

s�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) s�l� 2 S (12)

By (11) and (12), (8s 2 S [ ftg)(8� 2 �Rj
)(8� 2 �Aj

)

s�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) s�l� 2 S

) (8s 2 S [ ftg)(8� 2 �Rj
)(8� 2 �Aj

)

s�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) s�l� 2 S; by Proposition 2.2

) (8s 2 S 0)(8� 2 �Rj
)(8� 2 �Aj

)

s�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) s�l� 2 S 0: (13)
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iv. Show that (8s 2 S 0) s 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

)sl 2 S 0

S is jth low-level interface controllable, so

(8s 2 S) s 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) sl 2 S: (14)

By (3) and (14), we have

(8s 2 ftg) s 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) sl 2 S: (15)

By (14) and (15),we have

(8s 2 S [ ftg) s 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) sl 2 S

) (8s 2 S [ ftg) s 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) sl 2 S; by Proposition 2.2

) (8s 2 S 0) s 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) sl 2 S 0 (16)

By (4), (7), (10), (13) and (16), we have S 0 2 CLj
(Lm(GLj

)):

As S = sup CLj
(Lm(GLj

)); we then have S 0 � S:

) ftg � S

) t 2 S

(c) Show that S = 
p6j
(S)

Su�cient to show that

(8s 2 S)(8t � s) t 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) tl 2 Lm(GLj
) \ S

Let s 2 S and t � s: (17)

Assume t 2 Lm(Gl
Ij

): Must show this implies (9l 2 ��
Lj

) tl 2 Lm(GLj
)\ S

From (17) and the assumption t 2 Lm(Gl
Ij

), by the de�nition of S; we have

(9l 2 ��
Lj

) tl 2 S

) (9l 2 ��
Lj

) tl 2 Lm(GLj
) \ S; by Part 1(b)

By combining (a), (b), (c) and the de�nition of 
Lj
, we know S = 
Lj

(S):
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2. Show that S is the greatest �xpoint of 
Lj
: i.e.

(8T 2 Pwr(��
ILj

)) T = 
Lj
(T )) T � S:

Let T 2 Pwr(��
ILj

): Assume T = 
Lj
(T ): Must show this implies T � S:

Su�cient to show that T is jth low-level controllable with respect to system �

and T � Lm(GLj
):

T = 
Lj
(T )

= 
LNBj
(
p6j

(
p5j
(LPCj(T ))))

= Lm(GLj
) \ 
p6j

(
p5j
(supLPCj(T ))) (18)

� 
p6j
(
p5j

(supLPCj(T )))

As T is closed, by Lemma 4.8, supLPCj(T ) is closed. Then by Lemma 4.14,


p6j
(
p5j

(supLPCj(T ))) is also closed. So by (18), we have

T � 
p6j
(
p5j

(supLPCj(T ))) (19)

For any L 2 Pwr(��
ILj

); we have supLPCj(L) � L by Proposition 4.12,


p5j
(L) � L by the de�nition of 
p5j

and 
p6j
(L) � L by the de�nition of


p6j
; so we know


p6j
(
p5j

(supLPCj(T ))) � T (20)

By (19) and (20), we have

T = 
p6j
(
p5j

(supLPCj(T ))) (21)

Function 
p6j
and 
p5j

only remove strings from their inputs, and supLPCj(T ) �

T , so from (21) we have

T = supLPCj(T ); T = 
p5j
(T ) and T = 
p6j

(T ) (22)
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From T = supLPCj(T ) and T = 
p5j
(T ); by Lemma 4.15, we know that T is

jth low-level P4 interface controllable and jth low-level P5-satis�ed.

It remains to show that T is jth low-level P6-satis�ed.

Su�cient to show that (8u 2 T ) u 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) ul 2 T:

Let u 2 T : Assume u 2 Lm(Gl
Ij

): Must show this implies (9l 2 ��
Lj

) ul 2 T:

From (18) and (21), we also have T = Lm(GLj
) \ T (23)

From (22), we have T = 
p6j
(T )

) T = fs 2 T j (8t � s) t 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) tl 2 Lm(GLj
) \ Tg

) u 2 fs 2 T j (8t � s) t 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) tl 2 Lm(GLj
) \ Tg; as u 2 T

) (8t � u) (t 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) tl 2 Lm(GLj
) \ T )

) u 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) ul 2 Lm(GLj
) \ T ; as u � u

) (9l 2 ��
Lj

) ul 2 Lm(GLj
) \ T ; by assumption u 2 Lm(Gl

Ij
)

) (9l 2 ��
Lj

) ul 2 T; by (23)

From (18), clearly, T � Lm(GLj
):

4.3.4 Computing the Greatest Fixpoint of 
Lj

From Proposition 4.20, we know that we can compute sup CLj
(Lm(GLj

)) by com-

puting the greatest �xpoint of 
Lj
: It is tempting to compute the greatest �xpoint

by iteration of 
Lj
:

Proposition 4.21. For system �; the set theoretic limit limi!1(L(GLj
)); i 2 f1; 2; : : :g

exists, and sup CLj
(Lm(GLj

)) � limi!1 
i
Lj

(L(GLj
)):
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proof:

Identical to the proof of Proposition 4.3 by substituting GH with GLj
; sup CH with

sup CLj
, 
H with 
Lj

, Proposition 4.1 with Proposition 4.19, and Proposition 4.2 with

Proposition 4.20.

Similar to the high-level, here we start the iteration from the closed language

L(GLj
): It remains to show the reverse limi!1 
i

Lj
(L(GLj

)) � sup CLj
(Lm(GLj

)) and

that the limit will be reached after a �nite number of iterations on 
Lj
(i.e. i < 1).

Again, in general case, the reverse does not hold, but in our case where all the

languages are regular, the reverse does hold and the number of iterations on 
Lj
is

�nite, as we will show.

For a given predicate P 2 Pred(QLj
); we already know the method to compute

supLPCj(L(GLj
; P )) from Proposition 4.18. We now show the method to compute


p5j
(L(GLj

; P )) and 
p6j
(L(GLj

; P )):

Computing 
p5j
(L(GLj

; P ))

De�nition 4.18. For system �; de�ne the function Wp5j
: Pred(QLj

)! Pwr(��
ILj

)

according to

(8P 2 Pred(QLj
)) Wp5j

(P ) := fs 2 L(GLj
; P ) j (9� 2 �Rj

)(9� 2 �Aj
)

s�� 2 L(Gl
Ij

) & (8l 2 ��
Lj

) s�l� =2 L(GLj
; P )g

}

Clearly, for all P 2 Pred(QLj
);Wp5j

(P ) � L(GLj
; P ):

Lemma 4.16. For system �; the following holds:

(8P 2 Pred(QLj
))(8s; t 2 L(GLj

; P ))

(s 2Wp5j
(P ) & (�Lj

(qLj0 ; s) = �Lj
(qLj0 ; t)))) t 2Wp5j

(P ):
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proof:

Let P 2 Pred(QLj
); and s; t 2 L(GLj

; P ): (1)

Assume �(qLj0 ; s) = �(qLj0 ; t) and s 2 Wp5j
(P ): (2)

Must show this implies t 2Wp5j
(P ):

Let �L(GLj
;P );�L(Gl

Ij
) be the Nerode equivalence relation on ��

ILj
with respect to

L(GLj
; P ) and L(Gl

Ij
) respectively.

From (2), we have �(qLj0 ; s) = �(qLj0 ; t)

) s �L(GLj
;P ) t; (3)

by Proposition 2.6

As GLj
= ELj

�Gp
Lj
�Gl

Ij
and �Lj

(qLj0 ; s) = �Lj
(qLj0 ; t); we have

�l
j(x

l
j0; s) = �l

j(x
l
j0; t)

) s �L(Gl
Ij

) t; (4)

by Proposition 2.6 and fact L(Gl
Ij

; true) = L(Gl
Ij

):

From (2), we have s 2 Wp5j
(P )

) (9� 2 �Rj
)(9� 2 �Aj

) s�� 2 L(Gl
Ij

) & (8l 2 ��
Lj

) s�l� =2 L(GLj
; P )

) (9� 2 �Rj
)(9� 2 �Aj

) t�� 2 L(Gl
Ij

) & (8l 2 ��
Lj

) t�l� =2 L(GLj
; P ); by (3)(4)

) t 2 Wp5j
(P ); as t 2 L(GLj

; P ):

Lemma 4.17. For system �; the following holds:

(8P 2 Pred(QLj
))(8s 2 L(GLj

; P )) ((9t � s) t 2 Wp5j
(P )), s =2 
p5j

(L(GLj
; P ))):

proof:

Let P 2 Pred(QLj
) and s 2 L(GLj

; P ): (1)

1. Show that ((9t � s) t 2 Wp5j
(P ))) s =2 
p5j

(L(GLj
; P )):

Assume (9t � s) t 2 Wp5j
(P ): (2)

123



Master Thesis { R. Song { McMaster { Computing and Software

Must show this implies s =2 
p5j
(L(GLj

; P )):

From (2), we have

(9t � s)(9� 2 �Rj
)(9� 2 �Aj

) t�� 2 L(Gl
Ij

) & (8l 2 ��
Lj

) t�l� =2 L(GLj
; P )

) :((8t � s)(8� 2 �Rj
)(8� 2 �Aj

)

t�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) t�l� 2 L(GLj
; P ))

) s =2 
p5j
(L(GLj

; P )):

2. Show that s =2 
p5j
(L(GLj

; P ))) (9t � s) t 2Wp5j
(P ):

Assume s =2 
p5j
(L(GLj

; P )): (3)

Must show this implies (9t � s) t 2Wp5j
(P ):

From (1), we know s 2 L(GLj
; P ): Combine this with (3), we thus have

:((8t � s)(8� 2 �Rj
)(8� 2 �Aj

)

t�� 2 L(Gl
Ij

)) (9l 2 ��
Lj

) t�l� 2 L(GLj
; P ))

) (9t � s)(9� 2 �Rj
)(9� 2 �Aj

)

t�� 2 L(Gl
Ij

) & (8l 2 ��
Lj

) t�l� =2 L(GLj
; P ) (4)

As s 2 L(GLj
; P ) and L(GLj

; P ) is closed, we know t 2 L(GLj
; P ): (5)

By (4) and (5), we thus have (9t � s) t 2Wp5j
(P ):

Proposition 4.22. For system �; the following holds

(8P 2 Pred(QLj
)) L(GLj

; P )� 
p5j
(L(GLj

; P )) = LWp5j
(P )(GLj

; P );

where LWp5j
(P )(GLj

; P ) = [s2Wp5j
(P )L

s(GLj
; P ):
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proof:

Identical to the proof of Proposition 4.6 after substituting Sub(Pha) with Pred(QLj
);


HIC with 
p5j
, WH(P ) with Wp5j

(P ); GH with GLj
, �H with �Lj

; qH0 with qLj0 ;

Lemma 4.2 with Lemma 4.16 and Lemma 4.3 with Lemma 4.17.

De�nition 4.19. For system �; de�ne the function �p5j
: Pred(QLj

)! Pred(QLj
)

according to

(8P 2 Pred(QLj
))

�p5j
(P ) := P � pr(fq 2 QLj

j(9� 2 �Rj
)(9� 2 �Aj

)

�l
j(x; ��)! & �Lj

(q; �) j= : CR(GLj
; P�; �Lj

; P )g):

where P� := pr(fq0 2 QLj
j�Lj

(q0; �) j= Pg) and

q = (z; y; x) as in equation 4.2 (Page 105).

}

The following lemma will be used later on.

Lemma 4.18. For system �; �p5j
is monotone with respect to �, i.e.

(8P1; P2 2 Pred(QLj
)) P1 � P2 ) �p5j

(P1) � �p5j
(P2):

proof:

Let P1; P2 2 Pred(QLj
): Assume P1 � P2:

Must show this implies �p5j
(P1) � �p5j

(P2):

�p5j
(P1) = P1 � pr(fq 2 QLj

j(9� 2 �Rj
)(9� 2 �Aj

)

�l
j(x; ��)! & �Lj

(q; �) j= : CR(GLj
; P�; �Lj

; P1)g)

= P1 ^ :pr(fq 2 QLj
j(9� 2 �Rj

)(9� 2 �Aj
)

�l
j(x; ��)! & �Lj

(q; �) j= : CR(GLj
; P�; �Lj

; P1)g)

= P1 ^ pr(fq 2 QLj
j(8� 2 �Rj

)(8� 2 �Aj
)

�l
j(x; ��)!) �Lj

(q; �) j= CR(GLj
; P�; �Lj

; P1)g)
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� P2 ^ pr(fq 2 QLj
j(8� 2 �Rj

)(8� 2 �Aj
)

�l
j(x; ��)!) �Lj

(q; �) j= CR(GLj
; P�; �Lj

; P2)g);

as P1 � P2 and CR is monotone.

= P2 ^ :pr(fq 2 QLj
j(9� 2 �Rj

)(9� 2 �Aj
)

�l
j(x; ��)! & �Lj

(q; �) j= : CR(GLj
; P�; �Lj

; P2)g)

= P2 � pr(fq 2 QLj
j(9� 2 �Rj

)(9� 2 �Aj
)

�l
j(x; ��)! & �Lj

(q; �) j= : CR(GLj
; P�; �Lj

; P2)g)

= �p5j
(P2)

The following lemma will be used in the proof of next proposition.

Lemma 4.19. For system �; let P 2 Pred(QLj
); w 2 ��

ILj
and q 2 QLj

: If q j=

R(GLj
; P ) and q = �Lj

(qLj0 ; w); then

(8� 2 �Rj
)(8� 2 �Aj

) �Lj
(q; �) j= CR(GLj

; P�;�Lj
; P ) i� (9l 2 ��

Lj
) w�l� 2 L(GLj

; P );

where P� := pr(fq0 2 QLj
j�Lj

(q0; �) j= Pg) as de�ned in De�nition 4.19.

proof:

Assume q j= R(GLj
; P ) and q = �Lj

(qLj0 ; w):

Let � 2 �Rj
and � 2 �Aj

:

�Lj
(q; �) j= CR(GLj

; P�; �Lj
; P )

, (9k 2 f0; 1; : : :g)(9�1; : : : ; �k 2 �Lj
)(9q1; : : : ; qk+2 2 QLj

)

q1 = �Lj
(q; �)

qk+1 j= P�

q1; : : : ; qk+2 j= P

qi+1 = �Lj
(qi; �i); i = 1; 2; : : : ; k

qk+2 = �Lj
(qk+1; �);

by the de�nitions of CR and P�:
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, (9k 2 f0; 1; : : :g)(9�1; : : : ; �k 2 �Lj
)

�Lj
(q; ��1 � � � �k�) j= R(GLj

; P ); as q j= R(GLj
; P )

, (9l 2 ��
Lj

) w�l� 2 L(GLj
; P );

by letting l = �1 � � � �k and the assumption q j= R(GLj
; P ) and q = �Lj

(qLj0 ; w):

Proposition 4.23. For system �; the following holds:

(8P 2 Pred(QLj
))

�
(8q j= P )(8� 2 �Rj

) �l
j(x; �)!) �Lj

(q; �)!
�
)
�

p5j

(L(GLj
; P )) = L(GLj

; �p5j
(P ))

�
;

where q = (z; y; x) as in equation (4.2) (Page 105).

proof:

Let P 2 Pred(QLj
):

Assume (8q j= P )(8� 2 �Rj
) �l

j(x; �)!) �Lj
(q; �)!: (1)

Must show this implies 
p5j
(L(GLj

; P )) = L(GLj
; �p5j

(P )):

We �rst claim the following holds by (1).

(8q j= P )(8� 2 �Rj
)(8� 2 �Aj

) �l
j(x; ��)!) �Lj

(q; �)!: (2)

Proof of the claim:

Let q j= P; � 2 �Rj
and � 2 �Aj

:

Assume �l
j(x; ��)!: (3)

Must show implies �Lj
(q; �)!:

From (3) and the de�nition of �l
j, we know that �l

j(x; �)! and �l
j(�

l
j(x; �); �)!:

) �l
j(x; �)!

) �Lj
(q; �)!; by (1)

Claim proven.

We now prove this proposition by a series of transformation.
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p5j
(L(GLj

; P ))

= L(GLj
; P )� LWp5j

(P )(GLj
; P ); by Proposition 4.22

= L(GLj
; P )� [w2Wp5j

(P )L
w(GLj

; P )

= L(GLj
; P � pr([w2Wp5j

(P )f�Lj
(qLj0

; w)g)); by Proposition 2.7

= L(GLj
; P � pr(fq 2 R(GLj

; P )j�Lj
(qLj0

; w) = q for some w 2Wp5j
(P )g));

as Wp5j
(P ) � L(GLj

; P ) and by Proposition 2.5

= L(GLj
; P � pr(fq 2 R(GLj

; P )j(9w 2 L(GLj
; P ))(9� 2 �Rj

)(9� 2 �Aj
)

�Lj
(qLj0

; w) = q & w�� 2 L(Gl
Ij

) & (8l 2 ��
Lj

) w�l� =2 L(GLj
; P )g));

by de�nition of Wp5j

= L(GLj
; P � pr(fq 2 R(GLj

; P )j(9w 2 L(GLj
; P ))(9� 2 �Rj

)(9� 2 �Aj
)

�Lj
(qLj0

; w) = q & �l
j(x; ��)! &

(�Lj
(q; �)! or �Lj

(q; �) 6 !) &(8l 2 ��
Lj

) w�l� =2 L(GLj
; P )g));

as (�Lj
(q; �)! or �Lj

(q; �) 6 !) is always true, where q = (z; y; x) as in equation (4.2)

= L(GLj
; P � pr(fq 2 R(GLj

; P )j(9w 2 L(GLj
; P ))(9� 2 �Rj

)(9� 2 �Aj
)

�Lj
(qLj0

; w) = q & �l
j(x; ��)! &

(�Lj
(q; �) 6 ! or (�Lj

(q; �)! & (8l 2 ��
Lj

) w�l� =2 L(GLj
; P )))g));

by logical distribution law and the fact that �Lj
(q; �) 6 !) (8l 2 ��

Lj
) w�l� =2 L(GLj

; P ):

= L(GLj
; P � pr(fq j= R(GLj

; P )j(9� 2 �Rj
)(9� 2 �Aj

)

�l
j(x; ��)! & (�Lj

(q; �) 6 ! or (�Lj
(q; �)! & �Lj

(q; �) 2 CR(GLj
; P�; �Lj

; P )))g));

by Lemma 4.19, where P� := pr(fq0 2 QLj
j�Lj

(q0; �) j= Pg) as de�ned in De�nition 4.19.

= L(GLj
; P � pr(fq j= R(GLj

; P )j(9� 2 �Rj
)(9� 2 �Aj

)

�l
j(x; ��)! & (�Lj

(q; �) 6 ! or �Lj
(q; �) j= : CR(GLj

; P�; �Lj
; P ))g));

as (�Lj
(q; �) 2 CR(GLj

; P�;�Lj
; P )), (�Lj

(q; �)! & �Lj
(q; �) j= : CR(GLj

; P�;�Lj
; P ))

= L(GLj
; P � pr(fq j= R(GLj

; P )j(9� 2 �Rj
)(9� 2 �Aj

)

(�l
j(x; ��)! & �Lj

(q; �) 6 !) or (�l
j(x; ��)! & �Lj

(q; �) j= : CR(GLj
; P�; �Lj

; P ))g));

by logical distribution law.
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= L(GLj
; P � pr(fq j= R(GLj

; P )j

(9� 2 �Rj
)(9� 2 �Aj

) �l
j(x; ��)! & �Lj

(q; �) j= : CR(GLj
; P�; �Lj

; P )g));

as (�l
j(x; ��)! & �Lj

(q; �) 6 !) is always false by (2).

= L(GLj
; P � pr(fq 2 QLj

j

(9� 2 �Rj
)(9� 2 �Aj

) �l
j(x; ��)! & �Lj

(q; �) j= : CR(GLj
; P�; �Lj

; P )g));

as removing the states satisfying (true�R(GLj
; P )) from P

does not change the resulting language, by Proposition 2.5.

= L(GLj
; �p5j

(P ))

In this proposition, we put the assumption (8q j= P )(8� 2 �Rj
) �l

j(x; �)! )

�Lj
(q; �)!, because in the function 
Lj

; the input language for the function 
p5j
is

always jth low-level P4 interface controllable. Algorithm 4.2 shows how to compute

�p5j
(P ); where P 2 Pred(QLj

).

Algorithm 4.2 �p5j
(P )

1: Pbad5  false;
2: for each � 2 �Aj

do
3: P�  pr(fq0 2 QLj

j �Lj
(q0; �) j= Pg);

4: PCR�
 CR(GLj

; P�; �Lj
; P );

5: for each � 2 �Rj
do

6: Pbad5  Pbad5 _ pr(fq 2 QLj
j �l

j(x; ��)! & �Lj
(q; �) j= :PCR�

g);
7: end for
8: end for
9: return P � Pbad5;

In Line 6, q = (z; y; x) is as in equation (4.2). In our BDD implementations, the

computation of PCR�
is a very costly step. However, usually in an HISC system the

number of answer events is small. Furthermore, as the computation of each answer

event is independent, we can compute the Pbad5 for each answer event in parallel and

then combine them together.
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Computing 
p6j
(L(GLj

; P ))

De�nition 4.20. For system �; de�ne the function Wp6j
: Pred(QLj

)! Pwr(��
ILj

)

according to

(8P 2 Pred(QLj
))

Wp6j
(P ) := fs 2 L(GLj

; P ) j s 2 Lm(Gl
Ij

) & (8l 2 ��
Lj

) sl =2 Lm(GLj
) \ L(GLj

; P )g

}

Clearly, for all P 2 Pred(QLj
);Wp6j

(P ) � L(GLj
; P ):

Lemma 4.20. For system �; the following holds:

(8P 2 Pred(QLj
))(8s; t 2 L(GLj

; P ))

(s 2Wp6j
(P ) & (�Lj

(qLj0 ; s) = �Lj
(qLj0 ; t)))) t 2Wp6j

(P ):

proof:

Let P 2 Pred(QLj
); and s; t 2 L(GLj

; P ): (1)

Assume �Lj
(qLj0 ; s) = �Lj

(qLj0 ; t) and s 2 Wp6j
(P ): (2)

Must show this implies t 2Wp6j
(P ):

Let �L(GLj
;P );�Lm(Gl

Ij
); and �Lm(GLj

) be the Nerode equivalence relation on ��
ILj

with respect to L(GLj
; P ); Lm(Gl

Ij
) and Lm(GLj

) respectively.

From (2), we have �(qLj0 ; s) = �(qLj0 ; t)

) s �L(GLj
;P ) t & s �Lm(GLj

) t; (3)

by Proposition 2.6 and fact Lm(GLj
) = Lm(GLj

; true):

As GLj
= ELj

�Gp
Lj
�Gl

Ij
and �Lj

(qLj0 ; s) = �Lj
(qLj0 ; t); we have

�l
j(x

l
j0; s) = �l

j(x
l
j0; t)

) s �Lm(Gl
Ij

) t; (4)

by Proposition 2.6 and fact Lm(Gl
Ij

) = Lm(Gl
Ij

; true):

From (2), we have s 2 Wp6j
(P )
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) s 2 Lm(Gl
Ij

) & (8l 2 ��
Lj

) sl =2 Lm(GLj
) \ L(GLj

; P )

) t 2 Lm(Gl
Ij

) & (8l 2 ��
Lj

) tl =2 Lm(GLj
) \ L(GLj

; P ); by (3)(4)

) t 2 Wp6j
(P ); as t 2 L(GLj

; P ):

Lemma 4.21. For system �; the following holds:

(8P 2 Pred(QLj
))(8s 2 L(GLj

; P )) ((9t � s) t 2 Wp6j
(P )), s =2 
p6j

(L(GLj
; P ))):

proof:

Let P 2 Pred(QLj
) and s 2 L(GLj

; P ): (1)

1. Show that ((9t � s) t 2 Wp6j
(P ))) s =2 
p6j

(L(GLj
; P )):

Assume (9t � s) t 2 Wp6j
(P ): (2)

Must show this implies s =2 
p6j
(L(GLj

; P )):

From (2), we have

(9t � s) t 2 Lm(Gl
Ij

) & (8l 2 ��
Lj

) tl =2 Lm(GLj
) \ L(GLj

; P )

) :((8t � s) t 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) tl 2 Lm(GLj
) \ L(GLj

; P ))

) s =2 
p6j
(L(GLj

; P ))

2. Show that s =2 
p6j
(L(GLj

; P ))) ((9t � s) t 2 Wp6j
(P )):

Assume s =2 
p6j
(L(GLj

; P )): (3)

Must show this implies (9t � s) t 2Wp6j
(P ):

From (1), we know s 2 L(GLj
; P ): Combine this with (3), we thus have

:((8t � s) t 2 Lm(Gl
Ij

)) (9l 2 ��
Lj

) tl 2 Lm(GLj
) \ L(GLj

; P ))

) (9t � s) t 2 Lm(Gl
Ij

) & (8l 2 ��
Lj

) tl =2 Lm(GLj
) \ L(GLj

; P ) (4)
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As s 2 L(GLj
; P ) and L(GLj

; P ) is closed, we know t 2 L(GLj
; P ): (5)

By (4) and (5), we thus have (9t � s) t 2Wp6j
(P ):

Proposition 4.24. For system �; the following holds

(8P 2 Pred(QLj
)) L(GLj

; P )� 
p6j
(L(GLj

; P )) = LWp6j
(P )(GLj

; P );

where LWp6j
(P )(GLj

; P ) = [s2Wp6j
(P )L

s(GLj
; P ):

proof: Identical to the proof of Proposition 4.6 after substituting Sub(Pha) with

Pred(QLj
); 
HIC with 
p6j

, WH(P ) with Wp6j
(P ); GH with GLj

, �H with �Lj
; qH0

with qLj0 ; Lemma 4.2 with Lemma 4.20, Lemma 4.3 with Lemma 4.21.

De�nition 4.21. For system �; de�ne the function �p6j
: Pred(QLj

)! Pred(QLj
)

according to

(8P 2 Pred(QLj
)) �p6j

(P ) := P � (PXjm
� CR(GLj

; PLjm
; �Lj

; P ));

where PXjm
:= pr(fq 2 QLj

jx 2 X l
jm
g); PLjm

:= pr(QLjm
);

q = (z; y; x) as in equation 4.2 (Page 105),

and X l
jm

and QLjm
are the marker state sets of Gl

Ij
and GLj

respectively

as de�ned in Section 4.1.

}

Note that for system �; PXjm
and PLjm

are constant. The following lemma will

be used later on.

Lemma 4.22. For system �; �p6j
is monotone with respect to �, i.e.

(8P1; P2 2 Pred(QLj
)) P1 � P2 ) �p6j

(P1) � �p6j
(P2):
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proof:

Let P1; P2 2 Pred(QLj
): Assume P1 � P2:

Must show this implies �p6j
(P1) � �p6j

(P2):

�p6j
(P1)

= P1 � (PXjm
� CR(GLj

; PLjm
; �Lj

; P1)); by de�nition of �p6j
(P1)

= P1 ^ :(PXjm
^ : CR(GLj

; PLjm
; �Lj

; P1))

= P1 ^ (:PXjm
_ CR(GLj

; PLjm
; �Lj

; P1))

� P2 ^ (:PXjm
_ CR(GLj

; PLjm
; �Lj

; P2)); as P1 � P2 and CR is monotone

= P2 ^ :(PXjm
^ : CR(GLj

; PLjm
; �Lj

; P2))

= P2 � (PXjm
� CR(GLj

; PLjm
; �Lj

; P2))

= �p6j
(P2)

In order to show the method to compute 
p6j
; we need the following proposition

and lemma.

Proposition 4.25. For system �; the following holds:

(8P 2 Pred(QLj
)) Lm(GLj

) \ L(GLj
; P ) = Lm(GLj

; CR(GLj
; P )):

proof:

Identical to the proof of Proposition 4.10 after substituting GH with GLj
; QH with

QLj
; QHm

with QLjm
; �H with �Lj

; �IH with �ILj
:

Lemma 4.23. For system �; the following holds:

(8P 2 Pred(QLj
)) Lm(GLj

) \ L(GLj
; P ) = Lm(GLj

; P ):

proof:

Let P 2 Pred(QLj
):
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1. Show that Lm(GLj
; P ) � Lm(GLj

) \ L(GLj
; P ):

Clearly, Lm(GLj
; P ) � Lm(GLj

) and Lm(GLj
; P ) � L(GLj

; P ); so Lm(GLj
; P ) �

Lm(GLj
) \ L(GLj

; P ):

2. Show that Lm(GLj
) \ L(GLj

; P ) � Lm(GLj
; P ):

By Proposition 4.25, we know Lm(GLj
) \ L(GLj

; P ) = Lm(GLj
; CR(GLj

; P )):

By the de�nition of CR, we also know that Lm(GLj
; CR(GLj

; P )) � Lm(GLj
; P ):

So, Lm(GLj
) \ L(GLj

; P ) � Lm(GLj
; P ):

The following lemma will be used in the proof of next proposition.

Lemma 4.24. For system �; let P 2 Pred(QLj
); w 2 ��

ILj
and q 2 QLj

: If q =

�(qLj0 ; w) and q j= R(GLj
; P ), then

q j= CR(GLj
; PLjm

; �Lj
; P ) if and only if (9l 2 ��

Lj
) wl 2 Lm(GLj

; P );

where PLjm
:= pr(QLjm

) as de�ned in De�nition 4.21.

proof:

Assume q = �(qLj0 ; w) and q j= R(GLj
; P ):

q j= CR(GLj
; PLjm

; �Lj
; P )

, (9k 2 f0; 1; : : :g)(9�1; : : : ; �k 2 �Lj
)(9q1; : : : ; qk+1 2 QLj

)

q1 = q

qk+1 j= PLjm

q1; : : : ; qk+1 j= P

qi+1 = �Lj
(qi; �i); i = 1; 2; : : : ; k
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, (9k 2 f0; 1; : : :g)(9�1; : : : ; �k 2 �Lj
)

�Lj
(q; �1 : : : �k) j= R(GLj

; P ) & �Lj
(q; �1 : : : �k) 2 QLjm

;

by q j= R(GLj
; P ) and the de�nition of PLjm

:

, (9l 2 ��
Lj

) wl 2 Lm(GLj
; P );

by letting l = �1 : : : �k and the assumption q = �(qLj0 ; w) and q j= R(GLj
; P ):

Proposition 4.26. For system �; the following holds:

(8P 2 Pred(QLj
)) 
p6j

(L(GLj
; P )) = L(GLj

; �p6j
(P )):

proof:

Let P 2 Pred(QLj
): We prove this proposition by a series of transformation.


p6j
(L(GLj

; P ))

= L(GLj
; P )� LWp6j

(P )(GLj
; P ); by Proposition 4.24

= L(GLj
; P )� [w2Wp6j

(P )L
w(GLj

; P )

= L(GLj
; P � pr([w2Wp6j

(P )f�Lj
(qLj0

; w)g)); by Proposition 2.7

= L(GLj
; P � pr(fq 2 R(GLj

; P )j�Lj
(qLj0

; w) = q for some w 2 Wp6j
(P )g));

as Wp6j
(P ) � L(GLj

; P ) and by Proposition 2.5

= L(GLj
; P � pr(fq 2 R(GLj

; P )j(9w 2 L(GLj
; P )) �Lj

(qLj0
; w) = q &

w 2 Lm(Gl
Ij

) & (8l 2 ��
Lj

) wl =2 Lm(GLj
) \ L(GLj

; P )g));

by de�nition of Wp6j
(P )

= L(GLj
; P � pr(fq 2 R(GLj

; P )j(9w 2 L(GLj
; P )) �Lj

(qLj0
; w) = q &

w 2 Lm(Gl
Ij

) & (8l 2 ��
Lj

) wl =2 Lm(GLj
; P )g)); by Lemma 4.23

= L(GLj
; P � pr(fq j= R(GLj

; P )jx 2 X l
jm

& q 2 CR(GLj
; PLjm

; �Lj
; P )g));

by Lemma 4.24,

where PLjm
:= pr(QLjm

) as de�ned in De�nition 4.21,

and q = (z; y; x) as in Equation 4.2 (Page 105).

135



Master Thesis { R. Song { McMaster { Computing and Software

= L(GLj
; P � pr(fq 2 QLj

jx 2 X l
jm

& q 2 CR(GLj
; PLjm

; �Lj
; P )g));

as removing the states satisfying (true�R(GLj
; P ))

does not change the resulting language, by Proposition 2.5.

= L(GLj
; P � (pr(fq 2 QLj

jx 2 X l
jm
g)� CR(GLj

; PLjm
; �Lj

; P )))

= L(GLj
; P�(PXjm

�CR(GLj
; PLjm

; �Lj
; P ))); where PXjm

is as in De�nition 4.21.

= L(GLj
; �p6j

(P )):

4.3.5 The Algorithm to Compute sup CLj
(Lm(GLj

))

For a predicate P 2 Pred(QLj
); we know from Proposition 4.25 and the de�nition

of 
LNBj
that


LNBj
(L(GLj

; P )) = Lm(GLj
) \ L(GLj

; P ) = Lm(GLj
; CR(GLj

; P )):

We now put all the predicate functions together to show the method to compute

sup CLj
(Lm(GLj

)):

De�nition 4.22. For system �; de�ne the function �Lj
: Pred(QLj

) ! Pred(QLj
)

according to

(8P 2 Pred(QLj
)) �Lj

(P ) := CR(GLj
; �p6j

(�p5j
(PLPCj(P ))))

}

By Lemma 4.12, PLPCj is monotone; by Lemma 4.18, �p5j
is monotone; by

Lemma 4.22, �p6j
is monotone; the predicate transformer CR(GLj

; :) is monotone;

thus the function �Lj
is also monotone.

Lemma 4.25. For system �; the following holds:

(8P 2 Pred(QLj
)) Lm(GLj

; CR(GLj
; P )) = L(GLj

; CR(GLj
; P ))
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proof:

Identical to the proof of Lemma 4.6 by substituting GH with GLj
; QH with QLj

;

QHm
with QLjm

; �IH with �ILj
; �H with �Lj

:

Lemma 4.26. For system �; the following holds

(8i 2 f1; 2; : : :g)(8P 2 Pred(QLj
)) Lm(GLj

; �i
Lj

(P )) = L(GLj
; �i

Lj
(P ))

proof:

Let i 2 f1; 2; : : :g; and P 2 Pred(QLj
). By de�nition of �Lj

; we have

Lm(GLj
; �i

Lj
(P )) = Lm(GLj

; �Lj
(�i�1

Lj
(P )))

= Lm(GLj
; CR(GLj

; �p6j
(�p5j

(PLPCj(�
i�1
Lj

(P ))))));

by de�nition of �Lj

= Lm(GLj
; CR(GLj

; P 0));

by letting P 0 := �p6j
(�p5j

(PLPCj(�
i�1
Lj

(P ))))

= L(GLj
; CR(GLj

; P 0)); by Lemma 4.25

= L(GLj
; CR(GLj

; �p6j
(�p5j

(PLPCj(�
i�1
Lj

(P ))))))

= L(GLj
; �i

Lj
(P )); by de�nition of �Lj

Proposition 4.27. For system �; the following two points hold:

1. (8P 2 Pred(QLj
)) 
Lj

(L(GLj
; P )) = Lm(GLj

; �Lj
(P ))

2. (8P 2 Pred(QLj
))(8i 2 f1; 2; : : :g) 
i

Lj
(L(GLj

; P )) = Lm(GLj
; �i

Lj
(P ))

proof:

1. Show that (8P 2 Pred(QLj
)) 
Lj

(L(GLj
; P )) = Lm(GLj

; �Lj
(P ))

Let P 2 Pred(QLj
):
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Lj
(L(GLj

; P ))

= 
LNBj
(
p6j

(
p5j
(LPCj(L(GLj

; P ))))), by de�nition of 
Lj

= Lm(GLj
)\
p6j

(
p5j
(supLPCj(L(GLj

; P )))); by de�nitions of LPCj and 
LNBj

= Lm(GLj
) \ 
p6j

(
p5j
(supLPCj(L(GLj

; P )))); as L(GLj
; P ) is closed

= Lm(GLj
) \ 
p6j

(
p5j
(L(GLj

; PLPCj(P )))); by Proposition 4.18.

= Lm(GLj
)\
p6j

(L(GLj
; �p5j

(PLPCj(P )))); by Lemma 4.13 and Proposition 4.23.

= Lm(GLj
) \ L(GLj

; �p6j
(�p5j

(PLPCj(P )))); by Proposition 4.26

= Lm(GLj
; CR(GLj

; �p6j
(�p5j

(PLPCj(P ))))); by Proposition 4.25

= Lm(GLj
; �Lj

(P ))

2. Show that (8P 2 Pred(QLj
))(8i 2 f1; 2; : : :g) 
i

Lj
(L(GLj

; P )) = Lm(GLj
; �i

Lj
(P ))

Let P 2 Pred(QLj
): We now prove this by induction.

(a) Base Case: i = 1

By Point 1, we have 
1
Lj

(L(GLj
; P )) = L1

m(GLj
; �Lj

(P ))

(b) Inductive step.

Let k 2 f1; 2; : : :g: Assume 
k
Lj

(L(GLj
; P )) = Lm(GLj

; �k
Lj

(P )).

Must show 
k+1
Lj

(L(GLj
; P )) = Lm(GLj

; �k+1
Lj

(P )):


k+1
Lj

(L(GLj
; P )) = 
Lj

(
k
Lj

(L(GLj
; P )))

= 
Lj
(Lm(GLj

; �k
Lj

(P ))); by inductive assumption

= 
LNBj
(
p6j

(
p5j
(supLPCj(Lm(GLj

; �k
Lj

(P )))))),

by de�nition of 
Lj

= 
LNBj
(
p6j

(
p5j
(supLPCj(L(GLj

; �k
Lj

(P )))))),

by Lemma 4.26
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= 
Lj
(L(GLj

; �k
Lj

(P ))), by the de�nition of 
Lj
:

= Lm(GLj
; �k+1

Lj
(P )), by Point 1 of this proposition.

Theorem 4.2. For system �; the following two points hold:

1. There exists k 2 f0; 1; : : :g such that k � jQLj
j and �k

Lj
(true) is the greatest

�xpoint of the function �Lj
with respect to (Pred(QLj

);�):

2. sup CLj
(Lm(GLj

)) = sup CLj
(Lm(GLj

; true)) = Lm(GLj
; �k

Lj
(true))

proof:

1. Show that there exists k 2 f0; 1; : : :g such that k � jQLj
j and �k

Lj
(true) is the

greatest �xpoint of the function �Lj
with respect to (Pred(QLj

);�):

As �Lj
is monotone and jQLj

j is assumed to be �nite (Section 4.1), we know

immediately from Proposition 2.3 that there exists k 2 f0; 1; : : :g such that

k � jQLj
j and �k

Lj
(true) is the greatest �xpoint of the function �Lj

.

2. Show that sup CLj
(Lm(GLj

)) = sup CLj
(Lm(GLj

; true)) = Lm(GLj
; �k

Lj
(true)):

sup CLj
(Lm(GLj

)) = sup CLj
(Lm(GLj

; true)) is automatic as Lm(GLj
) = Lm(GLj

; true):

(a) Show that sup CLj
(Lm(GLj

; true)) � Lm(GLj
; �k

Lj
(true))

By Proposition 2.3, we know that

(8i 2 f1; 2; : : :g) i > k ) Lm(GLj
; �i

Lj
(true)) = Lm(GLj

; �k
Lj

(true))

) limi!1 Lm(GLj
; �i

Lj
(true)) = Lm(GLj

; �k
Lj

(true))

) limi!1 
i
Lj

(L(GLj
; true)) = Lm(GLj

; �k
Lj

(true)); by Proposition 4.27

) sup CLj
(Lm(GLj

; true)) � Lm(GLj
; �k

Lj
(true)); by Proposition 4.21
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(b) Show that Lm(GLj
; �k

Lj
(true)) � sup CLj

(Lm(GLj
; true)):

Based on the value of k; we now show this in two cases:

� Case 1: k 2 f1; 2; : : :g

By Point 1 of this theorem and Proposition 2.3, we have

�k
Lj

(true) = �k+1
Lj

(true)

) Lm(GLj
; �k

Lj
(true)) = Lm(GLj

; �k+1
Lj

(true))

) Lm(GLj
; �k

Lj
(true)) = 
k+1

Lj
(L(GLj

; true)); by Proposition 4.27

) Lm(GLj
; �k

Lj
(true)) = 
Lj

(
k
Lj

(L(GLj
; true)))

) Lm(GLj
; �k

Lj
(true)) = 
Lj

(Lm(GLj
; �k

Lj
(true)));

by Proposition 4.27 and k 2 f1; 2; : : :g

� Case 2: k = 0

If �0
Lj

(true) is the greatest �xpoint of �Lj
, then by Proposition 2.3 we

know that

�1
Lj

(true) = �0
Lj

(true), (1)

so �1
Lj

(true) is also the greatest �xpoint of �Lj
:

) Lm(GLj
; �1

Lj
(true)) = 
Lj

(Lm(GLj
; �1

Lj
(true))); by Case 1

) Lm(GLj
; �0

Lj
(true)) = 
Lj

(Lm(GLj
; �0

Lj
(true))); by (1)

From Case 1 and Case 2, we know that Lm(GLj
; �k

Lj
(true)) is always a

�xpoint of the function 
Lj
:

From Proposition 4.20, sup CLj
(Lm(GLj

; true)) is the greatest �xpoint of

the function 
Lj
; so Lm(GLj

; �k
Lj

(true)) � sup CLj
(Lm(GLj

; true)):

Corollary 4.4. For system �; let SLj
be a DES de�ned over event set �ILj

with

Lm(SLj
) = Lm(GLj

; �k
Lj

(true)) and L(SLj
) = L(GLj

; �k
Lj

(true)); where k 2 f0; 1; : : :g
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and �k
Lj

(true) is the greatest �xpoint of �Lj
with respect to (Pred(QLj

);�): Then for

the nth degree parallel interface system composed of Gp
H ; Gp

L1
; : : : ; Gp

Ln
; GI1 ; : : : ;

GIn
; EH ; EL1 ; : : : ; ELj�1

; SLj
; ELj+1

; : : : ; ELn
with respect to the alphabet partition

in Equation 3.1, SLj
is a jth low-level proper supervisor.

proof:

We �rst note that by Theorem 4.2, an appropriate k 2 f0; 1; : : :g exists such that

�k
Lj

(true) is the greatest �xpoint of �Lj
with respect to (Pred(QLj

);�):

1. Show that Lm(SLj
�Gp

Lj
�Gl

Ij
) = L(SLj

�Gp
Lj
�Gl

Ij
):

Lm(SLj
) = Lm(GLj

; �k
Lj

(true))

) Lm(SLj
) � Lm(GLj

)

) Lm(SLj
) � Lm(ELj

�Gp
Lj
�Gl

Ij
)

) Lm(SLj
) � Lm(Gp

Lj
�Gl

Ij
)

) Lm(SLj
) = Lm(SLj

�Gp
Lj
�Gl

Ij
) (1)

Similarly, we can show that L(SLj
) = L(SLj

�Gp
Lj
�Gl

Ij
) (2)

If k 2 f1; 2; : : :g and �k
Lj

(true) is the greatest �xpoint of �Lj
; then by Lemma 4.26

we know that Lm(SLj
) = L(SLj

):

If k = 0 and �0
Lj

(true) is the greatest �xpoint of �Lj
; then as jQLj

j is assumed to

be �nite (Section 4.1), by Proposition 2.3 we know that �1
Lj

(true) = �0
Lj

(true):

) L(SLj
) = L(GLj

; �1
Lj

(true)) and Lm(SLj
) = Lm(GLj

; �1
Lj

(true))

) Lm(SLj
) = L(SLj

); by Lemma 4.26.

Therefore, we always have

Lm(SLj
) = L(SLj

); (3)

when k 2 f0; 1; : : :g and �k
Lj

(true) is the greatest �xpoint of �Lj
:
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Combining (1), (2) and (3), we can conclude Lm(SLj
�Gp

Lj
�Gl

Ij
) = L(SLj

�

Gp
Lj
�Gl

Ij
):

2. Show that SLj
is the jth low-level interface controllable.

By Part 1 and De�nition 3.8, De�nition 4.10, and De�nition 4.16, it is su�cient

to show that Lm(SLj
�Gp

Lj
�Gl

Ij
) is jth low-level interface controllable.

From Theorem 4.2, we know that Lm(SLj
) is jth low-level interface controllable.

By (1), we can conclude Lm(SLj
� Gp

Lj
� Gl

Ij
) is also jth low-level interface

controllable.

The supervisor SLj
can be constructed by removing states from GLj

that do not

satisfy �k
Lj

(true): A trim supervisor DES SLj
can be built by removing states from

GLj
that do not satisfy R(GLj

; �k
Lj

(true)):

Algorithm 4.3 shows how to compute �k
Lj

(true); where k 2 f0; 1; : : :g and �k
Lj

(true)

is the greatest �xpoint of �Lj
with respect to (Pred(QLj

);�): By Point 1 of Theo-

rem 4.2, we know the greatest �xpoint will be reached after �nite number of iterations.

Algorithm 4.3 Computing the greatest �xpoint of �Lj
w.r.t. (Pred(QLj

);�)

1: PbadLj
 pr(BadLj

);
2: P1  true;
3: repeat
4: P2  P1;
5: P1  :TR(GLj

;:P1 _ PbadLj
; �luj

[ �Rj
);

6: P1  �p5j
(P1);

7: P1  P1 � (PXjm
� CR(GLj

; PLjm
; �Lj

; P1));
8: P1  CR(GLj

; P1);
9: until P1 = P2

10: return P1;

In the algorithm, PXjm
and PLjm

are as de�ned in De�nition 4.21. Line 5 computes

PLPCj(P1): �p5j
(P1) in Line 6 can be computed by using Algorithm 4.2. Line 7

computes �p6j
(P1). Line 8 is for the function 
LNBj

:
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Chapter 5

Veri�cation of HISC

In this chapter, we brie
y discuss the method to verify a nth degree supervisor

interface system and we give the veri�cation algorithms.

In the previous chapter, we proved that for system �; we can synthesize a high-

level proper supervisor by trimming o� states from GH and the jth low-level proper

supervisor by trimming o� states from GLj
.

For the nth degree supervisor interface system that respects the alphabet partition

given by 3.1 and is composed of plant components Gp
H ;Gp

L1
; : : : ;Gp

Ln
, supervisors

SH ;SL1 ; : : : ;SLn
; and interfaces GI1 ; : : : ;GIn

, we can treat all the supervisors as

their corresponding speci�cations (assuming the system is HISC-valid) and apply the

synthesis algorithm to the system. If SH is a high-level proper supervisor, then there

would be no reachable state that must be removed from GH : Similarly, if SLj
is a jth

low-level proper supervisor(j 2 f1; : : : ; ng), then there would be no reachable state

that must be removed from GLj
:

Algorithm 5.1 shows the veri�cation algorithm for the high-level. BadH in Line

2 is a state subset as de�ned in De�nition 4.7, and pr(BadH) denotes the predicate

identi�ed by BadH :
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Algorithm 5.1 High-level veri�cation
1: PR  R(GH ; true);
2: PbadH

 pr(BadH);
3: if (PR ^ PbadH

) then

4: return "The high-level supervisor is not controllable or the high-level fails to satisfy interface consistent

condition Point 3.";

5: end if

6: if (PR 6= PR ^ CR(GH ; true)) then

7: return "The high-level is blocking.";

8: end if

9: return "The high-level supervisor is high-level interface controllable and the high-level is nonblocking.";

Algorithm 5.2 shows the veri�cation algorithm for the j th low-level. BadLj
in Line

2 is a state subset as de�ned in De�nition 4.14, and pr(BadLj
) is the predicate iden-

ti�ed by BadLj
. �p5j

(true) in Line 6 can be computed by using Algorithm 4.2. Line

9 veri�es the interface consistent condition Point 6. Line 12 veri�es the nonblocking

property.

Algorithm 5.2 The jth low-level veri�cation
1: PR  R(GLj

; true);
2: PbadLj

 pr(BadLj
);

3: if (PR ^ PbadLj
) then

4: return "The jth low-level supervisor is not controllable or the jth low-level fails to satisfy interface consistent

condition Point 4.";

5: end if

6: if PR 6= PR ^ �p5j
(true) then

7: return "The jth low-level fails to satisfy interface consistent condition Point 5.";

8: end if

9: if PR 6= PR ^ :(PXjm
� CR(GLj

; PLjm
; �Lj

; true)) then

10: return "The jth low-level fails to satisfy interface consistent condition Point 6.";

11: end if

12: if PR 6= PR ^ CR(GLj
; true) then

13: return "The jth low-level is blocking.";

14: end if

15: return "The jth low-level supervisor is jth low-level interface controllable and the jth low-level is nonblocking.";

Usually, the veri�cation process is faster than the synthesis process, because the

veri�cation algorithms do not need to compute the greatest �xpoints as Algorithm 4.1

and Algorithm 4.3 need to do.
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Chapter 6

Symbolic Computation for HISC

Synthesis and Veri�cation

In the previous two chapters, we developed the algorithms for the synthesis and

veri�cation of an HISC system. The e�ciency of these algorithms is dominated by the

computation of the four predicate transformers: R;CR; TR and CR: In this chapter,

we �rst discuss how to use logic formulas to represent state subsets and transitions

in a system, and then present how to compute the predicate transformers from the

logic formulas. After that, we brie
y introduce a method of using Reduced Ordered

Binary Decision Diagram (ROBDD, or simply BDD) [6] to implement the algorithms.

We then present an approach for controller implementation. Finally, we give a small

tutorial example to demonstrate the algorithms.

Most of the ideas in this chapter are originally invented by Ma in [31] for the

State Tree Structure (STS) or researchers in the model checking area. The approach

to represent the state subsets and transitions for the HISC high-level or low-levels

as logic formulas and BDD can be thought of as a special case of the approach for

STS. The optimization technique using the tautology (Equation 6.2) to reduce the
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intermediate BDD is also applied in our implementations. What is new here is that we

simpli�ed the logic formula representation for a 
at system composed of component

DES and applied these ideas and techniques for the HISC synthesis and veri�cation

algorithms.

6.1 Symbolic Representation of State Subsets and

Transitions

In Chapter 2, we discussed predicates de�ned on the state set of a DES, but we

did not discuss how to de�ne a predicate other than its corresponding state subset.

From now on, we call a predicate that are de�ned on the state set of a DES as a

state predicate. A state predicate essentially is a boolean function whose domain is

the state set of the DES and range is f0, 1g. If we use the identifying state subset

to de�ne a state predicate, then it is no better than directly using the state subset in

our algorithms. In this section, for a given HISC system, we present how to de�ne a

state predicate as a logic formula, so the formula also represents a state subset. We

say that the logic formula is a symbolic representation of the state subset.

In order to represent the high-level and low-levels in an HISC system symbolically,

we also need to de�ne predicates that are de�ned on the transitions of a DES, which

we will call transition predicates. Then we will discuss how to use logic formulas to

de�ne the transition predicates.

The high-level or low-levels in an HISC system can be thought of as a special 
at

system which is composed of component DES: plant(s), supervisor(s)/speci�cation(s)

and interface(s). Because our symbolic representation for state subsets and transitions

does not care about the type of a component DES, in this section, we only talk about
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the symbolic representation for a 
at system composed of component DES.

6.1.1 Symbolic Representation of State Subsets

Let the system G := (Q; �; �; q0; Qm) be the cross product of component DES

G1 := (Q1; �; �1; q10 ; Q1m
); : : : ;Gn := (Qn; �; �n; qn0 ; Qnm

); where n 2 f1; 2; : : :g: i.e.

G := G1 � � � � �Gn:

Let q 2 Q; then there exists a unique q1 2 Q1; . . . , qn 2 Qn such that q =

(q1; : : : ; qn): We say q1 is the �rst component part of q; . . . ; qn is the nth component

part of q:

De�nition 6.1. For the system G composed of components G1; : : : ;Gn, the state

variable vi(i 2 f1; : : : ; ng) for the ith component DES Gi is a variable whose domain

is Qi. The state variable vector v for G is (v1; : : : ; vn), where v1; : : : ; vn are the state

variables for each component.

}

Let i 2 f1; : : : ; ng and qi 2 Qi; vi = qi returns 1 if the state variable vi has been

assigned value qi; otherwise it returns 0. Let A � Q be a state subset, then the

predicate PA for A can be written by1

PA(v) :=
_

q2A

(v1 = q1 ^ v2 = q2 ^ � � � ^ vn = qn): (6.1)

For convenience, if v is understood, we write PA instead of PA(v): Clearly, for all

q 2 Q, q 2 A if and only if PA(q) � 1: Here we use � to stand for logical equivalence,

because = has been used to test if vi has been assigned value qi:

1As a 
at system composed of component DES is a special case of STS, we will not give a
soundness and completeness proof for the logic formula representation, interested readers can �nd a
proof for STS in [31].
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For all i 2 f1; : : : ; ng, if we treat vi = qi as a propositional atom, then the formula

generated by Equation 6.1 is a propositional logic formula. This is a very important

aspect, because a predicate logic formula can not be represented as a BDD.

This formula does not look promising, but if we notice the following tautology,

we will see it is possible that the formula can be greatly simpli�ed as the following

examples show.  _

qi2Qi

(vi = qi)

!
� 1 (6.2)

Figure 6.1 is the simpli�ed small factory example from [47] with bu�er size two.

The event set for the system is � = f�1; �2; �1; �2g: All the states in each component

should also be added sel
oops with events not appearing on the component.

Figure 6.1: Small factory example

Let vM1 ; vM2 ; vBUF be the state variables for the component DES M1;M2 and

BUF respectively, then the state variable vector for the small factory is v = (vM1 ;

vM2 ; vBUF ): Let A � fI1;W1g� fI2;W2g� fs0; s1; s2g be a state subset of the small

factory. Let PA be the state predicate for A.

First let A := f(I1; I2; s0)g; then by Equation 6.1, we have PA(v) := (vM1 =

I1 ^ vM2 = I2 ^ vBUF = s0): This formula for the predicate PA is not simpler than a

state subset.
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Now let A := f(I1; I2; s0); (W1; I2; s0); (I1; I2; s1); (W1; I2; s1); (I1; I2; s2); (W1; I2; s2)g;

then by Equation 6.1, we have

PA(v) := (vM1 = I1^vM2 = I2^vBUF = s0)_(vM1 = W1^vM2 = I2^vBUF = s0)_

(vM1 = I1^vM2 = I2^vBUF = s1)_(vM1 = W1^vM2 = I2^vBUF = s1)_

(vM1 = I1 ^ vM2 = I2 ^ vBUF = s2)_ (vM1 = W1 ^ vM2 = I2 ^ vBUF = s2)

� (vM1 = I1_vM1 = W1)^(vM2 = I2)^(vBUF = s0_vBUF = s1_vBUF = s2);

by the distributive law of propositional logic

� 1 ^ (vM2 = I2) ^ 1

� (vM2 = I2)

We can see that PA(v) := (vM2 = I2) is much simpler than the state subset A.

Furthermore, the formula clearly says that A includes all the states whose M2 part

is I2:

With the given formula representation for a state predicate, we can easily check if

a state is in the corresponding state subset. Let PA(v) := (vM2 = I2) be a predicate

for the small factory system. For example, the state (I1; I2; s0) 2 A because

PA(I1; I2; s0) := (I2 = I2) � 1;

and the state (I1;W2; s1) =2 A because

PA(I1;W2; s1) := (W2 = I2) � 0:

With the formula representation for a state predicate, the set operations such as

intersection, union and complement can be done by the logic operations ^, _ and :

on formulas. We now give examples for the small factory system.

Let A1; A2 � fI1;W1g� fI2;W2g� fs0; s1; s2g be two state subsets of the small

factory, and

A1 = f(I1; I2; s0); (W1; I2; s0); (I1; I2; s2); (W1; I2; s2)g;
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A2 = f(I1; I2; s0); (I1; I2; s1); (I1;W2; s0); (I1;W2; s1); (W1; I2; s0); (W1; I2; s1);

(W1;W2; s0); (W1;W2; s1)g:

Let PA1 and PA2 be the state predicates for A1 and A2 respectively, then by

Equation 6.1, we have the simpli�ed formulas as

PA1(v) := (vM2 = I2) ^ (vBUF = s0 _ vBUF = s2)

PA2(v) := (vBUF = s0 _ vBUF = s1):

� A1 \ A2

By set intersection, A1 \ A2 = f(I1; I2; s0); (W1; I2; s0)g; and

PA1 ^ PA2 � (vM2 = I2) ^ (vBUF = s0 _ vBUF = s2) ^ (vBUF = s0 _ vBUF = s1)

� (vM2 = I2) ^ (vBUF = s0):

One can see that PA1 ^ PA2 really represents the state subset A1 \ A2:

� A1 [ A2

By set union,

A1[A2 = f(I1; I2; s0); (W1; I2; s0); (I1; I2; s2); (W1; I2; s2); (I1; I2; s1); (I1;W2; s0);

(I1;W2; s1); (W1; I2; s1); (W1;W2; s0); (W1;W2; s1)g;

and

PA1 _PA2 � ((vM2 = I2)^ (vBUF = s0 _ vBUF = s2))_ (vBUF = s0 _ vBUF = s1)

� (vM2 = I2) _ (vBUF = s0 _ vBUF = s1):

PA1 _ PA2 also represents the state subset A1 [ A2:

� A2

By set complement,

A2 = f(I1; I2; s2); (I1;W2; s2); (W1; I2; s2); (W1;W2; s2)g;
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and

:PA2 � :(vBUF = s0 _ vBUF = s1)

� (vBUF = s2):

So, :PA2 represents the state subset A2:

6.1.2 Symbolic Representation of Transitions

Let G := (Q; �; �; q0; Qm) be the system in Section 6.1.1 composed of G1; : : : ;Gn.

For a given event � 2 �, the transition function � is essentially a subset of the set

Q�Q.

De�nition 6.2. For the system G composed of components G1; : : : ;Gn; for a given

event � 2 �; a transition predicate N� de�ned on Q � Q is a boolean function

N� : Q�Q! f1; 0g according to

(8q; q0 2 Q) N�(q; q0) :=

8
>><
>>:

1; �(q; �)! & �(q; �) = q0

0; otherwise.

}

Let � 2 � be an event, then N� identi�es all the transitions for � in G: Like the

representation of a state subset, we can also use the a logic formula to represent the

subset of Q� Q (thus a transition predicate), but now we need two di�erent sets of

state variables for each component DES. One variable will be for the source state of

a transition, the other will be for the target state of a transition.

De�nition 6.3. For the system G composed of components G1; : : : ;Gn, the normal

state variable vi; (i 2 f1; : : : ; ng) and the prime state variable v 0
i for each component

DES Gi are two variables whose domains both are Qi: The normal state variable
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vector v is (v1; : : : ; vn) and the prime state variable vector v0 is (v0
1; : : : ; v

0
n), where

v1; : : : ; vn are normal state variables for each component in G, and v0
1; : : : ; v

0
n are

prime state variables for each component in G:

}

For a given event � 2 � in the system G composed of components G1; : : : ;Gn;

the transition predicate for N� can be written as

N�(v;v0) :=
^

i2f1;2;:::;ng

 _

(qi;q
0

i)2Qi�Qi;

�i(qi;�)=q0

i

(vi = qi ^ v0
i = q0

i)

!
: (6.3)

Note the following fact. Let i 2 f1; : : : ; ng and � 2 �: If for all qi 2 Qi; �i(qi; �) 6 !,

then

 _

(qi;q
0

i)2Qi�Qi;

�i(qi;�)=q0

i

(vi = qi ^ v0
i = q0

i)

!
� 0

Therefore, N�(v;v0) � 0: This is in line with that the system will block an event

if one of the component DES blocks the event.

Equation 6.3 assumes that every component DES is de�ned on the event set �.

However, when we design a system with multiple component DES, each component

DES is de�ned on its own event set. The system event set is the union of all the

component event set and the system is the synchronous product of all the component

DES. Therefore, Equation 6.3 requires that each component DES must be sel
ooped

with all the events that are not in its own event set, on each state. This not only

creates a lot of clutter, but also makes the formula to represent the transitions much

more complicated.

To solve this problem, for each � 2 �; we use the transition tuple (v�;v
0
�; N�) to
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represent the transitions on �; where v� is a normal state variable set including all

the normal state variables whose corresponding component DES event set contains

�; and v
0
� is a prime state variable set including all the corresponding prime state

variables of the normal state variables in v�. For those state variables that are not in

the set v�; we know that � must be sel
ooped on each state of their corresponding

component DES.

For the system G composed of components G1; : : : ;Gn; let G0
1 := (Q1; �1; �

0
1;

q10 ; Q1m
); : : : ;G0

n := (Qn; �n; �0
n; qn0 ; Qnm

) be the component DES such that G1 =

sel
oop(G0
1; � � �1); : : : ;Gn = sel
oop(G0

n; � � �n): So, we have G = G0
1 k � � � k

G0
n and � = �1 [ � � � [ �n:

For a given event � 2 � in the system G with components G0
1; : : : ;G

0
n, the tuple

(v�;v
0
�; N�) can be written by 2

v� := fvi 2 vj� 2 �ig; v
0
� := fv0

i 2 v0j� 2 �ig (6.4)

N�(v;v0) :=
^

fi2f1;2;:::;ngj�2�ig

 _

(qi;q
0

i)2Qi�Qi;

�0

i(qi;�)=q0

i

(vi = qi ^ v0
i = q0

i)

!
: (6.5)

Although the tuple (v�;v
0
�; N�) are created from unsel
ooped components, note

that the tuple actually expresses the sel
oop information, which means that by cre-

ating the tuple we automatically sel
oop � for each component whose own event set

does not contain �. Note also that Equation 6.4 and 6.5 can be used for creating the

transition tuples for sel
ooped components as well.

We now create the transition tuples for all the events in the small factory example

shown in Figure 6.1 to demonstrate how to use Equation 6.4 and 6.5.

2Here we are abusing the notation a bit, as v and v0 should not be treated as state variable sets.
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� (v�1 ;v
0
�1

; N�1)

v�1 := fvM1 ; vBUFg; v
0
�1

:= fv0
M1

; v0
BUFg

N�1 := (vM1 = I1 ^ v0
M1

= W1) ^

((vBUF = s0 ^ v0
BUF = s0) _ (vBUF = s1 ^ v0

BUF = s1))

� (v�1 ;v
0
�1

; N�1)

v�1 := fvM1 ; vBUFg;v
0
�1

:= fv0
M1

; v0
BUFg

N�1 := (vM1 = W1 ^ v0
M1

= I1) ^

((vBUF = s0 ^ v0
BUF = s1) _ (vBUF = s1 ^ v0

BUF = s2))

� (v�2 ;v
0
�2

; N�2)

v�2 := fvM2 ; vBUFg;v
0
�2

:= fv0
M2

; v0
BUFg

N�2 := (vM2 = I2 ^ v0
M2

= W2) ^

((vBUF = s1 ^ v0
BUF = s0) _ (vBUF = s2 ^ v0

BUF = s1))

� (v�2 ;v
0
�2

; N�2)

v�2 := fvM2g;v
0
�2

:= fv0
M2
g

N�2 := (vM2 = W2 ^ v0
M2

= I2)

6.2 Symbolic Computation of Predicate Transform-

ers

With the logic formula representation for state subsets and transitions, we now talk

about how to compute the four predicate transformers TR;R;CR and CR: Because

CR is a special case of CR; we only discuss CR in this section.
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In this section, we will use the system G composed of components G0
1; : : : ;G

0
n

de�ned in Section 6.1.2.

6.2.1 Computation of Transition and Inverse Transition

For the system G := (Q; �; �; q0; Qm) composed of components G0
1; : : : ;G

0
n; to

compute the predicate transformer R; we must know how to compute �(q; �); where

q 2 Q and � 2 �. A state predicate P 2 Pred(Q) can represent a state subset

QP � Q. To compute all the states that can be reached by a � transition from

any state in QP ; we can compute [q2QP
f�(q; �)g: However, this method is rather

time consuming, especially when the state space of a system is large. We hope we

can instead directly compute the function b� : Pred(Q) � � ! Pred(Q); de�ned as

follows:

(8P 2 Pred(Q))(8� 2 �) b�(P; �) := pr(fq0 2 Q j (9q j= P ) �(q; �) = q0g):

For the system G; to compute the predicate transformers TR and CR; we de�ne

a function ��1 : Q� �! Pwr(Q) according to

(8q 2 Q)(� 2 �) ��1(q; �) := fq0 2 Q j �(q0; �) = qg:

Let P 2 Pred(Q) be a predicate. To compute all the states that have a � transition

to any state satisfying P; we can compute [qj=P ��1(q; �): Similarly, we hope we can

instead directly compute the function c��1 : Pred(Q) � � ! Pred(Q); de�ned as

follows:

(8P 2 Pred(Q))(8� 2 �) c��1(P; �) := pr(fq 2 Q j �(q; �) j= Pg):

As in [31], we will use a method similar to the relational product, developed by

the researchers in the model checking area [11], to compute b�(P; �) and c��1(P; �):
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De�nition 6.4. For the system G composed of components G0
1; : : : ;G

0
n, for all � 2 �;

let (v�;v
0
�; N�) be the transition tuple for � in G:

For all i 2 f1; : : : ; ng; if vi 2 v�; v
0
i 2 v

0
�; then de�ne 9viN� and 9v0

iN� as

9viN� :=
_

qi2Qi

N�[qi=vi];

9v0
iN� :=

_

qi2Qi

N�[qi=v
0
i];

where N�[qi=vi] is the resulting predicate by assigning qi to vi; N�[qi=v
0
i] is the resulting

predicate by assigning qi to v0
i:

}

The above de�nition of 9viN� and 9v0
iN� is based on the existential quanti�er

elimination method for �nite domain [2]. That is, 9vi and 9v0
i eliminate the variable

vi and v0
i from N� respectively. The results of 9viN� and 9v0

iN� are still propositional

logic formulas, which can be represented by BDD.

Let � 2 � and (v�;v
0
�; N�) be the transition tuple for � in G: Assume v� =

fbv1; bv2; : : : bvmg and v
0
� = fbv0

1; bv0
2; : : : bv0

mg; where m 2 f1; : : : ; ng: For convenience, we

de�ne the shorthand 9v�N� and 9v0
�N� as follows:

9v�N� := 9bv1(9bv2 � � � (9bvmN�) � � � );

9v0
�N� := 9bv0

1(9bv0
2 � � � (9bv0

mN�) � � � ):

The resulting logic formula for 9v�N� contains only the prime variables in v
0
�: If

we replace all the prime variables as normal variables, denoted it as 9v�N�[v0
� ! v�],

then the resulting predicate 9v�N�[v0
� ! v�] represents the target state set of all the

� transitions in G (i.e. Each state in the target state set has a � transition entering

it). We need to do the variable replacement because we use the normal state variables

to express the logic formula of a state subset predicate.
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As the resulting logic formula for 9v0
�N� contains only the normal variables in v�;

we do not need to do the variable replacement. 9v0
�N� represents the source state set

of all the � transitions in G (i.e. Each state in the target state set has a � transition

leaving it).

We now give an example to demonstrate 9v�N� and 9v0
�N�. Figure 6.2 shows

a system with only one component GE. Let vE; v0
E be the normal and prime state

variable for the component GE.

Figure 6.2: Example DES GE

� 9v�N�; 9v0
�N�

For the event �; we have

v� := fvEg; v
0
� := fv0

Eg

N� := (vE = s0 ^ v0
E = s1) _ (vE = s1 ^ v0

E = s2):

9v�N� := 9vEN�

� (s0 = s0 ^ v0
E = s1) _ (s0 = s1 ^ v0

E = s2)_

(s1 = s0 ^ v0
E = s1) _ (s1 = s1 ^ v0

E = s2)_

(s2 = s0 ^ v0
E = s1) _ (s2 = s1 ^ v0

E = s2)

� v0
E = s1 _ v0

E = s2
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9v�N�[v0
� ! v�] := vE = s1 _ vE = s2:

The logic formula vE = s1 _ vE = s2 represents the state subset fs1; s2g; which

exactly includes the target states of all the � transitions in GE:

9v0
�N� := 9v0

EN�

� (vE = s0 ^ s0 = s1) _ (vE = s1 ^ s0 = s2)_

(vE = s0 ^ s1 = s1) _ (vE = s1 ^ s1 = s2)_

(vE = s0 ^ s2 = s1) _ (vE = s1 ^ s2 = s2)

� vE = s0 _ vE = s1

The logic formula vE = s0 _ vE = s1 represents the state subset fs0; s1g; which

exactly includes the source states of all the � transitions in GE:

� 9v�N�; 9v0
�N�

For the event �; we have

v� := fvEg; v
0
� := fv0

Eg

N� := (vE = s1 ^ v0
E = s0):

9v�N� := 9vEN�

� (s0 = s1 ^ v0
E = s0) _ (s1 = s1 ^ v0

E = s0) _ (s2 = s1 ^ v0
E = s0)

� v0
E = s0

9v�N�[v0
� ! v�] := vE = s0:

9v0
�N� := 9v0

EN�

� (vE = s1 ^ s0 = s0) _ (vE = s1 ^ s1 = s0) _ (vE = s1 ^ s2 = s0)

� vE = s1
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We now give an example to compute the state set consisting of target states of all

the �1 transitions in the small factory example shown in Figure 6.1.

v�1 := fvM1 ; vBUFg; v
0
�1

:= fv0
M1

; v0
BUFg:

N�1 := (vM1 = W1 ^ v0
M1

= I1) ^

((vBUF = s0 ^ v0
BUF = s1) _ (vBUF = s1 ^ v0

BUF = s2))

9v�1N�1 := 9vM1(9vBUF N�1)

� 9vM1((vM1 = W1 ^ v0
M1

= I1)^

((s0 = s0 ^ v0
BUF = s1) _ (s0 = s1 ^ v0

BUF = s2)_

(s1 = s0 ^ v0
BUF = s1) _ (s1 = s1 ^ v0

BUF = s2)_

(s2 = s0 ^ v0
BUF = s1) _ (s2 = s1 ^ v0

BUF = s2)))

� 9vM1((vM1 = W1 ^ v0
M1

= I1) ^ (v0
BUF = s1 _ v0

BUF = s2))

� ((I1 = W1 ^ v0
M1

= I1) _ (W1 = W1 ^ v0
M1

= I1)) ^

(v0
BUF = s1 _ v0

BUF = s2)

� (v0
M1

= I1) ^ (v0
BUF = s1 _ v0

BUF = s2)

9v�1N�1 [v
0
�1
! v�1 ] := (vM1 = I1) ^ (vBUF = s1 _ vBUF = s2):

For the system G composed of components G0
1; : : : ;G

0
n; let � 2 �: From the

above de�nitions and examples, it is clear that 9v�N�[v0
� ! v�] exactly computes

the predicate representing the state subset fq0 2 Q j (9q 2 Q) �(q; �) = q0g and 9v0
�N�

exactly computes the predicate representing the state subset fq 2 Q j �(q; �)!g:

With the help of existential quanti�er elimination method, we now can compute

b� and c��1 symbolically. For system G; let P 2 Pred(Q) and � 2 �: b�(P; �) requires

computing the predicate representing the state subset fq0 2 Qj(9q j= P ) �(q; �) =

q0g; while c��1(P; �) requires computing the predicate representing the state subset
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fq 2 Qj�(q; �) j= Pg: So, b�(P; �) and c��1(P; �) can be computed as follows:

b�(P; �) := (9v�(N� ^ P ))[v0
� ! v�] (6.6)

c��1(P; �) := 9v0
�(N� ^ (P [v� ! v

0
�])) (6.7)

In Equation 6.6, by �rst computing N� ^ P; we restrict the � transitions to those

whose source states satisfy P:

In Equation 6.7, note that P is �rst transformed to the prime variable format,

because we want to restrict the � transitions to those whose target states satisfy P:

For convenience, we omit the hat on b�(P; �) and c��1(P; �); because from the

parameters we can clearly tell what the functions are.

We now give examples again for the small factory example shown in Figure 6.1 to

demonstrate the computing of �(P; �) and ��1(P; �):

Let P be a state predicate de�ned on the state set of the small factory example

shown in Figure 6.1, and let P := (vM1 = W1^vBUF = s1): We now demonstrate how

to compute �(P; �2) and ��1(P; �1):

� �(P; �2)

N�2 ^ P := (vM2 = I2 ^ v0
M2

= W2) ^

((vBUF = s1 ^ v0
BUF = s0) _ (vBUF = s2 ^ v0

BUF = s1)) ^

(vM1 = W1 ^ vBUF = s1):

� (vM2 = I2 ^ v0
M2

= W2) ^

(vBUF = s1 ^ v0
BUF = s0 ^ vM1 = W1):

9v�2(N�2 ^ P ) := 9vM2(9vBUF ((vM2 = I2 ^ v0
M2

= W2) ^

(vBUF = s1 ^ v0
BUF = s0 ^ vM1 = W1)))

� 9vM2((vM2 = I2 ^ v0
M2

= W2) ^ (v0
BUF = s0 ^ vM1 = W1))
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� (v0
M2

= W2) ^ (v0
BUF = s0) ^ (vM1 = W1)

�(P; �2) := (9v�2(N�2 ^ P ))[v0
�2
! v�2 ]

� ((v0
M2

= W2) ^ (v0
BUF = s0) ^ (vM1 = W1))[v

0
�2
! v�2 ]

� (vM2 = W2) ^ (vBUF = s0) ^ (vM1 = W1)

� ��1(P; �1)

N�1 ^ (P [v�1 ! v
0
�1

]) := (vM1 = I1 ^ v0
M1

= W1) ^

((vBUF = s0^v0
BUF = s0)_(vBUF = s1^v0

BUF = s1))^

(v0
M1

= W1 ^ v0
BUF = s1)

� (vM1 = I1)^ (v0
M1

= W1)^ (vBUF = s1)^ (v0
BUF = s1)

��1(P; �1) := 9v0
�1

(N�1 ^ (P [v�1 ! v
0
�1

]))

� 9v0
M1

(9v0
BUF ((vM1 = I1)^(v0

M1
= W1)^(vBUF = s1)^(v0

BUF = s1)))

� (vM1 = I1) ^ (vBUF = s1)

6.2.2 Computation of R

For the system G composed of components G0
1; : : : ;G

0
n; let P 2 Pred(Q). From

the de�nition of R(G; :); we can write a straightforward algorithm for R(G; P ) as

shown in Algorithm 6.1.

Algorithm 6.1 R(G; P )(Straightforward)

1: P1  P ^ pr(fq0g);
2: repeat
3: P2  P1;

4: P1  P1 _
�W

�2�(�(P1; �) ^ P )
�
;

5: until P1 � P2

6: return P1;
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In Line 4 of the algorithm, we never remove states from P1: As the number of

states in G is �nite, after �nite number of steps we will have P1 � P2; thus the

algorithm will terminate.

Algorithm 6.1 works like a breadth �rst search. As found by Ma in [31], a

breath �rst search method could generate a very complicated intermediate result,

even though the �nal result is quite simple because of the tautology in Equation 6.2.

An algorithm (shown below) working like a depth �rst search can greatly reduce the

intermediate result. The following example is almost directly taken from [31] for

the sake of content completeness, the di�erence is that the example there is used

for explaining the algorithm of a predicate transformer similar to our TR predicate

transformer.

Figure 6.3: Example system M

Figure 6.3 shows a system M composed of two component DES M1 and M2: For

simplicity, let P := true be the input predicate of R(M; :); i.e. we now compute

R(M; true): Let vM1 and vM2 be the state variables for M1 and M2 respectively.

Initially, P1 � (vM1 = s0 ^ vM2 = t0);

� First iteration

P1 := P1 _ (vM1 = s1 ^ vM2 = t0) _ (vM1 = s0 ^ vM2 = t1)
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� (vM1 = s1 ^ vM2 = t0) _ (vM1 = s0 ^ (vM2 = t0 _ vM2 = t1))

� Second iteration

P1 := P1_ (vM1 = s1^ vM2 = t1)_ (vM1 = s2^ vM2 = t0)_ (vM1 = s0^ vM2 = t2)

� (vM1 = s0) _ (vM1 = s1 ^ (vM2 = t0 _ vM2 = t1)) _ (vM1 = s2 ^ vM2 = t0)

� Third iteration

P1 := P1 _ (vM1 = s2 ^ vM2 = t1) _ (vM1 = s1 ^ vM2 = t2)

� (vM1 = s0) _ (vM1 = s1) _ (vM1 = s2 ^ (vM2 = t0 _ vM2 = t1))

� (vM1 = s0) _ (vM1 = s1) _ (vM1 = s2 ^ (vM2 = t0 _ vM2 = t1))

� Fourth iteration

P1 := P1 _ (vM1 = s2 ^ vM2 = t2)

� 1

Although the result can be represented as 1, one can see that the intermediate

logic formula is much more complicated than the result during the computation.

To reduce the intermediate result, we can take a look at equation 6.2. Only when

a state variable can be assigned to all the values in its domain, the part related to

the state variable can be reduced to 1. In the above example, for instance, if we �rst

compute the transitions �1; �1; 
1, then vM1 can be assigned to all the states in its

domain fs0; s1; s2g; so this part can be reduced to 1.

For the system G composed of components G0
1; : : : ;G

0
n; Algorithm 6.2 formally

states the above idea. The algorithm chooses the events component by component.

Note that in Line 7, the event set is �i; but the transition function is �: This

algorithm makes great use of the tautology of Equation 6.2 to reduce the intermediate

result. The di�erence between this algorithm and the previous one is the order of
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Algorithm 6.2 R(G; P )

1: P1  P ^ pr(fq0g);
2: repeat
3: P2  P1;
4: for i 1 to n do
5: repeat
6: P3  P1;

7: P1  P1 _
�W

�2�i
(�(P1; �) ^ P )

�
;

8: until P1 � P3

9: end for
10: until P1 � P2

11: return P1;

choosing events. In Line 7 of the algorithm, we never remove states from P1: As the

number of states in G is �nite, after �nite number of steps we will have P1 � P3 for

the repeat loop from Line 5 to Line 8 and P1 � P2 for the repeat loop from Line

2 to Line 10; thus the algorithm will terminate.

Now we compute R(M; true) according to Algorithm 6.2, where M is shown in

Figure 6.3. The phrase "outer repeat" means the one on Line 2, and "inner repeat"

means the one on Line 5.

Initially, P1 � (vM1 = s0 ^ vM2 = t0);

� First outer repeat iteration

i := 1; // For the component M1

{ First inner repeat iteration

P1 := P1 _ (vM1 = s1 ^ vM2 = t0)

� (vM1 = s0 _ vM1 = s1) ^ vM2 = t0

{ Second inner repeat iteration

P1 := P1 _ (vM1 = s2 ^ vM2 = t0)

� vM2 = t0

{ Third inner repeat iteration

P1 := vM2 = t0

i := 2; // For the component M2
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{ First inner repeat iteration

P1 := P1 _ (vM2 = t1)

� (vM2 = t0 _ vM2 = t1)

{ Second inner repeat iteration

P1 := P1 _ (vM2 = t2)

� 1

{ Third inner repeat iteration

P1 := 1

� Second outer repeat iteration

P1 := 1

During the computation, we can see the intermediate predicates are much shorter

than those of the previous algorithm. This is very important for our BDD-based

algorithms, because the running time of BDD operations directly depends on the

number of BDD nodes, and the number of nodes a BDD contains is proportional to

the length of its corresponding logic formula (simpli�ed).

For the system G composed of components G0
1; : : : ;G

0
n; let P 2 Pred(Q): We

now discuss another optimization technique for the computation of R(G; P ):

Notice that during the computation of R(G; P ); we always compute the new

reachable states from all the states that have been reached. This is obviously not

e�cient in an automata-based algorithm, because we can compute the new reachable

states from the states that were found most recently (or in last loop). In our symbolic

algorithms, however, computing from all the states that have reached could make the

algorithm run faster because the tautology could dramatically reduce the size of the

intermediate logic formulas.

However, in our experience, under some cases, computing the new reachable states

from the states most recently found is faster than computing them from all the states

that have been reached. For instance, in the AIP example in next chapter, computing

from the most recently found states is faster.

165



Master Thesis { R. Song { McMaster { Computing and Software

Algorithm 6.3 shows how to compute R(G; P ) from the most recently found states.

Again, In Line 9 of the algorithm, we never remove states from P1: As the number of

states in G is �nite, after �nite number of steps we will have P1 � P3 for the repeat

loop from Line 6 to Line 10 and P1 � P2 for the repeat loop from Line 3 to Line

12; thus the algorithm will terminate.

Algorithm 6.3 R(G; P )(Experimental)

1: P1  P ^ pr(fq0g);
2: P2  false;
3: repeat
4: Pnew  P1 � P2;
5: P2  P1;
6: for i 1 to n do
7: repeat
8: P3  P1;

9: P1  P1 _
�W

�2�i
(�(Pnew; �) ^ P )

�
;

10: until P1 � P3

11: end for
12: until P1 � P2

13: return P1;

As this technique does not always make the algorithm work more e�cient, we

only give the algorithm for the predicate transformer R: For predicate transformers

TR and CR; the algorithms applying this technique can easily be obtained. Further-

more, when we say the algorithm for the predicate transformer R later on, we mean

Algorithm 6.2.

As we need to do synthesis and veri�cation on the AIP example in the next

chapter, in the current version of our software tool, we use Algorithm 6.3 to compute

the R predicate transformer. Similarly, we also apply this optimization technique to

compute TR and CR in our current software tool.
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6.2.3 Computation of TR

For the system G composed of components G0
1; : : : ;G

0
n; let �0 � � be a �xed

event subset, P 2 Pred(Q): From the de�nition of TR(G; :; �0); we can write a

straightforward algorithm for TR(G; �0; P ) as shown in Algorithm 6.4. Like the

algorithm for R(G; P ); this algorithm will terminate in �nite number of steps.

Algorithm 6.4 TR(G; P; �0)(Straightforward)

1: P1  P ;
2: repeat
3: P2  P1;

4: P1  P1 _
�W

�2�0 ��1(P1; �)
�
;

5: until P1 � P2

6: return P1;

An improved algorithm using the tautology of Equation 6.2 is given in Algo-

rithm 6.5.

Algorithm 6.5 TR(G; P; �0)

1: P1  P ;
2: repeat
3: P2  P1;
4: for i 1 to n do
5: repeat
6: P3  P1;

7: P1  P1 _
�W

�2�0\�i
��1(P1; �)

�
;

8: until P1 � P3

9: end for
10: until P1 � P2

11: return P1;

6.2.4 Computation of CR

For the system G composed of components G0
1; : : : ;G

0
n; let �0 � � and P 0 2

Pred(Q) be �xed, and let P 2 Pred(Q): From the de�nition of CR(G; P 0; �0; :); we
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can write a straightforward algorithm for CR(G; P 0; �0; P ) as shown in Algorithm 6.6.

Like the algorithm for R(G; P ); this algorithm will terminate in �nite number of steps.

Algorithm 6.6 CR(G; P 0; �0; P )(Straightforward)

1: P1  P 0 ^ P ;
2: repeat
3: P2  P1;

4: P1  P1 _
�W

�2�0(��1(P1; �) ^ P )
�
;

5: until P1 � P2

6: return P1;

An improved algorithm using the tautology of Equation 6.2 is given in Algo-

rithm 6.7.

Algorithm 6.7 CR(G; P 0; �0; P )

1: P1  P 0 ^ P ;
2: repeat
3: P2  P1;
4: for i 1 to n do
5: repeat
6: P3  P1;

7: P1  P1 _
�W

�2�0\�i
(��1(P1; �) ^ P )

�
;

8: until P1 � P3

9: end for
10: until P1 � P2

11: return P1;

6.3 Miscellaneous Computation for HISC Synthe-

sis and Veri�cation

Let � be the nth degree interface system that respects the alphabet partition given

by Equation 3.1 and is composed of plant components Gp
H ;Gp

L1
; : : : ;Gp

Ln
, speci�ca-
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tions EH ;EL1 ; : : : ;ELn
; and interfaces GI1 ; : : : ;GIn

: Let j be an index with range

f1; : : : ; ng: For system �; from Section 6.2 we already know how to symbolically

compute the predicate transformers that we used in the algorithms we de�ned in the

previous two chapters. However, to complete the full task of HISC synthesis and

veri�cation symbolically, we also have to compute pr(BadH) for the high-level and

pr(BadLj
) for the jth low-level for each j 2 f1; : : : ; ng; to verify that all the interface

DES are command-pair interface and to verify that system � respects the alphabet

partition given by Equation 3.1.

6.3.1 Computation of pr(BadH)

For system �; we now copy the de�nition of pr(BadH) from Chapter 4 here for

convenience.

BadH := fq 2 QH j

((9�u 2 �hu) (�H � �h((y; x); �u)! & �H(z; �u) 6 !)) or

((9j 2 f1; : : : ; ng)(9�aj
2 �Aj

) (�h
j (xj ; �aj

)! &

�H � �H � �h
1 � � � � � �h

j�1 � �h
j+1 � � � � � �h

n((z; y; x1; : : : ; xj�1; xj+1; : : : ; xn); �aj
) 6 !))g;

where q = (z; y; x) = (z; y; x1; : : : ; xn) as in Equation 4.1 (Page 79).

For system �; let vIH and v0
IH be the normal state variable vector and the prime

state variable vector for the high-level GH ; respectively.

For system �; for each � 2 �IH , let (v�;v
0
�; N�) be the transition tuple for � in

the high level GH ; For each �u 2 �hu; let (vpI;�u
;v0

pI;�u
; NpI;�u

) be the transition tuple

for the component DES of Gp
H �Gh

I ; For each �u 2 �hu; let (vs;�u
;v0

s;�u
; Ns;�u

) be

the transition tuple for the component DES of EH ; For each j 2 f1; : : : ; ng and each

� 2 �Aj
; let (v(H�Ij);�;v0

(H�Ij);�
; N(H�Ij);�) be the transition tuple for the component

DES of EH �Gp
H �Gh

I1
� � � � �Gh

Ij�1
�Gh

Ij+1
� � � � �Gh

In
: For each j 2 f1; : : : ; ng

169



Master Thesis { R. Song { McMaster { Computing and Software

and each � 2 �Aj
; let vIj

and v0
Ij

respectively be the normal and prime state variable

for the interface GIj
and NIj ;� be the transition predicate for � in the interface DES

GIj
:

Now, for system �; we can compute pr(BadH) symbolically by

pr(BadH) :=

 _

�u2�hu

(9v0
pI;�u

NpI;�u
^ :(9v0

s;�u
Ns;�u

))

!
_

 _

j2f1;:::;ng

_

�2�Aj

�
9v0

Ij
NIj ;� ^ :(9v0

(H�Ij);�
N(H�Ij);�)

�!

In order to save memory space, for �u 2 �hu; we do not de�ne Ns;�u
in our

software tool directly. We compute 9(vpI;�u
[ v

0
pI;�u

)N�u
instead of directly de�ning

Ns;�u
: In most cases, 9(vpI;�u

[ v
0
pI;�u

)N�u
represents the transition predicate for �u

in EH ; i.e. Ns;�u
: However, if �u is blocked by DES Gp

H � Gh
I (e.g. �u is in the

event set of a component DES, but there is no �u transition in that DES) and there

exist �u transitions in the component DES of EH and �u is never blocked by any

component DES or combinations of component DES of EH ; then by Equation 6.3,

we have NpI;�u
� 0; N�u

� 0 and Ns;�u
6� 0; but 9(vpI;�u

[ v
0
pI;�u

)N�u
� 0: However,

because NpI;�u
� 0; we have 9v0

pI;�u
NpI;�u

� 0: Then we always have

9v0
pI;�u

NpI;�u
^ :(9v0

s;�u
Ns;�u

) � 0

regardless of the value of :(9v0
s;�u

Ns;�u
): Therefore, by replacing Ns;�u

with 9(vpI;�u
[

v
0
pI;�u

)N�u
does not change the result of pr(BadH):

Similarly, for j 2 f1; : : : ; ng and � 2 �Aj
; we compute 9vIj

(9v0
Ij

N�) instead of

directly de�ning N(H�Ij);�: For the similar reason as above, this replacement does not

a�ect the result of pr(BadH):
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6.3.2 Computation of pr(BadLj
)

For system � with j 2 f1; : : : ; ng; we now discuss how to compute pr(BadLj
) for

the jth low-level in system �:

For convenience, we reprint the de�nition of BadLj
from Chapter 4 here.

BadLj
:= fq 2 QLj

j((9�luj
2 �luj

) �Lj
(y; �luj

)! & �Lj
� �l

j((z; x); �luj
) 6 !) or

((9� 2 �Rj
) �l

j(x; �)! & �Lj
� �Lj

((z; y); �) 6 !)g;

where q = (z; y; x) as in Equation 4.2 (Page 105).

For system �; let vILj
and v0

ILj
be the normal state variable vector and the prime

state variable vector for the jth low-level GLj
; respectively.

For system �; for each � 2 �ILj
, let (v�;v

0
�; N�) be the transition tuple for �

in the jth low-level GLj
; For each �u 2 �luj

; let (vp;�u
;v0

p;�u
; Np;�u

) be the transition

tuple for the component DES of Gp
Lj

; For each �u 2 �luj
; let (vsI;�u

;v0
sI;�u

; NsI;�u
)

be the transition tuple for the component DES of ELj
� Gl

Ij
; For each � 2 �Rj

;

let (v(Lj�Ij);�;v
0
(Lj�Ij);�

; N(Lj�Ij);�) be the transition tuple for the component DES of

ELj
�Gp

Lj
; For each � 2 �Rj

; let vIj
and v0

Ij
respectively be the normal and prime

state variable for the interface GIj
and NIj ;� be the transition predicate for � in the

interface DES GIj
:

For the jth low-level in system �; we can now compute pr(BadLj
) symbolically by

pr(BadLj
) :=

 _

�u2�luj

(9v0
p;�u

Np;�u
^ :(9v0

sI;�u
NsI;�u

))

!
_

 _

�2�Rj

�
9v0

Ij
NIj ;� ^ :(9v0

(Lj�Ij);�
N(Lj�Ij);�)

�!

Similarly to how we compute pr(BadH); for �u 2 �luj
; we compute 9(vp;�u

[

v
0
p;�u

)N�u
instead of directly de�ning NsI;�u

; and for � 2 �Rj
; we compute 9vIj

(9v0
Ij

N�)
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instead of directly de�ning N(Lj�Ij);�: For similar reasons as for the computation of

pr(BadH); we know that these replacements will not change the result of pr(BadLj
):

6.3.3 Miscellaneous Computation in Algorithm 4.2

For system � with j 2 f1; : : : ; ng; we now show how to compute P� for � 2 �Aj

and P 2 Pred(QLj
) in Algorithm 4.2 and how to compute pr(fq 2 QLj

j �l
j(x; ��)! &

�Lj
(q; �) j= :PCR�

g) in Line 6 of Algorithm 4.2, where q = (z; y; x) as in Equation 4.2

(Page 105).

For convenience, we copy here P� in De�nition 4.19 here

P� := pr(fq0 2 QLj
j�Lj

(q0; �) j= Pg)

For system �; let vILj
and v0

ILj
be the normal state variable vector and the prime

state variable vector for the jth low-level GLj
respectively.

For system �; for each � 2 �ILj
, let (v�;v

0
�; N�) be the transition tuple for � in

the jth low-level GLj
; For each �Ij

2 �Ij
; let vIj

and v0
Ij

respectively be the normal

and prime state variable for the interface GIj
and NIj ;�Ij

be the transition predicate

for �Ij
in the interface DES GIj

:

For system �; let � 2 �Aj
and P 2 Pred(QLj

): From the de�nition of P�, we

know P� = ��1
Lj

(P; �): So, we can compute P� symbolically by

P� := 9v0
�(N� ^ (P [v� ! v

0
�]))

For system �; let � 2 �Rj
; � 2 �Aj

and PCR�
2 Pred(QLj

): We can compute

pr(fq 2 QLj
j�l

j(x; ��)! & �Lj
(q; �) j= :PCR�

g) symbolically by

9v0
Ij

(NIj ;� ^ ((9v0
Ij

NIj ;�)[vIj
! v0

Ij
]))^

9v0
�(N� ^ ((:PCR�

)[v� ! v
0
�])):
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9v0
Ij

NIj ;� computes the state predicate including all the states in QLj
with �

transition de�ned. So, 9v0
Ij

(NIj ;� ^ ((9v0
Ij

NIj ;�)[vIj
! v0

Ij
])) computes the state

predicate including all the states in QLj
with � transitions de�ned, and the tar-

get states of these � transitions are the source states of � transitions in QLj
: That

is to say, 9v0
Ij

(NIj ;� ^ ((9v0
Ij

NIj ;�)[vIj
! v0

Ij
])) computes the predicate identifying the

set fq 2 QLj
j �l

j(x; ��)!g:

6.3.4 Verifying Event Partition

One of the most fundamental properties in the HISC architecture is that an HISC

system must respect the event partition de�ned in Equation 3.1.

As it is usually the case that the number of events in an HISC system is very

limited compared to the number of states (e.g. only hundreds in the AIP example in

next chapter), the e�ciency of the algorithm to verify this property is not critical.

The method used in our software tool is as follows. For each event in the system,

we encode it as an integer value. From the integer value, we are able to know which

event set the event belongs to. We save the event name and its encoded integer value

for all events in a balanced binary search tree3 with the event name as the key.

Initially, the tree is empty. When we read a component DES �le, we can determine

which event partition each event belongs to based on the information in the DES �le

and where the DES �le belongs in the system (e.g. part of the high-level, the j th

interface, the jth low-level, etc.). Thus we can encode it as an integer value. Then we

search for this event in the tree. If the event does not exist, we insert this event into

the tree. Otherwise, we compare the integer value associated with the event in the

tree and the value we just encoded. If they are the same, then there is no problem.

Otherwise, it means that this event is in two di�erent event partitions. After we �nish

3The data structure used in our software tool is GNU C++ STL map, which is a red-black tree.
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reading all the DES, if there are no two events having the same name but di�erent

integer values, then we know the system respects the event partition.

As the data structure to save all the events is a balanced binary search tree, the

worst-case searching and insertion time for each event are both O(log2 n); where n is

the number of events in the system. Thus the total time for handling each event is

still O(log2 n); and the worst-case veri�cation time for event partition is O(mn log2 n);

where m is the number of DES components in the system.

6.3.5 Verifying Command-pair Interfaces

For the HISC system �; we also need to verify if all the interfaces in the system

are command-pair interfaces.

Let j 2 f1; : : : ; ng: We now discuss the algorithm to verify the j th interface DES

GIj
:= (Xj; �Ij

; �j; xj0 ; Xjm
): Because GIj

is usually composed of single component

DES, e�ciency is not the main concern for the veri�cation algorithm.

For all � 2 �Ij
; let NIj ;� be the transition predicate for � in GIj

: Let vIj
and v0

Ij

be the normal state variable and prime state variable for GIj
respectively.

Algorithm 6.8 shows how to verify if the jth interface DES GIj
is a command-pair

interface.

Line 1 to 4 says that GIj
can not be an empty DES. Line 5 computes the predicate

including all the reachable states. Line 6 computes the predicate including all the

reachable marker states.

Line 7 and 8 computes the predicate including all the reachable states which are

the target states of answer event transitions plus the initial state. The states satisfying

PRj
should only be the source states of request event transitions.

Line 9 and 10 computes the predicate including all the reachable states which are
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Algorithm 6.8 Verifying if GIj
is a command-pair interface

1: PIj0
 pr(fxj0g);

2: if (PIj0
� false) then

3: return "GIj
has no initial state.";

4: end if

5: PIj
 R(GIj

; true);

6: PIjm
 pr(Xjm) ^ PIj

;

7: PRj
 
W

�2�Aj
((9vIj

NIj ;�)[v0
Ij
! vIj

]);

8: PRj
 (PRj

^ PIj
) _ PIj0

;

9: PAj
 
W

�2�Rj
((9vIj

NIj ;�)[v
0
Ij
! vIj

]);

10: PAj
 PAj

^ PIj
;

11: PRAj
 
W

�2�Aj
�j(PRj

; �);

12: PARj
 
W

�2�Rj
�j(PAj

; �);

13: if (PARj
6� false) or (PRAj

6� false) then

14: return "GIj
fails Point A of the command-pair interface de�nition";

15: end if

16: if (PRj
6� PIjm

) then

17: return "GIj
fails Point B of the command-pair interface de�nition";

18: end if

19: return "GIj
is a command-pair interface.";

the target states of request event transitions. The states satisfying PAj
should only

be the source states of answer event transitions.

Line 11 computes the predicate including all the reachable states which are the

target states of answer event transitions with source states satisfying PRj
:

Line 12 computes the predicate including all the reachable states which are the

target states of request event transitions with source states satisfying PAj
:

Now we informally explain the correctness of the algorithm.

From Line 1 to 4, the algorithm makes sure that GIj
is not empty.

In the following, we always assume GIj
is not empty.

We �rst discuss Point A of De�nition 3.1. To show the correctness of the algorithm
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for Point A, it is su�cient to show that

(8s 2 L(GIj
)) s 2 (�Rj

:�Aj
)� if and only if PRAj

� false and PARj
� false:

Equivalently, we can show that (9s 2 L(GIj
)) s =2 (�Rj

:�Aj
)� if and only if

PRAj
6� false or PARj

6� false:

1. Show ((9s 2 L(GIj
)) s =2 (�Rj

:�Aj
)�)) PRAj

6� false or PARj
6� false:

Let s 2 L(GIj
): Assume s =2 (�Rj

:�Aj
)�: Must show this implies PRAj

6�

false or PARj
6� false:

From s =2 (�Rj
:�Aj

)�; we know that one or more of the following three conditions

must be satis�ed.

(a) s 2 ��
Ij

:�Aj
:�Aj

:��
Ij

) (9u; v 2 ��
Ij

)(9�1; �2 2 �Aj
) s = u�1�2v:

From Line 7 and 8, we know that �j(xj0 ; u�1) j= PRj
:

From Line 11, we know that �j(xj0 ; u�1�2) j= PRAj
; so PRAj

6� false:

(b) s 2 ��
Ij

:�Rj
:�Rj

:��
Ij

) (9u; v 2 ��
Ij

)(9�1; �2 2 �Rj
) s = u�1�2v:

From Line 9 and 10, we know that �j(xj0 ; u�1) j= PAj
:

From Line 12, we know that �j(xj0 ; u�1�2) j= PARj
; so PARj

6� false:

(c) s 2 �Aj
:��

Ij

) (9� 2 �Aj
)(9u 2 ��

Ij
) s = �u:

From Line 8, we know that xj0 j= PRj
:

From Line 11, we know that �j(xj0 ; �) j= PRAj
; so PRAj

6� false:

From (a), (b) and (c), we know that Point 1 holds.
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2. Show PRAj
6� false or PARj

6� false) ((9s 2 L(GIj
)) s =2 (�Rj

:�Aj
)�):

From Line 7, 8 and 11, we know that if PRAj
6� false then (9s 2 L(GIj

)) s 2

��
Ij

:�Aj
:�Aj

:��
Ij

or s 2 �Aj
:��

Ij
.

From Line 9, 10 and 12, we know that if PARj
6� false then (9s 2 L(GIj

)) s 2

��
Ij

:�Rj
:�Rj

:��
Ij

:

We can thus conclude that Point 2 holds.

We now discuss Point B of De�nition 3.1. Assuming Point A of De�nition 3.1

holds, to show the correctness of Point B, it is su�cient to show that GIj
satis�es

Point B if and only if PRj
� PIjm

:

From Point B, we know GIj
satis�es Point B if and only if all the target states

(reachable) of all answer event transitions in GIj
and the initial state of GIj

must be

marked (i.e. PRj
� PIjm

.), and there is no other states being marked (i.e. PIjm
�

PRj
:). Therefore, we have GIj

satis�es Point B if and only if PRj
� PIjm

:

6.4 BDD Implementations of Algorithms

So far, we have shown how to represent an HISC system as logic formulas and

the method to implement the HISC synthesis and veri�cation algorithms from the

logic formulas. The logic formulas we used can be directly represented as an Integer

Decision Diagram(IDD) [16, 51]. We use Binary Decision Diagram (BDD) [6] to

represent the formulas, as a BDD software package is readily available now. The BDD

software package we used is BuDDy 2.4 developed by J�rn Lind-Nielsen. Due to space

and time constraints, we will not give an introduction for BDD or the software package

here. Readers are referred to [19] for an introduction to BDD and its application to

symbolic model checking, and to [1] for the BDD package implementation details.
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Each state variable in our logic formula is a �nite domain variable (simply means

that a variable can only be assigned �nite number of values), which can be represented

by a block of binary variables. For instance, a state variable for a 3-state DES can

be represented by two binary variables, and a state variable for a 5-state DES can

be represented by three binary variables. Assume the number of states in a DES is

m; by replacing the �nite domain state variable for this DES with a block of binary

variables, we actually extend the variable domain to 2k; where k = dlog2 me: That

is, we actually extend the number of states in the DES to 2k. However, because of

the transition predicate, those extended states will be treated as unreachable states,

which do not a�ect the language result at all.

All the logic operations such as ^;_;: and 9 can be done by corresponding BDD

operations directly. For the 9 operation of a �nite domain variable, we have to do 9

operation on all of its corresponding binary variables. For example, a state variable v

with domain f0,1,2g is represented by two binary variables v1 and v2: The operation 9v

can be done by 9v1(9v2) instead. A very good aspect in the software package BuDDy

is that it provides a series of functions with pre�x "fdd ", which allow developers

to be able to implement the logic operations on �nite domain variables directly.

In other words, we can implement operations in terms of �nite domain variables

(state variables in our case), and BuDDy package will automatically translate the

operations into ones on their corresponding binary variables. Please refer to the

source code of our software tool in Appendix A for more details.

6.4.1 State Variable Ordering

A well-known fact of BDD is that the order of variables in a BDD can dramat-

ically change the number of the BDD nodes. Because the e�ciency of all the BDD
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operations directly depends on the number of the BDD nodes, the variable order in

a BDD plays an important role in the algorithm’s actual e�ciency. However, to �nd

the optimal order for BDD is NP-Complete [4], so heuristics on variable orders are

usually used to reduce the BDD size.

In our case, we always keep binary variables in a block for each �nite domain

variable together because of the tautology in Equation 6.2. Therefore, we only care

about the order of the �nite domain variables, i.e. the state variables.

Although the software package provides a so-called dynamic BDD variable order-

ing function [38] to optimize the order, an initial variable order is critical, otherwise

the dynamic ordering function will not have as much e�ect as expected.

The method we used is that two state variables should be kept closer if their

corresponding DES have more shared events. This method was found by Zhang

in [51]. The central idea behind this method is that a BDD can be reduced more if

two state variables that share more information are kept closer.

Assuming there are k component DES in the high-level or a low-level of an HISC

system, for example, we can arrange the state variables for all the DES by trying

to make the value of Cross in the following expression as small as possible. The C

in the expression is a matrix storing the number of shared events between the ith

component and the jth component in the current order.4

Cross :=
kX

i=1

kX

j=i+2

C[i; j] � (j � i� 1)

For a high-level or low-level with k DES, there are k! di�erent orders. It is im-

practical to compute Cross for all the possible orders on a personal computer for a

even moderately large k(e.g. k = 50; k! = 3 � 1064). Therefore, we use the sifting

4This expression is quite experimental, but it works well in our experience.
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algorithm [38] to compute only a very small number of the orders, and then choose

the order with the smallest value for Cross among them as the initial order. Here we

only adopt how the sifting algorithm swaps the variables. We then compute Cross

for the order after each swapping. As a result, it has much less computation than to

swap two variables in a BDD and then count the number of BDD nodes.

6.5 Controller Implementation

Let � be the nth degree HISC-valid speci�cation interface system that respects

the alphabet partition given by Equation 3.1 and is composed of plant components

Gp
H ;Gp

L1
; : : : ;Gp

Ln
, speci�cations EH ;EL1 ; : : : ;ELn

; and interfaces GI1 ; : : : ;GIn
: From

Chapter 4, we can synthesize a high-level proper supervisor SH by making SH rep-

resent Lm(GH ; �k
H(true)); where k 2 f0; 1; : : :g and �k

H(true) is the greatest �x-

point of �H with respect to (Pred(QH);�); and synthesize a jth low-level proper

supervisor SLj
by making SLj

represent Lm(GLj
; �

kj

Lj
(true)) for all j 2 f1; : : : ; ng;

where kj 2 f0; 1; : : :g and �
kj

Lj
(true) is the greatest �xpoint of �Lj

with respect

to (Pred(QLj
);�): The supervisor SUP for the whole system would be SUP :=

SH k SL1 k � � � k SLn
k GI1 k � � � k GIn

: However, the automata-based supervisors

SH ;SL1 ; : : : ;SLn
could easily be very large, so that they are very di�cult to imple-

ment. For example, SH for the 3-2 AIP example in the next chapter has a state space

size on the order of 1012:

From the synthesis algorithms in Chapter 4, we can see that SH can be obtained

by trimming o� states from the high-level GH ; and SLj
can be obtained by trimming

o� states from the jth low-level GLj
; j 2 f1; : : : ; ng: Therefore, we can implement the

supervisor for system � in another way as follows.

For system �; let PH be the resulting predicate of the Algorithm 4.1 for the high-
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level, i.e. PH := �k
H(true) and PLj

be the result predicate of the Algorithm 4.3 for

the jth low-level(j 2 f1; : : : ; ng), i.e. PLj
:= �

kj

Lj
(true): Assume5 PH 6� false and

PLj
6� false for all j 2 f1; : : : ; ng: In the following, j is always an index with range

f1; : : : ; ng:

Let G := (Q; �; �; q0; Qm) be the DES tuple for the synchronous product of all

the DES in system �; then � is de�ned as in Equation 3.1 and � := �c _[�u. A state

q 2 Q can be represented as a tuple

(zH ; yH ; zL1 ; : : : ; zLn
; yL1 ; : : : ; yLn

; x1; : : : ; xn); (6.8)

where zH 2 ZH ; yH 2 YH ; zL1 2 ZL1 ; : : : ; zLn
2 ZLn

; yL1 2 YL1 ; : : : ; yLn
2 YLn

; x1 2

X1; : : : ; xn 2 Xn (see Section 4.1 for more information).

For each � 2 �; de�ne the control predicate f� 2 Pred(Q) for � as following:

(8q 2 Q) f�(q) :=

8
>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

1; (� 2 �H & �H((zH ; yH ; x1; : : : ; xn); �) j= PH) or

(� 2 �L1
& �L1

((zL1
; yL1

; x1); �) j= PL1
) or

� � � or

(� 2 �Ln
& �Ln

((zLn
; yLn

; xn); �) j= PLn
) or

�
� 2 �I1

& (�H((zH ; yH ; x1; : : : ; xn); �) j= PH) &

(�L1
((zL1

; yL1
; x1); �) j= PL1

)
�

or

� � � or�
� 2 �In

& (�H((zH ; yH ; x1; : : : ; xn); �) j= PH) &

(�Ln
((zLn

; yLn
; xn); �) j= PLn

)
�

0; otherwise

(6.9)

Equation 6.9 is based on the event partition in Equation (3.1), and the fact that

GH is de�ned over �IH and GLj
is de�ned over �ILj

:

For q 2 Q and � 2 �; � should then be enabled at state q if f�(q) = 1: Therefore,

from the control predicate f� for all � 2 �; we can decide the control action. To

5If PH or any of PLj
(j 2 f1; : : : ; ng) are equal to false; this would mean no supervisor exists, so

we would have nothing to implement.
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implement, we only need to use the predicates for � 2 �c; as our supervisor is

controllable by our synthesis process and Theorem 3.2. Thus it will never try to

disable � 2 �u when � is possible in the plant. Note that each of these predicates can

also be represented as a BDD, and usually the BDD representation is much smaller

than the automata representation. However, to evaluate f�; we need to know the

current state of G:

We will use all the component automata models (component DES) Gp
H ; Gp

L1
; : : : ;

Gp
Ln

; EH ; EL1 ; : : : ; ELn
; GI1 ; : : : ; GIn

in system � to trace the state of the physical

plant. In other words, we will use the automata models as a kind of observer to

provide our controller with the needed system state information. Note that the plant

DES and speci�cation DES are usually the synchronous product of component DES

again. For example, the high-level plant in the AIP example in the next chapter is

composed of 19 component DES. Although the synchronous product of them could

be very large, the individual DES are usually very small.

Let �c = f�1; �2; : : : ; �kg (k 2 f0; 1; : : :g): Figure 6.4 shows the overall picture of

what our controller will look like. In the diagram, the plant models Gp
H ;Gp

L1
; : : : ;Gp

Ln

and speci�cation models EH ;EL1 ; : : : ;ELn
would be replaced by their own component

DES. We also assume that all the events exist as part of the physical plant. There

are many issues about the controller implementations which are beyond the scope of

this thesis; here we only want to show that we do not need to build the automata

supervisors SH and SLj
(j 2 f1; : : : ; ng) to implement our controller. Interested

readers are referred to [20] to see an example.

Equation 6.9 can actually be simpli�ed. Notice that Point 3 and Point 4 in the

interface consistent de�nition are very similar to the de�nitions of the controllable

language. As the supervisor of the system never disable the uncontrollable events,

the supervisor for the high-level should never disable the answer events, and the
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Figure 6.4: Control diagram

supervisor for the jth low-level should never disable the request events in the j th

low-level.

Proposition 6.1. For system �; let G := (Q; �; �; q0; Qm) be the DES tuple for the

synchronous product of all the DES in system �: Let q 2 Q be a reachable state with

a tuple as in Equation 6.8, s 2 �� and q = �(q0; s): If the following three points are

true:

� s := �1�2 � � � �k;

where k 2 f0; 1; : : :g(k = 0 means s = �) and �1; �2; : : : ; �k 2 �;

� q1 := �(q0; �1); q2 := �(q1; �2); : : : ; q = qk := �(qk�1; �k);

where q1; q2; : : : ; qk 2 Q;

� f�1(q0) � 1; f�2(q1) � 1; : : : ; f�k
(qk�1) � 1;

9
>>>>>>>>>>=
>>>>>>>>>>;

(1)

then the following two points hold:

1. (8j 2 f1; : : : ; ng)(8� 2 �Rj
)

(�H((zH ; yH ; x1; : : : ; xn); �) j= PH)) (�Lj
((zLj

; yLj
; xj); �) j= PLj

)
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2. (8j 2 f1; : : : ; ng)(8� 2 �Aj
)

(�Lj
((zLj

; yLj
; xj); �) j= PLj

)) (�H((zH ; yH ; x1; : : : ; xn); �) j= PH)

proof:

1. Show Point 1 holds.

Let j 2 f1; : : : ; ng; � 2 �Rj
:

Assume �H((zH ; yH ; x1; : : : ; xn); �) j= PH : (2)

Must show this implies �Lj
((zLj

; yLj
; xj); �) j= PLj

:

Let function PRJILj : �� ! ��
ILj

be a natural projection.

From (2), we have �H((zH ; yH ; x1; : : : ; xn); �) j= PH

) �H((zH ; yH ; x1; : : : ; xn); �)!

) �h
j (xj; �)!; as GH := EH �Gp

H �Gh
I1
� � � � �Gh

In

) �j(xj; �)!; by de�nition of Gh
Ij

(see Section 3.2) and the fact � 2 �Rj

) �l
j(xj; �)!; by de�nition of Gl

Ij

) PRJILj(s)� 2 L(Gl
Ij

); by (1) and de�nition of G (3)

From the de�nition in Equation 6.9 and (1), we have

PRJILj(s) 2 L(GLj
; PLj

): (4)

By Theorem 4.2, we know that Lm(GLj
; PLj

) is jth low-level interface control-

lable. From De�nition 4.16, we know that Lm(GLj
; PLj

) is jth low-level P4

interface controllable. From De�nition 4.10, we know that Lm(GLj
; PLj

) is jth

low-level P4 interface controllable. By Corollary 4.4, we have Lm(GLj
; PLj

) =

L(GLj
; PLj

): Thus we know that L(GLj
; PLj

) is jth low-level P4 interface con-

trollable. By De�nition 4.10, (3) and (4), we now have
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PRJILj(s)� 2 L(GLj
; PLj

)

) �Lj
((zLj

; yLj
; xj); �) j= PLj

2. Show Point 2 holds.

Let j 2 f1; : : : ; ng; � 2 �Aj
:

Assume �Lj
((zLj

; yLj
; xj); �) j= PLj

: (5)

Must show this implies �H((zH ; yH ; x1; : : : ; xn); �) j= PH :

Let function PRJIH : �� ! ��
IH be a natural projection.

From (5), we have �Lj
((zLj

; yLj
; xj); �) j= PLj

) �Lj
((zLj

; yLj
; xj); �)!

) �l
j(xj; �)!; as GLj

:= ELj
�Gp

Lj
�Gl

Ij

) �j(xj; �)!; by de�nition of Gl
Ij

(see Section 3.2) and the fact � 2 �Aj

) �h
j (xj; �)!; by de�nition of Gh

Ij

) PRJIH(s)� 2 L(Gh
Ij

); by (1) and de�nition of G (6)

From the de�nition in Equation 6.9 and (1), we have

PRJIH(s) 2 L(GH ; PH): (7)

By Theorem 4.1, we know that Lm(GH ; PH) is high-level interface controllable.

By De�nition 4.2, we know that Lm(GH ; PH) is high-level interface controllable.

By Corollary 4.2, we have Lm(GH ; PH) = L(GH ; PH): Thus we have L(GH ; PH)

is high-level interface controllable. By De�nition 4.2, (6) and (7), we now have

PRJIH(s)� 2 L(GH ; PH)

) �H((zH ; yH ; x1; : : : ; xn); �) j= PH :

185



Master Thesis { R. Song { McMaster { Computing and Software

From the above proposition, now for all � 2 �c; we can rede�ne the predicate

f� 2 Pred(Q) as following:

(8q 2 Q) f�(q) :=

8
>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

1; (� 2 �H [ �R1
[ � � � [ �Rn

& �H((zH ; yH ; x1; : : : ; xn); �) j= PH) or

(� 2 �L1
[ �A1

& �L1
((zL1

; yL1
; x1); �) j= PL1

) or

� � � or

(� 2 �Ln
[ �An

& �Ln
((zLn

; yLn
; xn); �) j= PLn

)

0; otherwise

(6.10)

This allows us to replace the set of global control predicates f� with the set of

local control predicates fH�
and fLj�

:

For each � 2 �c\(�H [�R1[� � �[�Rn
); we de�ne the predicate fH� 2 Pred(QH)

as

(8q 2 Q) fH�(zH ; yH ; x1; : : : ; xn) :=

8
>><
>>:

1; �H((zH ; yH ; x1; : : : ; xn); �) j= PH

0; otherwise

(6.11)

For each j 2 f1; : : : ; ng; � 2 �c \ (�Lj
[ �Aj

); we de�ne the predicate fLj�
2

Pred(QLj
) as

(8q 2 Q) fLj�(zLj
; yLj

; xj) :=

8
>><
>>:

1; �Lj
((zLj

; yLj
; xj); �) j= PLj

0; otherwise

(6.12)

Let �c \ (�H [ �R1 [ � � � [ �Rn
) := f�1; �2; : : : ; �kH

g (kH 2 f0; 1; : : :g) and �c \

(�Lj
[�Aj

) := f�j�1; �j�2; : : : ; �j�kj
g (kj 2 f0; 1; : : :g) for j 2 f1; : : : ; ng: The control

diagram in Figure 6.4 can be modi�ed as shown in Figure 6.5. Again, we assume all

the events in the system exist as part of the physical plant.

For system �; for each � 2 �c \ (�H [�R1 [ � � � [�Rn
); the predicate fH� can be

computed by

fH� := ��1
H (PH ; �):
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Figure 6.5: New control diagram

Let (vH�
;v0

H�
; NH�

) be the transition tuple for � in the high-level GH ; then the

predicate fH� can be computed symbolically by

fH� = 9v0
H�

(NH�
^ (PH [vH�

! v
0
H�

])):

For system �; for each j 2 f1; : : : ; ng; � 2 �c \ (�Lj
[ �Aj

); the predicate PLj�

can be computed by

fLj�
:= ��1

Lj
(PLj

; �):

Let (vLj�
;v0

Lj�
; NLj�

) be the transition tuple for � in the jth low-level GLj
; then

the predicate fLj� can be computed symbolically by

fLj� = 9v0
Lj�

(NLj�
^ (PLj

[vLj�
! v

0
Lj�

])):
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6.5.1 Simplifying Control Predicates

Let G := (Q; �; �; q0; Qm) be the DES tuple for the synchronous product of all

the DES in system �: If we use local control predicates as in Figure 6.5, then a state

q 2 Q (in the form of Equation 6.8) can be reached in the controlled system only if

(zH ; yH ; x1; : : : ; xn) j= PH and for all j 2 f1; : : : ; ng; (zLj
; yLj

; xj) j= PLj
: Based on

this fact, we can simplify the control predicate for all � 2 �c as follows:

1. � 2 �c \ (�H [ �R1 [ � � � [ �Rn
)

If � 2 �c \ (�H [ �R1 [ � � � [ �Rn
); fH�

is required only for the state set

fq 2 Qj(zH ; yH ; x1; : : : ; xn) j= PHg: For the other states in Q; the return value

of fH�
can either be 0 or 1; as these states are unreachable.

For a state q 2 Q in the form of Equation 6.8, let qH := (zH ; yH ; x1; : : : ; xn)

be the high-level part of q: Let dH�
2 Pred(QH) and dH�

:= PH : A predicate

f 0
H�
2 Pred(QH) satisfying dH�

^ f 0
H�
� dH�

^ fH�
will have the same e�ect as

fH�
has, because for state q, if dH�

(qH) � 1; then fH�
� f 0

H�
; otherwise we do

not care the value of fH�
(qH) as q is unreachable. In other words, f 0

H�
and fH�

are equal on the domain de�ned by the constraint dH�
[12].

Predicate f 0
H�

can be computed by the function bdd simplify in the BDD pack-

age we are using when passed dH�
and fH�

as arguments.6

2. � 2 �c \ (�Lj
[ �Aj

); j 2 f1; : : : ; ng

If � 2 �c \ (�Lj
[ �Aj

); then fLj�
is required only for the state set fq 2

Qj(zLj
; yLj

; xLj
) j= PLj

g: For the other states in Q; the return value of fLj�
can

either be 0 or 1; as those states are unreachable.

6Usually, the BDD for f 0

H�
is smaller than the BDD for fH�

, but according to the documentation
of the BuDDy package, it is not guaranteed.

188



Master Thesis { R. Song { McMaster { Computing and Software

For a state q 2 Q in the form of Equation 6.8, let qLj
:= (zLj

; yLj
; xLj

) be the

jth low-level part of q: Let dLj�
2 Pred(QLj

) and dLj�
:= PLj

: A predicate

f 0
Lj�
2 Pred(QLj

) satisfying dLj�
^ f 0

Lj�
� dLj�

^ fLj�
will have the same e�ect

as fLj�
has, because for state q, if dLj�

(qLj
) � 1; then fLj�

� f 0
Lj�

; otherwise we

do not care the value of fLj�
(qLj

) as q is unreachable. That is, f 0
Lj�

and fLj�

are equal on the domain de�ned by the constraint dLj�
.

Predicate f 0
Lj�

can be computed by the function bdd simplify in the BDD

package we are using when passed dLj�
and fLj�

as arguments.

For system �; let � 2 �c: If � is not permitted at a state in a plant component

means that � can not happen at that state physically, then the control predicates

fH� or fLj�
(j 2 f1; : : : ; ng) can be further simpli�ed. In the control diagram in

Figure 6.5, if � 2 �c\ (�H [�R1 [ � � �[�Rn
); fH� has an actual e�ect only at a state

q 2 Q (in the form of Equation 6.8) with �H(yH ; �)!; i.e. � transition is de�ned at

the high-level plant part of q. Also if � 2 �c \ (�Lj
[ �Aj

), then fLj�
has an actual

e�ect only when a state q 2 Q (of the form of Equation 6.8) with �Lj
(yLj

; �)! i.e. �

transition is de�ned at the jth low-level plant part of q.

For system �; let � 2 �c: Assume � can not happen if a plant component does

not permit it. By the above analysis, we have the following:

1. � 2 �c \ (�H [ �R1 [ � � � [ �Rn
)

If � 2 �c \ (�H [ �R1 [ � � � [ �Rn
); fH�

is required only for the state set

fq 2 Qj(zH ; yH ; x1; : : : ; xn) j= PH & �H(yH ; �)!g: For the other states in Q; the

return value of fH�
can either be 0 or 1 as either the states are unreachable or

� can not physically occur in the high-level plant.

For a state q 2 Q in the form of Equation 6.8, let qH := (zH ; yH ; x1; : : : ; xn)

be the high-level part of q: Let d0
H�
2 Pred(QH) and d0

H�
:= PH ^ pr(fqH 2
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QH j�H(yH ; �)!g): A predicate f 00
H�
2 Pred(QH) satisfying d0

H�
^f 00

H�
� d0

H�
^fH�

will have the same e�ect as fH�
has, because for the state q, if d0

H�
(qH) � 1;

then fH�
� f 00

H�
; otherwise we do not care the value of fH�

(qH) as either q is

unreachable or � can not physically occur in the high-level plant. That is, f 00
H�

and fH�
are equal on the domain de�ned by the constraint d0

H�
.

We can also simplify fH�
as f 000

H�
in the following proposition.

Proposition 6.2. For system �; let � 2 �c \ (�H [�R1 [ � � � [�Rn
): For each

q 2 Q in the form of Equation 6.8, let qH := (zH ; yH ; x1; : : : ; xn) be the high-level

part of q: Let d00
H�
2 Pred(QH) and d00

H�
:= PH ^ pr(fqH 2 QH j�H(qH ; �)!g): Let

FH�
2 Pred(QH) satisfying d00

H�
^FH�

� d00
H�
^fH�

; then f 000
H�

:= FH�
^pr(fqH 2

QH j�H��h
1�: : :��h

n((zH ; x1; : : : ; xn); �)!g) and fH�
are also equal on the domain

de�ned by the constraint d0
H�

:

proof:

Su�cient to show that d0
H�
^ f 000

H�
� d0

H�
^ fH�

: We show this by a series of

transformations starting from the left hand side of the equation.

d0
H�
^ f 000

H�

� d0
H�
^ FH�

^ pr(fqH 2 QH j�H � �h
1 � : : :� �h

n((zH ; x1; : : : ; xn); �)!g)

� PH ^ pr(fqH 2 QH j�H(yH ; �)!g) ^ FH�
^

pr(fqH 2 QH j�H � �h
1 � : : :� �h

n((zH ; x1; : : : ; xn); �)!g); by de�nition of d0
H�

� PH ^ pr(fqH 2 QH j�H((zH ; yH ; x1; : : : ; xn); �)!g) ^ FH�

� d00
H�
^ FH�

; by de�nition of d00
H�

� d00
H�
^ fH�

; as d00
H�
^ FH�

� d00
H�
^ fH�

� PH ^ pr(fqH 2 QH j�H(qH ; �)!g) ^ fH�
; by de�nition of d00

H�
(1)
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By the de�nition of fH�
; we know that for all qH 2 QH ; fH�

(qH) � 1 if and

only if �H(qH ; �) j= PH ; which implies that �H(qH ; �)!: By the de�nition of �;

we thus have

fH�
� pr(fqH 2 QH j�H(qH ; �)!g) (2)

By (2), we can conclude that (1) is equivalent to PH ^ fH�
(3)

We know that for all qH 2 QH ; �H(qH ; �)!) �H(yH ; �)!; so we have

pr(fqH 2 QH j�H(qH ; �)!g) � pr(fqH 2 QH j�H(yH ; �)!g) (4)

By (2) and (4), we have

fH�
� pr(fqH 2 QH j�H(yH ; �)!g): (5)

By (5), we know that (3) is equivalent to

PH ^ pr(fqH 2 QH j�H(yH ; �)!g) ^ fH�

� d0
H�
^ fH�

; by de�nition of d0
H�

:

2. � 2 �c \ (�Lj
[ �Aj

); j 2 f1; : : : ; ng

If � 2 �c \ (�Lj
[ �Aj

); then fLj�
is required only for the state set fq 2

Qj(zLj
; yLj

; xLj
) j= PLj

& �Lj
(yLj

; �)!g: For the other states in Q; the return

value of fLj�
can either be 0 or 1; as either the states are unreachable or � can

not physically occur in the jth low-level plant.

For a state q 2 Q in the form of Equation 6.8, let qLj
:= (zLj

; yLj
; xLj

) be

the jth low-level part of q: Let d0
Lj�
2 Pred(QLj

) and d0
Lj�

:= PLj
^ pr(fqLj

2

QLj
j�Lj

(yLj
; �)!g): A predicate f 00

Lj�
2 Pred(QLj

) satisfying d0
Lj�
^f 00

Lj�
� d0

Lj�
^
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fLj�
will have the same e�ect as fLj�

has, because for the state q, if d0
Lj�

(qLj
) � 1;

then fLj�
� f 00

Lj�
; otherwise we do not care the value of fLj�

(qLj
) as either q is

unreachable or � can not physically occur in the jth low-level plant. That is,

f 00
Lj�

and fLj�
are equal on the domain de�ned by the constraint d0

Lj�
:

We can also simplify fLj�
as f 000

Lj�
in the following proposition.

Proposition 6.3. For system �; let j 2 f1; : : : ; ng and � 2 �c \ (�Lj
[ �Aj

):

For each q 2 Q in the form of Equation 6.8, let qLj
:= (zLj

; yLj
; xLj

) be the

jth low-level part of q. Let d00
Lj�

:= PLj
^ pr(fqLj

2 QLj
j�Lj

(qLj
; �)!g): Let

FLj�
2 Pred(QLj

) satisfying d00
Lj�
^ FLj�

� d00
Lj�
^ fLj�

; then f 000
Lj�

:= FLj�
^

pr(fqLj
2 QLj

j�Lj
� �l

j((zLj
; xj); �)!g) and fLj�

are also equal on the domain

de�ned by the constraint d0
Lj�

:

proof:

Identical to the proof of Proposition 6.2 by substituting all the high-level pred-

icates with their corresponding jth low-level predicates, �H with �Lj
; �H with

�Lj
, �H with �Lj

; and �h
1 � � � � �

h
n with �l

j:

Our software tool (source code in Appendix A) produces fH�
; f 0

H�
and f 000

H�
for

all events in �c \ (�H [ �R1 [ � � � [ �Rn
); and fLj�

; f 0
Lj�

and f 000
Lj�

for all events in

�c\(�Lj
[�Aj

) for all j 2 f1; : : : ; ng: In the rest of this thesis, we will refer to f 0
H�

and

f 0
Lj�

as prime simpli�ed control predicates and refer to f 000
H�

and f 000
Lj�

as triple-prime

simpli�ed control predicates.
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6.6 A Small Example

In this section, we present a small example for HISC synthesis and provide the �nal

automata supervisors and control predicates. This example is only for the purpose of

demonstrating algorithms, so it is a bit contrived.

This example is inspired from the transfer line example from [47]. The system dia-

gram is shown in Figure 6.6. Components m1 and m2 are two machines. Component

tu is a test unit. Components b1 and b2 are two bu�ers with capacity 1.

m 1 m 2 b2b1 tu
m 1_st m 1_c pl m 2_st m 2_c pl tu_s t tu_pass

tu_fail

Figure 6.6: System diagram for small example

We model the system as an HISC system as follows. We treat m1 and m2 as two

low-level subsystems with interfaces intfm1 and intfm2 as shown in Figure 6.7(e)

and Figure 6.7(f), respectively.

The low-level subsystem for low-level m1 is composed of one plant component,

low m1(Figure 6.7(g)), and the low-level subsystem for low-level m2 is composed of

one plant component, low m2(Figure 6.7(h)).

The high-level subsystem is composed of one plant component high tu as shown in

Figure 6.7(d) and three speci�cation components high m2, high b1 and high b2 as

shown in Figure 6.7(c), Figure 6.7(a) and Figure 6.7(b) respectively. The speci�cation

high m2 tells that a part must be completely processed by m2. The speci�cation

high b1 and high b2 are used to control the under
ow and over
ow of bu�er b1

and bu�er b2.

The event partition is shown as follows:
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m 1_c pl,
tu_fail

m 2_st

s0

s1

(a) high b1 (spec)

m 2_c pl tu_s t

s0

s1

(b) high b2 (spec)

s0

s1

m 2_st m 2_c pl

(c) high m2 (spec)

tu_s t tu_pass ,
tu_fail

s0

s1

(d) high tu (plant)

m 1_st m 1_c pl

s0

s1

(e) Interface to
low level m1

s0 s1

s2

s3

m 2_st

m 2_c pl

m 2_brk

m 2_rpr

m 2_c pl

(f) Interface to low level m2

m 1_st

m 1_task1
m 1_c pl

m 1_task2

m 1_c pl

m 1_stm 1_task1

m 1_c pl

s0

s1

s2

s3

s4s5s6

(g) low m1 (plant)

m 2_st m 2_task1

m 2_c pl

m 2_pretask

m 2_st m 2_task2

m 2_brk
m 2_rpr

m 2_task1

s0

s6

s1

s7

s2

s8

s4

s3
m 2_brk

m 2_c pl
s5

(h) low m2 (plant)

Figure 6.7: The small example
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�H := ftu st; tu pass; tu failg

�R1 := fm1 stg; �A1 := fm1 cplg

�R2 := fm2 st;m2 rprg; �A2 := fm2 cpl;m2 brkg

�L1 := fm1 task1;m1 task2g; �L2 := fm2 pretask;m2 task1;m2 task2g

By using our software tool, we synthesized trim automata supervisors for the

high-level and low-levels m1 and m2. They are shown in Figure 6.8, Figure 6.9, and

Figure 6.10 respectively.

m 1_st m 1_c pl m 2_st m 2_c pl

m 2_brk

m 2_rpr
m 2_c pl

tu_s t

tu_pass

tu_fail

s0 s1 s2 s3 s4 s5

s6 s7

Figure 6.8: Synthesized high-level proper supervisor

m 1_st

m 1_task1
m 1_c pl

s0

s1

s2

Figure 6.9: Synthesized low-level proper supervisor for low-level m1

m 2_st m 2_task1

m 2_c pl

m 2_brk
m 2_rpr

m 2_task1

s0

s1

s2

s4

s3

m 2_c pl
s5

Figure 6.10: Synthesized low-level proper supervisor for low-level m2
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Although event m2 cpl is controllable, notice that the high-level supervisor can not

disable it when intfm2 is at state s1 or s3: This is because m2 cpl is an answer event

and the high-level containing this supervisor must satisfy Point 3 of the interface-

consistent condition (De�nition 3.5). However, if we treat this HISC system as a


at system, a synthesized supervisor could allow event m2 st when bu�er b2 is full.

In order to prevent the over
ow of bu�er b2; the supervisor could then disable event

m2 cpl: This would have the e�ect of allowing the low-level to do the actual operation

but not reporting the result. Thus in general, we can not use a normal 
at synthesis

algorithm to synthesize a 
at supervisor for an HISC system model.

From the low-level DES low m1 and interface DES intfm1, it is clear that

low m1 k intfm1 = low m1. By inspecting the DES low m1, we see that a string

reaching state s4 can not reach a marker state by a string composed of only low-

level(m1) events. Therefore, we need to trim o� state s4: The resulting trim DES is

the �nal supervisor for low-level m1.

From the low-level DES low m2 and interface DES intfm2, we also have low m2

k intfm2 = low m2. By inspecting the DES low m2, we can not �nd a string l

composed of only low-level (m2) events such that m2 pretask m2 st l m2 cpl belongs

to the closed language of low-level m2. Therefore, s6 must be trimmed o�. The

resulting trim DES is the �nal supervisor for low-level m2.

The BDD representations for control predicates fHm1 st
; fHm2 st

; fHm2 rpr
; fHtu st

are

shown in Figure 6.11. In the diagrams, dotted line means the variable at its source

is assigned to be 0 and solid line means the variable at its source is assigned to be

1. The states in each of the component DES are encoded as the number in their

names.(e.g. s0 is encoded as 0, s1 is encoded as 1, : : :). As intfm2 contains four

states, we need two binary variables for it. The binary value for a state is encoded

with least signi�cant bit �rst (e.g. s1 is encoded as 10 (intfm2 0 = 1, intfm2 1 = 0)
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0 1

high_tu

high_b2

high_m2

intfm2_0

intfm2_1

high_b1

intfm1

(a) fHm1 st

0 1

high_tu

high_b2

high_m2

intfm2_0

intfm2_1

high_b1

intfm1

(b) fHm2 st

0 1

high_tu

high_b2

high_m2

intfm2_0

intfm2_1

high_b1

intfm1

(c) fHm2 rpr

0 1

high_tu

high_b2

high_m2

intfm2_0

intfm2_1

high_b1

intfm1

(d) fHtu st

Figure 6.11: Control predicates for m1 st;m2 st;m2 rpr; tu st

0 1

high_tu

high_b2

high_m2

high_b1

intfm1

(a) f 0

Hm1 st

0 1

high_tu

high_b2

high_m2

high_b1
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Figure 6.12: Prime simpli�ed control predicates for m1 st;m2 st;m2 rpr; tu st
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Figure 6.13: Triple-prime simpli�ed control predicates for m1 st;m2 st;m2 rpr; tu st
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and s2 is encoded as 01 (intfm2 0 = 0, intfm2 1 = 1) in DES intfm2).

The BDD representations for prime simpli�ed control predicates and triple-prime

simpli�ed control predicates are shown in Figure 6.12 and Figure 6.13, respectively.

For low-level m1; the only control predicate is fL1m1 task2
; which is always equal to

false; so are f 0
L1m1 task2

and f 000
L1m1 task2

:

For low-level m2; the control predicate fL2m2 pretask
is also always false: The BDD

representations for the control predicate fL2m2 cpl
and its simpli�ed versions f 0

L2m2 cpl

and f 000
L2m2 cpl

are shown in Figure 6.14.

01

intfm2_0

intfm2_1

low_m2_0low_m2_0

low_m2_1low_m2_1

low_m2_2

low_m2_3

low_m2_2

(a) fL2m2 cpl

0 1

intfm2_0

intfm2_1

low_m2_0 low_m2_0

(b) f 0

L2m2 cpl

0 1

intfm2_0

(c) f 000

L2m2 cpl

Figure 6.14: The control predicates for m2 cpl:
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Chapter 7

The AIP Example

In order to demonstrate our approach, in this chapter we give an example with a

large and complex high-level subsystem, which is modi�ed from the AIP example1 in

[21,23,26]. First we give an introduction of the AIP and our new control speci�cations,

which are extensions of the one used in the original example. Next we present a set

of plant DES and a set of modular supervisor DES and then verify each subsystem

satis�es its corresponding conditions.After that, we relax the system by removing one

restriction of the modular supervisors in the high-level and then synthesize a high-

level proper supervisor. Finally, we report our results. The reason we focus on the

high-level is that it is usually the limiting factor as it is often more complex than the

low-levels and usually increases in complexity as we add new low-levels to an existing

system. In next chapter, we will give an example with large and complex low-level

subsystems.

1In this chapter, for convenience we cite some diagrams directly or with some minor changes
from [21,23,26] with permission.
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7.1 Introduction of the AIP

The AIP is a highly automated manufacturing system, and was �rst modeled

as a discrete event system using modular supervisory control theory in [5] (Brandin

and Charbonnier) and [7](Charbonnier).2 Leduc then modeled the AIP with more

detailed behavior added in [21,23,26] and veri�ed the properties of controllability and

nonblocking using the HISC method.

The AIP system includes a central loop (CL) conveyor, and four external loop

(EL) conveyors. Between each external loop and the central loop, there is a transport

Central Loop (CL)

Transport Unit 4
(TU4)

Transport Unit 2
(TU2)

Transport Unit 1
(TU1)

Assembly
Station 1(AS1)

Transport Unit 3
(TU3)

Assembly
Station 3

(AS3)

Assembly Station 2
(AS2)

External
Loop 1 (EL1)

EL12

I/O Station
(IO)

EL11

E
L
2

1

E
L
2

2

EL31

EL32

E
L
4

2

E
L
4

1

C1

C2
C3

C4

External Loop 4 (EL4)

External
Loop 3 (EL3)

External Loop 2(EL2)

Figure 7.1: The AIP system architecture(from [21])

2What the author really read is an English version translated by R. Leduc.

200



Master Thesis { R. Song { McMaster { Computing and Software

unit (TU) to transport pallets between them. At external loops 1, 2 and 3, they

each have an assembly station (AS) including a robot to process pallets. At external

loop 4, an Input/Output (I/O) station is there to allow pallets to enter and leave

the system. Two types of pallets, Type1 and Type2, can be processed by the AIP

system. The system architecture is shown in Figure 7.1. In the diagram, the arrows

indicate the direction a pallet can move on a given loop.

The four transport units separate the central loop into four areas: C1, C2, C3 and

C4. For each external loop conveyor, there are also two areas separated by either an

assembly station (external loop 1, 2 and 3) or by an I/O station (external loop 4).

These areas could be thought of as a bu�er area. See Figure 7.1 for labels for these

areas.

All three assembly stations have the same components and structure (see Fig-

ure 7.2) but di�erent functions. The assembly station AS1 is capable of doing Task1A

PSX
.4

PSX
.5

PSX
.6

Pallet gate
X

.2

SP
X

.2 R/ W  device X

ES X.1

ES X.2

Extractor X

Raising platform X Robot 2Robot X

External Loop X (EL X)

Assembly Station X (AS X)

Pallet sensor

Drawer sensor

Extractor sensor

Read/write device

Pallet gate

Pallet stop

Legend

Figure 7.2: Assembly station of external loop X = 1, 2, 3 (from [21])

and Task1B, and AS2 is capable of doing Task2A and Task2B, while AS3 can do all

the tasks. AS3 also repairs assembly errors to pallets. AS1 and AS2 can break down,
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while AS3 is assumed to never break down. AS3 can also substitute for AS1 and

AS2 when they break down. In an assembly station, there are three pallet sensors

(PS X.4, PS X.5, PS X.6) to detect a pallet arriving at the pallet gate, arriving at

the pallet stop, or leaving the assembly station, respectively. Pallet gate X.2 can

prevent other pallets from entering the assembly station while the station is busy.

R/W device X can read and write information on the label of a pallet. Pallet stop

SP X.2 is used to prevent the pallet from leaving the station when it has not yet

been processed. Extractor X is able to transfer a pallet between the conveyor and

the raising platform. Two extractor sensors (ES X.1, ES X.2) are used to detect the

location of the extractor. Raising platform X is used to feed the pallet to the robot

(Robot X) to be processed, and move the processed pallet to the extractor.

In a transport unit (see Figure 7.3), there are three pallet sensors (PS 5.X.1, PS

5.X.2, PS5.X.3) close to the central loop side to detect a pallet arriving at pallet

P
S

 X
.1

PSX
.2

PSX
.3

P
S

 5 .X
.1

P
S

 5 .X
.2

P
S

 5 .X
.3

D
S

 5.X
D

S
 X

Pallet gate 5.X
Pallet gate X

.1

S
P

 5 .X
S

P
 X

.1

R/W  devic e 5.X

Central Loop (CL)

External Loop X (EL X)

Transport
Unit X (TU X)

TD X

Pallet sensor

Draw er sensor

Read/w rite devic e

Pallet gate

Pallet s top

T ransfer draw er

Legend

Figure 7.3: Transport unit for external loop X = 1, 2, 3, 4 (from [21])
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gate 5.X, arriving at the transfer drawer (TD X) and leaving the transport unit to

next area of the central loop, respectively. There are another three pallet sensors (PS

X.1, PS X.2, PS X.3) close to the external loop X side to detect a pallet arriving

at pallet gate X.1, arriving at transfer drawer (TD X), and leaving the transfer unit

to the external loop X, respectively. A pallet coming from the central loop can be

transferred to the external loop X or liberated to the next area of the central loop,

while a pallet coming from the external loop can only be transferred to the central

loop. Pallet gate 5.X and pallet gate X.1 can prevent a pallet from entering the

transfer unit when it is busy. Two pallet stops (SP5.X, SP X.1) are used to control

pallets leaving the transfer unit. Transfer drawer (TD X) moves pallets between the

central loop and the external loop X. Two drawer sensors can detect the location of

the drawer.

The I/O station should have similar components and structure as an assembly

station except there is no robot, extractor and raising platform. Due to lack of

detailed information and time limit, here we assume that there is a sensor to detect

if a pallet is ready to enter the system and a sensor to detect if a pallet is ready to

leave the system.

7.2 Control Speci�cations

Our control speci�cations for the AIP system are extended from the speci�cations

in [21,23]. For convenience, here we list all the speci�cations but the new ones begin

with a ’*’. We also assume that initially the AIP system is empty (i.e. no pallet in

the system).

1. *Input: The type of the pallets entering the system must alternate, starting

with Type1.
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2. Output: The type of the pallets leaving the system must alternate starting

with Type1.

3. Routing: Type1 pallet must �rst go to AS1 to undergo Task1 and then go to

AS2 to undergo Task2. Type2 pallet must �rst go to AS2 to undergo Task2 and

then go to AS1 to undergo Task1. Both types of pallets are allowed to leave

the system only when both tasks are done.

4. Assembly errors: When the robot in AS1 or AS2 makes an assembly error, the

R/W device in AS1 or AS2 will write assembly error information on the pallet

label, and then AS3 will repair the pallet and AS1 and AS2 can do assembly

task again.

5. Assembly station breakdown: When either AS1 or AS2 breaks down, all the

pallets for that station will be routed to AS3 for assembly. However, when AS1

or AS2 is repaired, all the pallets not already in external loop 3 are rerouted to

the original station.

6. Assembly task ordering: Assembly tasks are performed in a di�erent order

for pallets of di�erent types. For a Type1 pallet, Task1A is performed before

Task1B, and Task2A is performed before Task2B. For a Type2 pallet, Task1B

is performed before task 1A, and Task2B is performed before task 2A.

7. Maximum capacity of assembly stations: At any time, only one pallet is

allowed in a given assembly station.

8. *Maximum capacity of I/O station: At any time, only one pallet is allowed

in the I/O station.
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9. *Maximum capacity of external loops: At each area of each external loop,

the maximum allowed number of pallets at a given time is three.

10. *Maximum capacity of the central loops: At each area of the central loop,

the maximum allowed number of pallets at a given time is two.

7.3 System Structure

In [21, 23], the AIP system is modeled as a bi-level HISC system with one high-

level and seven low-levels. The low-levels represent AS1, AS2, AS3, TU1, TU2, TU3,

and TU4. In our example, we keep all the low-levels and add one more low-level for

the I/O station. Therefore, in total we have one high-level and eight low-levels. The

system structure is shown in Figure 7.4. As a large portion of our example will be the

same as [21,23,26], we will only present what is new and direct readers to [21,23,26]

for the remaining details.

The high-level is composed of the high-level subsystem GH and 8 interfaces

GIj
; j 2 f1; : : : ; 8g. Each low-level j contains the jth low-level subsystem GLj

and

GH

High Level Subsystem

GI1 GI8GI7GI6GI5GI4GI3GI2

GL1 GL8GL7GL6GL5GL4GL3GL2

AS1 AS2 AS3 TU1 TU2 TU3 TU4 IO

Low Level 1 Low Level 2 Low Level 3 Low Level 4 Low Level 5 Low Level 6 Low Level 7 Low Level 8

High Level

Figure 7.4: The AIP system structure
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the jth interface GIj
.

For the I/O station, we model the two sensors to detect that pallets are ready to

enter or leave the system in the high-level. As we do not have the internal structure

of the I/O station, we only provide an interface DES for the low-level 8 (I/O station)

and have the low-level 8 subsystem containing only one plant component DES and

set �L8 = ?. The plant DES contains only an initial state, which is also marked.

The event set for the whole AIP system � := _[j2f1;:::;8g[�Lj
_[�Rj

_[�Aj
] _[�H is

de�ned based on the event partition given in [21]. The primed event set below stands

for the corresponding event set from the AIP example in [21].

�H := (�0
H � fPalletArvGEL 2:AS3g) [

fQPalletOut:IO; IsPalletOut:IO; NoPalletOut:IO; QPalletType1In:IO;

QPalletType2In:IO; IsPalletType1In:IO; IsPalletType2In:IO;

NoPalletType1In:IO; NoPalletType2In:IOg

�Li
:= �0

Li
, where i 2 f1; 2; 4; 5; 6; 7g

�L3 := �0
L3
[fPalletArvGEL 2:AS3g

�L8 := ?

�Rk
:= �0

Rk
, where k 2 f1; : : : ; 7g

�R8 := fMvInType1Pallet:IO; MvInType2Pallet:IO; MvOutPallet:IOg

�Ak
:= �0

Ak
, where k 2 f1; : : : ; 7g

�A8 := fCplMvInPallet:IO; CplMvOutPallet:IOg

In the DES diagrams in this chapter, initial states are identi�ed by a thick circle,

and marker states are �lled in with gray. Uncontrollable events are shown in italic

font, and controllable events are shown in normal font. For a given DES, its event

set is taken to be that of the event labels shown on transitions in the diagram unless

explicitly state otherwise.
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7.4 The Interface DES

For low-level 1 to 7, we use the same interface as in [23, 26]. The interfaces for

low-level 1 and 2 are shown in Figure 7.5 with k = AS1, AS2. The interface for

low-level 3 (AS3) is shown in Figure 7.6. The interfaces for low-levels 4, 5, and 7 are

shown in Figure 7.7 with q = TU1, TU2, TU4. The interface for low-level 6 (TU3) is

shown in Figure 7.8. Finally, the interface for low-level 8 (I/O) is shown in Figure 7.9.

ProcPallet.k

ProcCpl.k
ProcErr.k

ASDwn.k

DoRpr.k

RobUp.k

s0

s1

s2

s3

Figure 7.5: Interface to low-level w =
1; 2 (from [23])

ProcPallet.AS3

ProcCpl.AS3
ProcErr.AS3
PalletRepd.AS3

s0
s1

Figure 7.6: Interface to low-level 3
(from [23])

T rnsfT oEL.q
NoT rnsfEL.q
T rnsfCplT oEL.q

LibPallet.q

PalletRlsd.q

T rnsfELT oCL.q

T rnsfCplT oCL.q

s0

s1

s3

s2

Figure 7.7: Interface to low-level v =
4; 5; 7 (from [23])

T rnsfT oEL3_Up
T rnsfT oEL3_1D
T rnsfT oEL3_2D
T rnsfT oEl3_BD

NoT rnsfEL.T U3
T rnsfCplT oEL.T U3

LibPallet.T U3

PalletRlsd.T U3

T rnsfELT oCL.T U3

T rnsfCplT oCL.T U3

s0

s1

s3

s2

Figure 7.8: Interface to low-level
6 (from [23])
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MvOutPallet.IO
CplMvOutPallet.IO

MvInT ype1Pallet.IO

CplMvInPallet.IO

s0

s1

s2

MvInT ype2Pallet.IO

Figure 7.9: Interface to low-level 8

P alletA rv GE L_2.A S3 P alletA rv GE L_2.A S3

P alletLv GE L_2.A S3 P alletLv GE L_2.A S3

Figure 7.10: CapGateEL 2.AS3

7.5 Low-level Subsystems

For low-level 1 (AS1), 2 (AS2), 4 (TU1), 5 (TU2), 6 (TU3) and 7 (TU4), we

use exactly the same models as in [23, 26]. For low-level 3 (AS3), we make some

minor modi�cations. The reason for these modi�cations is that there was no capacity

restriction on external loop 3 in [23]. In order to show the relationship between

the event ProcPallet.AS3 and PalletArvGEL 2.AS3, Leduc created a high-level plant

component DES that was in Figure 12.3 in [21] (PalletArvGateSenEL 2.AS3).

However, in this thesis, we will enforce a capacity restriction on external loop 3. This

allows us to move this functionality to low-level 3 (AS3). The following shows how

we modi�ed the models for low-level 3.

� Replace the plant component CapGateEL 2.AS3 by the one in Figure 7.10.

� Replace the supervisor component OperateGateEL 2.AS3 by the one in Fig-

ure 7.11.

� Add a plant component PalletArvGateSenEL 2.AS3 as shown in Figure 7.12.
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P alletA rv GE L_2.A S3

GOpenEL_2.AS3

Proc Pallet.AS3
Proc Cpl.AS3
Proc Err.AS3
PalletRepd.AS3

P alletLv GE L_2.A S3

GClosesEL_2.AS3

s0 s1

s2

Figure 7.11: OperateGateEL 2.AS3

s0 s1

Proc Pallet.AS3

P alletA rv GE L_2.A S3

Figure 7.12: PalletArvGate-
SenEL 2.AS3

For low-level 8 (I/O), as described in section 7.3, we lack the information and time

needed to model the subsystem in more detail, so we model its subsystem containing

only a one-state plant DES as shown in Figure 7.13

s0

Figure 7.13: Low-level 8 Subsystem

7.6 The High-level Subsystem

In this section, we present the high-level subsystem GH for the AIP. The high-level

controls the global behavior of the system, such as controlling the capacity of each

area of the central loop and external loops, detecting the status of AS1 and AS2 and

reporting the status to other low-levels. As our newly added control speci�cations

primarily focus on the capacity of the conveyor areas, the high-level is signi�cantly

larger and more complicated than the one in [23].

To demonstrate our high-level veri�cation algorithms and synthesis algorithms, we

designed all the modular supervisors by hand to meet the control speci�cations and

then veri�ed that the system under the control of these supervisors satis�es all the
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high-level conditions (e.g. level-wise controllable, level-wise nonblocking and interface

consistent). In the next section, we will relax the restrictions and then synthesize a

supervisor to satisfy the control speci�cations.

The AIP high-level subsystem GH is composed of 19 plant components and 21

supervisor components, as shown in Figure 7.14. The high-level plant Gp
H and su-

pervisor SH are de�ned to be the synchronous product of the indicated automata.

SH

GH
ASStoreUpState.AS1, ASStoreUpState.AS2, QueryPalletAtT U.T U1, QueryPalletAtT U.T U2
QueryPalletAtT U.T U3, QueryPalletAtT U.T U4, QueryPalletAtIO,CapEL12, CapEL22,
CapEL32, CapEL42, CapEL11, CapEL21, CapEL31, CapEL41, CapC1, CapC2, CapC3,
CapC4

ManageT U1, ManageT U2, ManageT U3, ManageT U4, ManageIO, DetW hic hStnUp,
HndlCom EventsAS, OFProtEL11, OFProtEL21, OFProtEL31, OFProtEL41, OFProtEL12,
OFProtEL22, OFProtEL32, OFProtEL42, OFProtC1, OFProtC2, OFProtC3, OFProtC4,
AltMvInT ypes , OFProtAIP

GH
p

Figure 7.14: Component DES in the AIP high-level

7.6.1 Plant Components

We start from the set of DES ASStoreUpSate.k, where k = AS1, AS2, shown

in Figure 7.15. These two DES are used to check the status of AS1 and AS2 and tell

when the high-level is allowed to send the requests ProcPallet.k and DoRpr.k.3

The next set of DES we introduce are QueryPalletAtTU.i, where i = TU1,

TU2, TU3, TU4, shown in Figure 7.16. The DES QueryPalletAtTU.i can tell if

a pallet is waiting to enter the transport unit i from the central loop (by detecting

the gate sensor PS 5.X.1 (X = 1 when i = TU1, . . . , X = 4 when i = TU4)) or the

related external loop (by detecting the gate sensor PS X.1).

3Actually we could remove those sel
oop transitions on these two DES, since we now use
command-pair interface for AS1 and AS2. The interfaces to low-level 1 and low-level 2 guaran-
tee when the request events ProcPallet.k and DoRpr.k can happen.
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ASDwn.k QStnUp.k

StnDwn.k

RobUp.k

QStnUp.k

StnUp.kRobUp.k

ASDwn.k

s0s2
s3 s1

DoRpr.k DoRpr.k ProcPallet.k
ProcPallet.k

Figure 7.15: ASStoreUpState.k = AS1, AS2 (from [23])

QPalletAtEL.i

NoPalletEL.i
IsPalletEL.i

QPalletAtCL.iIsPalletCL.i
NoPalletCL.i

s0 s1

s2

Figure 7.16: QueryPalletAtTU.i,
i = TU1, TU2, TU3, TU4

QPalletOut.IO
IsP alletOut.IO
NoP alletOut.IO

QPalletT ype1In.IO

IsP alletType1In.IO
NoP alletType1In.IO

s0

s1

s2

QPalletT ype2In.IO

IsP alletType2In.IO
NoP alletType2In.IO

s3

Figure 7.17: QueryPalletAtIO

We now describe the DES QueryPalletAtIO, shown in Figure 7.17. This DES

models the behavior of the the sensors in the I/O station. It provides a way to

determine if a pallet is ready to leave the system or if a Type1 or Type2 pallet is

ready to enter the system.

The next series of DES represent the fact that a pallet on an external loop can

arrive at a transport unit only if it has been processed by the associated assembly sta-

tion or brought in from the I/O station. They are CapEL12, CapEL22, CapEL32

and CapEL42 as shown in Figure 7.18. Theoretically, each of the four DES should
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have in�nite states. However, because the supervisors will limit the capacity of each

of the conveyor areas EL12, EL22, EL32 and EL42 to three, we are safe to make each

of them contain �ve states. Readers might ask why these DES have capacity of four,

this is because we would like to show that the supervisors really prevent the fourth

pallet from entering any of the above areas.

Proc Cpl.AS1
Proc Err.AS1
ASDw n.AS1

IsP alletE L.TU1
Proc Cpl.AS1
Proc Err.AS1
ASDw n.AS1

IsP alletE L.TU1
Proc Cpl.AS1
Proc Err.AS1
ASDw n.AS1

IsP alletE L.TU1
Proc Cpl.AS1
Proc Err.AS1
ASDw n.AS1

IsP alletE L.TU1

s0 s1 s2 s3 s4

T rnsfCplT oCL.T U1 T rnsfCplT oCL.T U1 T rnsfCplT oCL.T U1 T rnsfCplT oCL.T U1

(a) CapEL12

Proc Cpl.AS2
Proc Err.AS2
ASDw n.AS2

IsP alletE L.TU2
Proc Cpl.AS2
Proc Err.AS2
ASDw n.AS2

IsP alletE L.TU2
Proc Cpl.AS2
Proc Err.AS2
ASDw n.AS2

IsP alletE L.TU2
Proc Cpl.AS2
Proc Err.AS2
ASDw n.AS2

IsP alletE L.TU2

s0 s1 s2 s3 s4

T rnsfCplT oCL.T U2 T rnsfCplT oCL.T U2 T rnsfCplT oCL.T U2 T rnsfCplT oCL.T U2

(b) CapEL22

Proc Cpl.AS3
Proc Err.AS3
PalletRepd.AS3

IsP alletE L.TU3
Proc Cpl.AS3
Proc Err.AS3
PalletRepd.AS3

IsP alletE L.TU3
Proc Cpl.AS3
Proc Err.AS3
PalletRepd.AS3

IsP alletE L.TU3
Proc Cpl.AS3
Proc Err.AS3
PalletRepd.AS3

IsP alletE L.TU3

s0 s1 s2 s3 s4

T rnsfCplT oCL.T U3 T rnsfCplT oCL.T U3 T rnsfCplT oCL.T U3 T rnsfCplT oCL.T U3

(c) CapEL32

IsP alletE L.TU4 IsP alletE L.TU4 IsP alletE L.TU4 IsP alletE L.TU4

s0 s1 s2 s3 s4

T rnsfCplT oCL.T U4 T rnsfCplT oCL.T U4 T rnsfCplT oCL.T U4 T rnsfCplT oCL.T U4

CplMvInPallet.IO CplMvInPallet.IO CplMvInPallet.IO CplMvInPallet.IO

(d) CapEL42

Figure 7.18: CapEL12, CapEL22, CapEL32, CapEL42

Now we describe the series of DES representing the fact that a pallet on the center

loop can arrive at a transport unit from the central loop only if it has been liberated or
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transferred from the external loop by the previous transport unit. They are CapC1,

CapC2, CapC2 and CapC4 as shown in Figure 7.19. Each of them should also

have in�nite states, but because the supervisors will limit the capacity of each central

loop area to two, we are safe to make each of them contain only 4 states.
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PalletRlsd.T U4
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PalletRlsd.T U1
T rnsfCplT oEL.T U1

PalletRlsd.T U1
T rnsfCplT oEL.T U1

(a) CapC1
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PalletRlsd.T U2
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PalletRlsd.T U2
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(b) CapC2
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(c) CapC3
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T rnsfCplT oEL.T U4

(d) CapC4

Figure 7.19: CapC1, CapC2, CapC3, CapC4

The plant components CapEL11, CapEL21 and CapEL31 (Figure 7.20(a),

7.20(b), 7.20(c)) represents the fact that a pallet can be processed by an assembly

station only if it has been transferred to the associated external loop. The plant
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component CapEL41 (Figure 7.20(d)) represents the fact that a pallet can arrive at

the I/O station only if it has been transferred to external loop 4 by transport unit

TU4. Again, these DES should have in�nite states theoretically, but the supervisors

will limit the capacity of these areas to 3, so we are safe to make it contain only 5

states.
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s0 s1 s2 s3
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(a) CapEL11
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(b) CapEL21
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(c) CapEL31

T rnsfCplT oEL.T U4
IsP alletOut.IO

s0 s1 s2 s3

T rnsfCplT oEL.T U4 T rnsfCplT oEL.T U4 T rnsfCplT oEL.T U4

s4

IsP alletOut.IO IsP alletOut.IO IsP alletOut.IO

CplMvOutPallet.IO CplMvOutPallet.IO CplMvOutPallet.IO CplMvOutPallet.IO

(d) CapEL41

Figure 7.20: CapEL11, CapEL21, CapEL31, CapEL41

7.6.2 Supervisor Components

We now discuss the supervisor components for the AIP high-level subsystem. We

�rst introduce the group of four supervisors which control the transport units, Man-
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ageTU1, ManageTU2, ManageTU3 and ManageTU4. The following explains

what they do.

� ManageTU1 : If a pallet appears before TU1 at the central loop, it could be

transferred to external loop 1 or liberated. It can be liberated if AS1 breaks

down, or the conveyor area EL11 is at capacity (i.e. 3, determined by OFPro-

tEL11), or low-level 4 (TU1) says to do so through the event NoTransfEL.TU1.

If a pallet appears before TU1 at the external loop 1, then it must be transferred

to the central loop. See Figure 7.21.

� ManageTU2: If a pallet appears before TU2 at the central loop, it could be

transferred to external loop 2 or liberated. It can be liberated if AS2 breaks

down, or the conveyor area EL21 is at capacity (i.e. 3, determined by OFPro-

tEL21), or low-level 5 (TU2) says to do so through the event NoTransfEL.TU2.

If a pallet appears before TU2 at the external loop 2, then it must be transferred

to the central loop. See Figure 7.22.

� ManageTU3: If a pallet appears before TU3 at the central loop, it could

be transferred to external loop 3 or liberated. If the conveyor area EL31 is

at capacity (i.e. 3, determined by OFProtEL31), then the pallet should be

liberated. Otherwise the break down status of AS1 and AS2 will be checked

through supervisor component DetWhichStnUp. Then a corresponding re-

quest event with the status of AS1 and AS2 encoded into it will be sent to

low-level 6 (TU3). The pallet should be liberated if low-level 5 responds with

a NoTransfEL.TU3 event. If a pallet appears before TU3 at external loop 3,

then it must be transferred to the central loop. See Figure 7.23.

� ManageTU4: If a pallet appears before TU4 at the central loop, it could
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be transferred to external loop 4 or liberated. It can be liberated if the con-

veyor area EL41 is at capacity (i.e. 3, determined by OFProtEL41), or low-

level 7 (TU4) says to do so through the event NoTransfEL.TU4 (e.g. not all

tasks have been performed on the pallet). If a pallet appears before TU4 at

external loop 4, then it must be transferred to the central loop. See Figure 7.24.
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Figure 7.21: ManageTU1

QPalletAtCL.T U2
NoP alletCL.TU2
QPalletAtEL.T U2
NoP alletE L.TU2
StnDwn.A S2
StnUp.A S2

IsP alletCL.TU2

StnDwn.A S2

LibPallet.T U2
StnUp.A S2
StnDwn.A S2

LibPallet.T U2
T rnsfT oEL.T U2
StnUp.A S2
StnDwn.A S2

PalletRlsd.T U2

T rnsfELT oCL.T U2
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Figure 7.22: ManageTU2
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IsP alletCL.TU3

QPalletAtCL.T U3
NoP alletCL.TU3
QPalletAtEL.T U3
NoP alletE L.TU3

DetStnUp
T rnsfT oEL3_Up
T rnsfT oEL3_1D
T rnsfT oEL3_2D
T rnsfT oEL3_BD
LibPallet.T U3

NoT rnsfEL.T U3

LibPallet.T U3

T rnsfCplT oCL.T U3 IsP alletE L.TU3

PalletRlsd.T U3 PalletRlsd.T U3
T rnsfCplT oEL.T U3

T rnsfELT oCL.T U3

s0

s1

s2

s3

s4

Figure 7.23: ManageTU3
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Figure 7.24: ManageTU4

Next we introduce two supervisor DES directly obtained from [21]. The �rst

is DetWhichStnUp, shown in Figure 7.25. This supervisor is used to detect the

breakdown status of AS1 and AS2, and then the corresponding request event that

encodes this status will be chosen to be sent to low-level 6 (TU3). For example, if AS1

breaks down and AS2 does not, then request event LibPallet.TU3 or TrnsfToEL3 1D
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will be chosen. The second DES is HndlComEventsAS, shown in Figure 7.26. This

supervisor is used to solve a blocking problem among the supervisors ManageTU1,

ManageTU2 and DetWhichStnUp due to controllable events they use in common.

QStnUp.AS1
StnUp.A S1
StnDwn.A S1
QStnUp.AS2
StnUp.A S2
StnDwn.A S2
LibPallet.T U3
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DetStnUp StnUp.A S1 StnUp.A S2

StnDwn.A S1

QStnUp.AS2

StnDwn.A S2

LibPallet.T U3
T rnsfT oEL3_BD

StnUp.A S2

LibPallet.T U3
T rnsfT oEL3_1D
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s5
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Figure 7.25: DetWhichStnUp (from [21])
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Figure 7.26: HndlComEventsAS(from [21])
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We now discuss the supervisors for preventing over
ow of conveyor areas EL11,

EL21, EL31 and EL41. OFProtEL11 (see Figure 7.27) is used to prevent over
ow

of area EL11, but it also enforces that a pallet can not be processed by AS1 until

it has been transferred to EL11. OFProtEL21 (see Figure 7.28) is identical to

OFProtEL11 up to relabeling. OFProtEL31 (see Figure 7.29) is similar to the

previous two. It prevents over
ow of area EL31 and enforces that a pallet can not be

processed or repaired by AS3 until it has been transferred to EL31. OFProtEL41(see

Figure 7.30) prevents over
ow of area EL41. However, it does not have the sel
oop

transitions of event MvOutPallet.IO at all states except s0 and s10, because the plant

component CapEL41 (Figure 7.20(d)) and the component supervisor ManageIO

(Figure 7.34) will ensure that the event MvOutPallet.IO will not happen at state s0

and s10.

The next four component supervisors are used to prevent over
ow of conveyor

areas EL12, EL22, EL32 and EL42, shown in Figure 7.31. OFProtEL12, OF-

ProtEL22, OFProtEL32 are identical up to relabeling. OFProtEL42 disables

events QPalletType1In.IO and QPalletType2In.IO at state s3 instead of event MvIn-

Pallet.IO, because of the supervisor component ManageIO(Figure 7.34). If we use

event MvInType1Pallet.IO(or MvInType2Pallet.IO), then the system will be blocked

when the area EL42 is full (at state s3) and ManageIO is at state s1 (or s2).

The four supervisors OFProtC1, OFProtC2, OFProtC3, and OFProtC4 are

used to prevent over
ow of the conveyor areas C1, C2, C3 and C4 in the central loop,

respectively. They are identical up to relabeling and are shown in Figure 7.32.

We now describe two supervisors for the I/O station. AltMvInTypes is used

to enforce that the type of pallets entering the system must alternates, starting with

Type1 pallets. It is shown in Figure 7.33. Note that both of the states are marked,

because the last pallet entering the system can be either Type1 or Type2. ManageIO
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