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Abstract

Hierarchical Interface-based Supervisory Control (HISC) is a method to alleviate
the state-explosion problem when verifying the controllable and nonblocking prop-
erties of a large discrete event system. By decomposing a system as a number of
subsystems according to the HISC method, we can verify the subsystems separately
and the global system controllability and nonblocking property are guaranteed, so
that potentially great computation e ort is saved.

In this thesis, we rst present a predicate-based synthesis algorithm for each type
of subsystem and then prove the correctness of the algorithms. Then a predicate-
based veri cation algorithm for each type of subsystem is provided. Based on the
predicate-based algorithms, a symbolic implementation is proposed by using Binary
Decision Diagrams (BDD) and the fact that a subsystem is usually composed of a
number of components. With the symbolic implementation, we can handle a much
larger subsystem of each type.

Two large and complicated examples (with estimated worst-case state space on
the order of 10%°) extended from the AIP example are provided for demonstrating
the capabilities of the algorithms and the implementation. A software tool for the

synthesis and veri cation using our approach is also developed.






Acknowledgements

First 1 would like to sincerely thank my supervisor, Dr. Ryan Leduc, for his
insightful guidance, great patience and generous support; for his careful review and
corrections to the draft of this thesis.

A special thanks to Dr. Chuan Ma for his help on the BDD implementation
techniques and STS. | must acknowledge preceding research works on HISC synthesis
method done by Pengcheng Dai and many useful discussions with him.

At last, | am very much indebted to my wife Ning Zhou and my daughter Karen.

To them, | dedicate this thesis.



Vi



Contents

List of Figures

List of Tables

1

Introduction

11
1.2
1.3

Research Review . . . . . . . . . . . .
Thesis Overview . . . . . . . . . e

Thesis Structure . . . . . . . . . .

Preliminaries

2.1

2.2
2.3
2.4

2.5

Algebra . . . . . ..
2.1.1 Posetsand Lattices . . . . . ... ... ... ... ... ...,
2.1.2 Equivalence Relations . . . ... ... ... ..........
2.1.3 Monotone Functions and Fixpoints . . . .. .. .. ......

Languages . . . . . . . .. e e

Operationson DES . . . . . . . . . . .. ... . .. ... .. ...
24.1 Productand Meet . ... ... ... ... ... ... .. ...
2.4.2 Synchronous Product . . . . ... ... ... ..........

Predicates and Predicate Transformers . . . . . . . . . .. ... ...

vii

xiii

XVii

[o> NN O N



25.1 Predicates . . . . . . . .. 20

2.5.2 Predicate Transformers . . . . . . . ... ... ... .. ..., 22
2.5.3 Languages Induced by Predicates . . . . ... ... ... ... 27

2.6 Supervisory Control . . . . . ... ... 32
2.6.1 Controllable Languages . . . . . . ... .. ... ... ..... 32
2.6.2 Supervisory Control . . .. ... ... ... ... .. ... 33
2.6.3 Implementation of MNSC V forG . . ... .......... 35
2.6.4 Supervisor Synthesis . . . ... ... oL oo 38

3 HISC Overview 39
3.1 System Structure . . . . . . . ... 39
3.1.1 Command-pair Interfaces. . . . . .. ... ... ... ..... 42
312 FlatSystem . . . .. .. .. .. ... 43

3.2 Local Conditions . . . . . . . ... . ... 44
3.2.1 Interface Consistent. . . . . . ... ... ... ... ...... 45
3.2.2 Local Conditions for Global Nonblocking . . . ... ... ... 54
3.2.3 Local Conditions for Global Controllability . . . . . ... ... 54

3.3 Level-wise Interface Controllable Supervisor . . . . .. ... ... .. 55
4 Synthesis of HISC 59
41 Introduction . . . . . . . . ... 59
4.2 High-level Supervisor Synthesis . . . .. ... ... .......... 62
4.2.1 High-level Interface Controllable Language . . . . . .. .. .. 62
4.2.2 supCx(Lm(Gh)) and the Greatest Fixpointof . . ... .. 66
4.2.3 Computing the greatest xpointof .. .. ... ...... 70
4.2.4 Computing supCh(L(GH;Pra)) « - o - o o o o oo oo 72
425 Computing pne(L(GH;P)) . . o o o o oo 92

viii



4.3

4.2.6 The Algorithm to Compute supCy(Lm(GR)) . . . . . . . . ..
Low-level Supervisor Synthesis . . . . . . ... ... ... .......
4.3.1 The j™ Low-level P4 Interface Controllable Language . . . . .
4.3.2 The j™ Low-level Interface Controllable Language . . . . . . .
4.3.3 supCp,;(Lm(Gy;)) and the Greatest Fixpoint of |, . ... ..
4.3.4 Computing the Greatest Fixpointof , .. ..........
4.3.5 The Algorithm to Compute supCp;(Lm(Gy;)) - . . . . . . ..

5 Veri cation of HISC

6 Symbolic Computation for HISC Synthesis and Veri cation

6.1

6.2

6.3

6.4

Symbolic Representation of State Subsets and Transitions . . . . ..
6.1.1 Symbolic Representation of State Subsets . . . .. .. .. ..
6.1.2 Symbolic Representation of Transitions . . . . . ... ... ..
Symbolic Computation of Predicate Transformers . . . . . ... ...
6.2.1 Computation of Transition and Inverse Transition . . . . . . .
6.2.2 Computationof R . . . . ... ... ... ... ... ... ..
6.2.3 Computationof TR. . . . ... ... ... ... .. ......
6.24 Computationof CR. . . .. ... ... ... ... .......
Miscellaneous Computation for HISC Synthesis and Veri cation . . .
6.3.1 Computationofpr(Bady) . ... ... ... ... ... ....
6.3.2 Computationof pr(Bady;) . . ... ... ............
6.3.3 Miscellaneous Computation in Algorithm 4.2 . . . . . .. ...
6.3.4 Verifying Event Partition. . . . .. .. ... .. ........
6.3.5 Verifying Command-pair Interfaces . . ... .. .. .. .. ..
BDD Implementations of Algorithms . . . . . .. .. ... ......
6.4.1 State Variable Ordering . . . . . ... .. ... ... .....



6.5 Controller Implementation . . . .. .. ... ... .. ......... 180

6.5.1 Simplifying Control Predicates . . . . . .. ... ... ..... 188
6.6 ASmall Example . . . . .. ... ... ... 193
The AIP Example 199
7.1 Introductionof the AIP . . . . . . . ... ... ... . 200
7.2 Control Speci cations. . . . . . . . .. ... 203
7.3 System Structure . . . . .. ... 205
7.4 ThelInterface DES . . . . . . .. . ... ... ... 207
7.5 Low-level Subsystems . . . . . . . ... ... 208
7.6 The High-level Subsystem . . . ... ... ... ... ......... 209

7.6.1 Plant Components . . . .. ... ... ... ... ... 210

7.6.2 Supervisor Components . . . .. ... ... 214
7.7 Verifying Properties. . . . . . . . . . . 222
7.8 Synthesizing SUPervisors . . . . . . . . . . . e 226
7.9 Results For the AIP Example . . . . ... .. ... .. .. ...... 228
Multiple AIP Example 229
8.1 System Model . . . ... . ... 230
8.2 Verifying Properties. . . . . . . . . . . ... 234
8.3 Synthesizing SUpervisors . . . . . . . ... 236
Conclusions and Future Work 239
9.1 Conclusions . . . . . . . .. 239
9.2 FutureWork . . . . . . ... 241

9.2.1 Intermediate BDD Size Problem . . . . .. ... ... ... .. 241

9.2.2 Complexity Analysis of the Algorithms . . . . ... ... ... 242

X



9.2.3 Symbolic Computation for Timed HISC System . . . ... ..

A HISC Software Program
A.1 Introduction of HISC Software Program . . . .. .. ... ......
A2 Source Code . . . . . . . e

Xi



Xii



List of Figures

21 MACH . . . 16
2.2 Example for predicate transformers . . . . . .. ... ... ... 26
3.1 HISC block diagram . . . . .. .. .. ... ... .. ... 40
3.2 HISC system structure . . . . . . . ... . ... 42
3.3 Exampleinterface . . . . . . . . ... .. .. 43
6.1 Small factory example . . . .. .. ... ... . ... ... 148
6.2 Example DES Gg . . . . . . . . . 157
6.3 Examplesystem M . . . . ... 162
6.4 Controldiagram. . . . . . . .. ... 183
6.5 New control diagram . . . . . . . . . . ... ... 187
6.6 System diagram for small example . . . . . . ... ... ... ..... 193
6.7 Thesmallexample . .. .. ... .. ... ... ... . ... . ... 194
6.8 Synthesized high-level proper supervisor . . . ... ... ... .... 195
6.9 Synthesized low-level proper supervisor for low-level m1. . . . . . .. 195
6.10 Synthesized low-level proper supervisor for low-level m2 . . . . . . .. 195
6.11 Control predicates for m1.st;m2_st;m2_rpr;tust . .. ... ... .. 197
6.12 Prime simpli ed control predicates for m1_st; m2_st;m2_rpr;tust . . 197

6.13 Triple-prime simpli ed control predicates for m1_st; m2_st; m2_rpr; tu_st197

Xiii



7.1
7.2
7.3
7.4
7.5
7.6
7.7
7.8
7.9
7.10
7.11
7.12
7.13
7.14
7.15
7.16
7.17
7.18
7.19
7.20
7.21
7.22
7.23
7.24

The AIP system architecture(from [21]) . . . . . . . .. ... .. ... 200
Assembly station of external loop X =1, 2,3 (from [21]) . . .. . .. 201
Transport unit for external loop X =1, 2, 3,4 (from [21]) . ... .. 202
The AIP system structure . . . . . . .. .. ... ... ........ 205
Interface to low-level w=1;2 (from [23]) . . . . ... ... ... ... 207
Interface to low-level 3 (from [23]) . . . . . . .. ... ... ... ... 207
Interface to low-level v =4;5;7 (from [23]) . . . . ... .. ... ... 207
Interface to low-level 6 (from [23]) . . . . . . . . . . .. .. ... ... 207
Interface to low-level 8. . .. .. . ... ... ... ... ... ... 208
CapGateEL 2.AS3 . . . . . . . .. 208
OperateGateEL 2.AS3 . . . . . . . . . . 209
PalletArvGateSenEL 2.AS3 . . . . . . . . . ... 209
Low-level 8 Subsystem . . . . . . .. ... ... 209
Component DES in the AIP high-level . . . ... ... ... ..... 210
ASStoreUpState.k = AS1, AS2 (from [23]) . . . ... .. ... .... 211
QueryPalletAtTU.i, i = TU1, TU2, TU3, TU4 . . . . .. ... .... 211
QueryPalletAtlIO . . . . . . . . . .. 211
CapEL12, CapEL22, CapEL32, CapEL42 . . . . . ... ... ... .. 212
CapCl, CapC2, CapC3,CapC4 . . . . . . . . .. . o e 213
CapEL11, CapEL21, CapEL31, CapEL41 . . . . . . .. .. ... ... 214
ManageTUL . . . . . . . . e 216
ManageTU2 . . . . . . . . . 216
ManageTU3 . . . . . . . . e 217
ManageTU4 . . . . . . . . . 217



7.25
7.26
7.27
7.28
7.29
7.30
7.31
7.32
7.33
7.34
7.35

8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8

9.1

DetWhichStnUp (from [21]) . . . . . . . . . . . . .. .. ... .... 218

HndIComEventsAS(from [21]) . . . . . . . . . . .. ... ... .... 218
OFProtEL11 . . . . . . . . . 220
OFProtEL21 . . . . . . . . . 220
OFProtEL31 . . . . . . . . . 221
OFProtEL4L . . . . . . . . . 221
OFProtEL12, OFProtEL22, OFProtEL32, OFProtEL42 . . . . . . . 222
OFProtC1, OFProtC2, OFProtC3, OFProtC4 . . . . . .. ... ... 223
AltMVINTypes . . . . . . . . e 223
ManagelO . . . . . . . . . . 223
OFProtAIP . . . . . . 224
Block diagram of multiple AIPs . . . . . . . . .. ... ... ..... 230
INLFAIP-j(J = 1,2,3) . . . . o o 230
New low-level plants in 3-2 MAIP system(ver cation) . . ... .. .. 231
Components in low-level subsystem MAIP-j;(J =1;2;3) ... .. .. 232
High-level plant components . . . . . . .. ... ... ... ...... 233
High-level supervisor components . . . . . . ... ... ... ..... 234
New low-level plants for the 5-4 MAIP system(veri cation) . . . . .. 236
New low-level plants for the 3-2 MAIP system(synthesis) . . . .. .. 237

Number of BDD nodes and time for CR operation at each iteration . 242

XV



XVi



List of Tables

7.1 The AIP example data (veri cation) . .. .. ............. 225
7.2 The AIP example data (synthesis) . . . . . . ... ... ... ..... 227
8.1 The multiple AIP example data(veri cation) . . . ... ........ 235
8.2 The multiple AIP example data(synthesis) . . . .. ... ....... 238
A.1 Source code les in the software library . . . . .. ... ... ..... 252
A.2 Source code les for the library usage example . . . . ... ... ... 252

Xvii



Master Thesis { R. Song { McMaster { Computing and Software

XViii



Chapter 1

Introduction

A Discrete Event System (DES) is a dynamic system that is discrete in state space
and is event-driven. Ramadge and Wonham (RW) [36] proposed the supervisory con-
trol theory framework for a class of general DES, in which the DES is represented
as an automaton over an event alphabet, and its behavior is described by the lan-
guage generated by the automaton. The events in the alphabet are partitioned as
controllable events which can be disabled and uncontrollable events which can not
be disabled. By disabling and enabling controllable events, a system controller can
restrict the behavior of a plant. Such a controller is also called a supervisor. Two
properties, controllability and nonblocking, are usually desirable for the behavior of

the controlled system.

Although the supervisory control theory does not require the language to be reg-
ular, in practice the language should be, so that the automaton representing the
language has a nite state space. The control action in the theory is based on the
strings generated by the plant. However, the number of the strings could be in nite.
In order to implement such a controller, a supervisor DES can be designed so that

the synchronous product of the plant DES and the supervisor DES can generate the
1
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desired behavior. We can design the supervisor DES by hand, and then verify the

controllable and nonblocking properties.

In [48], RW provided an algorithm to synthesize an optimal supervisor according
to an arbitrary speci cation language. An optimal supervisor means that it is a
minimally restrictive controller that satis es the speci cation and is nonblocking and
controllable. The complexity of this algorithm is polynomial on the number of the

DES states.

The most intuitive but ine cient method to store a DES in a computer is to save
the state space and transitions in look-up tables directly. To check the controllable
and nonblocking properties, we have to traverse the DES which means we have to
go through and search the look-up tables. However, most practical systems have a
very large state space since they are usually modeled as the synchronous product of
a group of component DES, so the state space size is increased exponentially on the

number of the components. Such a problem is known as the state explosion problem.

The software TCT [47] is a tool using the above method to store a DES. It provides
a synthesizing routine (supcon) to compute the optimal supervisor and other routines
to help model a system and check properties. Due to the state explosion problem,
TCT can only handle some simple systems under the memory limitations (With 1GB
RAM, TCT can handle a system on the order of 107 states). Therefore, it is necessary
to nd other e cient approaches to model and represent DES such that for a large
system a supervisor can be synthesized and nonblocking and controllable properties

can be veri ed.
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1.1 Research Review

In order to overcome the state explosion problem, usually two categories of ap-
proaches can be applied: to explore control architectures and to explore internal

structures of DES.

Modular control [13,34,49] is an early and widely used method, which implements
control action by designing multiple supervisors. Each supervisor is responsible to
implement part of the control speci cations. In [3, 30, 39, 45, 50], this approach is
extended as decentralized control by allowing each supervisor access only to partial
observations of the plant. These architectures successfully solved the controllability

veri cation but not for the nonblocking veri cation.

Another architectural approach is the model aggregation methods or the bottom
up methods [8,18,33,41,46,52]. In these methods, the aggregation model(high-level)
is obtained from low-level models by language aggregation or state aggregation. The
"hierarchical consistency™ concept is introduced to make sure that a high-level super-
visor can be implemented in low-levels. However, as aggregate models are constructed
from low-levels sequentially, a given level can not be constructed until all the levels
below it have been constructed. Furthermore, the conditions for this type of ap-
proaches are su cient and necessary, which means that a change on one level may

a ect all the levels above it.

In [35], RW introduced a static state feedback supervisory control framework
by using predicates to store the state space and de ne the speci cations. In [47],
a dynamic state feedback control is also introduced by using memory components.

However, they did not mention how to represent a predicate.

In the VDES [9, 10, 28, 29] or Petri Net [32,42,43] framework, a system state is

represented by a vector with integer components, and state transitions by integer
3
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vector addition. The speci cations are de ned in the form of linear inequalities. The
supervisor is synthesized by using linear programming algorithms. These approaches
are applied well on the systems with high degree of regularity. Moreover, to verify
the nonblocking property or synthesize a nonblocking controller, a reachability graph
may need to be constructed rst.

STCT [51] utilized the fact that a system is usually modeled as a group of DES
components, so that each state of the system can be represented as a vector. It
then does the synthesis process based on the synchronous product of the plant and
the speci cation components but does not actually build the synchronous product.
By using IDD (Integer Decision Diagram, an extension of Binary Decision Diagram
(BDD) [6]) to encode the state space and transitions of the system, STCT can synthe-
size an optimal controllable and nonblocking supervisor for a system with closed-loop
state space size on the order of 1023, but that system is quite arti cial, and there is
no rigorous theoretical foundation for the algorithms.

Ma [31] presented a top-down multi-level design model called State Tree Structures
(STS) which was initiated in [44] by using the idea of state charts [17]. A STS includes
a State Tree to store states and holons to store local dynamics. A sub-state-tree is
used to store a state set and a basic sub-state-tree is used to represent one state.
Set operations such as union could be done by the join operation of two sub-state-
trees, and global dynamics could be constructed from the local holons, but there
IS no easy sub-state-tree operation corresponding to the intersection of two state
sets. Furthermore, not all of the state sets can be represented as one sub-state-tree.
However, by using STS, one could model a system from the top level and treat each
module as a superstate, and later on the module can be further designed in detail.
These modeling steps re ect the hierarchical nature of most complex systems, so

modeling a system as a STS will be straightforward.
4
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To solve the above problems in STS, Ma used BDDs to represent state sets. Due
to the rich structure of STS, the state sets can be represented by BDDs compactly. By
using the optimized recursive algorithms, he modeled and synthesized a state-based
supervisor for a system with an estimated state space on the order of 1024, However,
in order to construct the global transitions from local transitions, STS requires the
local coupling condition: no shared events between two holons matched to the OR
superstates that are not AND-adjacent to the same AND superstates. This restriction
could force a modeler to atten the STS, so that it makes the STS less structural
and some optimization techniques (e.g. coreachable inference) work less e ciently.
We will talk more about this in the AIP example chapter. Furthermore, in STS, the
synthesis process is still working on the global state space, which grows exponentially

on the number of components.

Leduc et al. [21{27] proposed the Hierarchical Interface-based Supervisory Control
(HISC) by bringing the information hiding theory from software engineering into su-
pervisory control. By using this method, a system is decomposed into one high-level
subsystem and multiple low-level subsystems. Between the high-level subsystem and
each low-level subsystem, there is a well-de ned interface which restricts the inter-
action of the subsystems. All the communications between the high-level subsystem
and low-level subsystems must be done through a speci c interface. Therefore, after
modeling the interfaces, we can model those subsystems simultaneously. The really
valuable thing in HISC is that as long as each subsystem and its interface satis es cer-
tain local conditions, then the global controllable and nonblocking properties can be
guaranteed, which means that we only need to work on the states in each subsystem
instead of the states of the synchronous product of the whole system. With automata
based algorithms, Leduc successfully veri ed a system with an estimated worst-case

closed-loop state space on the order of 10%1. Richter et al: [37] also modeled and
5
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veri ed a bottling plant by using the HISC method with estimated state space on
the order of 10*" (They obtained this number by multiplying the number of states in

each component DES).

1.2 Thesis Overview

Because the algorithms in [21] (Leduc) explicitly list the states and transitions,
each subsystem could not be very large. With 1GB of RAM, he could handle in-
dividual components only as large as 10%{107 states. This might put limitations on
modeling a real system especially for the high-level. Dai [14] is developing synthesis
algorithms to compute the supervisors for each subsystem. However, his algorithms
are still based on the explicit state and transition listing, thus do not save much
computation.

As each subsystem in HISC is usually modeled as a group of plant DES and a group
of speci cation/supervisor DES, each subsystem-wide state can be represented as a
vector, where each member of the vector is the state of a component DES. Therefore,
we can use BDD to represent the state space and transitions for each subsystem, and
develop algorithms based on BDD representations to verify or synthesize supervisors
for it. By using the BDD representation and algorithms, our program is able to
handle much larger subsystem, so the power of HISC is greatly improved.

In this thesis, we need to verify not only the controllable and nonblocking proper-
ties but also the interface consistent conditions in [21] for the high-level and low-level
subsystems. The conditions we used are from [23,24], an equivalent version of the
conditions in [21]. A proof for the equivalence between the two can be found in [14,24].
We rst present the synthesis algorithms based on speci cations for each type of sub-

system, and then give the veri cation algorithms based on modular supervisors for
6
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each type of subsystem. The correctness of the algorithms is proved. A software tool
to implement these algorithms is also developed.

Two examples of industrial size are provided to show the capability of our algo-
rithms in this thesis. The rst one is extended from the AIP example in [21], which
synthesizes a high-level supervisor with state space on the order of 10%°. In the second
example, we build a feedback system by treating each high-level subsystem in the rst
example as a low-level system, and then synthesize a low-level supervisor.

As the structure of each subsystem could be thought of as a special STS with
three levels (Level 0 is the root AND superstate, and each state in Level 1 is an
OR superstate corresponding to each component DES, and each state in Level 2 is a
simple state corresponding to each state in the component DES), we borrowed many

ideas from [31], especially with respect to BDD implementation.

1.3 Thesis Structure

The remaining chapters in this thesis are organized as follows.

In Chapter 2, we present the necessary algebra and language foundations for
proofs in this thesis. Basic supervisory control theory of DES and some fundamental
operations of DES and propositions are also presented.

In Chapter 3, we give an overview for the HISC method, and then give an equiv-
alent de nition of the interface consistent condition for the purpose of proving our
synthesis algorithms.

In Chapter 4 and 5, the synthesis and veri cation algorithms based on predicate
operations for an HISC system are presented and proved.

In Chapter 6, we give a BDD-based implementation of the algorithms in Chapter

4 and 5. The encoding techniques and optimization techniques for the BDD imple-
7
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mentations are the main focus of this chapter.
In Chapter 7 and 8, examples to show the capabilities of our algorithms and BDD
implementations are presented.

Finally, in Chapter 9, we discuss the future work and conclusions.



Chapter 2

Preliminaries

In this chapter, we rst discuss some basic algebraic and linguistic concepts that
will be used in the later chapters. Then we introduce the predicate and predicate
transformers which are important for our later algorithms. After that, we give an
overview of DES and the RW supervisory control theory. We also state and prove
several fundamental propositions. This chapter is largely based on [47]. Proposi-

tion 2.1 is an extension of Theorem 3.18 from [19] by Huth and Ryan.

2.1 Algebra

2.1.1 Posets and Lattices

Let X be a set, and be a binary relation on X. is a partial order if it has

the following three properties:

re exive: (8x 2 X) x X
transitive: (8X;y;z2 X)X y &Yy zZ)D)X 2z

antisymmetric: 8x;y2X)x y &y X)) X=y
9
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If is a partial order on X, then the pair (X; ) is called a poset. If s

understood, we could call X a poset.

Let (X; ) be a poset, x;y 2 X. An element | 2 X is a meet of x and y(denote

itasxuy=11),if

I x&1I y&(Ba2X)a x&a y)Da I)

Dually, an element u 2 X is a join of x and y(denote it as x ty = u), if

X U&Y u&(Br2X)x b&y bDdu b):

Let L be a set. A poset (L; ) is a lattice if the meet and join of any two elements

in L always exist.

Let S be a nonempty subset of L and | 2 L. Element I is the in mum of S (inf S)

By2S9S)I y & 8z2L)(By2S)z y)yYz |

Dually, u 2 L is the supremum of (sup(S)) if

By2S)y u & Bz2L)((8y2S)yY 2z)Du z

A lattice (L; ) is complete if, for any nonempty subset S of L, both infS and
sup S always exist. Every nite lattice is complete.

Let X be a set. De ne Pwr(X) as the set consisting of all the subsets of X.
(Pwr(X); ) is a complete lattice [15]. This fact is fundamental for the correctness

of our algorithms.

1In [47], the meet of elements x and y is denoted as x 'y, and the join of them is denoted as
X _ Y, but we will use the notation ~ for predicate operation and and __ for predicate operation or,
because the predicate operations are heavily used in this thesis.

10
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2.1.2 Equivalence Relations

Let X be a nonempty set, and E a binary relation on X. E is an equivalence

relation if

(8x 2 X)XEx (re exive)
(8x; X" 2 X)XEX’ ) X’EX (symmetric)

(8x; x"; x" 2 X)XEX’ & X'Ex? ) XEX” (transitive)

Let x 2 X, de ne [x] X as[x]:= fx* 2 Xjx’Exg: [x] is called the coset or
equivalent class of x with respect to the equivalence relation E:

By x 2 [X], [X] is nonempty.

Let x;y 2 X, then it can be shown that either [x] = [y] or [X] \ [y] = ;. Namely,

[X] and [y] are either equal or disjoint.

2.1.3 Monotone Functions and Fixpoints

Let (X; ) be a complete lattice. A function f: X ¥ X is monotone if

@Bxy2X)x yd>fx) f(y):

Let X be aset,and f: X ¥ X be a function. An element x 2 X is a xpoint of
T if x = f(x). Let (X; ) be a complete lattice. The element X is the greatest xpoint

of T if
BX2X)X=FfxH) DX x

Let X be aset, and f : X ¥ X be a function. For x 2 X, denote f°(x) for X,

£1(x) for F(x), F2(x) for F(F(x)), ..., and Fi(x) for
11
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TEE:ZLE(X))); i 20;1;2;:::0:
We now state Theorem 2.1 which is the well known Knaster-Tarski Theorem [40].

Theorem 2.1 (Knaster-Tarski Theorem). Let (X; ) be a complete lattice, and let
f . X ¥ X be a monotone function. Then the greatest xpoint of f exists and is

equal to supfxjx f(x)g: ]

Note that the set X can be uncountable in nite, and that this theorem does not
say anything about how to compute the greatest xpoint. It only states the existence.

For our usage, the complete lattice is (Pwr( ); ): iscountablein nite, while
Pwr( ) is uncountable in nite.

Proposition 2.1 is a special case of the Knaster-Tarski theorem, and it also gives

a method to compute the greatest xpoint for the special case.

Proposition 2.1. Let X be a nite set with n elements, n 2 f0; 1;:::g. If a function
T :Pwr(X) ¥ Pwr(X) is a monotone function with respect to , then there exists
k 2 0;1;2;:::g such that k n and fX(X) is the greatest xed point of f with
respect to (Pwr(X); ), and (8i 2 f1;2;:::9) i >k ) f(X) = fK(X):

Proof:

1. Show that there exists k n;fX(X) isa xpoint of f, i.e. FK(X) = FK*1(X).
We know that f(X) X,

D f2(X) f(X); asf is monotone:
D 3(X)  F*(X)

D HX)  F(X)

So, we have
12
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FHL(X)  FN(X) fi(X) X

Assume @k n; FX(X) = FK*1(X), then

FHLX)  F(X) fi(X) X

This is impossible, because X only contains n elements, and f¥*1(X) fK(X)
(k 2 f0;1;:::9) means that fk*1(X) contains at least one less element than

K(X) does.

. Show that TX(X) is the greatest xpoint of f, i.e. (85 2Pwr(X))S =f(S))D
S fKX):

Let S 2 Pwr(X), and assume S = f(S):

Must show this implies S FX(X).

We know that S X

D f(S) T(X); asf ismonotone

>SS f(X); asS=f1(S)

D f(S) f?(X); asf is monotone

)>S f3(X); asS=*F(S)

DS fYX)

. Show that (8i 2 f1;2;:::9)i > k D) f'(X) = fX(X):

This follows immediately since f<(X) is a xpoint of f, i.e. FK(X) = f<*1(X):

O
13
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2.2 Languages

Let bea nite set of symbols, and we refer to as an alphabet. A string over

is a nite sequence of symbols in . Denote ™ as the set of all such strings over
Let (2 ) be the empty string (no symbols), we write = *[fg:
We de ne the operation of concatenation of strings: cat : 1 according

to

cat( ;s) =cat(s; ) =s; s2

cat(s;t) = st; s;t2 ™

A language L is a subset of ; and thus an element of Pwr( ):
Lets;t2 :tissaidtobeapre xofs(t s)if(u2 )tu=s:

Let L . The (pre x) closure of L is de ned as:
L:=ft2 jOs2L)t sg:

A language L is closed if L = L:

The following proposition will be used in following chapters.
Proposition 2.2. Let L;;L, 2 Pwr( ): Then the following holds:
LI[L=LT[L

proof:
Li[L, L;[L, followsimmediately sinceL; L;[L,andL, L;[L,:
We now show Ly [ L, L; [Ly:
Llets2L; [ L, (D
Must show this impliess 2 L; [ L,
By (1), we know (9s'2 ) ss'2 L; [ L,

Y»ssP2Li0rss’2L, (2)
14
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If s’ 2 L,; then s 2 Ly: We thus have s 2 L, [ Ly: ©)
Similarly, if ss’ 2 L,; then s 2 L,: We thus also have s 2 L; [ Ls: (4)
By (2), (3) and (4), we can conclude s 2 L; [ Ls:

O
Let L and s2 . The operator Elig, : T Pwr( ) is used to get the set
of eligible events for s with respect to L:
Elig.(s):=f 2 js 2Lg:
Let L : The Nerode equivalence relation on ~ with respect to L is de ned as

Bs;t2 )s ti (Bu2 )su22L , tu22L:

Write k L k as the cardinality of the set of the equivalence class of . If kK L k is
nite, we say L is regular. All the languages in this thesis are regular unless otherwise
stated.
For a regular language L, if we treat each Nerode equivalence class as a state,
then we can build a recognizer with nite number of states to tell if a string s 2

is in L or not. Such a recognizer is said to be canonical.

2.3 DES
A DES G is a generator, and formally de ned as a ve tuple
G:=(Q: ; i6o;Qm);

where Q is the state set; = [ u, where  is the set of controllable events,
and  is the set of uncontrollable events; : Q B Q is the (partial) transition
function; qo is the initial state, and Q,, Q is the set of marker states. We always

assume Q and are nite.
15
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Letq2Q; 2 :Weuse (q; )!'tomean that (q; ) is de ned.

The transition function can be extended to : Q ¥ Q according to

@ )=q
@s )= (@s) )

provided ¢’ := (g;s)! and (g%, )!: Note that (q; ) is always de ned.

A DES over is the empty DES if Q = ;; and we denote it as EMPTY.

A DES G can be represented as a transition graph. The nodes(circles) in the
graph represent states in Q. The edges represent transitions. The initial state is
labeled with an entering arrow ( ¥l ); and the marker states are labels with an exiting
arrow( ¥1): If the initial state is also a marker state, it will be labeled with a double
side arrow( JBl): The controllable transitions are labeled with a slash on the edge.
Figure 2.1 is the transition graph representation for the well known MACH DES.
The DES MACH includes three states s0O, s1 and s2. State s0 is the initial state and

s2
sl

Figure 2.1: MACH

the only marker state. There are four transitions: (sO; ;sl); (sl; ;s0); (sl; ;s2);
(s2; ;s0). Events ; are controllable events and events ; are uncontrollable
events. Note that the event set may include events other than the four events

shown in the graph.
16
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A DES G generates two languages: L(G) and L, (G), which are called the closed

behavior of G and the marked behavior of G respectively, and are de ned as follows.

L(G) :=fs2 ] (qo;9)'g
Ln(G) :=Fs2 | (do;S) 2 Qmg

The language L(G) is closed, and L,(G) L(G):

Let g 2 Q. State g is reachable if 9s 2 such that (go;s) = q: State q is
coreachable if 9s 2  such that (q;s) 2 Qm:

A DES G is reachable, if every state in Q is reachable.
A DES G is coreachable, if every state in Q is coreachable.
A DES G is trim, if every state in Q is reachable and coreachable.

A DES G is nonblocking, if every reachable state in Q is coreachable. i.e. L (G) =
L(G):

We say that DES G represents a language K if G is nonblocking and
Ln(G) = K: We thus have L(G) = K:

In the tuple de nition of G; we de ne that : Q T Q is a partial func-
tion. We say such a DES G is deterministic. Instead, one can de ne a DES T :=
(Q; ; ;00;Qm); where Q; ;qoand Qn arede nedasinG; but :Q T Pwr(Q)

is a total function. We say such a DES T is nondeterministic.

As every nondeterministic DES can be converted to a deterministic DES, we

assume that all the DES in this thesis are deterministic.
17
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2.4 Operations on DES

2.4.1 Product and Meet

Let Gl = (Ql, ; 1;qlo;le) and GZ = (Qz, ; Z;qZO;QZm) be two DES de ned

over the same alphabet . The product of two DES is de ned as:

Gi: G2 =(Q1 Q2 ;1 2, (U103 020); Q1 Q2,);

where ;  ,:Q; Q2 T Q; Qisgiven by

(1 2000592); ) =201 )i 2002 ));

whenever 1(qg; )'and ,(qp; )%

From the de nition, we have L(G; Gj) = L(G1)\L(Gy),and L, (G1 G)) =
Lm(G1) \ Lmn(Gy):

The meet of DES G; and G, is de ned as G; G, but only including the

reachable states, and we denote it as meet(Gy; G,):
Obviously, L(meet(Gy;G;)) = L(G: Gy) and L,(meet(Gy; G3)) = Lmn(Gy
Gz):

2.4.2 Synchronous Product
Synchronous Product on Languages

Let 1; , betwo alphabets, = ;[ ..
18
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De ne the natural projection P; : ¥ . (i=1;2) according to
Pi() =
8
o) < it o2,
i =
T 0 2,

Pi(s)=Pi(s)Pi( ) s2 ; 2

Clearly, (8s;t2 ) Pj(st) = Pi(s)P;i(t): In other words, P; is catenative.

Let P, * : Pwr( ;) ¥ Pwr( ) be the inverse image function of P;, namely for

H i
P, '(H):=fs2 jPi(s) 2 Hg:
Let L, Lo ,: The synchronous product L; k L, is de ned as
Lijjls =Py *(L1) \ P, }(Ly):
Sel oop

Let G; = (Q1; 1 1;01,; Q1,,) be a DES de ned on alphabet ;, and , be
another alphabet with ;\ , = ;: The sel oop operation on G; is used to generate

a new DES G by sel ooping each event in , on each state of G;. Formally,

G=sel 00p(G1; 2)=(Q1; 1L 25 25010 Q1,);

where ,:Q: ( 1 [ 2) ¥ Qq is a partial function and de ned as
8

gl(q; ); 2 1; 1(g; )
29 )= _g; 2,
-unde ned; otherwise

19
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LetPy:( 1L 2) ¥ , bea natural projection, then we have
L(sel 0op(G:; 3)) =P, Y(L(G1))
Lm(sel 00p(Gy; 2)) =P; *(Lm(G1))

Synchronous Product on DES

Let G; = (Q1; 1) 1,010: Q1m)s G2 = (Q2; 25 2:02; Q2,,) be two DES. The syn-
chronous product of G; and G, is de ned as ?
G kGy:=sel oop(Gy; 2 1) sel oop(Gz; 1 )

Note that the alphabet set of G, Kk Gois 1 [ 2: The product of two DES G;; G,

is actually a special case of the synchronous product where ;= »,:
We de ne sync(G;; G,) as the DES G; k G, but only with reachable states.
Then, we have

L(G1 k G2) = L(sync(G1; G2)) = L(G1) k L(G2) = P; 1(L(G1)) \ P; 1(L(G2))
Lm(G1 k G2) = Lm(sync(G1; G2)) = Lm(G1) k Lm(G2) = Py (Lm(G1)) \ P, H(Lm(G2))

Note that our synchronous product operation on DES is associative. Namely, for

DES G,, G,, Gz, we have

(G1kG2) kG3) = (G1 k(G2 kG3))
sync(sync(Gz; Gz); Gs) = sync(Gy;sync(Gz; Gz))

2.5 Predicates and Predicate Transformers

2.5.1 Predicates

Let G = (Q; ; ;0o;Qm) be a DES. A predicate P de ned on Q is a function

P:.:Q ¥ f1;0g: P is identi ed by a corresponding state subset

2The operator is same as the synchronous product operator on languages, but they can be easily
distinguished by context.

20
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Qp:=fq2QjP(g)=1g Q:

Ifq 2 Qp, we write q = P and say q satis es P or P includes ¢: So, g =P if and only
if P(q) = 1: We write Pred(Q) for the set of all predicates de ned on Q; so Pred(Q)
can be identi ed by Pwr(Q): With the predicates, we can build boolean expression

using the following operations:

(:P)@ =1 i P(@) =0

(PLMP2)() =1 i P.(q) =1 and Pp(q) = 1
(P1_P2)() =1 i P1(q) =1 or Py(q) =1
(Pr P =1 i P:(q) =1 and P»(q) =0

where P;P1; P, 2 Pred(Q) and g 2 Q: Clearly, Py, P, =Py ™ ZP,:

The two special predicates true and false are identi ed by Q and ; respectively.
The predicate Py, is identi ed by Qn:

For convenience, if Q is understood, for Q;  Q, denote the predicate identi ed by
Q; as pr(Q,). For a predicate P; 2 Pred(Q), denote the corresponding state subset
Qp, as st(P,):

The relation  on Pred(Q) is de ned as
(8P1;P22Pred(Q)) P1 P2i PPy =Py

It can easily be shown that is a partial order on Pred(Q): Clearly, P, Py i
Qr, Qp,;80(8012Q)aF P qF P

If Py P,; we say that P; is stronger than P,; and we also say that P; is a
subpredicate of P,:

Under the identi cation of Pred(Q) with Pwr(Q) and  with ; it is clear that

(Pred(Q); ) isacomplete lattice. The top element is true, and the bottom element
21
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is false:
For a predicate P 2 Pred(Q); we de ne Sub(P) to be the set of all the sub-
predicates of P: Clearly, Sub(P) is identi ed by Pwr(Qp), and (Sub(P); ) isalso a

complete lattice with top element P and bottom element false:

Proposition 2.3. Let Q be the state set of a DES G with n states, n 2 10;1;:::qg,
and let P be a predicate on Q. If a function £ : Sub(P) ¥ Sub(P) is a monotone
function with respect to , then there exists k 2 f0;1;:::g such that k n and fX(P)
is the greatest xed point of f with respect to (Sub(P); ), and (8i 2 f1;2;:::9) i >
k) fi(P)=f*(P):

proof:
Immediately from Proposition 2.1 and the identifying relationship of Sub(P) with
Pwr(Qp); with ;P with Qp; and false with ;:

2.5.2 Predicate Transformers

Let G = (Q; ; ;00;Qm) be a xed DES. A predicate transformer is a function
f:Pred(Q) ¥ Pred(Q): We now introduce several predicate transformers which will

be used later on.

R(G;:)
Let P 2 Pred(Q): The reachability predicate R(G;P) is de ned to hold pre-

cisely on those states that can be reached in G from g via states satisfying P:

Formally,

1.0 FP D g fFR(G;P)

290FR(GP)& 2 & (@ )& (@ )FP D (@ )FR(G:P)
22
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3. No other states satisfy R(G; P):
In other words, g = R(G; P) if and only if there exists a path in G from qo to g
and each state on the path satis es P: Therefore, qo 2 P ) R(G;P) = false:
Clearly, R(G;P) P and R(G;:) is monotone with respect to : Note that
R(G; true) exactly includes all the reachable states in Q:
CR(G;>)
Let P 2 Pred(Q): The coreachability predicate CR(G;P) is de ned to hold
precisely on those states that can reach a marker state in G via states satisfying
P: Formally,

1. Pha NP =Tfalse ) CR(G;P) = false

2. 4F Pm™P D g CR(G;P)

3.JFCR(GP)&dFP& 2 & (05 )& (@5 )=q9 D dF
CR(G;P)

4. No other states satisfy CR(G;P):

In other words, g = CR(G;P) if and only if there exists a path in G from q to

a marker state satisfying P and each state on the path satis es P:

Clearly, CR(G;P) P and CR(G;:) is monotone with respect to  : Note

that CR(G; true) exactly includes all the coreachable states in Q:
TR(G;:; Y
Let ° :With Gand ' xed, TR(G;:; ") is a predicate transformer. Let

P 2 Pred(Q): TR(G;P; 9% isde ned to hold precisely on those states that can

reach a state satisfying P in G only via transitions with events in % Formally,
23
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1. P =false ) TR(G;P; ") = false
2.9FP D gFETR(G;P; )

3. 0FTR(GP; N&0¢°2Q& 2 "& (¢ N& (0 )=q D '
TR(G;P; ")

4. No other states satisfy TR(G;P; "):
In other words, q = TR(G; P; ) if and only if there exists a path in G from g

to a state satisfying P and each transition event in the path is in % Note that

the states on the path (excluding the end point state) do not need to satisfy P:

Clearly, P TR(G;P; "; and TR(G;P; ') is monotone with respect to

CR(G;P"; %)
Let P’ 2 Pred(Q) and ° ' With G;P%and " xed, CR(G;P’% ":)isalso
a predicate transformer. Let P 2 Pred(Q): CR(G; P’ "% P) is de ned to hold

precisely on those states that can reach a state satisfying P’ in G via states

satisfying P and transitions with events in : Formally,
1. P'~rP =false ) CR(G;P?;, %P)=false
2. qFP'~P D> qFCR(G;P" 'P)

3. gFCR(G;P"; "P)&dFP& 2 '& (@ )& (05 )=9 D ¢F
CR(G;P% %P)

4. No other states satisfy CR(G;P?; %P):

In other words, q = CR(G;P% "% P) if and only if there exists a path in G
from ¢ to a state which satis es P! and each state on the path satis es P and

each transition event is in
24
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Clearly, CR(G;P’% %P) P and P' NP CR(G;P% %P): Note that
CR(G;") is actually a special case of CR(G;P"; ;) withP'=P,and =

Proposition 2.4. For a xed G; xed predicate P’ 2 Pred(Q); and ° . the

predicate transformer CR(G;P'; ) is monotone with respect to ; i.e.
(8P1;P, 2 Pred(Q))P1 P2 D CR(G;P"; P1) CR(G;P" " Py)

proof:

Let P1; P, 2 Pred(Q): Assume P; P, Must show this implies
CR(G;P’; %P1) CR(G;P" 'Py):

Let g = CR(G;P’; " Py): )
We now show implies q = CR(G; P?% " P,):

01 = 0; O = P’
Gi+1 = (@ i); 1=21,2;::k 1
gFEPy i=12000k

By P; P,; we have

G1 =¢; gk = P’
Gi+1= (@; ); i=121,2::;k 1
G F Py 1=1,20:05k

D qFCR(G;P" 'Py)
O
As these predicate transformers play important roles in our algorithms, we give

an example for them. Let G be the DES shown in Figure 2.2(a). A state labeled
25
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with a predicate (P or P%) means that it satis es that predicate. For example, state
s3 satis es P but not P’, state sl satis es neither P nor P’ and state s2 satis es
both P and P'. The other gures in Figure 2.2 show the result of the above predicate
transformers. The states lled with gray color satisfy the corresponding predicate

transformer result.

(c) CR(G;P) = pr(fs0;s2;s5;s6;s7g)  (d) TR(G; pr(fs7g); fal;a2;a3;a4;a6g) = pr(f
s0;s1;s2;s4;s79)

(e) CR(G;P"; fal;a2;a4;a5;a7;a8g;P) = pr(f
s0; s2; s5; s6g)

Figure 2.2: Example for predicate transformers
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2.5.3 Languages Induced by Predicates

Let G = (Q; ; ;00;Qm) be a DES, and P 2 Pred(Q) be a predicate on Q:
The language L(G;P) is the closed language induced by P: Informally, L(G;P) is
the closed language generated by the DES G with only those states satisfying P:

Formally,
L(G;P):==fw2 jB8v w) (qo;V)FPa:
Similarly, we de ne L,(G;P) as the marked language induced by P:
Lm(G;P) :=fw 2 L(G;P)j (do; W) 2 Qmg

We can de ne a DES G’ based on DES G and P as follows. If qo 2 P; then
G’ is de ned as the EMPTY DES. Otherwise let G' := (Q"; ; ' qo;Q%,); where
Q" = Qp;Q, := Qp \ Qn; and the partial function °: Q I Q'is de ned

according to
8

¥} ” () @ )& @ )EP
B 2Q)E8 2 ) A¢; )=
- unde ned; otherwise.

Essentially, the DES G’ is the DES G after removing all the states not satisfying
P and all the transitions with source states or target states not satisfying P: Now one
may think of L(G;P) and L,,(G;P) as L(G") and L,(G") respectively.

The following two propositions will be used in following chapters.
Proposition 2.5. Let G = (Q; ; ;0o; Qm) be a DES, then the following holds:
(8P 2Pred(Q))(8s2 )s2L(G;P) , (go;s) F R(G;P):

proof:
Let P 2 Pred(Q) and s 2 : Must show impliess 2 L(G;P) , (Qo;S) F

R(G;P):
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s2L(G;P)
- (8t s) (go;t) EP; by de nition of L(G;P)

S= 01 n 1
0n = (Qo: 8)
g FEP;, 1=01:::;n

givz = (Gi; i); 1=0;1;:::;n 1

> (%;s) F R(G;P):

O

From this proposition, it is clear that the language L(G; P) only depends on those
states satisfying R(G;P):

Proposition 2.6. Let G = (Q; ; ;0o; Qm) be a DES, then the following holds:

(8P 2 Pred(Q))(8s;t2L(G;P)) (@:s)= (@nt) s rLepyt&s L,ept

where | (gpy @and | (a;p) are the Nerode equivalence relations on with respect

to L(G;P) and L, (G; P) respectively.

proof:
Let P 2 Pred(Q);s2L(G;P)and t2 L(G;P): (D)
Assume  (do;S) = (Go;1): (2)

1. Show s L(G:P) t:
Su cient to show that (Bu2 )su2 L(G;P) , tu2L(G;P):

Letu2 : Must show the following two points.
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(@ su2L(G;P)) tu2L(G;P)
Assume su 2 L(G;P): )
We now show that tu 2 L(G;P):
By (3) and Proposition 2.5, we know (qo; su) F R(G;P): ()
Ifu= ,thentu=1t2L(G;P) from (1). So, we assume u & :
Letu:= 1 » n;Wheren2 f1;2;:::.gand 1; ;i) a2
By (4) and the de nition of R(G;P), we have
(Go;s )FP; @is12)FPiii (s 12 n)FEP: (5)

By (2) and G is deterministic, we have

(@:;s 1) = (@o;t 1); (Go;S 1 2) = (dost 1 2); ;
(do;s 1 2 n) = (@t 12 n): (6)
By (5)(6), we have
@;t 1)) FP; (@it 2)FPi (Qoit 12 n) F P: (7)
From (1), we know t 2 L(G; P): From this and Proposition 2.5, we have
(9:; ) F R(G;P) (8)
By (7),(8) and the de nition of R(G; P), we have (qo;tu) F R(G;P):
D> tu2L(G;P); by Proposition 2.5
(b) tu2 L(G;P) D> su2L(G;P)
Identical to Part 1(a) by exchanging s and t.
2. Shows | (ept
Su cient to show that (Bu2 )su2L(G;P) , tu2 L (G;P):

Letu2 : Must show the following two points.
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(@) su2Lnh(G;P) D tu2 Lnh(G;P)
Assume su 2 L, (G;P): 9)
We now show that tu 2 L,(G;P):
By (9) and the de nition of L,(G;P); we have
su2L(G;P) & (go;su) 2 Qm
D (G;su) FR(G;P) & (do;su) 2 Qm; by Proposition 2.5 (10)
Ifu= ;thentu=t2Ly(G;P) from (1) and (2). So, we assume u & :
Letu:= 1 » n;Wheren2 f1;2;:::.gand 1; 5;:::; a2

By (10) and the de nition of R(G;P), we have
;s )FP; (@:s12)FPiiii; (doss 12 n) =P
(doss 1 2 n) 2 Qm (11)

By (2) and G is deterministic, we have

(@:;s 1) = (@o;t 1); (Go;S 1 2) = (st 1 2);

(do;s 1 2 n)= (ot 1 2 n): (12)
By (11)(12), we have

@t DFP; (@t 1 2FPi; (ot 12 n) F P:
@t 1 2 n) 2 Qm (13)

From (1), we know t 2 L(G;P): From this and Proposition 2.5, we have

(%:; 1) F R(G;P) (14)

By (13),(14) and the de nition of R(G; P), we have

(9o; tu) = R(G;P) & (qo; tu) 2 Qn
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Dtu2L(G;P)& (Qo;tu) 2 Qm; by Proposition 2.5
D tu2Ln(G;P); by de nition of L,(G;P)
(b) tu2 Ln(G;P) D su2 Ln(G;P)

Identical to Part 2(a) by exchanging s and t.

Let s 2 L(G;P): We de ne the following set of strings
LS(G;P) =Fft2L(G;P)j(Ou t) (do;u) = (do;S)0:

We see that L5(G; P) exactly includes all the strings in L(G; P) reaching or passing
through the state (qo;S):

From the de nition of L3(G;P), we have
L(G;P) L%G;P)=ft2L(G;P)j(8u t) (qo;u) & (do;S)g (2.1)
Let K L(G;P): The following de nition will be useful later on.

LKX(G;P) = L LS(G;P):

s2K

Proposition 2.7. Let G = (Q; ; ;0o;Qm) be a DES, P;P?2 Pred(Q);s 2 L(G;P)
and g = (qo;s): Let P':=P  pr(fqg); then the following holds

L(G;P") =L(G;P) L%G;P)
proof:

1. Show that L(G;P") L(G;P) LS(G;P):

Lett2 L(G;P"): (1)
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We now show this impliest 2 L(G;P) L3(G;P):
By (1) and the fact P’ P; we have t 2 L(G;P): 2
By (1) and the de nition of L(G;P"), we also have
@8v v (:v)FP’
D @Bv t) (qo;v)&q; byde nition of P’
D@v 1) (Go;Vv)& (do;s)
D>t2L(G;P) LS5(G;P); by Equation 2.1 and (2)
2. Show that L(G;P) L3(G;P) L(G;PY:
Lett2 L(G;P) L3(G;P): (€))
We now show this implies t 2 L(G;P?):
By (3) and (2.1), we know (8v t) (qo;Vv) & (Qo;S)
D> @v 1) (q;Vv)&q
D@ ) (WVv)FP, ast2L(G;P)
D t2L(G;PY
[

This proposition states that if we remove all the strings in L5(G; P); it is equivalent

to removing the state (qo;s) from P:

2.6 Supervisory Control

2.6.1 Controllable Languages

Let G = (Q1 ; ,qO;Qm) be a DES with = C[ u-

Let K : K is controllable with respect to G if
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8s2K)8 2 u)s 2L(G)Ds 2K

Let S ,and ¢ . Denote S o astheset fs s 2 S; 2 9. The

condition for language K being controllable with respect to G can be rewritten as
K J\L(G) K

We can also use the Elig operator to express that K is controllable with respect

to G as
(8s 2 K\ L(G)) Elig,_(G)(s) \ o Eligi(s)

The above three representations for controllable language will be used in this
thesis interchangeably.

Clearly, ;; L(G) and are always controllable with respect to G:

Let E be an arbitrary language. De ne the set of all sublanguages of E that

are controllable with respect to G as
C(E) :=fK EjK is controllable with respect to Gg

Proposition 2.8 (From [47]). C(E) is nonempty and is closed under arbitrary unions.

In particular, the supremal element supC(E) 2 C(E):

O
This proposition says that supC(E) E. Therefore, we can compute sup C(E)

by removing strings from E.

2.6.2 Supervisory Control

Let G =(Q; ; ;0o;Qm) be anonempty DESwith = ([ 4: A control pattern

is the union of | and a subset of : Then, the set all of control patterns is
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=T 2Pwr( )j u;

where is a control pattern.

A supervisory control for Gisany mapV : L(G) ¥ . We write the pair (G;V)
as V=G. We also refer to G as the plant (DES).

The closed behavior of V=G is de ned to be the language L(V=G) L(G), which

is described as follows.
1. 2L(V=G)
2. Ifs2L(V=G); 2V(s);ands 2L(G)thens 2L(V=G)
3. No other strings belong to L(V=G):
Clearly, 2 L(V=G) and L(V=G) isclosed and fg L(V=G) L(G):

The marked behavior of V=G is de ned as L,(V=G) = L(V=G) \ L,(G): We
always have ; Lnh(V=G) L(G):
V is a nonblocking supervisory control(NSC) for G if L, (V=G) = L(V=G):

Usually, given a plant DES G, we want the plant G to behave in a desired way.
That means that we want a sublanguage of L,(G) which represents a set of desired
tasks that the plant is supposed to complete. It is also desired that the controlled
system be nonblocking. However, it is not always true that we can nd a nonblocking
supervisory control for a sublanguage of L, (G):

Let K L . We say the language K is L-closed if K = K \ L:

Theorem 2.2 (From [47]). Let K L(G);K & ;: There exists a NSC V for G
such that L,(V=G) = K if and only if K is controllable with respect to G and K is
Lm(G)-closed:
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The above supervisory control V does not play a role in marking a string, so the
desired sublanguage K is required to be L,,(G)-closed: If we also allow V to include
marking, then we can implement a more exible supervisory control.

Let K Lm(G): We rede ne the marked behavior of V=G as L (V=G) =
L(V=G)\ K: The map V : L(G) ¥ s called a marking nonblocking supervisory
control (MNSC) for the pair (K;G) if Li(V=G) = L(V=G):

Theorem 2.3 (From [47]). Let K L(G); K & ;: There exists a MNSC V for the
pair (K; G) such that L,(V=G) = K if and only if K is controllable with respect to
G: O]

In this thesis, we will focus on MNSC.

2.6.3 Implementation of MNSC V for G

The supervisory control V : L(G) ¥ is mainly used for theoretical purpose. In
reality, it is not convenient to build such a map.

Let K Ln(G) be a desired marked sublanguage for a nonempty DES G =
(Q; ; ;0o;Qm). Assume K is controllable. By Theorem 2.3, there exists a MNSC V
such that K = L,,(V=G); K = L(V=G):

In order to implement the language K, we construct a DES over = ([ .
which we will refer to as a supervisor, say S, such that K = L,(S G) Ln(G)
and L(S G) = K. Then we say that S implements V: In order to ensure that S
implements V, by Theorem 2.3 and the MNSC de nition, the following veri cation

conditions are required.

1: Lm(S @) is controllable with respect to G:
(2.2)

2 Lm(S G)=L(S G):
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The rst condition can be written as
Ln(S G) u\L(G) Lm(S G)
As we also require the second condition to hold, the rst condition is equivalent to
LS G) y\L(G) L(S G)

A supervisor S is controllable with respect to G if it satis es the rst condition.
A supervisor S is nonblocking for G if it satis es the second condition. The second
condition also states that S G is nonblocking.

In [21], the rst condition is de ned as L(S) (\L(G) L(S), we now show that

our condition is equivalent to it.

Proposition 2.9. Let G be a plant DES, S be a supervisor for G, and both G and

S are de ned over event set = ([ .. Then we have

LS G) u\L(G) L(S G)i L(OS) u\L(G) L(S

proof:

1. (if) Assume L(S) 4y \L(G) L(S): (D)
Must show this implies L(S G) (\L(G) L(S G):

Lets2L(S G) ,\L(G): @)
We now show implies s 2 L(S ~ G):

By (2) we know s 2 L(S) ,\L(G) &s2L(G)

Ds2L(S)&s2L(G); by(1)

>»s2L(S G); byde nitionof L(S G)
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2. (only if) Assume L(S G) (\L(G) L(S G): )
Must show this implies L(S) ¢\ L(G) L(S)
Lets2 L(S) ,\L(G): 4)
We now show implies s 2 L(S):
By (4), we know (9s'2L(S)(9 2 . )s=¢ &s2L(G) (5)
DsP2L(S) &S 2L(G)
DSP2L(S) &S'2L(G) &S 2L(G); asL(G)is closed
>S2L(S G)&S 2L(G)
ds 2L(S G) &S 2L(G)
>s 2L(S G); by(3)
) s’ 2L(S); byde nitionof L(S G)
D s2L(S); by(5)

]

Except for some trivial systems, usually both the plant G and the supervisor S
are modeled as a group of modular(component) DES. The nal G and S are the
synchronous product of their modular components. For convenience, we sometimes
add some arti cial events to supervisor DES. The events must be sel ooped at each
state of the plant G. Similarly, the supervisors may not care about some events in
the plant DES, so those events may not appear in any of the supervisor DES. Then,
we have to sel oop all the "don’t care events™ at each state of S:

Let S ;= S; k KSm, G :=G; k k G,, m;n 2 f1;2;:::9: Let S" :=
sel oop(S; ¢ s) and G’ := sel oop(G; s c); Where s and ¢ are the

event set for S and G respectively. The veri cation conditions (Equation 2.2) become
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1. L(S" G (\L(G") L& aGY;

2. Ln(S GH=L(S GY).

2.6.4 Supervisor Synthesis

Sometimes, it is di cult to design a controllable and nonblocking supervisor S for
a plant G, especially for a complicated system.

To this end, we need a synthesis method to build a controllable and nonblocking
supervisor S from a speci cation DES E, which only cares about the system require-
ments. However, E is usually not controllable with respect to G and E G may
block, so we would like to nd the supremal sublanguage supC(Ln(E G)). Then
according to Theorem 2.3, a MNSC V can be built. If we construct a nonblocking

DES KDES representing supC(Ln(E G)), then KDES implements V:

38



Chapter 3

HISC Overview

The Hierarchical Interface-based Supervisory Control (HISC) framework was pro-
posed by Leduc et al. in [21{27] to alleviate the state explosion problem. In this
chapter, we rst give an overview of the HISC system structure and then give the

de nitions of high-level and low-level proper supervisors.

3.1 System Structure

An HISC system currently is a two-level system which includes one high-level sub-
system and n low-level subsystems (n  1). The high-level subsystem communicates
with each low-level subsystem through a separate interface. Figure 3.1 shows the
system block diagram and the conceptual ow of information. In [21], if n = 1, the
system is called a serial interface system, otherwise the system is called a n™ de-
gree parallel interface system. Because the serial interface system is a special case
of a parallel interface system, here we only discuss the parallel interface system and
call the nt degree parallel interface system as the n™" degree interface system. All

the subsystems and interfaces are modeled as DES automata. In order to restrict
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High Level SubSystem
g U ZR, U ZA/U U ZR,,U ZA”

zlel ZA] ZRH ZA”
Interface , " Interface ,
2p,U Xy 2pUXy
A A
2R
f T4, 2R, T4
Low Level Subsystem Low Level Subsystem ,,
ZLJUZR1UZA[ ZI‘HUZR”UZA”

Figure 3.1: HISC block diagram

the information ow at the interface, for an n' degree interface system, the system

alphabet is partitioned into pairwise disjoint alphabets:

= nl [ Ll Ll Al (3.1)
k2f1;:::;ng
In the remainder of this chapter, j is always an index with range f1;:::;ng

The high-level subsystem is modeled by DES G, which is the product of the high-
level plant G}, and the high-level supervisor Sy (both are de ned over event set
which is the product of the j™ low-level plant GEJ_ and the j™ low-level supervisor
Si; (both are de ned over eventset ;[ wr;L Aa;), and the jt interface is modeled
by Gy;(de ned over event set r; L a;): The description for each event partition is
as follows:

n - The set of high-level events, exist only in high-level subsystem.
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R; - The set of request events for the j interface.
A; - The set of answer events for the jt interface.
L; - The set of j™ low-level events, exist only in the j™ low-level subsystem.

For controllability, the event set  is also partitioned as = ([ ., where s

the controllable event set and |, is the uncontrollable event set.

We refer to DES Gy (= Gy k Gy, k ::: k G, as the high-level and DES

Gy =Gy, k Gy, as the j® low-level. For convenience, the following event sets are

also de ned:
;= /LA The set of interface events for the j™ interface
A= Lkofing A The set of all the answer events

it = (Lk2fng 1)L 1w The set of interface and high-level events

iy = Lo The set of j™ interface and low-level events
L= Lkofiong 10, The set of all interface and low-level events
= 11\ u The set of the high-level uncontrollable events

he ' = 1H\ ¢ The set of the high-level controllable events
= 1 N The set of the j™ low-level uncontrollable events
I = 1 N The set of the j™ low-level controllable events

Then the high-level subsystem and the high-level are de ned over event set 4:
The j™ interface is de ned over event set 1;;, and the j™ low-level subsystem and
the j™ low-level are de ned over event set iL;- We also have |y = nul e and

i; = 1y L i: The overall system structure is shown in Figure 3.2.
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HIGH - LEVEL

High-level Subsystem(G,)

NS
S ;
:_ """"""""""""""""""" | :_ """""""""""""""""" g_"'l
! Interface 1(G;,) | ! TnterfacenG,) | |
' | !
. | : o
! | e o o | |
[ . i | </~O |
i ‘Qb | i ‘Qb o
| =/ | | R
| e — ——
! Low-level Subsystem 1 (G, ) i | Low-level Subsystemn (G, )| |
! | e o o I |
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i bl | Zi, |
! LOW-LEVEL 1 I ' LOW-LEVEL n |
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Figure 3.2: HISC system structure

3.1.1 Command-pair Interfaces

The interface DES play a very important role in the HISC structure. The high-
level subsystem Gy send requests through an interface to a low-level subsystem. Once
the low-level subsystem completes the requested job, it sends back an answer through
the interface to the high-level subsystem. However, until the low-level subsystem
completes the requested job, it can not accept another request from the high-level.
To enforce such a mechanism, the interface DES is required to be a command-pair

interface as de ned below.

De nition 3.1. For the n'™" degree interface system composed of plant components
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interface DES Gy; = (Xj; r;L A jiXjo: Xjn) is @ command-pair interface if *:
(A) LGy (R a)
(B) Lm(Gy)) =( ;i A) \L(Gy)
e

An example command-pair interface from [23], with g, = F jji = 1;2;3g and

sl

Figure 3.3: Example interface

3.1.2 Flat System
An HISC system is actually a structured at system. The at plant is de ned as
PLANT =G}, kG} k kG
and the at supervisor is de ned as
SUP: =Sy kS, k kS, kG, k kGy,:

Therefore, both PLANT and SUP are de ned over event set : The whole at

system is the product of the at supervisor and the at plant.

1As we require Gy;to be expressible as a tuple including initial state X;,, it thus can not be an
empty DES. It follows that the empty string belongs to L(Gy;), and thus to Lm(Gy;) by point B.
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SYSTEM :=SUP PLANT

As stated in Chapter 2, we want to ensure SYSTEM satis es the following two

properties.

1. LSYSTEM) ,\L(PLANT) L(SYSTEM)

2. Lm(SYSTEM) = L(SYSTEM)

The rst property is called global controllability, and the second property is called

global nonblocking.

3.2 Local Conditions

One of the most important bene ts of modeling a system as an HISC system
is that we can guarantee global controllability and nonblocking by only checking
local conditions on the high-level and each low-level separately. The conditions here
are based on [23] and [27]. Please refer to them for a more detailed discussion.
All our conditions here are based on either the high-level languages or the low-level
languages. We do not directly use the conditions in [23] because our conditions are
more convenient to prove the correctness of the predicate algorithms in the next
chapters. All we do here mainly is to remove low-level event sel oops from the
languages in high-level conditions in [23], and to remove high-level event sel oops

from the languages in low-level conditions in [23].

De nition 3.2. For the n™" degree interface system that respects the alphabet parti-

Gh :=sel oop(Gy;; 1w 1)
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G|, :=sel oop(Gy;; ;)

by

From the de nition, G?j is de ned over 4, and G',j is de ned over .;: Now

we de ne
Gl =G} Gl :
Therefore, the high-level Gy and j™ low-level Gy, can be de ned as

GH = SH G& G? G|_j = S|_j Gpl_] GI|J

3.2.1 Interface Consistent

De nition 3.3. The n' degree interface system composed of plant components

G&;Gp,_l;:::;Gp,_n; supervisors Sy;Sy,;:::;SL,; and interfaces Gy,;:::;G,, is in-

Multi-level Properties

1. The event set of Gy is |1, and the event set of Gis y;:

2. Gy; is a command-pair interface.

High-level Properties

Q Q
3. L(GH k:l;;;_;;n G?k) Aj \ Pljjl 'H (L(GIJ )) L(GH k=1;:i:;n G?k)l
k&j k&j
where Q.. Gh =G Gh Gh Gh;
k=1;::; n Iy * 11 Ij 1 |j+1 In’

Pyj vt 1w ¥y, is anatural projection.
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Low-level Properties
4. L(GL) R \P|jj1 i, (L(Gy)) LGy
where Py s Yo Is a natural projection.
5 (8s2 I r; \L(GL;)) EIigL(G._j)(S Lj)\ Aj :EligL(G|j)(Plj(S))\ Ay
where Elig,_(GLj)(s I_j) =Lz ¥ Elig,_(GLj)(sI);

Py; - r is a natural projection.

6. 8s2L(G;)) Py (s) 2Lm(Gyy) D (912 ) sl 2Lm(Gyy)

e

For the purpose of later proofs, we will give an equivalent interface consistent
de nition in De nition 3.5. For convenience to prove the equivalence between De n-
ition 3.3 and De nition 3.5, we rst present an intermediate version of the interface

consistent de nition.

De nition 3.4. The n' degree interface system composed of plant components

G Gl G ; supervisors Spy;Syy;iii; Se,; and interfaces Gy;:::; Gy, is in-

Multi-level Properties

1. The event set of G}, and Sy is 1w, and the event set of Gp,_j and S is
ILj-
2. Gy, is a command-pair interface.
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High-level Properties
3. LGH) A \L(G}) L(GH)
Low-level Properties

4. L(G,) r,\L(G}) L(GL)

where EIigL(GLj)(S ) = L ¥ EligL(GLj)(SI)

6. 852 L(GL,)) S2Lm(G}) D (912 |,)sl 2 Lm(Gy,)

Proposition 3.1. De nition 3.3 is equivalent to De nition 3.4.

proof:

For the n' degree interface system that respects the alphabet partition given by 3.1

tion 3.3 and De nition 3.4.

1. Point 1 in both de nitions are equivalent.
Aswe de ned Gy : =Sy G}, and G := Sy Gp,_j in Section 3.1, Point 1
in both de nitions are clearly equivalent.

2. Point 2 in both de nitions are equivalent.

Point 2 in both de nitions are exactly the same.
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3. Point 3 in both de nitions are equivalent.

By the de nitions of Py;; ,,, and G{.; we have P,jjl . (L(G)))) = L(GY,): Thus

we know Point 3 in De nition 3.3 is equivalent to

L(Gy, Qk:l"'_"n Gﬂ() A \ L(G'I"j) L(GH k=1;::n le) D

.....

KE&j KE:j
We now show that (1) is equivalent to Point 3 in De nition 3.4.
By the de nition of Gyy; we have Gy = Gy G Gl :

The rest proof of this point is identical to the proof of Proposition 2.9 by

substituting ~ with |,  with 4, . with 4 A S with Gy

Q h

..... I, G with Gh,and S G with Gy.
: i
4. Point 4 in both de nitions are equivalent.

By the de nitions of Py;; . and Gj,; we have P,jjl L (L(G)) = L(G})): Thus
J

we know Point 4 in De nition 3.3 is equivalent to
L(GLj) Aj \ L(GIIJ) L(GLJ) (2)

We now show that (2) is equivalent to Point 4 in De nition 3.4.
By the de nition of G;; we have G, = G; Gy;:

The rest proof of this point is identical to the proof of Proposition 2.9 by
SUbStitUting with ILj» u with Rj» ¢ with ILj Rj S with GLj1 G
with G',J_, and S G with Gy,.

5. Point 5 in both de nitions are equivalent.

By comparing Point 5 in De nition 3.3 and Point 5 in De nition 3.4, it is

su cient to show
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(8s2 ;1 ry \L(GL))) Elig,_(G.IJ_)(s) \ o= Elig,_(Glj)(P.j () NN
Lets 2 ”—j: Rj \L(GLJ) (3)

(a) Show that EIigL(G.Ij)(s)\ Aj Elig,_(Glj)(P.j G\ 4
Let 2Elig,_(G.Ij)(s)\ A 4)
We now show that 2 Elig,_(Glj)(P.j () W
By (4), we knows 2 L(Gj,)
d>s 2 P,J_J.1 " (L(Gy)); by the de nitions of G}, and Py;; i,
D Pyj o, 8 )2L(Gy)
D Pyj o, (8) 2L(Gy); as 2 4 by (4)
From (3), we know s 2 i BY the de nitions of P;; i and Py;, we thus
have Pj;(s) 2 L(Gy;)
D 2EIigL(G|j)(P|j(S))\ Ay
(b) Show that Elig,_(Glj)(P.j (©)A Wy Elig,_(G.IJ_)(s)\ Aj
Let 2Elig,_(Glj)(P.j(s))\ A (5)
We now show that 2 Elig,_(G.lj)(s) \ g
By (5), we know Py, (s) 2 L(Gy;)
From (3), we know s 2 i BY the de nitions of Py;; I and Py;, we thus
have Py;j " (s) 2 L(G.j)
D Py, )2LG,) as 2 a by (5)
>s 2P}, (LGY)
Ds 2L(Gy); by thede nitions of G|, and Py,
> 2 Elig,_(G.Ij)(s)\ Ay
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6. Point 6 in both de nitions are equivalent.

By comparing Point 6 in De nition 3.3 and Point 6 in De nition 3.4, it is

su cient to show
(8S 2 L(GLJ)) s2 Lm(GIIJ) i Plj (S) 2 I—m(GIj)

Let s 2 L(Gy,):
)s2 I by the fact that G, is de ned over ;: (6)

Let function Py.; ,, . @1 Dbe a natural projection.
il IL; 1

(@) Show that s 2 L(G},) D Py,(S) 2 Lm(Gy,):
Assume s 2 Li(G,): Must show this implies Py;(s) 2 Lm(Gy)):
From assumption s 2 Lm(G,,); by the de nitions of Py ., and G|,; we
haves2P, o, Lm(G)):
D Py . (s) 2 Lm(Gy;)
D Pi;(8) 2Lm(Gy;); by (6) and the de nitions of Py; and Py;; i
(b) Show that Py;(s) 2 Lm(Gy;) D s 2 Lm(G',j)
Assume Py, (S) 2 Lm(Gy;): Must show this implies s 2 Lm(G',j):
From assumption Py;(s) 2 Ln(Gy;); by (6) and the de nitions of P,; and
Piji s We have Py;; I (8) 2 Lm(Gy,):
D s2P ! (Lm(Gy))

i 1y

D s2Lm(G},); by the de nitions of Py;; ., and G,
L]

We now give our nal interface consistent de nition. We will always use this

de nition in the rest of this thesis.
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De nition 3.5. The n' degree interface system composed of plant components

G&;Gp,_l;:::;Gp,_n; supervisors Sy;Si,;:::;SL,; and interfaces Gy,;:::;G,, is in-

Multi-level Properties

1. The event set of G}, and Sy is i, and the event set of G}, and S is
ILj-

2. Gy; is a command-pair interface.
High-level Properties

3. L(Gn) A \L(G}) L(Gw)
Low-level Properties

4. L(GL) » \L(G}) L(GL)

5. (8s2L(GL))B 2 r)B 2 4)
s 2LG|)> @2 )s!| 2LG)

6. (852L(GL,)) s2Lm(G}) D (912 )8l 2Lm(GL,)

Proposition 3.2. De nition 3.5 is equivalent to De nition 3.4.

proof:

For the nt" degree interface system that respects to the alphabet partition given by 3.1

2This de nition is only for proving our synthesis algorithm. For understanding HISC, please see
the interface consistent de nition in [23] by Leduc.
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inition 3.4. Must show this implies the system satis es all the conditions in

De nition 3.5 as well.

Point 1, 2, 3, 4 and 6 in both de nitions are exactly same, so the system satis es

Point 1, 2, 3, 4 and 6 in De nition 3.5.

We now show that the system also satis es Point 5 in De nition 3.5.

Letj2fl::,ng;s2L(Gy); 2 Ry 2 4 D

Assumes 2 L(G}). (2

Must show implies (91 2 L,-) sl 2L(@Gy):

By (1), we know s 2 L(Gy;); 2 g,

> s 2L(Gy); by Point4in De nition 3.4

s 2 ;1 ry \L(GL)

D EIigL(G._j)(S ANV E“QL(G',J_)(S )N\ A (3)
by Point 5 in De nition 3.4

By (2), we haves 2 L(G},)

D> 2 E“QL(G',J_)(S )N\ 4y

> 2 EIigL(G._j)(S Lj) \ 4 by (3)

D@2 )sl 2LGL)

inition 3.5, must show this implies the system satis es all the conditions in

De nition 3.4 as well.

Point 1, 2, 3, 4 and 6 in both de nitions are exactly same, so the system satis es

Point 1, 2, 3, 4 and 6 in De nition 3.4.
52



Master Thesis { R. Song { McMaster { Computing and Software

We now show that the system also satis es Point 5 in De nition 3.4.
Letj2fl;:::;ngand s 2 Iy r; N L(GL,): 3)

Must show this implies Elig,_(GLj)(s L,-) \ a = Elig,_(G.Ij)(s) \ gy

(a) Show that EIigL(GLj)(s LJ_)\ Aj EIigL(G.Ij)(s)\ A
Su cient to show that
B8 2 A)@Bl2 ) 2 EIigL(G._J.)(SI) > 2 E“QL(G',J_)(S)1
Let 2 ;12
Assume 2 EIigL(GLj)(sI): (4)
Must show this implies 2 Elig,_(G.Ij)(s)

By G|_j =S,

J

Gﬁj G|,; we have L(G.;) L(G)) (5)
By (4) and (5), we have 2 Elig, 1 ,(sl)
lj
As G',j :=sel oop(Gy;; L,;); we have Elig,_(G.lj)(s) = Elig,_(G.lj)(sI):
So, 2 Elig,_(G.I_)(s):
J
(b) Show that EIigL(G.IJ_)(s)\ Aj EIigL(GLj)(s LJ_)\ A
Su cient to show that (8 2 4a)s 2 L(G}) D> (912 )sl 2
L(GLJ.):
From (3), we know s 2 Iy Ry \L(Gy,)
D (98’2 LGLN(O 2 &) s =s
DB 2 4)s 2 L(G',j) > @Oz ) ' 2L(Gy);
by Point 5 in De nition 3.5

D@ 2 a)s 2LG)D @12 )sl 2L(Gy):
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Note that although Point 5 in De nition 3.5 is stronger than Point 5 in De n-
ition 3.4, the two de nitions are equivalent, because Point 5 in De nition 3.5 only
requires some extra conditions which are already present in Point 4 of both de nitions.

By Proposition 3.1 and Proposition 3.2, we know that De nition 3.3 and De ni-

tion 3.5 are equivalent.

3.2.2 Local Conditions for Global Nonblocking

De nition 3.6. The n' degree interface system composed of plant components
G Gl G supervisors Sy; Si,;ii1; Se,; and interfaces Gy ;:::; Gy, is said

to be level-wise nonblocking with respect to the alphabet partition given by 3.1, if

the following two conditions are satis ed:

1. Nonblocking at the high-level: L(Gx) = L(GH)

is level-wise nonblocking and interface consistent with respect to the alphabet partition

given by 3.1, then

Lm(SYSTEM) = L(SYSTEM)

3.2.3 Local Conditions for Global Controllability

De nition 3.7. The n degree interface system composed of plant components
G GP,;:i1; G, ; supervisors Sy; Si,;::i;SL,; and interfaces G,;:::; G,,, is said
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to be level-wise controllable with respect to the alphabet partition given by 3.1, if for

1. The alphabet of G}, and Sy is |, the alphabet of Gﬁj and Sy, is ;; and

the alphabet of G, is

lj
2. Controllable at the high-level: L(Gn) nu \L(GE, GI) L(GR)

3. Controllable at the low-level: L(GL,;) 1, \ L(Gp,_j) L(Gy;)

by

Theorem 3.2. If the nt" degree interface system composed of plant components

wise controllable with respect to the alphabet partition given by 3.1, then
L(SYSTEM) ,\L(PLANT) L(SYSTEM)

proof:

Follows immediately from Theorem 2 of [24] and Proposition 2.9.

3.3 Level-wise Interface Controllable Supervisor

From Section 3.2, we can see that all the conditions are either based on the high-
level or a single low-level. Therefore, we can verify the global controllability and
global nonblocking by only verifying the local conditions. For convenience, we now

group the conditions by levels and give several corresponding de nitions.

De nition 3.8. For the n™" degree interface system that respects the alphabet parti-
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Sy is high-level interface controllable (HIC), if the following conditions are sat-

is ed:

L LGH) w\L(G}, G) LGk

2. (8] 2f1;:::,ng) L(GH) a; \L(G])) L(Gn)
Sy is a high-level proper supervisor, if the following conditions are satis ed:

1. Sy is high-level interface controllable.

2. Lm(Gn) = L(GH)

following conditions are satis ed:

1. L(GLj) luj \L(GpLJ) L(GLJ)
2. L(GL,) & \L(G},) L(Gy)

3. 8s2L(GL))B 2 r)B 2 4)
s 2LG|)> @2 )s!| 2LG)

4. 852 L(GL,)) s2Lm(G})D (912 )l 2 Lm(GL,)

conditions are satis ed:

1. S is j™ low-level interface controllable.

2. Lm(Gy,;) = L(Gy;)

s

Proposition 3.3. For the n'" degree interface system that respects the alphabet parti-
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conditions are satis ed:
1. The alphabet of G}, and Sy is |n:
2. The alphabet of Gﬁj and Sy, is i:
3. Gy; is a command-pair interface.
4. Sy is a high-level proper supervisor.

5. S is a j™ low-level proper supervisor.

proof:
If the system satis es all the above ve conditions, clearly, it is interface consistent,
level-wise nonblocking and level-wise controllable, so the at system is is nonblocking

and the at supervisor is controllable for the at plant by Theorem 3.1 and 3.2.
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Chapter 4

Synthesis of HISC

In [21{27], the supervisors in an HISC system are designed by hand, and then the
system is veri ed for the interface consistent, level-wise controllable and nonblock-
ing conditions. However, for a complicated system it is very desirable to synthesize
the supervisors from some speci cations which specify the desired system behavior
but the system containing them does not necessarily satisfy all the required con-
ditions. In this chapter, we rst discuss how to compute the supremal high-level
and low-level interface controllable sublanguages, and then give the predicate-based
algorithms. These algorithms can easily be implemented by using Binary Decision

Diagrams(BDD) as we will discuss in Chapter 6.

4.1 Introduction

In the previous chapter, we speci ed that a n'" degree interface system is composed
of plants, supervisors and interfaces. By supervisors, we expect that the system
containing them not only have the desired behavior but also is interface consistent,

level-wise controllable and level-wise nonblocking. As we discuss the synthesis process
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in this chapter, we will assume that a n'" degree parallel interface system is composed
of plants, speci cations and interfaces. By speci cations, we mean that they specify
the desired behavior but the system containing them is likely not interface consistent,
level-wise controllable and level-wise nonblocking.

For the n'" degree interface system that respects the alphabet partition given by
3.1 and is composed of plant components G, G'El; i G’En, supervisors Sy; Sy ,;
11, Si,; and interfaces G,,; :::; Gy, if we replace the high-level supervisor Sy
by a high-level speci cation DES E (de ned over 4), and for all j 2 f1;:::;ng;
we replace the j™ low-level supervisor Si; by a j™ low-level speci cation DES =T
(de ned over ), then the resulting system is called a n'" degree speci cation
interface system. We refer to the original system with supervisors as a n'" degree
supervisor interface system. In case we do not care whether a system is composed of
speci cations or supervisors, we refer to it as a n*" degree interface system.

We can apply all the concepts de ned for a n™™ degree supervisor interface sys-
tem to a n™" degree speci cation interface system by replacing each supervisor DES
by its corresponding speci cation DES. To make things clear, we give the following
corresponding de nitions for a n™" degree speci cation system.

The high-level subsystem: Gy = Ey G'ﬁ,:
The j™ low-level subsystem: Gy, = Ey Gﬁj;j 2f1;:::;ng

The high-level: G :==Ey G, G

The j™ low-level: G, := Ey

GP, Gl i2fL:::;ng
We now give the starting point for the synthesis process.

De nition 4.1. The n'" degree parallel interface speci cation system composed of
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1. The alphabet of G}, and E is .

2. The alphabet of GEJ_ and E; is 1y

J
3. Gy, is a command-pair interface.

¥

Obviously, the three conditions are exactly same as the rst three conditions
in Propositions 3.3 except that we use the speci cation DES instead. Given a nt"
degree HISC-valid parallel interface speci cation system, our main objective in this
chapter is to develop a method to synthesize a proper high-level supervisor and proper
low-level supervisors such that the marked behavior of the constructed n™ degree
supervisor interface system is as large as possible. That is, we would like to compute
the largest marked sublanguages of the high-level and each of the low-levels such
that the DES representing each is either a proper high-level supervisor or a proper
low-level supervisor, as appropriate. We say such a proper high-level supervisor or
low-level supervisor is locally maximally permissive for its level.

Let be the n™ degree HISC-valid speci cation interface system?® that respects

the alphabet partition given by 3.1 and is composed of plant components GP,; Gp,_l;

that all the DES in system  have a nite number of states. In this chapter, we
always use the system , and j is always an index with range f1;:::;ng:

For later usage, we give the tuple de nitions for the following DES:

Gr == (Qu; 1H: HiGHos Qrm)s Gl = (YH: 1) H: YHos YHm);
1We use the Greek letter to mean that  is not a simple DES, but a structured system.
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En = (Zu: 1 1 Zroi Zug)s G = OX 1w [5XG X)),
G = (X" ahs X XR;
G, = (Qui 1y 1 Lie Quin)s GF, = (Yiys 155 15 Yijos Yiim)s
E =2y iy biZuei Zun)i Gl = X s X0 X,

So,

Gh=En Yau X" 4w H N (ZHo YHO X0): Zh YHm X))
Gy =(Zy Y le; ILjs L L J!;(ZLjo;ijo;X}o);Z'-jm Yijm XJ'Im)

Gl = (X! Xp w1 b xR )X Xh )

4.2 High-level Supervisor Synthesis

In this section, we show how to synthesize a locally maximally permissive proper

high-level supervisor for system

4.2.1 High-level Interface Controllable Language

De nition 4.2. For system ; let K 1y be alanguage. K is high-level interface

controllable (HIC) with respect to system  if
1. K w\LG, G K
2. (8 2f1;:::ing) K A \L(G]) K
¥

Obviously, the empty language ; is high-level interface controllable with respect
to system . Note that the de nition is based on the language K; so K is high-level
interface controllable with respect to system i K is high-level interface controllable

with respect to system
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For an arbitrary language E 4, We de ne the set of all sublanguages of E

that are high-level interface controllable with respect to system as
Cu(E) :=fK EJjK is high-level interface controllable with respect to system ¢

Clearly, (C4(E); ) is a poset. We now show that the supremum in this poset

always exists in Cy(E):

Proposition 4.1. For system ; let E - The set Cy(E) is nonempty and is
closed under arbitrary unions. In particular, C4(E) contains a (unique) supremal

element, supCh(E) = [fK]K 2 CH(E)g:
proof:

1. Show that C4(E) is nonempty
The empty language ; is high-level interface controllable with respect to system

, 50 ; 2Ch(E):

2. Show that Cy (E) is closed under arbitrary unions.

Let B be an index set. Assume that (8 2 B)K 2 Cy(E): Su cient to show
that [ K 2 CH(E)
Let K:=[ 28K : (D)

Su cient to show that K is high-level interface controllable with respect to

system . Then by De nition 4.2, we have to show the following:

(@ Show that K n,\L(G}, GI) K
Lets2 K n, \L(G}], GM": (2
Must show this implies s 2 K:

From (2), we know (95" 2 K)(9 2 n)s' =s ©))
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As s’ 2 K; we can conclude (Qu 2 ) s'u2 K
DO 2B)$uU2K ; by(@)

D>s'2K; by (1)

D>s' 2K

>s’ 2K w\L(GY G); by (@) and (2
ds' 2K ; asK 2Cyx(E)

dD@OU2 )8 U2 K

DS’ UW2K; by(1)

dDsu"2K; by (3

)s2K

(b) Show that (8j 2 f1;:::;ng) K 4, \ L(G}) K

The rest is identical to Part 2(a) (from the line labeled with (3)) after
substituting pn, with ,, 1 With , and L(G}, G) with L(G*,‘j):
3. Show that supCH(E) = [fK]K 2 C4(E)g:
Let Kgyp := [FKjK 2 C4(E)g (4)
Clearly, for all K 2 CH(E); we have K Kgyp
All that remains is to show:
@K' 2Pwr( 1)) ((BK 2CH(E) K  K)D Kyp  K?)
Let K'2 Pwr( ,4)
Assume (8K 2CH(E)) K K (5)
Must show this implies Kgyp K’

Let s 2 Kgyp (6)
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Must show implies s 2 K°
By (4) and (6), we know (9K 2 CH(E))s 2 K

> s2K'% by (5)

4. Show that supCh(E) 2 CH(E):

This immediately follows from Part 3: supCh(E) = [TKJK 2 Cx(E)g:

O
From Proposition 4.1, we have supCH(E) E, which means that we can compute
sup Cx (E) by removing strings from E:

The following lemma will be used later.

Lemma 4.1. For system ;let L g~ If L is closed then sup Cy (L) is also closed.

proof:
Assume L = L. Must show this implies sup Cy (L) = sup Cy(L):

supChx(L) supCyx(L) is automatic. We now show supCp (L)  supCq(L):

Su cient to show that supCh(L) L and supCy(L) is high-level interface con-
trollable with respect to system

sup Cy (L) is high-level interface controllable with respect to system  automati-
cally by the de nition of high-level interface controllable language.

By Proposition 4.1, we know that supC (L) L:

DsupCu(l) L

D supCu(L) L; asLis closed.
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4.2.2 supCx(Lm(GR)) and the Greatest Fixpoint of 4

For system , if we compute the supremal high-level interface controllable sub-
language of L,(Gw); then a DES representing this sublanguage is a maximally per-
missive proper high-level supervisor. Therefore, we have to nd a method to compute

sup Cx (Lm(GH)): To this objective, we de ne the following function.

De nition 4.3. For system , de ne the function y : Pwr( ,4) ¥ Pwr( ,4)

according to
BK 2Z2Pwr( 14y)) w(K)= une(HC(K))
where png and HIC are functions for system ; which are de ned as following:
Hne fPwr(oy) B Pwr( y)
BK 2Pwr( ) nne(K)=Ln(GH)\K
HIC : Pwr( ,4) ¥ Pwr( ,4)

(BK 2 Pwr( ,4)) HC(K) = supCx(K):

¥

Since the supremal element of sup Cy (K) is unique and must exist by Proposi-
tion 4.1, the function HIC is well-de ned. The function png and HIC both are de ned
on Pwr( ,4), so we can composite them and the function  is well-de ned.

Clearly, function png IS monotone with respect to ; and HIC is also monotone
with respect to by Proposition 4.1, so the function  is monotone with respect
to as well.

By the Knaster-Tarski Theorem(Theorem 2.1), the greatest xpoint of the func-

tion y with respect to (Pwr( ,4); ) must exist.
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n With respect to (Pwr( ,4); ):

proof:

By the de nition of |, we can rewrite it as

(BK 2Pwr( 1)) H(K) = Lm(Gn) \supCu(K)

Let S = supChx(Lm(GRr)):

1. Show that S isa xpointof 4,i.e. S= K(S):

Su cient to show that S H(S)and K(S) S
H(S) = Lm(Gn) \ supCx(S)

As S is high-level interface controllable with respect to system

interface controllable as well. Then,
H(S) = Lm(GH)\S
By Proposition 4.1, S Ln(Gn). Also S S, so we have S
Now we show that H{(S) S:
Lett2 L(S):
Must show this implies t 2 S:
By (3), we have t2 4 (S)

dt2Lm(Gr)andt2S; by (1)

2]

) ftg Ln(Gh) and ftg

2]

D ftg  Lm(Gn) and fig

Let S' = S [ fty:
67
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D> S" Lm(Gh); (5)
by (4)and S Lnh(GRr)

We now show that S’ is high-level interface controllable with respect to system

It is enough to show that
S* n\L(G}, G)) S'and (8j 2f1;:::;ng) ST A \L(G}) S

Show that S" ,\L(GP, GI) 0

S is high-level interface controllable, so S , \L(G}, G!) S: (6)
By (4) and (6), we have ftg 1, \L(G}, GI) S (7)
From (6) and (7), we have (S [ ftg) no \L(G), G S

D> (SLftg) n \L(G), GY S; by Proposition 2.2

DS w\L(@Gy G) S

DS w\LG, G S (8)

asS S'andthusS S

Show that (8j 2 f1;:::;ng) S" A, \L(G}) S
Let j 2 f1;:::;ng: We show S? 4, \L(G},) S"

S is high-level interface controllable, so S a; \L(G},) S: 9
By (4) and (9), we have ftg 2, \L(G}) S (10)
From (9) and (10), we have (S [ ftg) A, \L(G}) S

D (SLFtg) A \L(G}) S; by Proposition 2.2

>F A \L@GH) §

DS A \L(G]) ST (11)

asS Sl'andthusS S?
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By (5), (8), (11), we have S" 2 C(Lm(GR)): As S is the supremal high-level

interface controllable sublanguage of Ly (Gy); we get S°  S:

) ftg S

>t2S

We thus have {(S) S: Combining it with (2) gives H(S) =S:

. Show that S is the greatest xpointof . i.e. (8T 2Pwr( ;)T = w(T) D
T S

Let T 2Pwr( ,4): Assume T = (T): Must show this implies T ~ S:

Su cient to show that T is high-level controllable with respect to system and

T I—m(GH):

T= n()
= Lm(Gn) \ supCux(T) (12)

sup Cu(T)

By Lemma 4.1, sup Cy(T) is closed, so combining with (12), we have
T supCh(T)

By Proposition 4.1, we know that supCn(T) T. Therefore, we have
T =supCux(T)

So, T is high-level controllable with respect to system , which means that T

is high-level controllable with respect to system

From (12), clearly, T Ln(GR):
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4.2.3 Computing the greatest xpoint of 4

From the above section, we know that we can compute the supCH(Lm(GRr)) by
computing the greatest xpoint of . Itistempting to compute the greatest xpoint

by iteration of .

Proposition 4.3. For system , the set theoretic limit limjs1 L (L(GR));i 2

£1;2;::g exists, and supCx(Lm(Gr)) limis1 L (L(GR)):

proof:
Let S :=supCq(L(GR)):
1. Show that limjs 4 1, (L(GH)) exists.

From the de nition of ; we know H(L(GH)) = Lm(GH) \supCx(L(GRr));
so by Lm(GH) L(GH) and supCh(L(Gr)) L(GH) by Proposition 4.1, we

have
H(L(GH)) L(GR)
D 4(L(GR)) H(L(GR)); as u is monotone.

D 3(LGh)) 2(L(Gw)); as p is monotone.

Then, we have

L(GH)  wn(LGH)  &(LGH))

i T .
Therefore, limjx 1 | (L(GR)) exists and equals to ilzo L (L(GR)):

2. Show that S limjs1 L (L(GR)):

By Proposition 4.1, we have S L(Gy)
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D> u(S) n(L(Gy)); as y is monotone.
)S H(L(GR)); asS = x(S) by Proposition 4.2.
> ()  Z(L(Gh)); as p is monotone.

>SS 2(L(GH)); asS = n(S) by Proposition 4.2.

) S Iimi!l :—|(L(GH))

O
Note that we start the iteration from the closed language L(Gy): It remains to
show the reverse limjs 1 L (L(GH)) supCh(Lm(Gr)): For practical computation,
we also have to show that the limit will be reached after a nite number of iterations on
. In general case, actually limjs 1 1 (L(GH)) * sup Ch(Lm(GH)): Please see [48]
for details. However, in the case that all the languages are regular, the reverse holds
and the number of iterations on  is nite, as we will show in the following sections.
To iterate the computation on the function ; we rst must know how to com-
pute the function HIC; i.e. to compute the supremal high-level interface controllable
sublanguage of a closed language. Here, we only focus on the special class of closed
languages. Let Pred(Qp) be the set of all predicates on Qy; the state set of G: Let
Pha 2 Pred(Qy) be a predicate?, we now show how to compute sup C(L(Gh; Pha)):
Note that L(GH) = L(GH; true); so at the starting point, we let P, = true and then
compute sup C (L(GH; Pna)):
We compute sup Cy (L(GH; Pha)) by creating another function, and we will prove

that sup C (L(GH; Pha)) is the greatest xpoint of that function.

2Pha is just an arbitrary predicate. \We use this notation as we need to distinguish a given
predicate (Png) with an arbitrary predicate P in the next subsection.
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4.2.4 Computing supCx(L(GH; Pha))

De nition 4.4. For system ; let P, 2 Pred(Qy) be a given predicate. De ne the
function Hic i Pwr(L(GH;Pna)) ¥ Pwr(L(Gn;Pha)) according to

(8K 2 PWr(L(Gh; Pna)))
hic(K) :=fs 2 K j fsg \L(GY G K &
((8j 2f1;:::;ng) Fsg o, \L(G}) K)g

e
Clearly ¢ is monotone. Note that ,c(K) K L(GH; Pna); so this
function is well-de ned, and it only removes strings from K:
To make it easier to understand and use this function, the de nition can be rewrit-
ten as
(8K 2 PWr(L(Gh; Pha)))
Hic(K):=fs2K j (8t )
(Bu2 n)tu2L(GY GNHDIt2K)&
(2 a)ta2L(G))D1,2K)&

(B an2 At a2L(G) Dt 4, 2K)g:

Proposition 4.4. For system ; let Pn, 2 Pred(Qn) be the given predicate for
function c: Then sup Ch (L(GH; Pha)) is the greatest xpoint of ;¢ with respect

to (Pwr(L(Gn;Pha)); ):

proof:
Let S = supCH(L(GH; Pna)): By Proposition 4.1, S L(GH;Phra); S is a valid

input for yc:
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1. Show that S = 4 ,c(S):

mic(S)=Fs2S jfsg n\L(GY G) S &
((8j 2 FL;:::;ng) Fsg A, \L(G)) S)g
By the de nition of S, clearly, all the strings in S must satisfy the condition,
O Hic(S)=¢S:
2. Show that S is the greatest xpoint of c; i.e.
BT 2Pwr(L(GH:Pra)) T= nic(M) DT S
Let T 2 Pwr(L(GH;Phra)): Assume T = ,c(T):
Must show this implies T S:

Su cient to show that T is high-level interface controllable with respect to

system
mic(M)=Ffs2T jfsg o \L(G}, G T &
((8j 2 f1;:::;ng) Fsg A, \L(G}) T)g
So,

T=fs2Tjfsg nu \L(G}, G)) T &

Then, we have
T w\L(GY GI) T & (Bj2fL::5ng) T A \L(G}) T);
which means T is high-level interface controllable with respect to system

]

From Proposition 4.4, we know that we can compute the supC(L(GH; Pha)) by
computing the greatest xpoint of ,c. Itis also tempting to compute the greatest

Xpoint by iteration of c.
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Proposition 4.5. For system , let P, 2 Pred(Qy) be the given predicate for the
function ,c: The set theoretic limit limjs 1 1, (L(GH; Pha)); i 2 F1;2;:::g exists,

and supCu(L(GH;Pha)) limixa 1c(L(GH;Pha)):

proof:

Let S :=supCh(L(GH;Pha)):

1. Show that limjs 1 },;c(L(GH; Pha)) exists.
From the de nition of 1 c; we have Hic(L(GH;Pna)) L(GH;Pha):
D 41c(LGH;Pra)  Hic(L(GH;Pra)); as wpic is monotone.

D 3,c(L(GH;Pra)) 2 c(L(GH;Pra)); as wic is monotone.

Then, we have

L(GH; Pha) Hic(L(GH; Pha)) 21c(L(GH; Phra))

. . . T, .

So, limjx 1 1,c(L(GH; Pna)) exists and equals to 2, ;¢ (L(GH; Pna)):
2. Show that S limjs 1 L,c(L(GH; Pha)):

By Proposition 4.1, we have S L(Gn; Pha)
> wic(S) mi1c(L(GH:Pra)); @S wic is monotone.
DS mic(L(Gu;Pra)):  asS = wic(S) by Proposition 4.4.
D> nic(S) 2 c(L(GH;Pra)); as wic is monotone.

>S 2.c(L(GH;Pra)); asS = nic(S) by Proposition 4.4.

) S |imi!1 i—llC(I—(GH;Pha)):
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It remains to show that limjs 1 1,,c(L(GH;Phra))  SUPCh(L(GH;Pha)) and that
we only need to iterate a nite number of iterations in the case that Gy only has

nite number of states.

De nition 4.5. For system ; de ne the function Wy : Pred(Qu) ¥ Pwr( ,4)
according to

(8P 2 Pred(Qn))

Wh(P) = s2L(Gu;P)j (O u2 n)S u2L(G} G)&s ,2L(Gu;P) or

¥
Note that Wy (P)  L(Gy;P): The following two lemmas will be used in the

proof of the next proposition.

Lemma 4.2. For system ; the following holds:

(B8P 2 Pred(Qn))(8s;t2 L(GH;P))

S2WH(P) & ( H(GHo:S) = H(GHos 1)) D t 2 WhH(P);

where g, is the initial state of Gy as de ned in section 4.1.

proof:
Let P 2 Pred(Qn); and s;t 2 L(GH; P): D
Assume H(QHy;S) = n(Quy:t) and s 2 Wy (P): 2

Must show this implies t 2 Wy (P):

relation on ,, with respect to L(Gy;P); L(GP, GF); and L(G*,‘j) respectively.

From (2), we have 1(Qny;S) = H(QHo; t)

By Proposition 2.6, we thus have s ((,,.p) t 3)
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AsGy =Ey G Gy, G,,; we can conclude "((Yuo: X§);s) =
H o "((YHosxP);t) and (8] 2 f1;:::;ng) N(x;s) = P(xP:t):
By Proposition 2.6 and the fact L(G}, GV;true) = L(G}, G})and L(G},;true) =

L(G}), we thus have s | p, oy tand (8j 2 F1;:::;ng) s e “)

From (1), we have s 2 W (P)
D> O u2 w)s u2L(GpH GT)&S u2L(GH;P) or

D (942 )t 2L(GY GN&t  2L(Gy;P) or
(9 2FL;::55n0)(9 o5 2 At oy 2L(G]) &t 4 2L(GH;P) 5 by (3)(4)
D t2Wu(P)
O

Lemma 4.3. For system ; let Pn, 2 Pred(Qpn) be the given predicate for c.
Then the following holds:
(8P 2 Sub(Pha))(8s 2 L(GH;P))

(Ot s) t2Wu(P)) » 52 Hic(L(GH:P))

proof:
Let P 2 Sub(Phy) and s 2 L(G; P): (1)
1. Show that (9t sS)t2Wx(P)) D s2 wic(L(Gnh;P))
Assume (9t s) t2 WH(P): 2
Must show this implies s2 1c(L(Gw;P)):
From (2), we have

Ot s) (O u2 n)tu2L(GY, GMH &t ,2L(GH;P) or
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DBt s)((Bu2 n)tu2L(Gy GDDt 2LGH;P) &
((8 a1 2 Al) t a1 2 L(G}Il)) t ay 2 L(GH1P)) &

(B a2 A)ta,2L(G]) Dt 4, 2L(GH;P))

) s2 yic(L(Gh;P)); byde nition of ¢

. Show that s 2 ;c(L(GH;P)) D (9t s)t2Wy(P):
Assume s 2 c(L(GH;P)):

Must show this implies (9t s) t 2 Wy (P):

From (1), we know s 2 L(GH; P): From (3), we thus have

D:- Bt s)((Bu2 nu)t u2|—(GpH Gr))t u2L(GhH;P)) &
((8 a; 2 Al) t ap 2 L(Glill) ) t a; 2 L(GH1P)) &

(8 a2 At a, 2L(G)) D t a, 2L(Gh;P))

DOt s) (92 )t u2|—(GpH G?)&t u2L(GH;P) or

Ass 2 L(Gy;P)and L(GH;P) is closed, we have t 2 L(GH; P)

By (4) and (5), we have (9t s) t2 Wy (P):

©)

(4)

©)

]

The above two lemmas state a very important fact. If a strings 2 L(Gy;P) is in
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that lead from gy, to or pass through the state (qu,;s) are notin ;c(L(Gn;P)):

The fact is formally proved as follows by using these two lemmas.

Proposition 4.6. For system ; let Pn, 2 Pred(Qn) be the given predicate for

Hic, then
(8P 2 Sub(Pra)) L(GH;P)  ic(L(Gh;P)) = LWRPXGy; P);
where LWMH®P)(G; P) = Lsaw,yp)L5(Gh; P) as de ned in Section 2.5.3.

proof:

Let P 2 Sub(Ppa).

1. Show that LY#®)(G4;P)  L(GH;P)  mic(L(Gh;P)):
Let s 2 LWHP)(Gy; P): 1)
Must show this implies s 2 L(G1;P) 11 (L(GH;P)):
From (1), we know (9t 2 Wy (P)) s 2 LY(G; P)
D (t2Wu(P)) s2fu2 L(GH;P)I(Ov  U) H(OHo;V) = H(GHo; DI
D S2LGHP)& OV S)Ot2Wh(P)) r(dHoV) = r(GHoit)

D»s2L(GH;P)&(Ov s)v2Wx(P);
by Lemma 4.2 and the fact L(Gy;P) is closed.

D> s2L(GH;P)&s2 nic(L(Gh;P)); by Lemma 4.3
D s2LGH;P)  Hic(L(GH;P))
2. Show that L(GH;P)  mic(L(GH;P)) LWHP)(Gy;P):
Let s2 L(GH;P)  mic(L(GwH;P)): ()

Must show this implies s 2 LWH®)(G; P):
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Su cient to show that (9t 2 Wy (P)) s 2 LY(Gy;P)

From (2), we know s 2 L(G;:P) & s2 1ic(L(Gnh;P)):
D>sSs2L(GH;P)& (Ot s)&t2Wy(P); byLemma 4.3
D (9t 2WH(P)) s2 LYGH;P);astisapre xof sand L(Gy;P) is closed.

]

Now, if we look at Proposition 2.7, it seems that we can compute ;c(L(GH;P))
by removing all the states in fq 2 Quj(9s 2 W (P)) 1 (dn,;S) = qg from the state
set Qn of Gy:

Forany q 2 Qn;as Gy = Eq GpH G?, there must exist unique z 2 Zy;y 2 Yy
and x 2 X" such that q = (z;y;x): For the state x 2 X"; as G| = G| Gh;

0= Y;X) = (Z;¥; X1, 111 Xn) (4.1)

De nition 4.6. For system ; let Ph, 2 Pred(Qp) be a given predicate. De ne the

function ¢ : Sub(Pnha) ¥ Sub(Pha) according to

(8P 2 Sub(Pha))

mic(P) =P pr(Badrn [fa FR(GH;P)J (O 2 nl &) w(a; ) F =PO);
where Badry = fq = R(GH; P)j

(O u2 m)(H  "ME:X; ) & wuz u)8)or

(9 2F1::5n0)(9 o5 2 A) (J(Xji a)! &

H H T Mo M@y Xas Xy 1 Xj+130 05 %n); a5) 6))0
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Note that H;c(P) P  Ppa; so the function is well-de ned.

Proposition 4.7. For system ; let Pha 2 Pred(Qn) be the given predicate for

HIC, then
1. (8P 2 Sub(Pha)) Hic(L(GH;P)) = L(Gh; nic(P))
2. 8i20;1;:::9) Lic(L(Gh;Pna) = L(GH; Lic(Pha))

proof:

1. Let P 2 Sub(Pha): Must show that c(L(GH;P)) =L(GH; Hic(P)):
We prove this proposition by a series of transformation.
Hic(L(Gn;P))
=L(Gn;P) LWHP)Gy:P); by Proposition 4.6
=L(GH:P) Lwawue)L"(GH;P)
=L Gn;P  pr(Lwawue)f 1(@mo; W)g) ; by Proposition 2.7
=L Gu;P  pr(fqg 2 R(Gu;P)j n(dH,: W) =g for some w 2 W (P)g) ;
as Wy(P) L(Gn;P) and by Proposition 2.5

=L Gu;P  pr fg 2R(GH;P)I(OW 2 L(GH;P)) H(@Ho;W) =0 &
Qu2 )W 2LGE G &w ,2L(GH;P) or
(95 2FL;::5,ng)(9 4 2 AW o 2L(G]) & W o 2L(GH;P) @
by de nition of Wy (P)
=L Gu;P  pr fg = R(GH; P)j
O u2 n) v "X )&
(H(@ w)Bor (n(@ w'& w( w2P)) or

(9 2FL::5n0)9 o 2 A) MXji 4) &
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(n(@ ) 6or (n(@ o) & n(@ 4)2P)) g ;
where g = (z;y;X) = (Z;y; X1;:::;Xn) as in equation (4.1).
=L Gu;P  pr fqg = R(GH;P)j
Ou2 n)(n "X W& W@ u)8)or
(v ™M) )& W@ )& W ) 2P) or
(95 2F1;::5,n09)(9 o 2 A) (JX5: o) & w(a; o) 8)or
(PG ) & 1@ o) & w( 4)2P) g ;
by logical distribution law.
=L Gu;P  pr fqg F R(GH;P)]
Ou2 ) (n "X )'& wla; ) 8)or
(H(@ u)'& n(@ u)2P) or
(95 2F1;:::5n0)(9 o 2 ) ([ &) & w(G; o) 8)or
(H(@ ) & n(d o) 2P) g
as w(d W'Y v NEX); Wrand W@ o)) X a)!
by de nition of :
=L Gu;P  pr fqg FR(GH;P)j
Ou2 n)(n "X W)'& w@ W)B)or w(@ )2P or

H(0 o) 2P g
as p(@; 2P , @ )& w(; w)2P and

H(O ) 2P - H(@ o) & H(T: ) 2P:
=L Gu;P  pr fg = R(GH;P)j
O u2 ) MyX; )& w(z uwB)or (@ 2P or
95 2FL::5n0)(9 o 2 A) (DX o) &
H oW P Dz yi X010 X 1 X w1510 %n); o) B) or
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H(@ &)2P g ; byde nition of :

=L Gu;P  pr fg = R(Gn;P)j
902 nw)(u "M% )& Hz W) 8)or (g o) F P or
(91 2FL;::5n9) 9 5 2 A) (X5 o) &
H oHoD Mot D@y Xa5 05X 13 Xj+15 005 Xn); o) B8) OF
H@ a)F:P Qg . byq'2P , ¢ F:P
=L Gu;P  pr fg = R(Gn;P)j
(O u2 w) v ™MO5%; D' & w(z; u)8)or
(O u2 n) w(@ JF:P)or
(93 2FL::5,n0)(9 o 2 ;) (XG5 o) &
Honob Piogn D@ yiXas %) 13 X411 Xn); o) B) O

(9 211;:::;n9)(9 o 2 A;) H(W &) F -P)J ; by regrouping conditions

=L(Gn;P pr(Badrn L[ fq = R(GH;P)j
((9 u2 hu) H(q; u)j::P) or

by de nition of Badgrp

=L(Gn;P pr(Badrn L[ fq = R(GH;P)j
(O uv2 ) w(@ WF:=P)or
(O a2 A) n(@ a)F :P)Y))

=L(Gn,;P pr(Badgn LTAFR(GH;P)J(O 2 wll A) uw(@ )F zP9))
=L(Gu; nic(P)):
2. Show that (8i 2 f0;1;:::9) 1,,c(L(Gh;Pha)) = L(GH; Lic(Pha))

We prove this by induction.
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(a) Base case: (i =0)
By the de nitions of ¢,,c(L(Gn;Pha)) and ¥, (Pna) (see section 2.1.3),
we have
fic(L(Gh; Pra)) = L(G; Pha)
L(Gh; Yic(Pra)) = L(GH; Pha)
S0, Yic(L(GH;Pra)) = L(Gh; Yic(Pha))
(b) Inductive step:
Let k 2 £0;1;:::9: Assume  K,c(L(Gh;Pha)) = L(GH; K,c(Pha)): Must
show this implies (5 (L(Gh; Pha)) = L(GH; 1L (Pha)):
Ke(LGHiPra)) = ric( Fuc(L(Gh; Pra)))
= ic(L(GH: fic(Pha))); by assumption
=L(GH; S'L(Pra); by taking k,c(Pha) as our

predicate P in Point 1 of this proposition.

Now, if we take a look at the de nition of the function ,c; we can see that for
any P Ppg; the function ;¢ only removes states in R(Gy; P) from P: Precisely,
ric only removes all the states in pr(Badgy [ fg F R(GH;P) J (O 2 w L
A) n(Q; ) F -Pg), which is a subpredicate of R(Gy;P). If we also remove any
state that is not in R(Gy;P); then the language L(GH;P) is not a ected at all,
because the L(Gn; P) is only dependent on R(Gy; P): Similarly, removing any state
that is not in R(GH; P) does not a ect the language L(GH; wHic(P)) either, because
it is only dependent on a subpredicate of R(G; P): The following function ¢ is

a replacement of the function c:
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De nition 4.7. For system ; let P, 2 Pred(Qy) be a given predicate. De ne the

function ¢ : Sub(Ppa) ¥ Sub(Ppha) according to

(8P 2 Sub(Pha))
mic(P):=P pr(Bady [f12Qnj(9 2 nl A) w( )F :zPO);
where Bady 1= fq 2 Quj
(O u2 m)(H  "MEX; ) & wHz u)8)or

((gj 2f111ng)(9 aj 2 Aj) ( Jh(x_lv aj)! &

[l
'S
>
=3

P10 e N YiXs X 6 X413 Xn); o) 6))9

Note that for system ; Bady is constant.

Corollary 4.1. For system ; let Ph, 2 Pred(Qy) be the given predicate for the

function 1c; Hic and Hic: Then the following holds:
1. (8P 2 Sub(Pha)) mic(L(GH;P)) = L(Gu; nic(P))
2. (8120;1;:::9) 11yc(L(GH;Pha)) = L(GH; Hic(Pha))
proof:

1. LetP 2 SUb(Pha), show that H|C(L(GH; P)) = L(GH, HIC(P))

By the de nitions of ,c and H,c; and from the above description, we know
that removing states that are not in R(Gy;P) does not a ect the language

L(GH; Hic(P)): We thus have
LGh; mic(P)) =L(GH; mic(P)): (1)

By Point 1 of Proposition 4.7, we know
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HIc(L(GH;P)) = L(Gh; Hic(P)): @3]

By (1) and (2), we have nic(L(GH;P)) = L(GH; Hic(P)):

2. Show that (8i 2 0;1;:::9) L,c(L(GH;Phra)) = L(GH; L,c(Pha)
Identical to the proof of Part 2 of Proposition 4.7 after substituting n,c with

HIC:

The following lemma will be used in the next proposition.

Lemma 4.4. For system ; let P, 2 Pred(Qp) be the given predicate for the func-

tion yc: The function ¢ is monotone with respect to ; i.e.

(8P1; P2 2 Sub(Pra)) P1 P2 D> Hic(P1) Hic(P2)

proof:
Let Py; P, 2 Sub(Pha): Assume Py Py: Must show implies ¢ (P1) ric(P2):
mic(P) =Pr pr(Bady [f42Quj (9 2 n Ll A) w(a )F zP.0)
=Py ipr(Bady [f42Qu (O 2 wll A) n(@ )F =Pi9)
=Py~ (zpr(Badi)) N z(pr(fa2Qu j (O 2 nul A) w(@ )F 2P1)Y)
=Py~ (zpr(Badu)) M pr(fa2Qn j (@ 2 nul A) w(@ ) w(@ )FP1)9)
Po A (zpr(Badu)) M pr(fg2Quj((8 2 nul A) w(@ )N (s ) F P2)9),
by assumption P;  Py:
=Py~ (zpr(Badu)) N z(pr(fa2Qu j (O 2 nul A) n(@ )FF :P2)9)
=P, zpr(Bady [f02Qnj (9 2 nl A) w(@ )F zP20)
=P, pr(Bady [f2Quj(9 2 nll A) w(a )F :P20)
= mic(P2)
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Proposition 4.8. For system ; let P, 2 Pred(Qp) be the given predicate for the

function yic and yic; then,

1. There exists k 2 f0;1;2;:::g with kK  jst(Ppa)j such that ¥,c(Pha) is the
greatest xpoint of the function ,c with respect to (Sub(Pna); ); and where

st(Pna) is the identifying state subset of Qy for Ppa:

2. supCr(L(GH; Pha)) = LGH; fic(Pra))
proof:

1. Show that there exists k  jst(Pnha)j such that the greatest xpoint of the

function c isequal to ¥,c(Pha):

As we assume the number of states in Gy is nite (Section 4.1), the number of
states in st(Pp,) is also nite. By Lemma 4.4, we know that ,c iS monotone
with respect to , so by Proposition 2.3, there exists k  jst(Pna)j such that

the greatest xpoint of the function ¢ is equal to ;¢ (Pha):
2. Show that sup C(L(GH; Pha)) = L(GH; Kc(Pha))

(a) Show that supC(L(GH;Pra)) L(Gh; &c(Pha))
By Proposition 2.3, we know that
8i2f0;1;:::0) i kD LGH; Lic(Pha) =LGH; ic(Pha))
D limiva L(GH; Lic(Pra)) = LGh; fic(Pha))
D limixa  4c(L(GH;Pra)) = L(Gh; ic(Pha)); by Corollary 4.1
D supCh(L(GH;Pra)) L(Gh; Fic(Pna)); by Proposition 4.5
(b) Show that L(G; &,c(Pha))  SupCh(L(Gh; Pha))

From Point 1 of this proposition and Proposition 2.3, we have
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Kic(Pra) = Kic(Pna)

D LGH; Hc(Pha)) = LGH; & (Pha) @

D LGH; ic(Pra)) = KiL(L(Gh;Phra)); by Corollary 4.1

D LGH; fhcPra)) = nic( fic(L(Gh; Pha)))

D LGH; fhicPra) = Hic(L(Gh; §ic(Pha))); by Corollary 4.1

So, L(Gh; ¥,c(Pra)) is a xpoint of the function ,c: By Proposi-

tion 4.4, sup C (L(GH; Pna)) is the greatest xpoint of ,¢; thus,
L(GH; Kic(Pra))  SupCh(L(Gh;Pra))

]

We are now able to write a computer program to compute sup C (L(Gn; Pha)) by
computing ,c(Pra) (k 2 0;1;2;:::9); and we know that after at most jst(Pha,)j
number of iterations, a xpoint of ;¢ will be reached, which is the greatest xpoint
of Hic by Proposition 2.3. However, such a program based on function ;¢ is not
e cient enough. For instance, each time when we implement the ,c function, we
have to do the predicate subtracting operation. The following alternative method can

avoid this.

De nition 4.8. For system ; de ne the function PHIC : Pred(Qn) ¥ Pred(Qn)

according to

(8P 2 Pred(Qn)) PHIC(P) := :TR(GH; zP _pr(Bady); n [ A):

The following lemma will be used in the next proposition.
Lemma 4.5. For system ; the following two points hold:

1. The function PHIC is monotone with respect to , i.e.

(8P1;P, 2 Pred(Qn)) P1 P2 D PHIC(P1) PHIC(P,):
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2. (8P 2 Pred(Qu)) PHC(P) P:

proof:

1. Show that PHIC is monotone.
Let P; P, 2 Pred(Qn):
Assume P;  P,: Must show this implies PHIC(P,) PHIC(P,):
By assumption P; P, we have P,  ZPq:

D TR(GH; zP2_pr(Badn); null A) TR(Gn; zP1_pr(Badn); nul A);

as TR is monotone
D) PHIC(P,) :=PHC(P,)
D PHC(P;) PHC(P)
2. Show that (8P 2 Pred(Qu)) PHIC(P) P:
Let P 2 Pred(Qn): We will now show that PHIC(P) P:
PHC(P) = :TR(Gn; =P _pr(Badn); nu L A)
D PHIC(P) =TR(Gw; zP _pr(Badn); nul A)
D P :-PHIC(P); byde nitionof TR and fact :P P _ pr(Badp)

) PHC(P) P

Proposition 4.9. For system ; the following holds:

(8Pha 2 Pred(Qn)) sup Ch(L(GH; Pha)) = L(GH; PHIC(Pha)):
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proof:

Let Pha 2 Pred(Qy) be the given predicate for the function ¢ (i.e. Sub(Pha)
is the domain and codomain for ;c).

From Lemma 4.5, we know PHIC(Ppa)  Pha; S0 PHIC(Pha) 2 Sub(Pp,) and is thus
a valid input of ¢

From Proposition 4.8, su cient to show PHIC(Py,,) is the greatest xpoint of c:

1. Show that PHIC(Py,) isa xpoint of p,¢c; i.e. PHIC(Pha) = Hic(PHIC(Pha)):
Hic (PHIC(Pha)) = PHIC(Pha)
pr(Bady [f02Qnj(O 2 wll aA) n(@ )F zPHC(Pha)9)
To show ¢ (PHIC(Pha)) = PHIC(Pha), Su cient to show that
(89" 2 Qu) ' = PHIC(Pha) D ¢ 2 pr(Bady) &
'2fq2Quj(© 2 il a) n(@ )F zPHC(Pha)g
Let g 2 Qu: Assume q° = PHIC(Pha): (1)

Must show the following two points.

(a) Show ¢’ 2 pr(Bady):
By (1), we have ¢’ = PHIC(Pha)
D ¢"2TR(GH; :Pha_pr(Bady); nu[ A)
D ¢’ 2 pr(Bady); by de nition of TR
(b) Show *2fq2Qxj (9 2 n [ A) H(a )F zPHC(Pha)g
We prove this by contradiction.
Assume ¢ 2Fq2Qn j (O 2 n [ a) (@ ) :PHC(Pha)g:

D9 2f2Qu ]

O 2 wl A) H@ )FTR(GH; Pha_pr(Bady); nu L A)9
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DO 2 wll A) w@; YFTR(GH; :Pha_pr(Badn); nu [ A)

D ' ETR(GH; :Pha_pr(Bady); nu [ A); by de nition of TR

D ¢’ 5 :PHC(Pha);

which contradicts with (1): the assumption ¢° = PHIC(Ppa); SO
2f92Quj (O 2 nl A) w(@ )F :PHC(Pra)g:
2. Show that PHIC(Py,) is the greatest xpoint of ,c; i.e.
(8P’ 2 Sub(Pha)) P’ = Hic(P’) D P’ PHIC(Pha):
Let P® 2 Sub(Ppa): Assume P' = ,c(PY). 2)
Must show this implies P!  PHIC(Pp.):
We show this by contradiction.
Assume P 6 PHIC(Ppa)
D (9¢° = PY)q’ 2 PHIC(Pra)
D (9 F P FTR(GH; :Pha_pr(Badu); nu [ A) (3)
By the de nition of ,c; we have
mic(P)=P"' pr(Badu [f42Qj (9 2 w [ a) n(@ )F :P)
=P~ ipr(Bady [fa2Qj (9 2 n [ A) w(a )F =P')
=P~ zpr(Badu) N zpr(fa2Qj(9 2 nl A) wn(@ )F :P'9)
=P" pr(Bady) pr(fa2Qj(9 2 nll A) w( )F =P'9) (@)

From (3), by the de nition of TR; one of the following two conditions must be

satis ed.

(@) q'j zPna_ pr(Bady)

By (3), we also have ¢’ = P"
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D ' Pra;  as P'2 Sub(Pha)

D ¢’ F (=Pha)

D¢ 2:Pna

D ¢’ [=pr(Bady); as ¢’ = :Pha_pr(Bady):

As ¢’ = pr(Bady) and ;¢ (P%) = P% by (4), we thus have ¢’ 2 P?; which
contradicts ¢' =P in (3).

q° 2 :Pha__pr(Bady)

D(Os2( nul a)*) w(ds)F Pha_pr(Bady); by de nition of TR

D9k 2f1;2;:::9) (991,020 0k+12 Q) (9 15 2500 k2 wu [ A)

g :=¢’
Ok+1 F -Pha_ pr(Bady) (5)
a0 ) =G i =125k

S= 1 2000 k

First,we show that qx+1 = zP"

By (5), we have gx+1 F -Pna__ pr(Badp):

If Quer F =Pha; as P"  Pha; we have Pna  -P' thus st F -P"

If qes1 = pr(Bady); by (4) and assumption ,c(P?) = P’ we also have
Gos 5 2P

Thus, in both cases we have gx+1 F =P (6)

Now we show that gy = - P

By (5), we know 1 (0k; k) = Ok+1: By (6), we know qx+1 = 2P By (4)

and assumption ;c(P% = P"; we thus have g F -P"
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Similarly, we can prove that g; F P fori=k 1;:::;1: As gy = ¢’ by
(5), we have q' = =P’ which contradicts g’ = P’ in (3).
As Part (a) and Part (b) both will cause contradictions, we have P’ PHIC(Ppa):

[]

4.2.5 Computing pne(L(GH;P))

For a predicate P 2 Pred(Qy); in the previous section, we have found a way
to compute supCH(L(GH;P)): To complete the computation for the function ;
we now show the method to compute pne(L(Gh;P)); ize: the method to compute

Lm(GH)\L(GH;P):
Proposition 4.10. For system ; the following holds:
(8P 2 Pred(Qun)) Lm(Gr) \L(GH;P) = Lm(Gn; CR(GH;P))
proof:
Let P 2 Pred(Qn):
1. Show that L(GH;CR(GH;P)) Lm(GH)\L(GH;P)
Clearly, Ln(GH;CR(GH;P)) Lm(GR): D
By the de nition of CR(Gy;:), we know CR(GH;P) P:
D Lm(GH;CR(GH;P)) Lm(Gh;P)
D Lm(GH;CR(GH;P))  L(GH;P) (2
By (1) and (2), Lm(GH;CR(GH;P)) Lm(Gh) \L(Gn;P):
2. Show that L,(GH) \L(GH;P) Lm(GH;CR(GH;P))

Let s 2 Li(GH)\L(GH;P): )
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Must show implies s 2 L(GH; CR(GH; P)):

Su cient to show s 2 L(Gy; CR(GH; P)) and 1 (Qn,;S) 2 Qu,,,s Where Qy,, IS

the marker state set of Gy as de ned in Section 4.1.

From (3), we know s 2 L,(GR)

D H(QHo:S) 2 Quy, 4
From (3), we also know s 2 L(GH;P)

D (On 2 90;1;:::9)(90; 02; 11300 2 QK9 0 1i11 n 12 aw)

Jo = qn, (Gm, is the initial state of Gy)

gGFEP, i=01:::;n (5)
(@i i) =Gis1; i=0;1;::::n 1

S= 01 n 1

Un = H(OH,:S):

By (4) and (5), we know (8i 2 f0;1;:::;ng) gi F CR(GH;P)

) s 2 L(Gn; CR(GH; P)); as go = qu, by (5)

4.2.6 The Algorithm to Compute supCyq(Lm(GH))

It is time to put everything for the high-level together and to obtain our algorithm.

De nition 4.9. For system ; de ne the function  : Pred(Qn) ¥ Pred(Qn)

according to

(B8P 2Pred(Qun)) w(P):=CR(Gu;PHIC(P))
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As PHIC (by Lemma 4.5) and the predicate transformer CR(Gy;:) are monotone,

the function 4 is monotone.

Lemma 4.6. For system ; the following holds:

(8P 2 Pred(Qn)) Lm(GH;CR(GH;P)) = L(GH;CR(GH; P))

proof:

Let P 2 Pred(Qn):

Lm(GH;CR(GH;P)) L(GH;CR(GH;P)) is automatic.
We now show L(GH;CR(GH;P)) Lm(Gh;CR(GH;P)):

Let s2 L(GH;CR(GH;P)): D

Must show this implies s 2 L, (GH; CR(GH; P)):
Su cient to show (9s'2 ) sS' 2 Lin(GH; CR(GH; P)):
By (1), we know s 2 L(GH; CR(GH;P))

D (9k210;1;:::9)(90; 01550 2Qr)(Q o) i1 k12 1H)

Qo = QHo
4i F CR(Gw;P); i=0;1;::5;k )
(G 1) =Gi+2; =01k 1
S= 01 kL

As gx 2 CR(Gy; P); it follows that

On210; L9 N K)OOk+1;::50n 20QrH)(9 k; k+13:i n 12 1H)

Un 2 Qup,
g F CR(GH;P); i=kk+1:::;n (3)
n(@i ) =0is1; i=kk+1::::n 1
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Lets"= | w+1::: n 1: Combining (2) and (3), we thus have

Qo = QHo
In 2 Qi
gi F CR(Gu;P); i=0;1;:::;n
(G D) =Giz; 1=0;L:i;n 1
ss'= o1 n 1

D 55" 2 Lin(G; CR(GH; P))

Lemma 4.7. For system ; the following holds:

(8P 2 Pred(Qu))(8i 2 1;2;:::9) Lm(Gn; L(P)) = L(Gu; L(P))

proof:
Leti2f1;2;:::9; and P 2 Pred(Qy). By de nition of 4; we have
Lm(Gh: L(P)) = Lm(Gr; (14 (P)))
= Lm(Gn; CR(GH; PHIC( |, '(P)))); by de nition of

= Lm(Gh;CR(GH;P") by letting P = PHC( I, *(P))
= L(Gn;CR(GH;PY); by Lemma 4.6

= L(Gn; CR(Gw; PHC( 4 '(P))))

=L(Gn; L(P)); by de nition of

Proposition 4.11. For system ; the following two points hold:
1. (8P 2Pred(Qn)) w(L(GH;P)) =Lm(GH; n(P))

2. (8P 2 Pred(Qn))(8i2F1;2;:::9) L(L(GH;P)) =LmGh; L(P))
95



Master Thesis { R. Song { McMaster { Computing and Software

proof:

1. Show that (8P 2 Pred(Qn)) w(L(GH;P)) =Lm(Gr; n(P))
Let P 2 Pred(Qn):
H(L(GH;P)) = Lm(GH) \supCr(L(GH;P)); by de nition of
= Lm(Gn) \ supCh(L(GH; P))
= Lm(Gn) \ L(Gn; PHC(P)); by Proposition 4.9
= Lm(GH; CR(GH; PHIC(P))); by Proposition 4.10

= Lm(Gn; w(P)); by de nition of

2. Show that (8P 2 Pred(Qun))(8i 2 f1;2;:::9) L(L(GH;P)) =Lm(GH; L(P))

Let P 2 Pred(Qn): We prove this by induction.

(a) Base Case: i =1
By Point 1 of this proposition, we know 4(L(GH;P)) = Ln(Gu; w(P))
> H(LGH;P)) = L5(GhH; H(P))
(b) Inductive step.
Let k 2 £1;2;:::9: Assume & (L(Gh;P)) = Lm(Gnh; (P)). Must show
S (LGH:P)) = Lm(Gu; 5 (P)):
K LGHP) = K(LGH;P))

= n(Lm(Gh; K(P))); by inductive assumption

=Lm(Gy) \supCx(Lm(Gy; kH(P))); by de nition of 4
= Lm(GH) \supCu(L(GH; &(P))); by Lemma 4.7
= n(L(Gu; §(P))); by de nitionof

=Lm(Gn; KT(P)); by Point 1 of this proposition.

96



Master Thesis { R. Song { McMaster { Computing and Software

Theorem 4.1. For system ; the following two points hold:

1. There exists k 2 f0;1;:::g such that kK  jQuj and ¥ (true) is the greatest

xpoint of the function  with respect to (Pred(Qn); ):
2. supCh(Lm(Gr)) =supCh(Lm(Gn;true)) = Lm(Gy; K (true)):
proof:
1. Show that there exists k 2 f0;1;:::g such that k  jQuj and K (true) is the

greatest xpoint of the function  with respect to (Pred(Qn); ):

As 4 is monotone and jQuj is assumed to be nite (Section 4.1), we know
immediately from Proposition 2.3 that there exists k 2 f0;1;:::g such that

k jQujand [ (true) is the greatest xpoint of the function .

2. Show that sup C(Lm(Gn)) = sup Chx(Lm(G;true)) = Lm(Gh; [ (true)):

SUP CH(Lm(GR)) = supChx(Lm(GH;true)) isautomatic as Ly (GH) = Lin(Gh; true):

(@) Show that sup C(Lm(Gh;true)) Lm(Gh; §(true))
By Proposition 2.3, we know that

(Bi2f1;2;:::9) i >k D Lin(Gh; L(true)) = Ln(Gu; §(true))

D limjs 1 Ln(Gr; L(true)) = Lin(G; (true))

D limjsa L(L(GH;true)) = Lm(Gh; K (true)); by Proposition 4.11

D supCh(Lm(Gp;true)) Lm(Gh; K(true)); by Proposition 4.3
(b) Show that L (Gn; K(true)) supCh(Lm(G;true)):

Based on the value of k; we show this in two cases:
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Case 1: k2 f1;2;:::g
By Point 1 of this theorem and Proposition 2.3, we have

K (true) = K" (true)
D Ln(Gh; K(true)) = Lm(Gw; | (true))
D Lin(Gh; K (true)) = K7(L(Gu;true)); by Proposition 4.11
D Ln(Gr; f(true)) = n( (L(Gh; true)))
D Lo(Ghi K(true)) = n(Lm(Gri & (true)));

by Proposition 4.11 and k 2 1;2;:::g

Case 2: k=0
If 9 (true) is the greatest xpoint of , then by Proposition 2.3 we

know that
L(true) = 2 (true), (1)
so i (true) is also the greatest xpoint of :
D Ln(Gy; H(true)) = p(Lm(Gh; i(true))); by Case 1
D Lm(Gh; R(true)) = n(Lm(Gh; (true))); by (1)

From Case 1 and Case 2, we know that L, (Gn; F(true)) is always a
xpoint of the function :

By Proposition 4.2, sup C (L (Gh; true)) is the greatest xpoint of ;

s0 Lm(Gh; K (true))  supCh(Lm(Gw;true)):

]

Corollary 4.2. For system ; let Sy be a DES de ned over event set 4 with
L(Sh) = L(GH; §(true)) and Lin(Sk) = Lm(Gu; [ (true)); where k 2 £0;1;:::g
and K (true) is the greatest xpoint of | with respect to (Pred(Qy); ): Then for

the n'™™ degree parallel interface system composed of G; Gﬁl; i Gp,_n; TP
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Gy,.; Su; Ev,; ii1; EL,, with respect to the alphabet partition in Equation 3.1, Sy is

a high-level proper supervisor.

proof:
We rst note that by Theorem 4.2, an appropriate k 2 f0; 1;:::g exists such that

k (true) is the greatest xpoint of  with respect to (Pred(Qn); ):

1. Show that L,(Sy G}, G =L(Skx G}, G):
Lm(SH) = Lm(Gh; K (true))
D Lm(Sn)  Lm(Gh)
D Lm(SH) Lm(En G} GY)
D Lm(SH) Lm(Gh G))
D Lm(SH) =Lm(SH G} G) (1)
Similarly, we can show that L(Sy) =L(Sh G}, G}) )

Ifk 2 £1;2;:::gand [ (true) is the greatest xpoint of ; then by Lemma 4.7
we know that L,,(Sy) = L(SRh):

If k =0and ¢ (true) is the greatest xpoint of ; then as jQgj is assumed to

be nite (Section 4.1), by Proposition 2.3 we know that 1 (true) = 9 (true).
D L(Sh) =L(Gh; g(true)) and Lm(Sh) = Lm(Gr; i (true))
D Lm(Sy) = L(Sw); by Lemma 4.7.
Therefore, we always have
Lm(Sh) = L(Sw); (3)

when k 2 f0;1;:::g and K (true) is the greatest xpoint of :

Combining (1), (2) and (3), we can conclude L,(Sy G}, G!) = L(Sn
G Gh):
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2. Show that Sy is high-level interface controllable.

By Part 1, De nition 3.8 and De nition 4.2, itissu cient to show that L,(Sny

G}, G is high-level interface controllable.
From Theorem 4.1, we know L,(SR) is high-level interface controllable.

By (1), we can conclude L,(Sy G}, G) is also high-level interface control-

lable.

The supervisor Sy can be built by trimming o states from G that do not satisfy

K (true): A trim supervisor DES Sy can be built by trimming states from G that
do not satisfy R(Gy; F(true)):

Algorithm 4.1 shows how to compute K (true); where k 2 f0;1;:::gand K (true)

is the greatest xpoint of  with respect to (Pred(Qn); ): By Point 1 of Theo-

rem 4.1, we know that the greatest xpoint will be reached after nite number of

iterations.

Algorithm 4.1 Computing the greatest xpoint of  w.r.t. (Pred(Qn); )
. Ppagy,  Pr(Badn);
Py true;
repeat
P, P1;
P1  CR(Gh; :TR(GH; P2 _Pbagy: nu L A));
until P,=P,
return Pq;

NeagrwenNMR

Line 5 computes H(P2); because CR(Gn; 2 TR(GH; P2 _ Phagyy; nu L A)) =

CR(GH;PHIC(P2)) = n(P2):
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4.3 Low-level Supervisor Synthesis

In this section, we show how to synthesize a maximally permissible proper low-
level supervisor for the j' low-level in system ;j 2 f1;:::;ng: Unlike the high-level
supervisor synthesis, the low-level supervisor synthesis is much more complicated.

We rst only discuss part of the conditions for the j™ low-level.

4.3.1 The j* Low-level P4 Interface Controllable Language

De nition 4.10. Let K i; be a language. K is j™ low-level P4 interface

controllable (LPC;j) with respect to system if the following conditions are satis ed:
1. K u; \L(Gp,_j) K
2. K & \L(@G}) K

by

Clearly, the empty language ; is j™ low-level P4 interface controllable and the
de nition is based on the language K; so K is j™ low-level P4 interface controllable
with respect to system i K is j™ low-level P4 interface controllable with respect
to system

The low-level P4 interface controllable language de nition is quite simple. Notice
that the rst condition here is identical to the rst condition in the the high-level
interface controllable language de nition(De nition 4.2) by substituting 4 with

Iy, hoWith 1y, L(GE,  GP) with L(Gﬁj). The second condition in De nition 4.2
is actually composed of n sub-conditions. The second condition here is identical
to the j* sub-conditions of the second condition in De nition 4.2 by substituting

i With g, A With g, L(G*,"j) with L(G',J_). Also notice that all the sub-

conditions in the second condition of De nition 4.2 are independent. Therefore, the
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following propositions or lemmas are provided without detailed proofs, but with the
corresponding propositions or lemmas in Section 4.2. The detailed proofs can be
easily obtained by appropriate substitutions from the corresponding propositions or
lemmas.
For an arbitrary language E Iy We de ne the set of all sublanguages of E
that are j™ low-level P4 interface controllable with respect to system  as
LPC;(E) :=fK E jK isj™ low-level

P4 interface controllable with respect to system : g

Clearly, (LPC;(E); ) isaposet. The following proposition shows that the supre-

mum in this poset always exists in LPC;(E):

Proposition 4.12. For system ; LPC;(E) is nonempty and is closed under arbi-
trary unions. In particular, LPC;(E) contains a (unique) supremal element,

sup LPC;(E) = [fKjK 2 LPC;(E)g:

proof: Similar to Proposition 4.1.
O
From Proposition 4.12, we have sup LPC;(E) E; which means that we can

compute sup LPC;(E) by removing strings from E:

Lemma 4.8. For system ; let L Iy If L is closed then sup LPC;(L) is also

closed.

proof: Similar to Lemma 4.1.
O]
Let P, 2 Pred(Q;) be a given predicate, we now give our method to compute

sup LPCj (L(G Lj Plaj ))
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De nition 4.11. For system ; let P\,; 2 Pred(Qy;) be a given predicate. De ne
the function |pc; : PWr(L(Gy;;Pi)) ¥ Pwr(L(Gy;; Piy)) according to

(8K 2 PWr(L(GL,; Pia)))
e (K) :=Fs 2K jfsg 1y, \L(G)) K & (fsg g \L(G}) K)g

by
Clearly | pc; is monotone. Note that |pc;(K) K L(GL;; Pig;); so this
function is well-de ned, and it only removes strings from K:
To make it easier to understand and use this function, the de nition can be rewrit-
ten as
(8K 2 Pwr(L(Gy;; Piay)))
pe;(K):=Fs 2K j (8t $)(B w2 )t u2L(G))Dt,2K)&
(B 1,2 r)t,2LG)D T, 2K)g:

Proposition 4.13. For system ; let Py, 2 Pred(Q;) be the given predicate for
Lpc;: Then sup LPC;(L(Gy;; Piy;)) is the greatest xpoint of | pc; with respect to
(Pwr(L(Gy;; Pig)); ):

proof: Similar to Proposition 4.4.
O
From Proposition 4.13, we know that we can compute the sup LPC;(L(G.;; Piy;))
by computing the greatest xpoint of |pc;. It is also tempting to compute the

greatest xpoint by iteration of | pc;.

Proposition 4.14. For system , let Pi; 2 Pred(Qy;) be the given predicate for
the function | pc;: The set theoretic limit lim;s 1 }_PCJ_(L(G._J.; Pig;)); i 2 F1;2; g

exists, and sup LPC;j(L(Gy;; Piy;)) limjna }_PCJ_(L(G._J.; Pig;)):
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proof: Similar to Proposition 4.5.
O
It remains to show that limjsq }_PCJ_(L(G._J.;P|aj)) sup LPCj(L(GLj; P|aj))
and that we only need to iterate a nite number of iterations in the case that G

has a nite number of states.

De nition 4.12. For system ; de ne the function Wy, : Pred(Q;) ¥ Pwr( n_,-)
according to
(8P 2 Pred(Qy,))
Wi (P):= s2LGLiP)] (9 u2 1) s u2L(G) &s 42 L(GL;P) or
952 r)sr2L(G|)&s ; 2L(GL;P)

¥
Note that W ;(P)  L(Gy;;P): The following two lemmas will be used in the

proof of the next proposition.

Lemma 4.9. For system ; the following holds:

(8P 2 Pred(Q;))(8s;t 2 L(G,;;P))
s2 WLj (P) & ( Lj (quo;S) = Lj(quo;t)) ) t2 WLJ(P)’
where qj, is the initial state of G_; as de ned in section 4.1.

proof: Similar to Lemma 4.2.

]

Lemma 4.10. For system ; let Pi5; 2 Pred(Qy;) be the given predicate for pc;.
Then the following holds:
(8P 2 Sub(Py;))(8s 2 L(Gy;;P))

(Ot s)t2W;(P)) » 52 Lpg;(L(GL;:P)):
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proof: Similar to Lemma 4.3.
O
The above two lemmas state a very important fact. If a string s 2 L(G;;P)
is in W, (P) with P Pla;; Lemma 4.9 says that all strings in L(G,;;P) that
go from quj, to the state ,;(qoj,;s) are also in Wy, (P); while Lemma 4.10 says
that all strings in L(G;;P) that are extended from a string in W ;(P) are not in
Lpc; (L(Gy;; P)): It means that if a string s 2 L(Gy,;;P) is in W, (P); then all the
strings in L(G;; P)) that lead from qj, to or pass through the state |,(qyj,;s) are
not in  pc;(L(Gy;;P)): The fact is formally proved as follows by using these two

lemmas.

Proposition 4.15. For system ; let P\y; 2 Pred(Q;) be the given predicate for

Lpc;» then
(8P 2 SUb(Plaj)) L(GLJ-; P) LPC; (L(GLJ-; P) = | W (P)(GLj P);
where LY ®(G,;P) = Ls2w,, »)L°(G1;; P) as de ned in Section 2.5.3.

proof: Similar to Proposition 4.6.
O
Now, if we look at Proposition 2.7, it seems that we can compute | pc;(L(G;;P))
by removing all the states in fq 2 Q(;j(9s 2 Wy, (P)) v, (Lj,; S) = qg from the state
set Q; of Gy;:

For any q 2 QLJ.; as GLJ. =E_

J

Gy, G',j; there must exist z 2 Ziy 2 Yy
and x 2 X/ such that
q=(zy;x) (4.2)

De nition 4.13. For system ; let Py, 2 Pred(Qy;) be a given predicate. De ne

the function | pc; : SUb(Piy;) ¥ Sub(Pyy;) according to
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(8P 2 Sub(Piy))
ec; (P) =P pr(Badry; [
foFRGL:P)IO 2 L r) 4@ )F =PY);
where Badr,; = fq = R(Gy;; P)j
(O u2 W) O W & G j(@x); u)8)or
(952 gr) JO& )& G L(@Y) )6
and q = (z;y; x) as in equation (4.2).
¥

Note that pc;(P) P Pla;; so the function is well-de ned. Let P 2
Pred(Qy;): Function pc; removes all the states in fq 2 Q;j(9s 2 Wy, (P)) ; (dLjo:S) =

qg from P. The following proposition shows this.

Proposition 4.16. For system ; let P\y; 2 Pred(Q;) be the given predicate for

LPCj> then
1. (8P 2 Sub(Piy,)) vLrc,(L(GL;P)) =L(Gy,; vrpc,(P))
2. 8i210;1;:::9) {pc,(L(GL;;Pigy)) =L(GL;; Lpc, (Piay))

proof: Similar to Proposition 4.7.
O
Now, if we take a look at the de nition of the function |pc;; we can see that
for any P Pla; the function LPC; only removes states in R(GLJ.;P) from P:
Precisely, pc; only removes all the states in pr(Badr,; [ fqfF R(G,;P)j(9 2
w; L ry) (0 ) F -PQg), which is a subpredicate of R(G;;P). If we also remove
any state that is not in R(G.;;P); then the language L(G.;;P) is not a ected at
all, because the L(G_;;P) is only dependent on R(G,;P): Similarly, removing any

state that is not in R(G_;;P) does not a ect the language L(G,;; vLpc;(P)) either,
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because it is only dependent on a subpredicate of R(Gy;;P): The following function

Lpc; Is a replacement of the function | pc;:

De nition 4.14. For system ; let Py, 2 Pred(Qy;) be a given predicate. De ne

the function | pc; : Sub(Pi5;) ¥ Sub(Py,;) according to

(8P 2 Sub(Py,))

teg;(P)=P pr(Bady; [faFQy, (9 2 L wr) (@ )F =PO);
where Bady; = fq 2 Q]
(O u2 ) O W & G j(@x); u)8)or
(O 52 r) & )& (@Y ) 8)
and q = (z;y; x) as in equation (4.2).

Note that for system ; Bady; is constant.

Corollary 4.3. For system ; let Pj;; 2 Pred(Qy;) be the given predicate for the

function |pc;; Lpc; and Lpc;: Then the following holds:
1. (8P 2 SUb(P|aj )) LPC;j (L(GLJa P)) = L(G Lj; LPCj (P ))
2. 8120;1;:::9) {pc,(L(GL;;Pigy)) =L(Gy;; Lpc, (Piay))

proof: Similar to Corollary 4.1.

The following lemma will be used in the next proposition.

Lemma 4.11. For system ; let Pi;; 2 Pred(Qy,;) be the given predicate for the

function | pc;: The function pc; is monotone with respect to ; i.e.

(8P1;P2 2 Sub(Pig;)) Pr P2 1pc;(P1)  Lpc;(P2)
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proof: Similar to Lemma 4.4.

]

Proposition 4.17. For system ; let Pi,; 2 Pred(Qy;) be the given predicate for

the function pc; and Lpc;; then,

1. There exists k 2 10;1;2;:::g with Kk jst(Py;)j such that 'ﬁpcj (Piy;) is the
greatest xpoint of the function | pc; with respect to (Sub(Piy;); ); and where

st(Piq;) is the identifying state subset of Q; for Py,;:
2. supLPC;j(L(Gy,: Pia;)) = L(Gy,; 'ﬁpc,— (Pia;))

proof: Similar to Proposition 4.8.
O
Now, we are able to write a computer program to compute sup LPC;(L(G;; Piy;))
by computing 'ﬁpcj (Pig;) (k 2 0; 1; 2;:::9); and we know that after at most jst(P)y;)]
number of iterations, a xpoint of | p¢; will be reached, which is the greatest xpoint
of LPC; by Proposition 2.3. However, such a program based on function LPC; is
note cient enough. For instance, each time when we implement the | pc; function,
we have to do the predicate subtracting operation. The following alternative method

can avoid this.

De nition 4.15. For system ; de ne the function PLPC; : Pred(Q;) ¥ Pred(Qy;)
according to

(8P 2 Pred(Qy,)) PLPCj(P) := :TR(Gy,; =P _pr(Bady,); 1, [ &)

Lemma 4.12. For system ; the following holds:

1. The function PLPC; is monotone, i.e.

(8P1;P2 2 Pred(Q;)) P1 P2 D PLPC;(P1)  PLPC;(Py):
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2. (8P 2 Pred(Qy,;)) PLPC;(P) P:

proof: Similar to Lemma 4.5.

[
Proposition 4.18. For system ; the following holds:
(8P1g; 2 Pred(Qy;)) sup LPCj(L(Gy;; Pig;)) = L(Gyy; PLPC; (Pig;)):
proof: Similar to Proposition 4.9.
[

The following lemma is obvious, but for later convenience, we give a proof here.

Lemma 4.13. For system ; the following holds:

(8P 2 Pred(Qu,)) (842 Q) g FEPLRC(P) D ((8 2 &,) (% )!D (@ )

proof:
Let P 2 Pred(Qy;) and q 2 Qy;:
Assume q = PLPC; (P): (1)
Must show this implies (8 2 g;) J!(x; )IID T ((HEp 1

Let 2 g;: Assume [(x; )!: We now show ,;(q; )

From (1), we have q = PLPC;(P)

D qF TR(Gy;; :P _pr(Bady,;); w; L ;)

D q2TR(Gy; =P _pr(Bady;); w; L &)

D q2pr(Bady;); by de nition of TR

> 1, ,(@y) ) byde nition of Bady; and q = (z;y;x) and }(x; )!
D L) by = oy jand )t
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4.3.2 The j™ Low-level Interface Controllable Language

De nition 4.16. Let K iy K is j* low-level interface controllable (LIC;) with

respect to system if the following conditions are satis ed:
1. K is j™ low-level P4 interface controllable.
2. (8s2K)(8 2 g)B 2 A)s 2 L(G',j)) @rz sl 2K
3. 8s2K) s2Ln(Gl)D (912 )sl2K
e

Obviously, the empty language ; is j* low-level interface controllable with respect
to system : Note that the rst and the second conditions are based on the closed
language K:

For a language K I if K satis es the second condition of LIC;, we say that
K is j™ low-level P5-satis ed, and if K satis es the third condition of LIC;, we say
that K is j™ low-level P6-satis ed.

For an arbitrary language E Iy We de ne the set of all sublanguages of E

that are j™ low-level interface controllable with respect to system  as
C,(E)=fK EjK s j™ low-level interface controllable with respect to system g

Clearly, (C.;(E); ) is aposet. We now show that the supremum always exists in

CL, (E):

Proposition 4.19. Let E Iy The set C;(E) is nonempty and is closed un-
der arbitrary unions. In particular, C;(E) contains a (unique) supremal element,

supCy,;(E) = [fKjK 2 Cy; (E)g:
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1. Show that C,(E) is nonempty

The empty language ; is j® low-level interface controllable with respect to

system ;so ; 2Cy,(E):

2. Show that C (E) is closed under arbitrary unions.

Let

B be an index set. Assume that (8 2 B) K 2 Cy;(E): Su cient to show

that [ K 2 C|_j (E)

Let

K= [ 28K 2 Cy(E): Itissu cient to show that K is j low-level

interface controllable with respect to system : By De nition 4.16, we have to

show the following:

(a)

(b)

(©)

Show that K ,; \ L(GY,) K

Identical to the proof of Proposition 4.1(Part 2(a)) by substituting
with ;, L(G], GI) with L(Gﬁj) and Cy with Cy;:

Show that K ; \L(G},) K

Identical to the proof of Proposition 4.1 (Part 2(a)) by substituting
with gy, L(G}, G}) with L(G},) and Cyy with Cy;:

Show that 8s 2 K)(8 2 gr)(8 2 4)s 2 LG D (92
L) sl 2K

Lets2K; 2 g5 2 4 (1)

Assumes 2 L(G),): (2

Must show this implies (912 | )s | 2K:
By (1), we have s 2 K

D> (9’2 . )ss’'2K
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D> 2B)ss'2K
>s2K 3)
By (3), () and K 2Cy;(E), wehave (912 )s | 2K
>@2 sl 2K; asK K

(d) Show that (8s2K)s2Lm(G},)D (912 | )sl2K
Let s 2 K: 4)
Assume s 2 Lin(Gy,): (5)
Must show this implies (91 2 Lj) sl 2 K:
By (4), we have s 2 K
D> (9’2 . )ss'2K
D> 2B)ss'2K
)>s2K (6)
By (6), (5) and K 2 C,;(E), we have (912 ) sl2K

D> 9l2 I_j)sI2K; as K K
3. Show that supC;(E) = [fKjK 2 C.,;(E)g:
Identical to the proof of Proposition 4.1 (Part 3) by substituting Cy with Cy;
and IH with “—j:
4. Show that supCy,(E) 2 C., (E):
This immediately follows from Part 2 and Part 3.
O

From Proposition 4.19, we have supC,(E) E; which means that we can com-

pute sup C; (E) by removing strings from E:
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4.3.3 supCq,(Lm(Gy,;)) and the Greatest Fixpoint of |,

For system , if we compute the supremal j™ low-level interface controllable
sublanguage of L(Gy;); then a DES representing this sublanguage is a maximally
permissible j™ proper low-level supervisor. Therefore, we need to nd a method to

compute sup C; (Lm(Gy;)): For this purpose, we de ne the following function.

De nition 4.17. For system ; de ne the function ; : Pwr( ||_,-) T Pwr( n_,-)

according to

BKZ2Pwr( 1)) 4(K):= ingi( pg (s (LPC(K))))

where _ng;; pe;s  ps; LPCj are functions for system ; which are de ned as follows:

LPC; : Pwr( ;) ¥ Pwr( ;)

(8K 2 Pwr( y,)) LPC;(K) = sup LPC;(K)

sy 1 PWE( (L) ¥ Pwr( )
BK 2Pwr( ;)
p5;(K) :=fs2K j(Bt s)(8 2 g)B 2 4)
t 2L(G))D> @2 )tl 2Kg
ey 1 PWE( 1) 8 Pwr( )
BK2Pwr( ;)

o6 (K) = s 2 Kj(8t  8) t2Ln(GL) D (912 ) 2 Ln(Gi,) \Kg

BK2Pwr( 1)) wng(K):=Lm(Gy)\K
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As all the functions in | ; are de ned on Pwr( ILj); SO we can compose them
together.

Clearly, ps;s pej> LNB; are monotone with respect to  : By Proposition 4.12,
it is also clear that LPC; is monotone with respect to  : Therefore, the function |,
is monotone with respect to  as well.

Note that (8K 2 Pwr( ,,)) LPCj(K) K; 5(K) K; p5(K) Kand

Lng; (K) K.

By the Knaster-Tarski Theorem(Theorem 2.1), the greatest xpoint of the func-

tion ; with respect to (Pwr( ILj); ) must exist. The following lemmas will be

used later on.

Lemma 4.14. For system ; let L I be a closed language, then s, (L) and

pe; (L) are also closed.

proof:

Assume L = L: Must show implies ps;(L) = ps;(L) and  pe; (L) = pe; (L):
o5; (L) ps; (L) and g (L) pg, (L) are automatic.

1. Show that ps,(L)  ps, (L)
Lets2 o5 (L): )
Must show this implies s 2 5, (L):
From (1), we have (95’2 ) ss'2 5 (L)
Dss'2L& (Bt ss)8 2 g)B 2 4)

t 2LGH)DO2 )t] 2L)

Ds2L& (Bt S)B 2 r)E 2 4)

t 2L(G)D> @12 )tl 2L); asLisclosed.

D s2 (L)
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2. Show that 6, (L) pe(L):
Lets2 g (L):
Must show this implies s 2 6, (L):
From (2), we have (9s'2 ) ss"2 (L)
Dss’2L & (B8t ss)t2 Lm(G',j) D (Ol2 HU2Lm(G)\L)

Ds2L&((Bt $)t2Lm(G})D (912 )t 2Lm(GL,)\L);

as L is closed.

) s2 P6;j (L)

Lemma 4.15. For system  and for all T 2 Pwr( ,.,);
1. T =supLPC;(T) i T is j™ low-level P4 interface controllable.
2. T= p5(T)i Tisj™ low-level P5-satis ed.

proof:

Let T 2Pwr( )

1. Show that T =supLPC;(T) i T is j*™ low-level P4 interface controllable.

)

We rstshow T =supLPC;(T) i T is j™ low-level P4 interface controllable.

(@) Show (T =supLPC;(T)) D (T is j™ low-level P4 interface controllable).

Assume T= sup LPC;(T).

Must show this implies T is j* low-level P4 interface controllable.

Su cient to show that T 2 LPC;(T):

By Proposition 4.12, we know sup LPC;(T) = [fKjK 2 LPC;(T)g:
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D T =[fKjK 2LPC;(T)g; by (1)

D T 2LPCi(T); by Proposition 4.12

(b) Show (T is j™ low-level P4 interface controllable) ) (T = sup LPC;(T)):

Assume T is j™ low-level P4 interface controllable. (2)
Must show this implies T = sup LPC;(T):

By (2), we know T 2 LPC;(T)

DT supLPC;(T) 3)
By Proposition 4.12, we know supLPC;(T) T 4

From (3) and (4), we have T = sup LPC;(T):

From De nition 4.10, we know that T is j* low-level P4 interface controllable

i T is j™ low-level P4 interface controllable.

So, we have T =supLPC;(T) i T is j*™ low-level P4 interface controllable.

2. Show that T = 5 (T)i T is j™ low-level P5-satis ed.
T is j™ low-level P5-satis ed
. (852T)8 2 )8 2 4)s 2LG)D @2 )sl 2T

. (8s2T)(Bt )8 2 R)B 2 4)
t 2L(G))D> @2 [)tl 2T; asT isclosed

. (852T)s2 5(T)
> T p5j (T)

. T= u5(T);, as p5(T) T byde nitionof g :
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Proposition 4.20. For system ; supCp;(Lm(Gy;)) is the greatest xpoint of the

function |, with respect to (Pwr( n_,-)i ):

proof:

Let S :=supCy; (Lm(Gy;)):
1. Show that S isa xpoint of ;;i.e. S= ,(S)

(a) Show that S = supLPC;j(S) and S = 5;(S):
As S is j™ low-level interface controllable, S is j™ low-level P4 interface
controllable and j™ low-level P5-satis ed.
By Lemma 4.15, we have S = sup LPC;j(S) and S = 5;(S):
(b) Show that S = L,(GL,) \S
Su cient to show that S Lm(Gy,)\S and Lm(G,)\S S:
By Proposition 4.19, we have S Lm(Gy;): D
DS Lm(G)\S; asS S
Now we show Lm(G,)\S S:
Lett2 Lm(G,)\S: (2
Must show this implies t 2 S:
From (2), we have t 2 L, (G;) and t 2 S
D> ftg Ln(Gy)andftg S
D ftg Lm(Gy)and ftg S (3)
Let S’ :=S [ ftg:
D S" Lm(Gy); by (2)and (3) (4)

We now show S’ is j™ low-level interface controllable with respect to system

117



Master Thesis { R. Song { McMaster { Computing and Software

i. Show that ST ,; \ L(GY)) St

S is j™ low-level interface controllable, so0 S 1y, \ L(GY)) S:

By (3) and (5), we have ftg 1, \L(G},) S
From (5) and (6), we have (S [ ftg) 1, \ L(G}) S
D (SLTtg) w; \L(G},) S; by Proposition 2.2

D8 iy, \L(@G},) S
DS iy \L(GY)) S%asS S’ byde nition of S’

ii. Show that S" &; \L(G},)
S is j™ low-level interface controllable, so S g; \L(G},) S:
By (3) and (8), we have ftg r; \L(G}) S
From (8) and (9), we have (S [ftg) &, \L(G},) S
D (SLFty) & \L(G}) S; by Proposition 2.2
DS g \L(G]) S
DS & \L(G],) S%asS S'byde nition of S’

©)

(6)

()

(8)
(9)

(10)

iii. Show that (8s2S7)(8 2 r)(8 2 A)s 2L(G|)D (@2 )s!| 28

S is j* low-level interface controllable, so

(8s2S)8 2 r)B 2 a)s 2L(G)DOI2 [)s| 25 (11)

By (3) and (11), 8s 2 ftg)(8 2 ;)8 2 4))

s 2L(G)D> @2 sl 25
By (11) and (12), (8s2S [ftg)(8 2 )8 2 4))

s 2LG)D> @2 [)s| 25
D (8s2S[fg)(8 2 )8 2 4)

(12)

s 2L(G)D> @2 [)s| 2S; byProposition2.2

D (8s2SN)(8 2 g)(B 2 4)
s 2L@G|)D> @2 [ )s!| 258"
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iv. Show that (8s2S") s2Lm(G},) D (912 )sI28’

S is j™ low-level interface controllable, so

(852S5)s2Lm(G}) D (912 )sl2s: (14)
By (3) and (14), we have
(8s2ftg) s2Lnm(G))D> 912 )sI2s: (15)

By (14) and (15),we have

(8s2S[ftg) s2Lm(G}) D (912 )sl2S

D (8s2S[ftg) s2Lm(G)) D (912 ) sl2S; by Proposition 2.2
D (852S)s2Ln(G}) D @12 )sl28] (16)

By (4), (7), (10), (13) and (16), we have S’ 2 C,(Lm(Gy,)):
As S = supCq;(Lm(Gy;)); we then have S°  S:
> ftg S
>t2s
(c) Show that S = g, (S)
Su cient to show that
(8s2S)(8t s)t2 Lm(G',j) >@l2 Hu2 Lm(G,)\'S
lets2Sandt s: (17)
Assume t 2 Lm(G',j): Must show this implies (91 2 LJ_) tl 2 Lm(GLJ.)\§

From (17) and the assumption t 2 Lm(G',j), by the de nition of S; we have
@1z ,)tu2s

D> (@12 | )t2LnGL)\S; by Part 1(b)

By combining (a), (b), (c) and the de nition of |, we know S = | ,(S):
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2. Show that S is the greatest xpoint of ;: i.e.
@T2Pwr( (y)T= yMDT S
Let T 2 Pwr( II_j): Assume T = |, (T): Must show this implies T S:

Su cient to show that T is j* low-level controllable with respect to system

and T Lm(Gy,):

T= Lj (T)
LNBj( p6j( p5j (LPCj (T))))
=Lm(GL,)\ pg; ( ps; (Sup LPC;(T))) (18)

p6j ( p5j (SUp LPCJ (T)))
As T is closed, by Lemma 4.8, sup LPC;(T) is closed. Then by Lemma 4.14,
p6; ( ps; (SUp LPC;j (T))) is also closed. So by (18), we have

T pg( ps;(SUpLPCi(T))) (19)

For any L 2 Pwr( II_j); we have sup LPC;(L) L by Proposition 4.12,
ps; (L) L by the de nition of 5, and p6,(L) L by the de nition of
p6;> SO We know

o ( p5; SUPLPC;(T))) T (20)

By (19) and (20), we have

T = ps( ps,(supLPC;(T))) (21)

Function ¢ and  ps; only remove strings from their inputs, and sup LPC; (M)

T, so from (21) we have

T=supLPCi(T);T= p5(M)and T = () (22)
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From T =supLPC;j(T) and T = 5,(T); by Lemma 4.15, we know that T is
j™ low-level P4 interface controllable and j™ low-level P5-satis ed.
It remains to show that T is j™ low-level P6-satis ed.
Su cient to show that (Bu2T) u2Ln(G},) D (912 () ul2T:
Let u2 T: Assume u 2 Ln(Gj,): Must show this implies (912 ) ul 2 T:
From (18) and (21), we also have T = Ln(G;) \ T (23)
From (22), we have T = g, (T)
DT=F2Tj(Bt 9t2Ln(G})D (912 ) tl2Ln(G,)\Ty
Du2fs2Tj@Bt s)t2 Lm(G'Ij) >@2 Hu2 Lm(GL;)\Tg;asu2T
>t u)(t2 Lm(G',j) D> l2 L,-) tl 2 Lm(GLj)\T)
DU2Ln(Gy) D (912 | )ul2Ln(Gy)\T; asu u
D@12 )ul2Ln(G,)\T; by assumption u2 Ln(G},)

D@2 Hul2T; by (23)

From (18), clearly, T Lm(Gy,;):

4.3.4 Computing the Greatest Fixpoint of |,

From Proposition 4.20, we know that we can compute sup Cy; (Lm(Gy;)) by com-

puting the greatest xpoint of . It is tempting to compute the greatest xpoint

by iteration of ;:

Proposition 4.21. For system ; the set theoretic limit lim;s 4 (L(Gy;));1 2 f1;2;:::9

exists, and supC, (Lm(Gy;)) limjua iLJ_(L(G._J.)):
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proof:

Identical to the proof of Proposition 4.3 by substituting G with G;; sup Cy with
supCu;s H with Ly Proposition 4.1 with Proposition 4.19, and Proposition 4.2 with
Proposition 4.20.

O

Similar to the high-level, here we start the iteration from the closed language
L(Gy,): It remains to show the reverse lim;x 1 i_j(L(GLj)) sup Cy; (Lm(Gy;)) and
that the limit will be reached after a nite number of iterations on ;(i.e. i < 1).
Again, in general case, the reverse does not hold, but in our case where all the
languages are regular, the reverse does hold and the number of iterations on ; is

nite, as we will show.

For a given predicate P 2 Pred(Q,); we already know the method to compute
sup LPC;(L(Gy;;P)) from Proposition 4.18. We now show the method to compute

p5; (L(GL;:P)) and e (L(GL;; P)):

Computing s, (L(G;;P))

De nition 4.18. For system ; de ne the function Wps, : Pred(Q;) ¥ Pwr( ILj)
according to
(8P 2 Pred(Qy;)) Wps;(P) :=Ts2L(G;;P)j (9 2 &)O 2 &)
s 2L(G|,)&@l2 )s | 2L(G;P)g
e

Clearly, for all P 2 Pred(Qy;); Wps;(P)  L(Gy;;P):

Lemma 4.16. For system ; the following holds:
(8P 2 Pred(Q;))(8s;t 2 L(G,;;P))

(s 2Wps;(P) & (1;(LjosS) = 1;(ALjo; D)) D 12 Wy, (P):
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proof:
Let P 2 Pred(Qy;); and s;t 2 L(G;;P): (@)
Assume  (dLjo;S) = (dujost) and s 2 W5, (P): 2

Must show this implies t 2 W5, (P):
Let L(GL,P); L@l be the Nerode equivalence relation on I with respect to
L(Gy;;P) and L(G),) respectively.
From (2), we have (Ojo;S) = (Aujost)
J)s LG, P b ()
by Proposition 2.6

As G|_j =E..

i Gp'—j Gllj and ;(Aujo;S) = 1;(OLjo; ©); we have

J!(XJI'O;S) = J!(X}O;t)
J)s L) t; 4)
by Proposition 2.6 and fact L(G}, ; true) = L(G},):

From (2), we have s 2 W5, (P)

DO 2 g)O 2 a)s 2L(G,)&E@BI2 )s ] 2L(G;P)

DO 2 g)O 2 At 2L(G)&@BI2 )t 2L(G;P); by (3)(4)
D t2Wy(P); ast2L(Gy;P):

Lemma 4.17. For system ; the following holds:

(8P 2 Pred(QL;))(8s 2 L(G;;P)) (Ot s)t2Wp5,(P)) » 52 5, (L(Gy; P))):

proof:
Let P 2 Pred(Qy;) and s 2 L(G;;P): D
1. Show that (9t s) t2Wp5,(P)) D s2 5 (L(Gy,;;P)):

Assume (9t s) t2 W5, (P): (2)
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Must show this implies s 2 5, (L(GL;; P)):
From (2), we have
Ot s)O 2 g)O 2 )t 2 L(G',j) &@2 )tl 2L(Gy;P)

D (Bt s)(B8 2 g)B 2 4)
t 2LG)D @2 [)t] 2L(Gy;P))

D s2 p5(L(GL;;P)):
2. Show that s 2 5, (L(GL;;P)) D (9t  s) t 2 W5, (P):
Assume s 2 5, (L(Gy,;;P)): (€))
Must show this implies (9t s) t 2 W5, (P):
From (1), we know s 2 L(G;;P): Combine this with (3), we thus have

(Bt B 2 r)E 2 a)
t 2LG)D @2 [)t] 2L(Gy;P))

DOt 59 2 g)O 2 4)
t 2LG))&@BI2 [)t] 2L(Gy;P) 4)

Ass 2 L(G;;P) and L(G;;P) is closed, we know t 2 L(G;;P): (5)

By (4) and (5), we thus have (9t s) t 2 W, (P):

Proposition 4.22. For system ; the following holds
(8P 2 Pred(Qy;)) L(G,;;P) o5, (L(GL,; P)) = | Wes; (P)(GLj;p);
where LY ™G P) = Lsawys, 0)L5(G1, 5 P):
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proof:
Identical to the proof of Proposition 4.6 after substituting Sub(Pnha) with Pred(Qy,);
Hic With o5, W (P) with W5, (P); Gy with G, w with ;; gu, with qj,;
Lemma 4.2 with Lemma 4.16 and Lemma 4.3 with Lemma 4.17.

]

De nition 4.19. For system ; de ne the function s, : Pred(Qy;) ¥ Pred(Qy;)
according to
(8P 2 Pred(Qy,;))
p5;(P) =P pr(fg2Qu;j(9 2 g)O 2 &)
jO6 )& (@ )F  CRGL;P ;PO
where P :=pr(fq’ 2 Q;j ;(¢"; ) FPg)and
g = (z;y;X) as in equation 4.2 (Page 105).

The following lemma will be used later on.

Lemma 4.18. For system ; 5 is monotone with respect to , i.e.
(8P1; P2 2Pred(Qu;)) P P2 p5(P1)  ps(P2):

proof:
Let P1; P, 2 Pred(Qy;): Assume P; P!
Must show this implies s, (P1) ps; (P2):
p5;(P1) =P1 pr(fg2Qu;j(9 2 )OO 2 4)
j6G¢ N & (0 )F 2 CR(GL;P ;1 P)Y)
=P pr(fg2QuJ(0 2 Rr)O 2 4)
jO6 W& (@ )F 2 CR(GL;;P ;145 P1)g)
=P1Mpr(fg2Quj(8 2 )8 2 4))

J66 D L@ )FCREGLP 5 1y P1)Y)
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P> pr(fg 2 Qui(8 2 Rr))(B 2 4))
166G MDD (@ YFCR(GL:P ;5 15 P2)9);
as P, P, and CR is monotone.
=P, ipr(fa2Quj(9 2 r))O 2 4)
JO6 W& (@ )F 2 CR(GL;;P ;15 P2)g)
=P, pr(fa2Quj(9 2 Rr)O 2 4)
jOG N & (@ )F 2 CR(GL;P 5 15 P2)9)

p5; (PZ)

The following lemma will be used in the proof of next proposition.

Lemma 4.19. For system ; let P 2 Pred(Qy,;);w 2 I and q 2 Q;: If g
R(GL;;P) and g = | (quj,; W); then
(8 2 r)B 2 ) ;@ )FCRGLP; ;P)i (912 [ )wl 2LGy;P);

where P :=pr(fq’ 2 Q,j ;(@"; ) Pg) as de ned in De nition 4.19.

proof:
Assume g = R(G;;P) and q =, (qujo; W):
Let 2 g, and 2 4
L (@ )FCR(GL;P ;5 1;P)
» (OK2T0;1;:::9)(9 15::ty k2 1y)(901; 00 k2 2 Qo)

4 = ;095 )
Qk+1j:P
Ji;::50k+2 F P

Gier = (0 D i=12000K
Ok+2 = 1 (Ok+15 )

by the de nitions of CR and P :
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» Ok210;1;:::9)(9 1,115 w2 )
L@ 1« )FR(GL;P); asqjiE R(Gy;P)
.02 )Hwl 2LGy:P);
by letting | = k and the assumption q = R(G;;P)and q = ; (quje; W):
O

Proposition 4.23. For system ; the following holds:
(8P 2 Pred(Qy;))
BIFP)8 2 &) 06 MDD (@ ) D p5(LGL;:P)) = LGy p5(P)) ;

where q = (z;y; X) as in equation (4.2) (Page 105).

proof:
Let P 2 Pred(Qy;):
Assume (89 = P)(8 2 &) J(x MDD (@ ) (1)
Must show this implies 5, (L(GL;;P)) = L(Gy;; ps;(P)):
We rst claim the following holds by (1).
(BIFP)B 2 r)B 2 &) J(x ND (@ ) @)
Proof of the claim:
LetqF=P; 2 gyand 2 4
Assume J(x; ) (3)
Must show implies ;(q; )"
From (3) and the de nition of |, we know that j(x; )'and [(j(x; ); )
D )
D (e s by (1)
Claim proven.

We now prove this proposition by a series of transformation.
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ps; (L(GL;5P))
=L(G,,;P) LY»*®)(Gy;P); by Proposition 4.22
=L(GL;:P)  Lwawes,»)L"(GL;: P)
= LGP pr(Lwaws, ) F 1;(OL;0:W)9)); by Proposition 2.7
= LGP pr(fg 2R(GL,;;P)i 1y (uye; W) = q for some w 2 Wys; (P )9));
as Wps;(P)  L(Gy,;;P) and by Proposition 2.5
=L(G;P  pr(fg 2R(Gy;;P)j(OW 2 L(GL;; PO 2 g 2 4)
LW =q&w 2LG)& (@12 [ )w | 2L(G:P)Q));
by de nition of Ws;
=L(GL; P pr(fg 2R(GL;;P)I(OW 2 L(GL;;P))(9 2 RO 2 &)
LOyow) =0& j(x; )&
(@ )or (@ )6) &@Bl2 | Jwl 2L(GL;P)I));
as (;(q; )or ;(g; )8)is always true, where g = (z;y; X) as in equation (4.2)
=L(G,;P  pr(fa 2 R(GL,:P)(OW 2 L(GL:P)E 2 r)O 2 4)
LW =g& j(x )&
(@ )8or (@ N&@l2 (| Jwl 2L(GL;P)))9));
by logical distribution law and the fact that ;(q; )8 > (8l 2 I_J_)w I 2L(Gy;;P):
=L(GL;P pr(fg = R(GL; PO 2 r))O 2 4)
JOG N& (e )Bor (@ )& (@ )2CR(GL;P 5 1 P))I));
by Lemma 4.19, where P :=pr(fq’ 2 Q,j ,(¢"; )= Pg)asde nedin De nition 4.19.
=L(GLiP prifgERGLPIO 2 r)O 2 a)
J6 W& (@ )6or (@ )FE 2 CRGL:P 5 PO
as( (@ )2CRGL;;P 5 1iP)) » (5@ )& (@ ) F 2 CR(GL;P 5 15 P))
=L(GL;P pr(fg = R(GL;P)O 2 r)O 2 4)
(JO6 N& (@ )8)or (i N& ;@@ )F 1 CR(GL;P; 1y P)I));

by logical distribution law.
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=L(G; P pr(fg = R(G;; P)j
(9 2 j)O 2 4) [ N& @ )F :CR(GL:P; ;;P)9));
as (j(x; )& ;(q; )8) is always false by (2).
=L(GL;; P pr(fg 2 Quj
O 2 /)O 2 &) J( )N& (@ )F 1CRGLP; 1iP)Y);
as removing the states satisfying (true R(Gy;;P)) from P
does not change the resulting language, by Proposition 2.5.
=L(Gy;; p5(P))
O
In this proposition, we put the assumption (8 = P)(8 2 g;) J!(x; D
L;(@; )!, because in the function ;; the input language for the function s, is
always j™ low-level P4 interface controllable. Algorithm 4.2 shows how to compute

ps; (P); where P 2 Pred(Q,).

Algorithm 4.2 5, (P)
1: Ppags  False;
2. foreach 2 4, do

3 P pr(ff2Qy j ;@ )FPO);

4: PCR CR(GLJ,P ; LJ,P),

5:. foreach 2 Rj do

6: Poacs  Poags _Pr(fq2Qu; j jox; )& (0 )F zPer 9);
7. end for

8: end for

9: return P Ppags;

In Line 6, g = (z;y;X) is as in equation (4.2). In our BDD implementations, the
computation of Pcr is a very costly step. However, usually in an HISC system the
number of answer events is small. Furthermore, as the computation of each answer
event is independent, we can compute the Py,q5 for each answer event in parallel and

then combine them together.
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Computing g, (L(GL,;;P))

De nition 4.20. For system ; de ne the function Wy, : Pred(Q;) ¥ Pwr( ILj)
according to

(8P 2 Pred(Qy;))

Wi (P) := s 2 L(GL;;P) j S 2 Lm(G},) & 812 ) sl 2 Ln(Gy;) \L(GL;P)g

e
Clearly, for all P 2 Pred(Qy,;); Wps;(P)  L(Gy,;;P):
Lemma 4.20. For system ; the following holds:
(8P 2 Pred(Q;))(8s;t 2 L(G,;;P))
(52 Wpg;(P) & (;(ALjo:S) = 1;(dLjos 1)) D 12 Wi, (P):
proof:
Let P 2 Pred(Qy;); and s;t 2 L(G;;P): D
Assume | (dujo;S) = 1;(ALjo;t) and s 2 Wy, (P): (2

Must show this implies t 2 Wy, (P):

Let e, P); Lm(G},)’ and (., be the Nerode equivalence relation on
with respect to L(G;; P); Lm(G',j) and Ln(Gy;) respectively.

From (2), we have (Quj,;S) = (Aujo;t)

)s LG, P t&S Lne,) b 3)

by Proposition 2.6 and fact L (Gy;) = Lm(Gy;; true):

As G|_j = E|_

; Gl Gj and (o S) = 1;(dujo; t); we have
1(X0:S) = [ (X501 D)
J)s Lm(GH)) t; 4)

by Proposition 2.6 and fact Lm(G},) = Lm(G;,; true):

From (2), we have s 2 W, (P)
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)sZLm(G',j)&(8I2 Lj)SIZLm(GLj)\L(GLj;P)
D t2Ln(G]) & @12 ) t2LnGL) \LG;P) by B)@)
D t2Wp(P); ast2L(Gy;P):

Lemma 4.21. For system ; the following holds:
(8P 2 Pred(Qy;))(8s 2 L(G;;P)) (Ot s) t2Wpg(P)) » 52 g (L(Gyy; P))):

proof:
Let P 2 Pred(Q;) and s 2 L(Gy;;P): D
1. Show that (9t ) t2 Wy, (P)) D s2 6, (L(G,;;P)):
Assume (9t s) t2 Wy, (P): ()
Must show this implies s 2 6, (L(GL;; P)):
From (2), we have
Ot s)t2 Lm(G',j) & @12 ) t2Lm(G)\L(GyL;P)
D (8t s)t2 Lm(G',J_) D12 ) t2Lm(G)\L(Gy;P))
D52 45 (LG P))
2. Show that s 2 6, (L(GL;;P)) D ((9t  s) t 2 Wy, (P)):
Assume s 2 6, (L(Gy,;;P)): (€))
Must show this implies (9t s) t 2 Wy, (P):
From (1), we know s 2 L(G;; P): Combine this with (3), we thus have
(8t s)t2 Lm(G',j) D> (O12 ) t2Lm(GL) \L(GL;P))

D> (Ot $)t2Ln(G}) & (812 ) t12Ln(G,)\L(Gy,;P) (4)
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Ass 2 L(G;;P)and L(Gy;;P) is closed, we know t 2 L(Gy;;P): (5)

By (4) and (5), we thus have (9t s) t 2 W, (P):

Proposition 4.24. For system ; the following holds
8P 2P red(QLj )) L(G Lj> P) p6; (L(G Ly P)) = | Wes; (P)(G L P);
where LYPs ®)(G;P) = Ls2wpe, @) L°(Gy3 P):

proof: Identical to the proof of Proposition 4.6 after substituting Sub(Pn,) with
Pred(Q._j); HIC with P6;j 1 WH(P) with Wpﬁj (P), GH with G|_j, H with Lj; OHo
with qyj,; Lemma 4.2 with Lemma 4.20, Lemma 4.3 with Lemma 4.21.

O

De nition 4.21. For system ; de ne the function 6 : Pred(Qy;) ¥ Pred(Qy;)
according to
(8P 2Pred(QL,)) 5((P):=P (Px,, CR(Gy:Pi,.; 1P
where Py, = pr(fq 2 Q;jx 2 X]_9); Pr;,, :=pr(Qy;,.);
q = (z;y;X) as in equation 4.2 (Page 105),
and Xj'm and Q,,, are the marker state sets of G'Ij and Gy respectively

as de ned in Section 4.1.

s

Note that for system ; Px.

i and Py, are constant. The following lemma will

be used later on.

Lemma 4.22. For system ; 6 is monotone with respect to , i.e.

(8P1;P2 2 Pred(Qr;)) Pr P2 p;(P1)  pe (P2):
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proof:
Let P; P2 2 Pred(Qy,): Assume Py Py:
Must show this implies s, (P1) pe; (P2):
pe; (P1)

=P1  (Px;, CR(Gy;;Py,; 1;:P1)); by de nition of 6 (Py1)

=P1 "™ 2(Px;,, ™ = CR(Gy;;Py;,0 1;:P1))

=P1 N (:Px;,, _CR(Gy;; Py, 1;:P1))

P2 (:Px;., _CR(GL;;Py,;,; L;:P2));asP: P;and CR is monotone
=Py ™ 1(Px;,, ™ 2 CR(GL;;Py,,; 1 P2))
=P; (Px;, CR(GL;Py,: 1;:P2)
pe; (P2)

O

In order to show the method to compute 6;; We need the following proposition

and lemma.
Proposition 4.25. For system ; the following holds:
(8P 2 Pred(Qy,)) Lm(G1;) \L(GL,;P) = Li(Gy,;; CR(Gy,; P)):

proof:
Identical to the proof of Proposition 4.10 after substituting G with Gi;; Qn with

Qu;s Qny, With Q3 w1 With |, n with i ;:

Lemma 4.23. For system ; the following holds:
(8P 2P red(QLj)) I—m(GLj) \ L(GLj ; P) = I—m(GLj ; P)

proof:

Let P 2 Pred(Qy;):
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1. Show that Ln(Gi;;P)  Lm(Gr;) \L(G,;;P):
Clearly, Ln(GL;;P)  Lm(Gy;) and Lin(Gr;;P)  L(Gy,;;P); s0 Lim(Gy;; P)
Lm(Gy;) NL(Gy;; P):

2. Show that Ln(Gy;) \L(GL;;P) Lm(Gy;;P):
By Proposition 4.25, we know Ln(G;) N\ L(G;;P) = Lm(Gy,;; CR(Gy;; P)):
By the de nition of CR, we also know that Ly (G;; CR(G;;P)) Lm(Gy,;;P):

SO, Lm(G;) N L(GL;;P)  Lm(Gy;;P):

The following lemma will be used in the proof of next proposition.

Lemma 4.24. For system ; let P 2 Pred(Q;);w 2 IL and g 2 Q;: If g =

(djo; W) and g = R(Gy;; P), then
4 CR(Gy;; Pijm: 1y:P)ifand only if (912 ) wl 2 Lin(Gyy;P);
where P, = pr(Q, ) as de ned in De nition 4.21.

proof:
Assume g = (quj,;W) and q = R(Gy;; P):

qFCR(GLJIPLJmI Lj;P)

1 =¢
Uk+1 F PLjm

Gier = ;@ i) i=120000K
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» Ok210;1;:::9)(9 1,115 w2 )
L@ 1700 WFRGLP)& (@ 1007 k) 2 Qujms
by g = R(GL;;P) and the de nition of P, :
- (912 LJ_) Wl 2 Ln(Gy;; P);
by lettingl = ;::: and theassumptiong = (q.j,;W)andq = R(Gy;;P):
O

Proposition 4.26. For system ; the following holds:

(8P 2Pred(Q;)) g (L(GL;;P)) =L(Gy;; ps (P)):

proof:
Let P 2 Pred(Qy;): We prove this proposition by a series of transformation.
pe; (L(GL;: P))

=L(G,,;P) LY»®)(Gy,;P); by Proposition 4.24

=L(GLiP)  Lwawe, L™ (G P)

= LGP pr(Lwawes ) F 1; (0L W)9)); by Proposition 2.7

=L(GL;;P  pr(fg 2 R(G;;P)j 1;(qu,;,; W) = g for some w 2 Wy, (P)9));
as Wps;(P) L(Gy,;;P) and by Proposition 2.5

=L(Gy;; P pr(fg 2R(GL;P)i(OW 2 L(GL;5P)) (O W) =0 &
W2Ln(G)) & (812 ) Wl 2Lm(G,) \LGL;P)Y);
by de nition of Wy, (P)

=L(Gy;; P pr(fg 2R(GL; P)i(OW 2 L(GL5P)) (O W) =0 &
w2 Lm(G',j) & (8l 2 L,-) Wl 2 Lin(Gy,;; P)g)); by Lemma 4.23

=L(Gy;P pr(fg F R(G;P)ix 2 X & q2CR(G; P53 P)I));
by Lemma 4.24,
where P, = pr(Qy,;,) as de ned in De nition 4.21,

and g = (z;y; x) as in Equation 4.2 (Page 105).
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=L(G;P  pr(fa2Qujx2 X & q2CR(Gy;;Puy,; 1;iPO);

as removing the states satisfying (true R(Gy;;P))

does not change the resulting language, by Proposition 2.5.
=LGy; P (pr(fa2 Quix 2 X{ 9) CR(GL;iPy,.; 1;iP))
=L(G;P (Px;,, CR(GL;Py,,: v;;P)));wherePx, isasinDe nition4.21.
=L(Gy;; pe; (P)):

4.3.5 The Algorithm to Compute supCy, (Lm(Gy,))

For a predicate P 2 Pred(Qy;); we know from Proposition 4.25 and the de nition
of L ng; that
Lng; (L(GL;5P)) = Lm(GL,) N LGL,;;P) = Lm(Gy,;; CR(GL,;; P)):
We now put all the predicate functions together to show the method to compute

sup Cy; (Lm(Gy,)):

De nition 4.22. For system ; de ne the function ; : Pred(Q.;) ¥ Pred(Q;)
according to
(8P 2 Pred(Qu,)) ,(P):=CR(Gi,; ps( ps;(PLPC;j(P))))
¥

By Lemma 4.12, PLPC; is monotone; by Lemma 4.18, s, is monotone; by
Lemma 4.22, 6 is monotone; the predicate transformer CR(Gy;;:) is monotone;

thus the function ; is also monotone.

Lemma 4.25. For system ; the following holds:

(8P 2 Pred(QL,)) Lm(GL,: CR(GL,:P)) = L(G.,;CR(G.,; P))
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proof:

Identical to the proof of Lemma 4.6 by substituting Gy with G;; Qu with Q;;

Qum, With Q5 yu With 7w with (.

Lemma 4.26. For system ; the following holds

(8i 2 11;2;:::9)(8P 2 Pred(Qy;)) Lm(Gy;; }_j (P)) = L(Gy;; i_j P)

proof:
Leti2f1;2;:::9; and P 2 Pred(Qy;). By de nition of ;; we have
Lm(Gy: L, (P)) =Lm(Gr;; 4 ( L))
= Lm(G1;; CR(GL;: ey ( ps; (PLPC( 1, (P));

by de nition of L

= Lm(Gy,;; CR(Gy,;;P?);

by letting P’ := 6, ( ps; (PLPC;( {,*(P))))
= L(GL;;CR(Gy,;;P"); by Lemma 4.25
=L(Gi;; CR(GL;; pe; ( ps; (PLPC;( 1, ' (P)))))
=L(Gy;; ,(P)); by de nition of

Proposition 4.27. For system ; the following two points hold:
1. (8P 2Pred(Qy;)) ;(L(GL;:P)) =Lm(Gy;; ;(P))

2. (8P 2 Pred(Qu)(8i 2f1;2;:::9) | (L(GL,iP)) =Lm(Gy,;; [;(P))

proof:

1. Show that (8P 2 Pred(Qr,)) 1, (L(GL,;P)) =Lm(Gy; 1, (P))

Let P 2 Pred(Qy;):
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L; (L(Gy;:P))
LnB; ( pe; ( ps; (LPCj(L(GL;5 P))))), by de nition of
=Lm(G,)\ pg, ( ps, (SUp LPC;(L(GL,;P)))); by de nitions of LPCj and g,
=Lm(GL;) \ pe; ( ps5; (SUp LPC;(L(Gy;;P)))); as L(Gy,;; P) is closed
=Lm(GL,) \ pg ( ps; (L(G;; PLPC;(P)))); by Proposition 4.18.
= Lm(G;)\ pe; (L(GL,; p5; (PLPC;(P)))); by Lemma 4.13 and Proposition 4.23.
= Lm(Gy,;) \L(Gy;; ps;( ps, (PLPC;j(P)))); by Proposition 4.26
= Lm(GL;;CR(GL;; pe; ( ps; (PLPC;(P))))); by Proposition 4.25
=Lm(Gy;; ;(P))
2. Show that (8P 2 Pred(Qy;))(8i 2 f1;2;:::9) {,(L(Gy;;P)) =Lm(Gy;; ,(P))
Let P 2 Pred(Qy;): We now prove this by induction.
(a) Base Case: i =1
By Point 1, we have 1L,- (L(GL,;;P)) = Ly (G, ,;(P))
(b) Inductive step.
Let k 2 £1;2;:::9: Assume 'ﬁj(L(GLJ.;P)) = Lm(Gy;; 'ﬁj (P)).

Must show ‘,ij“(L(G._j; P)) = Lm(Gy;; l.i}Ll(F’))i

CHLGLP) = G F (LG P)))
L (Lm(Gy; 1, (P))); by inductive assumption
Lng; (pe; ( ps; (SUPLPCi(Lm(Gyys 1 (P)))),
by de nition of |,
= ing;( pe; ( ps; (SUPLPC(L(Gy; 1, (PN,

by Lemma 4.26
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= ;(LGy; 'ﬁj (P))), by the de nition of ;:

= Lm(Gy,; E}'l(P )), by Point 1 of this proposition.

Theorem 4.2. For system ; the following two points hold:

1. There exists k 2 f0;1;:::g such that k  jQ,j and lﬁ,— (true) is the greatest

xpoint of the function |, with respect to (Pred(Q.;); ):
2. sUpCy,; (Lm(Gy;)) =supCq; (Lm(Gy,;true)) = Lm(Gy;; 'ﬁj (true))
proof:

1. Show that there exists k 2 0;1;:::g such that k  jQ,j and E,— (true) is the

greatest xpoint of the function |, with respect to (Pred(Q;); ):

As |, is monotone and jQy;]j is assumed to be nite (Section 4.1), we know
immediately from Proposition 2.3 that there exists k 2 f0;1;:::g such that

k  jQu;J and fj (true) is the greatest xpoint of the function ;.

2. Show that supCp;(Lm(Gy;)) = supCy;(Lm(Gy;;true)) = Lm(Gy;; 'ﬁj (true)):

sup C; (Lm(Gy;)) = sup Cy; (Lm(Gy,;; true)) is automatic as Lm(Gr;) = Lm(Gy;; true):

(@) Show that supCp;(Lm(Gy;;true)) Lm(Gy,;; lﬁ,— (true))
By Proposition 2.3, we know that

(81 2f1;2;:::9) i >k D Lm(Gy;; [, (true)) = Lm(Gy;; f(true))

D limjr 1 Ln(Gyy; i_j (true)) = Lm(Gy;; tj (true))
D limisa |, (L(Gy;;true)) = Lm(Gy;; f,(true)); by Proposition 4.27

D supCi;(Lm(Gy;;true))  Lm(Guy; {(true)); by Proposition 4.21
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(b) Show that Ln(Gy;; ‘ﬁj (true))  supCp;(Lm(Gy;;true)):
Based on the value of k; we now show this in two cases:
Case 1: k2 f1;2;:::g
By Point 1 of this theorem and Proposition 2.3, we have
K (true) = ((true)
D Ln(Gyyi §(true)) = Lm(Gy,; (true))
D Lu(Gyy; f(true)) = [TH(L(Gy,;true)); by Proposition 4.27
D Lm(Gyy; ¢ (true)) = 1 §(L(Gy,;true)))
D Lm(Gy,; 'ﬁj (true)) = ;(Lm(Gy;; Ej (true)));
by Proposition 4.27 and k 2 1;2;:::g
Case 2: k=0
If (ﬂ,- (true) is the greatest xpoint of ;, then by Proposition 2.3 we
know that
ﬁj (true) = Ej (true), (1)
SO ﬁj (true) is also the greatest xpoint of ;:
D Lm(Gyys i,(true)) = [ (Lm(Gyy; i, (true))); by Case 1
D L(Giy; O (true)) = o (Lm(Gyy; 2, (true))); by (1)

From Case 1 and Case 2, we know that L,(Gy;; 'ﬁj (true)) is always a
xpoint of the function ;:

From Proposition 4.20, sup Cy;(Lm(Gy;;true)) is the greatest xpoint of
the function |;; so Lm(Gy;; 'ﬁj (true)) supCy,(Lm(Gy,;true)):

]

Corollary 4.4. For system ; let S, be a DES de ned over event set | ; with

Lm(St;) = Lm(Gyy; §(true)) and L(Sy;) = L(Gy;; [, (true)); where k 2 10;1;:::g
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and 'ﬁj (true) is the greatest xpoint of ; with respect to (Pred(Qy;); ): Then for
the n™ degree parallel interface system composed of G ; Gp,_l; il Gp,_n; (TR
Gi.; Bns By 2155 By 45 Sy BEuays 20 B, with respect to the alphabet partition

in Equation 3.1, S is a j™ low-level proper supervisor.

proof:
We rst note that by Theorem 4.2, an appropriate k 2 f0; 1;:::g exists such that

E,— (true) is the greatest xpoint of ; with respect to (Pred(Qy;); ):

1. Show that Lm(S,; GP, Gl)=L(S, Gf, Gl):
Lm(Sy;) = Lm(Gy;; E,— (true))
D Lm(Sy)  Lm(Gyy)
D Lm(Sy) Lm(Ey GI, G))
D La(S,) La(GY, G)
D Ln(Sy,) =Lm(Sy, GP, GY) (D)
Similarly, we can show that L(S.;) = L(Sy G'O,_j G',J_) (2
Ifk 2 ¥1;2;:::gand ‘f_j (true) is the greatest xpoint of |;; then by Lemma 4.26
we know that Lm(Sy,) = L(Sy,):
Ifk =0and 0,_J_ (true) is the greatest xpoint of | ; then as jQ,]j is assumed to
be nite (Section 4.1), by Proposition 2.3 we know that 1,_j (true) = 0,_j (true):
D L(Sy;) = L(Gy;; i,(true)) and Lm(Si;) = Lm(Gy;; i, (true))
D Lm(Sy,) = L(Sy,); by Lemma 4.26.

Therefore, we always have

Lm(Sc;) = L(S,):; ®3)

when k 2 f0;1;:::9 and fj (true) is the greatest xpoint of ;:
141



Master Thesis { R. Song { McMaster { Computing and Software

Combining (1), (2) and (3), we can conclude Lm(Sy; GP, Gj,) =L(Sy,
G, Gi,):

2. Show that Sy ; is the j™ low-level interface controllable.

By Part 1 and De nition 3.8, De nition 4.10, and De nition 4.16, it issu cient

to show that Lm(Si;  Gp, Gj,) is j™ low-level interface controllable.

From Theorem 4.2, we know that L (Sy;) is j™ low-level interface controllable.
By (1), we can conclude Lm(Sy; G, Gj,) is also j™ low-level interface

controllable. ]

The supervisor S ; can be constructed by removing states from G, ; that do not
satisfy 'ﬁj (true): A trim supervisor DES Si; can be built by removing states from
Gy, that do not satisfy R(Gy;; {, (true)):

Algorithm 4.3 shows how to compute t,— (true); wherek 2 0;1;:::gand 'ﬁ,— (true)
is the greatest xpoint of ; with respect to (Pred(Qy;); ): By Point 1 of Theo-

rem 4.2, we know the greatest xpoint will be reached after nite number of iterations.

Algorithm 4.3 Computing the greatest xpoint of |, w.r.t. (Pred(Q;); )

1. Ppag,  pr(Bady,);

2: P;  true;

3: repeat

4. P2 Pl,

5 P1 ITR(GL;; iP1_Poaa i wy [ gy
6: Pl P5; (Pl),

7. P P1 (ijm CR(GLJ, Pij; Lj; Pl)):
8: P]_ CR(GLJ ; Pl),

9: until Py =P,

10: return Pq;

In the algorithm, Px;., and Py, are as de ned in De nition 4.21. Line 5 computes
PLPC;j(P1):  ps;(P1) in Line 6 can be computed by using Algorithm 4.2. Line 7
computes g, (P1). Line 8 is for the function | ng;:
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Chapter 5

Veri cation of HISC

In this chapter, we brie y discuss the method to verify a n™™ degree supervisor
interface system and we give the veri cation algorithms.

In the previous chapter, we proved that for system ; we can synthesize a high-
level proper supervisor by trimming o states from Gy and the j' low-level proper
supervisor by trimming o states from G,.

For the n' degree supervisor interface system that respects the alphabet partition

their corresponding speci cations (assuming the system is HISC-valid) and apply the
synthesis algorithm to the system. If Sy is a high-level proper supervisor, then there

would be no reachable state that must be removed from G Similarly, if S ; is a jin

that must be removed from Gy,:
Algorithm 5.1 shows the veri cation algorithm for the high-level. Bady in Line
2 is a state subset as de ned in De nition 4.7, and pr(Bady) denotes the predicate

identi ed by Bady:
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A

Igorithm 5.1 High-level veri cation

PN RE

© o N o U

Pr R(Gy;true);

. Pbadyy,  Pr(Bady);

if (Pr " Ppad,,) then
return "The high-level supervisor is not controllable or the high-level fails to satisfy interface consistent
condition Point 3.";

cend if

. if (Pr & PR M CR(GH;true)) then

return "The high-level is blocking.";

:end if

. return "The high-level supervisor is high-level interface controllable and the high-level is nonblocking.";

Algorithm 5.2 shows the veri cation algorithm for the j™ low-level. Bady, in Line

2 is a state subset as de ned in De nition 4.14, and pr(Bady,) is the predicate iden-

ti

ed by Bady;. 5 (true) in Line 6 can be computed by using Algorithm 4.2. Line

9 veri es the interface consistent condition Point 6. Line 12 veri es the nonblocking

property.
Algorithm 5.2 The j* low-level veri cation
1: PR R(Gy,;true);
2: Prad,,  pr(Badi;);
3 if (PR N PbadLj) then
4. return "The jt™ low-level supervisor is not controllable or the jt" low-level fails to satisfy interface consistent
condition Point 4.";
5: end if
6: if PR & PR ps;(true) then
7. return “The j™ low-level fails to satisfy interface consistent condition Point 5.";
8: end if
9: if PR & PR ™ 2(Px;,, CR(GL;;Py,,; L;: true)) then
10: return "The jth low-level fails to satisfy interface consistent condition Point 6.";
11: end if
12: if Pr & Pr N CR(Gy;; true) then
13: return "The j™ low-level is blocking.";
14: end if
15: return "The j™ low-level supervisor is j ™ low-level interface controllable and the jth low-level is nonblocking.";

Usually, the veri cation process is faster than the synthesis process, because the

veri cation algorithms do not need to compute the greatest xpoints as Algorithm 4.1

and Algorithm 4.3 need to do.

144



Chapter 6

Symbolic Computation for HISC

Synthesis and Veri cation

In the previous two chapters, we developed the algorithms for the synthesis and
veri cation of an HISC system. The e ciency of these algorithms is dominated by the
computation of the four predicate transformers: R; CR; TR and CR: In this chapter,
we rst discuss how to use logic formulas to represent state subsets and transitions
in a system, and then present how to compute the predicate transformers from the
logic formulas. After that, we brie y introduce a method of using Reduced Ordered
Binary Decision Diagram (ROBDD, or simply BDD) [6] to implement the algorithms.
We then present an approach for controller implementation. Finally, we give a small

tutorial example to demonstrate the algorithms.

Most of the ideas in this chapter are originally invented by Ma in [31] for the
State Tree Structure (STS) or researchers in the model checking area. The approach
to represent the state subsets and transitions for the HISC high-level or low-levels
as logic formulas and BDD can be thought of as a special case of the approach for

STS. The optimization technique using the tautology (Equation 6.2) to reduce the
145



Master Thesis { R. Song { McMaster { Computing and Software

intermediate BDD is also applied in our implementations. What is new here is that we
simpli ed the logic formula representation for a at system composed of component
DES and applied these ideas and techniques for the HISC synthesis and veri cation

algorithms.

6.1 Symbolic Representation of State Subsets and

Transitions

In Chapter 2, we discussed predicates de ned on the state set of a DES, but we
did not discuss how to de ne a predicate other than its corresponding state subset.
From now on, we call a predicate that are de ned on the state set of a DES as a
state predicate. A state predicate essentially is a boolean function whose domain is
the state set of the DES and range is 0, 1g. If we use the identifying state subset
to de ne a state predicate, then it is no better than directly using the state subset in
our algorithms. In this section, for a given HISC system, we present how to de ne a
state predicate as a logic formula, so the formula also represents a state subset. We
say that the logic formula is a symbolic representation of the state subset.

In order to represent the high-level and low-levels in an HISC system symbolically,
we also need to de ne predicates that are de ned on the transitions of a DES, which
we will call transition predicates. Then we will discuss how to use logic formulas to
de ne the transition predicates.

The high-level or low-levels in an HISC system can be thought of as a special at
system which is composed of component DES: plant(s), supervisor(s)/speci cation(s)
and interface(s). Because our symbolic representation for state subsets and transitions

does not care about the type of a component DES, in this section, we only talk about
146



Master Thesis { R. Song { McMaster { Computing and Software

the symbolic representation for a at system composed of component DES.

6.1.1 Symbolic Representation of State Subsets

Let the system G := (Q; ; ;0o; Qm) be the cross product of component DES
G1:=(Q1; ; 15016 Q)i 1115 Gn == (Qn; 5 ninoes Qnyn); Where n 2 F1;2;:1:g: ie.
G =G; Gy

Let g 2 Q; then there exists a unique g1 2 Qi; ..., gn 2 Qn such that q =
(01;:::;qn): We say q, is the rst component part of q; ...; g, is the n'" component
part of q:

assigned value g;; otherwise it returns 0. Let A Q be a state subset, then the

predicate P for A can be written by?

PA(V):=" (1= ™MV2 =02 V=) (6.1)
q2A

For convenience, if v is understood, we write P, instead of Pa(Vv): Clearly, for all
g2Q,q2Aifand only if Pao(q) 1: Here we use to stand for logical equivalence,

because = has been used to test if v; has been assigned value g;:

1As a at system composed of component DES is a special case of STS, we will not give a
soundness and completeness proof for the logic formula representation, interested readers can nd a
proof for STS in [31].
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generated by Equation 6.1 is a propositional logic formula. This is a very important
aspect, because a predicate logic formula can not be represented as a BDD.

This formula does not look promising, but if we notice the following tautology,
we will see it is possible that the formula can be greatly simpli ed as the following

examples show. 1

T (vi=q) 1 (6.2)
4i2Qi

Figure 6.1 is the simpli ed small factory example from [47] with bu er size two.
The event set for the systemis =T 1; 2; 1; 20: All the states in each component

should also be added sel oops with events not appearing on the component.

Figure 6.1: Small factory example

Let Vi, ;Vm,; Veur be the state variables for the component DES M;; M, and
BUF respectively, then the state variable vector for the small factory is v = (Vpu,;
Vm,; Veur): Let A Fl;;Wig  Fl;;Wog  Tsg; S1;520 be a state subset of the small
factory. Let Pn be the state predicate for A.

First let A := T(l1; 12;S0)g; then by Equation 6.1, we have Pa(V) = (vm, =
I MV, = 12 ™ Vveur = Sp): This formula for the predicate P is not simpler than a

state subset.
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Now let A := F(l1; 12;S0); (W1 I2;S0); (15 125 81); (Wa; 125 81); (115 125 82); (Wa; 125 82)g;
then by Equation 6.1, we have

Pa(V) :== (vm; = 11"V, = 12MVBuE = So) _(Vm, = W1V, = 12MVByuF = So)_

(Vm, = 1™V, = 2MVeUF = 81)_(Vm, = W1V, = 12MVBUE = S1)_

(Ym, = 117"V, = 2N Veur =S2) _ (Vm, = Wi NV, = 12N Veur =Sp)

(Vm, = li_vm, = Wi)™MVm, = 12)™M(VBUF = So_VBUF = S1_VBUF = S2);
by the distributive law of propositional logic

1NMN(vm, = 12) M1

(Vm, = 12)

We can see that Pa(V) := (vm, = I2) is much simpler than the state subset A.
Furthermore, the formula clearly says that A includes all the states whose M, part
is I,:

With the given formula representation for a state predicate, we can easily check if
a state is in the corresponding state subset. Let Pa(V) := (vm, = 12) be a predicate

for the small factory system. For example, the state (14; 1,;So) 2 A because

Pa(ls;l2;80) i=(l2=12) 1

and the state (I;W,;s;) 2 A because
Pa(l1;Wao;81) i= (W2 =1) O

With the formula representation for a state predicate, the set operations such as
intersection, union and complement can be done by the logic operations ©, _and :
on formulas. We now give examples for the small factory system.

Let A;; A, Fl;;Wig  flp; WLg s sp; 5209 be two state subsets of the small

factory, and

Ar = T(11; 12;50); (W1; 12;50); (115 125 82); (W1 12;82)9;
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Ay = T(l1; 12;80); (115 12;81); (11; Wa; S0); (11, Wa; s1); (W1; 125 S0); (W1; 125 81);
(W1, Wa; 80); (W1; W3;81)0:
Let Po, and Pa, be the state predicates for A; and A, respectively, then by

Equation 6.1, we have the simpli ed formulas as

Pa (V) := (Vm, = 12) ™ (VBUF = So _VBUF = S2)
Pa,(V) := (VBuF = So_VBUF = S1):
A \A;
By set intersection, A; \ A, = f(I1; 12;S0); (Wi 12;S0)g; and
Pa, *Pa,  (Vm, = 12) ™ (VBuF = So_Veur = S2) ™ (VBUF = S0 __VBUF = S1)
(vm, = 12) ™ (VBUF = So):
One can see that P, ™ Pa, really represents the state subset A; \ A;:
A LA

By set union,
A1[A2 = T(11; 12;50); (Wa; 125 80); (115 125 82); (Wa; 125 82); (145 125 51); (11, W2; Sp);
(11; Wa; s1); (W, 12;51); (W1; Wa; Sg); (W1 Wp; S1)0;

and

Pa,_Pa, ((vm, = 12) ™ (VBUF = So__Veur =S2))_ (VBUF = So__VBUF = S1)
(Vm, = 12) _ (VBUF = So _VBUF = S1):

Pa, _ Pa, also represents the state subset A; [ A:

A;

By set complement,

As = F(l1; 12 52); (115 Wa; S2); (Wo; 125 52); (Wi W2; S2)0;
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and
2Pa, Z(VBur = So _VBUF = S1)
(VBuF = S2):

So, P4, represents the state subset A,:

6.1.2 Symbolic Representation of Transitions

Let G :=(Q; ; ;0o; Qm) be the system in Section 6.1.1 composed of Gy;:::; Gy.

For a given event 2 , the transition function is essentially a subset of the set

Q Q

event 2 ; a transition predicate N de ned on Q Q is a boolean function

N :Q Q ¥ f1;0g according to
8
2
(84;0°2Q) N (a:q") :=
-0; otherwise.

@ )N& (@ )=¢

by

Let 2 Dbe anevent, then N identi es all the transitions for in G: Like the
representation of a state subset, we can also use the a logic formula to represent the
subset of Q Q (thus a transition predicate), but now we need two di erent sets of
state variables for each component DES. One variable will be for the source state of

a transition, the other will be for the target state of a transition.

DES G; are two variables whose domains both are Q;: The normal state variable
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prime state variables for each component in G:

¥
For a given event 2 in the system G composed of components Gy;:::; Gp;
the transition predicate for N can be written as
L
7\
N (v;V'):= vi=g MV =q) : (6.3)
i2f1;2;:5ng (@i599)2Qi Qi

i(@i; )=¢!

Note the following fact. Leti 2 f1;:::;ngand 2 :Ifforallg; 2 Q;; i(gi; ) 6,
then
L]
T (vi=gMvi=gq) 0
(@i:a)2Qi Qi;
i@i; )=q}

Therefore, N (v;Vv’) 0: This is in line with that the system will block an event
if one of the component DES blocks the event.

Equation 6.3 assumes that every component DES is de ned on the event set
However, when we design a system with multiple component DES, each component
DES is de ned on its own event set. The system event set is the union of all the
component event set and the system is the synchronous product of all the component
DES. Therefore, Equation 6.3 requires that each component DES must be sel ooped
with all the events that are not in its own event set, on each state. This not only
creates a lot of clutter, but also makes the formula to represent the transitions much

more complicated.

To solve this problem, for each 2 ; we use the transition tuple (v ;v';N ) to
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represent the transitions on ; where v is a normal state variable set including all
the normal state variables whose corresponding component DES event set contains

;and V' is a prime state variable set including all the corresponding prime state
variables of the normal state variables in v . For those state variables that are not in
the set v ; we know that must be sel ooped on each state of their corresponding

component DES.

sel oop(G!; 1);::0;Gp = sel oop(GY; n): So, we have G=Gl k k
Gland = ;[ [ «
For a given event 2 in the system G with components G};:::; GL, the tuple

(v ;Vv';N ) can be written by ?

v =f;2vj 2 ;0 V=2V 2 g (6.4)

!
N (v;V)) = T (vi=gMvi=q) (6.5)
fi2f1;2;:5n0) 2 99 (@i:a)2Qi Qi
Yai; )=a}
Although the tuple (v ;Vv';N ) are created from unsel ooped components, note
that the tuple actually expresses the sel oop information, which means that by cre-
ating the tuple we automatically sel oop for each component whose own event set

does not contain . Note also that Equation 6.4 and 6.5 can be used for creating the

transition tuples for sel ooped components as well.

We now create the transition tuples for all the events in the small factory example

shown in Figure 6.1 to demonstrate how to use Equation 6.4 and 6.5.

2Here we are abusing the notation a bit, as v and v’ should not be treated as state variable sets.
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(v VN )
V= v veurd VU = TV VEGED
N = (vm, = 1M vy, = W) A
((vBur = S0 Viyur = S0) _ (VBUF = S1 ™ Vpyr = $1))
(v ;v ;N )
v, = fumg; veurd; V! = TV, VEUED
N, = (m =W My, =17
((Veur = SoMVhug = S1) _ (Veur = S1MVEye = 52))
(v, V' ;N )
Vv, = v, Veur Qi V!, 1= TV, VEGED
N, = (Vm, = 12Ny, = W) N

((vur = 1™ Vpyr = S0) _ (VBUF = $2 ™ Vpyg = S1))

v iV,iN )

2!

vV, = vaZg;vO2 =},

N o = (VM2 =W2AV?\/|2 = |2)

6.2 Symbolic Computation of Predicate Transform-
ers

With the logic formula representation for state subsets and transitions, we now talk
about how to compute the four predicate transformers TR; R; CR and CR: Because

CR is a special case of CR; we only discuss CR in this section.
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de ned in Section 6.1.2.

6.2.1 Computation of Transition and Inverse Transition

compute the predicate transformer R; we must know how to compute (q; ); where
g2 Qand 2 . A state predicate P 2 Pred(Q) can represent a state subset
Qp Q. To compute all the states that can be reached by a  transition from
any state in Qp; we can compute [420.T (4; )g: However, this method is rather
time consuming, especially when the state space of a system is large. We hope we
can instead directly compute the function b Pred(Q) T Pred(Q); de ned as

follows:

(8P 2Pred(Q)® 2 )PP ):=pr(f'2Qj (9 P) (1 )=d'g):

For the system G; to compute the predicate transformers TR and CR; we de ne

afunction ':Q ¥ Pwr(Q) according to

Ba2Q) 2 ) ag; ):=f"2Qj (¢ )=qg:

Let P 2 Pred(Q) be a predicate. To compute all the states that havea transition
to any state satisfying P; we can compute [g=p *(g; ): Similarly, we hope we can
instead directly compute the function & : Pred(Q) ¥ Pred(Q); de ned as

follows:

(8P 2Pred(Q)(8 2 ) G(P; ):=pr(fa2Qj (u; )FPo):

As in [31], we will use a method similar to the relational product, developed by

the researchers in the model checking area [11], to compute b(P; ) and S (P; ):
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De nition 6.4. For the system G composed of components G§;:::;G!, forall 2 ;

let (v ;Vv';N ) be the transition tuple for in G:

9viN = N [g=vi];
0i2Qj

N = T N [g=vi];
0i2Q;i
where N [gi=v;] is the resulting predicate by assigning g; to vi; N [g;=v!] is the resulting
predicate by assigning g; to v!:

¥

The above de nition of 9v;N and 9vIN is based on the existential quanti er
elimination method for nite domain [2]. That is, 9v; and 9v! eliminate the variable
vi and v} from N respectively. The results of 9v;N and 9vIN are still propositional
logic formulas, which can be represented by BDD.

Let 2 and (v ;Vv';N ) be the transition tuple for in G: Assume v =
flog; 1,019 and V! = fdd; 1); ;1) g; where m 2 f1;:::;ng: For convenience, we
de ne the shorthand 9v N and 9v' N as follows:

9v N =9 (9, (b,N) );
9v'N =99k (OB, N) ):

The resulting logic formula for 9v N contains only the prime variables in V' : If
we replace all the prime variables as normal variables, denoted itas 9v N [V! ¥ v ],
then the resulting predicate 9v N [v! ¥ v ] represents the target state set of all the

transitions in G (i.e. Each state in the target state set has a transition entering
it). We need to do the variable replacement because we use the normal state variables

to express the logic formula of a state subset predicate.
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As the resulting logic formula for 9v’ N contains only the normal variables in v ;
we do not need to do the variable replacement. 9v’ N represents the source state set
of all the transitions in G (i.e. Each state in the target state set has a transition
leaving it).

We now give an example to demonstrate 9v N and 9v’N . Figure 6.2 shows
a system with only one component Gg. Let vg;VL be the normal and prime state

variable for the component Gg.

Figure 6.2: Example DES Gg

9v N ; 9v'N

For the event ; we have

v =fveg V! i=fvlg

N =(e=Sp"VE =51) _ (Ve =S1 NVE =S)):

9v N :=9veN
(So =80 VE =81) _(So =8S1" Vg =82)_
(51 =80 Vg =81) _(S1=81"NVE =82)_
(S2=S0"VE =51)_(S2 =S1MVE =8)

VE=s;_VL =5
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Ov N [V! B v ]:=vg=s;_ Vg =sy

The logic formula vg =s; _ Vg = S, represents the state subset fs;;s,g; which

exactly includes the target states of all the transitions in Gg:
9v! N :=9vLN

(VE = S0 so =51) _ (VE =517 So = S2)_

(Ve =so”s1=51) _(VE=8$1"S1=52)_

(Ve =so™s2 =51) _(VE =517 52 = 52)

VE=S9_VE =65;
The logic formula ve = sy __ Ve = s; represents the state subset fsg; s;g; which
exactly includes the source states of all the transitions in Gg:
9v N ; 9v'N
For the event ; we have
v =fveg V! i=1fulg
N = (vg =s; ML = sp):
9v N = 9veN

(So =51AV|05 =Sg) _(S1 =31AV?5 =5g)_(s2= SlAV(I)E = Sp)

VL =5
Ov N V! ¥ v ]:=vg =sg:
9v! N = 9viN

(VE=s1"S0=50) _(VE =s17™S1 =S0) _ (VE =S1™S2 = S0)

VE=9S;
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We now give an example to compute the state set consisting of target states of all
the ; transitions in the small factory example shown in Figure 6.1.
v = fumg;veurd; V! = TV VEGED:
N, = Wm =W My, =17
((Veur = S0 MVEyg = S1) _ (VBur = S1 M Vhyug = 52))
9v N | :=9vpm,(9veueN )
W, ((Vm, = W1 My, = 1IN
((So = S0 Veyr = S1) _(So = S1 M Viyp = S2)_
(51 =50 M Vpyr =S1) _(S1 =51 ™M Vpyg =S2)_
(S2 =So MVhug = S1) _(S2 = S1 M VEug = S2)))
Wi, (Vm, = Wi AV, = 1) N (Ve = S1_Vhye = S2))
(I =Wy, = 1) _ (Wi =Wy Mvy, = 1) A
(VBur = S1_Vayr = S2)
(Via, = 11) ™ (VBug = S1_VByr = S2)

9v lN l[VO1 1 v 1] = (V|\/|l = |1)A(VBU|: =S1 _VBUF — Sg):

For the system G composed of components GY;:::;G%; let 2 : From the
above de nitions and examples, it is clear that 9v N [v! ¥ v ] exactly computes
the predicate representing the state subset f0' 2 Qj (992 Q) (9; ) =¢g'gand 9v' N

exactly computes the predicate representing the state subset fq2 Qj (g; )'o:

With the help of existential quanti er elimination method, we now can compute
band < symbolically. For system G; let P 2 Pred(Q) and 2 : b(P; ) requires
computing the predicate representing the state subset fq' 2 Qj(9q = P) (q; ) =

q’g; while ©G(P; ) requires computing the predicate representing the state subset
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f02Qj (g, ) FPg: So, b(P; ) and CL(P; ) can be computed as follows:
bP; ):=@©@v (N *P)M 1 v ] (6.6)

CP; ):=W'(N ~(P[v T V']) (6.7)

In Equation 6.6, by rst computing N “ P; we restrict the transitions to those
whose source states satisfy P:

In Equation 6.7, note that P is rst transformed to the prime variable format,
because we want to restrict the transitions to those whose target states satisfy P:

For convenience, we omit the hat on b(P; ) and ©L(P; ); because from the
parameters we can clearly tell what the functions are.

We now give examples again for the small factory example shown in Figure 6.1 to
demonstrate the computing of (P; )and *(P; ):

Let P be a state predicate de ned on the state set of the small factory example

shown in Figure 6.1, and let P := (vp, = W31 Mvgyge = S1): We now demonstrate how
to compute (P; ) and (P; .):
P; 2)
N ZAP = (VM2 = IZAV?\AZ :WZ)A
((veur =S1™VEug = S0) _ (VBUF = S2 MVEyg = S1))
(Vm, = W1 M Vgue = s1):
(Vm, = 128V, = Wo)
(VBUF =S AVOBUF =Sy AVMl = Wl):
9v 2(N 5 N P) = 9V|\/|2(9VBU|:((V|\/|2 = |2AV?V|2 = Wz)/\
(VBur = S1MVEup = So VM, = W1)))

9VM2((VM2 =L" V(|)V|2 = WZ) n (V(I]E’:UF =So AVM1 = Wl))
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(V(l)\/lz = W>) ™ (Viue = So) ™ (Vm, = Wy)
(P; 2):=OVv (N, PV, T v ]
((V%AZ = W) N (VEug = So) ™ (Vm, = W)V , v ,]
(Vm, = W2) ™ (VBuF = So) ™ (Vm, = W)
YP; 1)
N, APV, TV )= (v, = LMy, =W 2

((veur = S0 Vhur = So)_(VBuF = S1V5ye = SO

(V(IJ\/Il =W, M Vgye = 851)
(Vmy = 1) N Vi, = W) N (Veur = S1) N (Vue = S1)
P; D=9 (N, ~P[v, TV ])
W, (OVByE (Y, = 1)V, = W) (Veur = $1)M(Veur = S1)))

(vm, = 11) ™ (VBUF = S1)

6.2.2 Computation of R

the de nition of R(G;:); we can write a straightforward algorithm for R(G;P) as

shown in Algorithm 6.1.

Algorithm 6.1 R(G; P)(Straightforward)
1 Py P 7 pr(fgeQ);

2: repeat

3 Pz Pl, W

4. P]_ Pl_ > ((Pl, )AP) ;

5

6

. until P, P,
: return Pq;
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In Line 4 of the algorithm, we never remove states from P;: As the number of
states in G is nite, after nite number of steps we will have P1  P2; thus the
algorithm will terminate.

Algorithm 6.1 works like a breadth rst search. As found by Ma in [31], a
breath rst search method could generate a very complicated intermediate result,
even though the nal result is quite simple because of the tautology in Equation 6.2.
An algorithm (shown below) working like a depth rst search can greatly reduce the
intermediate result. The following example is almost directly taken from [31] for
the sake of content completeness, the di erence is that the example there is used

for explaining the algorithm of a predicate transformer similar to our TR predicate

| ﬁ
75 2N

Figure 6.3: Example system M

transformer.

Figure 6.3 shows a system M composed of two component DES M, and M,: For
simplicity, let P := true be the input predicate of R(M;:); i.e. we now compute
R(M; true): Let vy, and vy, be the state variables for M; and M, respectively.

Initially, P1  (vm, = So ™ Vm, = to);

First iteration

P1:=P1_ (Vm; =S1 VM, = t0) _ (Vm, = So N Vm, = 11)
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(Vmy =81 Vm, = to) _ (Vm, = S0 ™ (Vm, = to _ Vv, = 11))
Second iteration
P :=Pi_(Vm; =S1™Vm, =t1) _(Vm; =2 Vm, = o) _(VMm; = S0 N Vm, = 12)
(Vm, =S0) _ (Ym, =S1 ™ (Vm, = to _Vim, = 11)) _ (Vv = S2 NV, = to)
Third iteration
Pri=P1_(vm, =2 Vm, =t1) _ (Vm;, =S1 NV, = 1)
(Vmy = S0) _ (Ym, = S1) _ (Ym, = S2 N (Vm, = to _Vm, = 11))
(Ymy, =S0) _ (Ym, =81) _ (Vm, =2 (Ym, = to _Vm, = 11))
Fourth iteration
P1:=P1_(Vm, =$2"Vm, = 12)

1

Although the result can be represented as 1, one can see that the intermediate
logic formula is much more complicated than the result during the computation.

To reduce the intermediate result, we can take a look at equation 6.2. Only when
a state variable can be assigned to all the values in its domain, the part related to
the state variable can be reduced to 1. In the above example, for instance, if we rst
compute the transitions i; 1; 1, then vy, can be assigned to all the states in its
domain fsg; S1; S,0; so this part can be reduced to 1.

For the system G composed of components G};:::;GY; Algorithm 6.2 formally
states the above idea. The algorithm chooses the events component by component.

Note that in Line 7, the event set is ;; but the transition function is : This
algorithm makes great use of the tautology of Equation 6.2 to reduce the intermediate

result. The di erence between this algorithm and the previous one is the order of
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Algorithm 6.2 R(G;P)
1 Py P pr(fgoeg);

2: repeat

3: P2 P]_,

4. fori 1tondo

5 repeat

6: Ps Pq; W

7 Pl P]__ 2 i( (Pl, )AP) ;
8 until Py Pz

9: end for

10: until P P,
11: return Py;

choosing events. In Line 7 of the algorithm, we never remove states from P;: As the
number of states in G is nite, after nite number of steps we will have P1 P 3 for
the repeat loop from Line 5 to Line 8 and P1 P2 for the repeat loop from Line
2 to Line 10; thus the algorithm will terminate.

Now we compute R(M; true) according to Algorithm 6.2, where M is shown in
Figure 6.3. The phrase "outer repeat' means the one on Line 2, and "inner repeat"
means the one on Line 5.

Initially, P;  (vm, = So ™ Vm, = to);

First outer repeat iteration

i :=1; // For the component M,

{ First inner repeat iteration
P1:=P1_ (Vm, =81 VM, = to)
(Vmy; =So_Vm, =S1)MVm, = 1o
{ Second inner repeat iteration
P1:=P1_ (Vm, =S2"Vm, = to)
Vm, = To
{ Third inner repeat iteration

Pl = V|\/|2 = to

I := 2; // For the component M,
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{ First inner repeat iteration
Py =P1_(Vm, = 11)
(Vm, =to _Vm, = 11)
{ Second inner repeat iteration
P =P1_(Vvm, = 1)
1

{ Third inner repeat iteration
P,=1

Second outer repeat iteration
P,=1

During the computation, we can see the intermediate predicates are much shorter
than those of the previous algorithm. This is very important for our BDD-based
algorithms, because the running time of BDD operations directly depends on the
number of BDD nodes, and the number of nodes a BDD contains is proportional to
the length of its corresponding logic formula (simpli ed).

For the system G composed of components GY;:::;GL; let P 2 Pred(Q): We
now discuss another optimization technique for the computation of R(G; P):

Notice that during the computation of R(G;P); we always compute the new
reachable states from all the states that have been reached. This is obviously not
e cient in an automata-based algorithm, because we can compute the new reachable
states from the states that were found most recently (or in last loop). In our symbolic
algorithms, however, computing from all the states that have reached could make the
algorithm run faster because the tautology could dramatically reduce the size of the
intermediate logic formulas.

However, in our experience, under some cases, computing the new reachable states
from the states most recently found is faster than computing them from all the states
that have been reached. For instance, in the AIP example in next chapter, computing

from the most recently found states is faster.
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Algorithm 6.3 shows how to compute R(G; P) from the most recently found states.
Again, In Line 9 of the algorithm, we never remove states from P;: As the number of
states in G is nite, after nite number of steps we will have P1 P 3 for the repeat
loop from Line 6 to Line 10 and P1 P2 for the repeat loop from Line 3 to Line

12; thus the algorithm will terminate.

Algorithm 6.3 R(G; P )(Experimental)

1 Py P pr(fgoQ);
2. P, false;

3: repeat

4: Prew P1 Py

5: P2 Pl,

6: fori ltondo

7: repeat

8: P3 Pl, W

9 Py P1_ 2 i( (Prew; )"P)
10: until P, P3

11:  end for
12: until P P,
13: return Pq;

As this technique does not always make the algorithm work more e cient, we
only give the algorithm for the predicate transformer R: For predicate transformers
TR and CR; the algorithms applying this technique can easily be obtained. Further-
more, when we say the algorithm for the predicate transformer R later on, we mean

Algorithm 6.2.

As we need to do synthesis and veri cation on the AIP example in the next
chapter, in the current version of our software tool, we use Algorithm 6.3 to compute
the R predicate transformer. Similarly, we also apply this optimization technique to

compute TR and CR in our current software tool.
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6.2.3 Computation of TR

For the system G composed of components G;:::;G); let ° be a xed
event subset, P 2 Pred(Q): From the de nition of TR(G;:; '); we can write a
straightforward algorithm for TR(G; ";P) as shown in Algorithm 6.4. Like the

algorithm for R(G; P); this algorithm will terminate in nite number of steps.

Algorithm 6.4 TR(G;P; ") (Straightforward)
1. Pq P;

2: repeat

3 P, Py W

4 Py Pp_ >0 MP1 )

5

6

- until P P,
. return Pq;

An improved algorithm using the tautology of Equation 6.2 is given in Algo-

rithm 6.5.

Algorithm 6.5 TR(G;P; ')
1: P1 P,
2: repeat
3 P2 Py
4. fori 1tondo
5 repeat
6: P3 P1; W
;
8

Pr Pi_  ou, 'Pu )
until P, Ps
9: end for
10: until Py P,
11: return Pq;

6.2.4 Computation of CR

For the system G composed of components G;:::;GL; let * and P! 2

Pred(Q) be xed, and let P 2 Pred(Q): From the de nition of CR(G;P’; !:); we
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can write a straightforward algorithm for CR(G;P"; ;P) as shown in Algorithm 6.6.

Like the algorithm for R(G; P); this algorithm will terminate in nite number of steps.

Algorithm 6.6 CR(G;P'; ° P)(Straightforward)
1P, PAP;

2: repeat

4. P, Pl_ > 0( l(Pl; )AP) ;

5

6

- until P, P,
. return Pq;

An improved algorithm using the tautology of Equation 6.2 is given in Algo-

rithm 6.7.

Algorithm 6.7 CR(G;P"; %;P)
1: P]_ PO n P’
2: repeat
3: P2 Pl,
4. fori 1l1ltondo
5 repeat
6: Ps Py; W
.
8

P Pi_ 2 o, ( Y(Py; )NP)
until P, Ps
9: end for
10: until P, P,
11: return Pq;

6.3 Miscellaneous Computation for HISC Synthe-
sis and Veri cation

Let be the nt" degree interface system that respects the alphabet partition given
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compute the predicate transformers that we used in the algorithms we de ned in the
previous two chapters. However, to complete the full task of HISC synthesis and

veri cation symbolically, we also have to compute pr(Bady) for the high-level and

DES are command-pair interface and to verify that system  respects the alphabet

partition given by Equation 3.1.

6.3.1 Computation of pr(Bady)

For system ; we now copy the de nition of pr(Bady) from Chapter 4 here for
convenience.
Bady :=1q 2 Quj
(O u2 ) (n ") W & w(z w)8)or
(@ 2FL;::55n9)(9 o5 2 Ay) (PX55 o) &

H o oHo D [T M@yiX Xy 13X+ Xn); 5) 6))0;

For system ; let v,y and v}, be the normal state variable vector and the prime
state variable vector for the high-level Gy; respectively.
For system ; foreach 2 4, let (v ;v’;N ) be the transition tuple for in

the high level Gyy; Foreach 2 py; let (Vpr: i V!

oi: > Npi; ) be the transition tuple

for the component DES of G}, Gf; For each 2 p; let (vs;, ,;VL ;Ns ) be

2 aplet (v oy, ;v%H ): N 1;); ) be the transition tuple for the component

DESof Ey G}, GI G|

lj 1

Gh Gl : Foreach j 2 f1;:::;ng

|j+1
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andeach 2 4;; letv,; and v‘ij respectively be the normal and prime state variable
for the interface G,; and Ny;; be the transition predicate for in the interface DES
G| .

B

Now, for system ; we can compute pr(Bady) symbolically by

pr(Bady) == (QV%.; MNoii o~ 2(9vg N W) _

u2 hu

9V(ijN|j; N :(QVQH 5 N(H 15); )

In order to save memory space, for , 2 ,; we do not de ne Ns. , in our
software tool directly. We compute 9(vy,. |, [v?o,; JN , instead of directly de ning
Ns. ,: In most cases, 9(vp. |, [vf),; N, represents the transition predicate for
in En; i.e. Ng ,: However, if  is blocked by DES G}, G (e.g.  is in the
event set of a component DES, but there is no  transition in that DES) and there
exist  transitions in the component DES of E4 and  is never blocked by any
component DES or combinations of component DES of Ey; then by Equation 6.3,
we have Ny, O; N, 0Oand Ng. , 6 0; but 9(v, [vf),; JN 0 However,

because Ny, ,  0; we have 9vy,. Np;, 0: Then we always have

regardless of the value of = (9v.. N ,): Therefore, by replacing Ns. , with 9(vy. , [

vﬂ,,; N, does not change the result of pr(Bady):

Similarly, for j 2 f1;:::;ng and 2 4;; we compute v, (9v?jN ) instead of
directly de ning N y;); : For the similar reason as above, this replacement does not

a ect the result of pr(Bady):
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6.3.2 Computation of pr(Bady,)

the j* low-level in system

For convenience, we reprint the de nition of Bad,; from Chapter 4 here.

BadLj = fq 2 QLJJ((g luj 2 |Uj) Lj (y1 |Uj)! & Lj JI((Z’X)’ |Uj) 6) or
(O 2 gr) [ N& 1  (zy); ) 8)g;
where q = (z;y; X) as in Equation 4.2 (Page 105).

For system ; let v ; and v‘i y be the normal state variable vector and the prime
state variable vector for the j™ low-level G, ; respectively.

For system ; foreach 2 ., let (v :v":N ) be the transition tuple for
in the j™ low-level Gy,;; Foreach 2 ; let (vp, u;v?o; .+ Np; ) be the transition
tuple for the component DES of Gpj; For each 2 ;; let (Vsi; iV, ,iNsi; )
be the transition tuple for the component DES of E, G',j; For each 2 g;;
let (Vi 1)) ;VO(LJ_ 1,y: » N 15); ) be the transition tuple for the component DES of

E..

; Gp,_j; For each 2 g;; letv,; and v‘}j respectively be the normal and prime

state variable for the interface G,; and N,;; be the transition predicate for in the
interface DES Gy;:
For the j* low-level in system ; we can now compute pr(Bady;) symbolically by

pr(Bady;) ==~ (9vp. Np .~ 1(9vg. Nsi; ) _

u2 IuJ-
9V[:J_N|j; N :(9V3Lj 5 N(Lj |j);)
2 g
Similarly to how we compute pr(Bady); for 2 ;; we compute 9(vp, , [
V?D; JN  instead of directly de ning Ng; ,;andfor 2 g;;wecompute v, (9v‘}jN )
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instead of directly de ning N ; 1;); : For similar reasons as for the computation of

J

pr(Bady); we know that these replacements will not change the result of pr(Bady):

6.3.3 Miscellaneous Computation in Algorithm 4.2

For system  with j 2 f1;:::;ng; we now show how to compute P for 2 4,

and P 2 Pred(Qy;) in Algorithm 4.2 and how to compute pr(fq 2 Q. j J!(x; N &

L;(@ ) F zPcr 9) in Line 6 of Algorithm 4.2, where g = (z;y; X) as in Equation 4.2
(Page 105).

For convenience, we copy here P in De nition 4.19 here

P ==pr(f)’2Qy,j ;@ )FPQ)

For system ; let v, and v y be the normal state variable vector and the prime
state variable vector for the j™ low-level Gy, respectively.

For system ; foreach 2 ., let (v :v!;N ) be the transition tuple for in
the j© low-level Gy;; Foreach ,; 2 ;; letv,; and v?j respectively be the normal

and prime state variable for the interface Gy and Ny;;

; be the transition predicate
for , in the interface DES Gy;:
For system ;let 2 A, and P 2 Pred(Q,;): From the de nition of P , we

know P = le(P; ): So, we can compute P symbolically by
P =9'(N ~"P[v T V'])

For system ;let 2 Riv» 2 A and Pcp 2 Pred(QLj): We can compute

pr(fg 2 Quj J(x; N & 1,;(@; ) F zPcr g) symbolically by

OV, (Ni;; ™ ((OVi;Nig: vy B vi N

V' (N ~((zPcr )Iv T V'])):
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9v‘}jN.j; computes the state predicate including all the states in Q.; with
transition de ned. So, 9vj (Ny; ” ((9vi,Ny;; )lvi; ¥ Vi])) computes the state
predicate including all the states in Q; with  transitions de ned, and the tar-
get states of these transitions are the source states of  transitions in Q;: That
is to say, 9vi (Ni;; ™ ((9v),Ny;; )vi; ¥ Vi 1)) computes the predicate identifying the
set fq2Qu; j j(x; )l

6.3.4 \erifying Event Partition

One of the most fundamental properties in the HISC architecture is that an HISC
system must respect the event partition de ned in Equation 3.1.

As it is usually the case that the number of events in an HISC system is very
limited compared to the number of states (e.g. only hundreds in the AIP example in
next chapter), the e ciency of the algorithm to verify this property is not critical.

The method used in our software tool is as follows. For each event in the system,
we encode it as an integer value. From the integer value, we are able to know which
event set the event belongs to. We save the event name and its encoded integer value
for all events in a balanced binary search tree® with the event name as the key.

Initially, the tree is empty. When we read a component DES e, we can determine
which event partition each event belongs to based on the information in the DES le
and where the DES le belongs in the system (e.g. part of the high-level, the jt
interface, the j™ low-level, etc.). Thus we can encode it as an integer value. Then we
search for this event in the tree. If the event does not exist, we insert this event into
the tree. Otherwise, we compare the integer value associated with the event in the
tree and the value we just encoded. If they are the same, then there is no problem.

Otherwise, it means that this event is in two di erent event partitions. After we nish

3The data structure used in our software tool is GNU C++ STL map, which is a red-black tree.
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reading all the DES, if there are no two events having the same name but di erent
integer values, then we know the system respects the event partition.

As the data structure to save all the events is a balanced binary search tree, the
worst-case searching and insertion time for each event are both O(log, n); where n is
the number of events in the system. Thus the total time for handling each event is
still O(log, n); and the worst-case veri cation time for event partition is O(mnlog, n);

where m is the number of DES components in the system.

6.3.5 Verifying Command-pair Interfaces

For the HISC system ; we also need to verify if all the interfaces in the system

are command-pair interfaces.

Gyi; = (Xj5 157 i Xjor Xj): Because Gy is usually composed of single component
DES, e ciency is not the main concern for the veri cation algorithm.

Forall 2 I let Ny;: be the transition predicate for in Gy;: Let vy, and v‘}j
be the normal state variable and prime state variable for G,; respectively.

Algorithm 6.8 shows how to verify if the j™ interface DES Gy; is a command-pair
interface.

Line 1 to 4 says that G,; can not be an empty DES. Line 5 computes the predicate
including all the reachable states. Line 6 computes the predicate including all the
reachable marker states.

Line 7 and 8 computes the predicate including all the reachable states which are
the target states of answer event transitions plus the initial state. The states satisfying
Pg; should only be the source states of request event transitions.

Line 9 and 10 computes the predicate including all the reachable states which are
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Algorithm 6.8 Verifying if G,; is a command-pair interface

10:
11:
12:
13:
14:
15:
16:
17:

18:
19:

1
2
3
4
5.
6
7
8
9

: Pljo pr(ijog),
- if (P.jo false) then
return "G.l. has no initial state.";
cend if
Pi;  R(Gy;;true);
> Py, \/Gr(xjm)AP'j;
. PRj 2 Aj ((9V|jN|j; )[V(ij L| V|j]);
: PRj PRJ' APlj)_Ple;
: PAj 2 Rj ((gvlelj; )[V%j | Vlj]);
PAj PW N P|j;
Pra; W 2 A i(Pr;; )

PaR; 2 g i(Paj; )
if (Par; 6 false) or (Pra; 6 false) then
return "Gy, fails Point A of the command-pair interface de
end if
if (Pr; 6 Py;.) then

nition";

return "G.j fails Point B of the command-pair interface de nition";

end if
return "Gy, is a command-pair interface.";

the target states of request event transitions. The states satisfying P; should only

be the source states of answer event transitions.

Line 11 computes the predicate including all the reachable states which are the

target states of answer event transitions with source states satisfying Pg;:

Line 12 computes the predicate including all the reachable states which are the

target states of request event transitions with source states satisfying Pa;:

Now we informally explain the correctness of the algorithm.

From Line 1 to 4, the algorithm makes sure that G,; is not empty.

In the following, we always assume G,; is not empty.

We rst discuss Point A of De nition 3.1. To show the correctness of the algorithm
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for Point A, it is su cient to show that
(8s 2 L(G.j)) s2( R;- A,-) if and only if Pra; false and Par; false:
Equivalently, we can show that (9s 2 L(Gy;)) s 2 ( r;: a;) if and only if

Pra; 6 false or Pag; 6 false:

1. Show ((9s 2 L(Gy;)) s 2 ( r;: A;) ) D Pra; 6 false or Pag, 6 false:

Let s 2 L(Gy;): Assume s 2 ( g;: a;) : Must show this implies Pra; 6

false or Par; 6 false:

Froms 2 ( g;: a;) ; we know that one or more of the following three conditions

must be satis ed.

(@ s2 DAL AL
) (9U,V2 |j)(9 1y 22 Aj)Szu 1 2V
From Line 7 and 8, we know that j(xj,;U 1) = Pr;:

From Line 11, we know that ;(Xj,;U 1 2) = Pra;; S0 Pra; 6 false:

(b) s2 DR Ry
D (Qu;v2 IJ_)(9 15 22 R))S=U 1 oV
From Line 9 and 10, we know that j(Xj,;U 1) FF Pa;:

From Line 12, we know that ;(Xj,;U 1 2) = Par;; S0 Pagr; 6 false:

(€) s2 4 y
DO 2 A)0Ou2 Ij) s= u
From Line 8, we know that Xx;, = PRr;:

From Line 11, we know that ;(Xj,; )= Pra,: SO Pra; 6 false:

From (a), (b) and (c), we know that Point 1 holds.
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2. Show Pra; 6 false or Pag; 6 false ) ((9s 2 L(Gy;)) s2 ( r;: ay) ):

From Line 7, 8 and 11, we know that if Pra; 6 false then (9s 2 L(Gy;)) s 2

A A ors2 I

From Line 9, 10 and 12, we know that if Pag; 6 false then (9s 2 L(Gy;)) s 2

We can thus conclude that Point 2 holds.

We now discuss Point B of De nition 3.1. Assuming Point A of De nition 3.1
holds, to show the correctness of Point B, it is su cient to show that G, satis es
Point B if and only if Pg; Py, :

From Point B, we know G; satis es Point B if and only if all the target states
(reachable) of all answer event transitions in Gy and the initial state of Gy; must be
marked (i.e. Pgr, Py, .), and there is no other states being marked (i.e. Py,

Pr;:). Therefore, we have G,; satis es Point B if and only if Pr; Py, :

6.4 BDD Implementations of Algorithms

So far, we have shown how to represent an HISC system as logic formulas and
the method to implement the HISC synthesis and veri cation algorithms from the
logic formulas. The logic formulas we used can be directly represented as an Integer
Decision Diagram(IDD) [16,51]. We use Binary Decision Diagram (BDD) [6] to
represent the formulas, as a BDD software package is readily available now. The BDD
software package we used is BuDDy 2.4 developed by J rn Lind-Nielsen. Due to space
and time constraints, we will not give an introduction for BDD or the software package
here. Readers are referred to [19] for an introduction to BDD and its application to

symbolic model checking, and to [1] for the BDD package implementation details.
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Each state variable in our logic formula is a nite domain variable (simply means
that a variable can only be assigned nite number of values), which can be represented
by a block of binary variables. For instance, a state variable for a 3-state DES can
be represented by two binary variables, and a state variable for a 5-state DES can
be represented by three binary variables. Assume the number of states in a DES is
m; by replacing the nite domain state variable for this DES with a block of binary
variables, we actually extend the variable domain to 2¥; where k = dlog, me: That
is, we actually extend the number of states in the DES to 2X. However, because of
the transition predicate, those extended states will be treated as unreachable states,

which do not a ect the language result at all.

All the logic operations such as ©; _; = and 9 can be done by corresponding BDD
operations directly. For the 9 operation of a nite domain variable, we have to do 9
operation on all of its corresponding binary variables. For example, a state variable v
with domain f0,1,2g is represented by two binary variables v, and v,: The operation 9v
can be done by 9v;(9v,) instead. A very good aspect in the software package BuDDy
is that it provides a series of functions with pre x "fdd_", which allow developers
to be able to implement the logic operations on nite domain variables directly.
In other words, we can implement operations in terms of nite domain variables
(state variables in our case), and BuDDy package will automatically translate the
operations into ones on their corresponding binary variables. Please refer to the

source code of our software tool in Appendix A for more details.

6.4.1 State Variable Ordering

A well-known fact of BDD is that the order of variables in a BDD can dramat-

ically change the number of the BDD nodes. Because the e ciency of all the BDD
178



Master Thesis { R. Song { McMaster { Computing and Software

operations directly depends on the number of the BDD nodes, the variable order in
a BDD plays an important role in the algorithm’s actual e ciency. However, to nd
the optimal order for BDD is NP-Complete [4], so heuristics on variable orders are
usually used to reduce the BDD size.

In our case, we always keep binary variables in a block for each nite domain
variable together because of the tautology in Equation 6.2. Therefore, we only care
about the order of the nite domain variables, i.e. the state variables.

Although the software package provides a so-called dynamic BDD variable order-
ing function [38] to optimize the order, an initial variable order is critical, otherwise
the dynamic ordering function will not have as much e ect as expected.

The method we used is that two state variables should be kept closer if their
corresponding DES have more shared events. This method was found by Zhang
in [51]. The central idea behind this method is that a BDD can be reduced more if
two state variables that share more information are kept closer.

Assuming there are k component DES in the high-level or a low-level of an HISC
system, for example, we can arrange the state variables for all the DES by trying
to make the value of Cross in the following expression as small as possible. The C
in the expression is a matrix storing the number of shared events between the it

component and the j* component in the current order.*

XX
Cross := Cli;jl g 1 1)
i=1 j=i+2
For a high-level or low-level with k DES, there are k! di erent orders. It is im-

practical to compute Cross for all the possible orders on a personal computer for a

even moderately large k(e.g. k = 50;k! = 3  10%%). Therefore, we use the sifting

4This expression is quite experimental, but it works well in our experience.
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algorithm [38] to compute only a very small number of the orders, and then choose
the order with the smallest value for Cross among them as the initial order. Here we
only adopt how the sifting algorithm swaps the variables. We then compute Cross
for the order after each swapping. As a result, it has much less computation than to

swap two variables in a BDD and then count the number of BDD nodes.

6.5 Controller Implementation

Let be the n'" degree HISC-valid speci cation interface system that respects

the alphabet partition given by Equation 3.1 and is composed of plant components

Chapter 4, we can synthesize a high-level proper supervisor Sy by making Sy rep-
resent Ln(Gu; K (true)); where k 2 f0;1;:::g and [ (true) is the greatest x-

point of . with respect to (Pred(Qn); ); and synthesize a j low-level proper

where k; 2 f0;1;:::9 and E_(true) is the greatest xpoint of |, with respect
to (Pred(Qy;); ): The supervisor SUP for the whole system would be SUP :=

Shn kS, k kS, kG, k k G,,: However, the automata-based supervisors

ment. For example, Sy for the 3-2 AIP example in the next chapter has a state space
size on the order of 102
From the synthesis algorithms in Chapter 4, we can see that Sy can be obtained

by trimming o states from the high-level G,; and S can be obtained by trimming

supervisor for system in another way as follows.

For system ; let Py be the resulting predicate of the Algorithm 4.1 for the high-
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level, i.e. Py := ¥ (true) and P.; be the result predicate of the Algorithm 4.3 for

the j™ low-level(j 2 f1;:::;ng), ie. Py, = ',‘_"j(true): Assume® Py 6 false and

Let G ;= (Q; ; ;0o; Qm) be the DES tuple for the synchronous product of all
the DES in system ; then isde ned asin Equation 3.1 and := ([ .. A state

q 2 Q can be represented as a tuple

(ZHs YRS Zoy S 2, Y Lo Y X 00 Xn);s (6.8)

For each 2 ; de ne the control predicate f 2 Pred(Q) for as following:

8
L (2 v& ul@uiynsXeiiiiXn);, )FPu)or

( 2 Ll&' Ll((ZLl;yLl;Xl); )j:PLl) or
or

( 2 L, & L.((ZLaiYLaiXn); ) FPL,) or

(812Q) f (o) := 2 1 & (nl@yhixex): ) Pr) & (6.9)

(Ll((ZLl;yLl;Xl); )j:PLl) or
or

2 1, & (H(@HiyHiXa i Xn); ) FEPR) &
( La(@LniYiniXn) Y EPL)
-0; otherwise

Equation 6.9 is based on the event partition in Equation (3.1), and the fact that
Gy is de ned over 4 and Gy, is de ned over I
Forg2Qand 2 ; should then be enabled at state q if ¥ (q) = 1: Therefore,

from the control predicate ¥ for all 2 ; we can decide the control action. To

SIf Py or any of Pi;(J 2 1;:::;ng) are equal to false; this would mean no supervisor exists, so
we would have nothing to implement.
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implement, we only need to use the predicates for 2 ; as our supervisor is
controllable by our synthesis process and Theorem 3.2. Thus it will never try to
disable 2 , when is possible in the plant. Note that each of these predicates can
also be represented as a BDD, and usually the BDD representation is much smaller
than the automata representation. However, to evaluate f ; we need to know the
current state of G:

We will use all the component automata models (component DES) G?,; Gﬁl; il
Gp,_n; En; ELy iit EL, Guys it Gy, insystem  to trace the state of the physical
plant. In other words, we will use the automata models as a kind of observer to
provide our controller with the needed system state information. Note that the plant
DES and speci cation DES are usually the synchronous product of component DES
again. For example, the high-level plant in the AIP example in the next chapter is
composed of 19 component DES. Although the synchronous product of them could

be very large, the individual DES are usually very small.

Let =T 1; 5;::0; kg (k2 10;1;:::9): Figure 6.4 shows the overall picture of
what our controller will look like. In the diagram, the plant models G};; G} ;:::; G} |
and speci cation models Ey; E\,;:::; E, would be replaced by their own component

DES. We also assume that all the events exist as part of the physical plant. There
are many issues about the controller implementations which are beyond the scope of

this thesis; here we only want to show that we do not need to build the automata

readers are referred to [20] to see an example.

Equation 6.9 can actually be simpli ed. Notice that Point 3 and Point 4 in the
interface consistent de nition are very similar to the de nitions of the controllable
language. As the supervisor of the system never disable the uncontrollable events,

the supervisor for the high-level should never disable the answer events, and the
182



Master Thesis { R. Song { McMaster { Computing and Software

------------------------------------------------------------

EH ’ ELla ) EL ’
Glp{ : Gp]’ ’ Gp b < -
GI, , GI,,
1 :
i ro ‘s i PLANT
O
[ enabledi events
CONTROLLER '

Figure 6.4: Control diagram

supervisor for the j™ low-level should never disable the request events in the j*

low-level.

Proposition 6.1. For system ; let G := (Q; ; ;do;Qm) be the DES tuple for the
synchronous product of all the DES in system : Let q 2 Q be a reachable state with
a tuple as in Equation 6.8, s2  and q = (qo;s): If the following three points are

true:

o
S= 12 ks
where k 2 f0;1;:::g(k =0meanss= )and q; ,;:::; k2 ;

1. (8 2fL:::5ng)(8 2 Ry)

(R(@Asyrixs o5 Xn); )FEPR) D (25 Y5 %5)s ) F PL)
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proof:

1. Show Point 1 holds.

Assume H{((ZH;Yn; X1 0 Xn); ) F P (2)
Must show this implies |, ((zr;; Y3 %) ) F Py

Let function PRy : 1 I be a natural projection.

D H(@HiYH X1i 5 Xn); !
D> M5 ), asGu:i=En G} G Gi
D j(xj; ), by de nition of G*,‘j (see Section 3.2) and the fact 2 g,
D (x5 )% by de nition of G|,
D PRI (s) 2 L(G',j); by (1) and de nition of G )
From the de nition in Equation 6.9 and (1), we have
PRIILj(S) 2 L(Gyy; Pyy): 4)

By Theorem 4.2, we know that Ly (Gy;;Py;) is j™ low-level interface control-
lable. From De nition 4.16, we know that L, (Gy;;Py;) is jt low-level P4
interface controllable. From De nition 4.10, we know that Lm(Gy,;PL,) is j™
low-level P4 interface controllable. By Corollary 4.4, we have Ly(Gi;PL,) =
L(Gy,;;Py;): Thus we know that L(Gy;;Py;) is j™ low-level P4 interface con-

trollable. By De nition 4.10, (3) and (4), we now have
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PRIi(s) 2 L(Gy;;Pyy)
D> (@Y%) ) F Py

. Show Point 2 holds.

Assume | ((zy;3 Y5 %) ) F Py (%)

Let function PRy : ¥ 4 be a natural projection.
From (5), we have ;((z;;YL;5%5); ) F Py
D (@YX )
D j(x5; ) asGy = Ey Gp,_j G',j
D j(X5; )l by de nition of G',J_ (see Section 3.2) and the fact 2 4,
D (x5 )% by de nition of G\
D PRIu(s) 2L(G); by (1) and de nition of G (6)
From the de nition in Equation 6.9 and (1), we have
PRI (S) 2 L(Gh; Pu): (7)

By Theorem 4.1, we know that L,(Gy; PH) is high-level interface controllable.
By De nition 4.2, we know that L,(Gn; Pr) is high-level interface controllable.
By Corollary 4.2, we have L, (GH; Py) = L(GH;Pr): Thus we have L(GH; Py)

is high-level interface controllable. By De nition 4.2, (6) and (7), we now have

PRIL(S) 2 L(GH;Pn)
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From the above proposition, now for all 2 ; we can rede ne the predicate
T 2Pred(Q) as foIIowing:

(2 WL R [ ra& w(@HiyriXaii5Xn); ) F PR)or
(2 LL A& L(@ELYLXa) ) FPL)or

B8q2Q)f (o) := (6.10)
( 2 L[ A& Lo(@Laiyiaixn): ) FPL,)

~0; otherwise

This allows us to replace the set of global control predicates f with the set of

local control predicates fy and ij :
Foreach 2 \( W[ r L L[ r,);wede nethe predicate fy 2 Pred(Qn)
as 8
E1; H((ZH YR X155 %n); ) F P
(802Q) T (ZHiYH: X111 Xn) = (6.11)
-0; otherwise
Foreach j 2 f1;:::5ng; 2 <\ ( ; [ 4;); we de ne the predicate f,; 2
Pred(Qy;) as

E1; L (25 Y05 %5); ) F P
(8q2Q) fi; (Zu;iyL;iXg) = = (6.12)
-0; otherwise

Let (\(nwl L L r)=F 4 200 ka9 (ky 210;15:::9) and o\

diagram in Figure 6.4 can be modi ed as shown in Figure 6.5. Again, we assume all
the events in the system exist as part of the physical plant.

For system ;foreach 2 \( wL r, L L r,); the predicate f4 can be
computed by

fu = J'Pn; )
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q

(@H VH X1 5eesXi) (@1, Y1, X1) (@1 VLX) |

fHO’l e fHGkH fi‘lo-l-l e ‘fi‘lo-l-k[ seo -fi,,O',,_[ e fi‘ltqt-k,,

o

| enabled events

PLANT

AA

CONTROLLER

Figure 6.5: New control diagram

Let (v ; VY, ; Ny ) be the transition tuple for in the high-level Gy; then the

predicate fy can be computed symbolically by
fu =9vly (Ny M (Pulve T v D)

For system ; foreach j 2 fl;:::;ng; 2 <\ ( ; [ a;); the predicate Py

can be computed by
f — 1 P . .
Ly -— L ( Lj» )

Let (Vi ;VOLJ_ ;Ni; ) be the transition tuple for in the j low-level Gy;; then

the predicate f,; can be computed symbolically by

f, =0V, (N, ~APuv, TV, D)
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6.5.1 Simplifying Control Predicates

Let G := (Q; ; ;0o; Qm) be the DES tuple for the synchronous product of all
the DES in system : If we use local control predicates as in Figure 6.5, then a state

q 2 Q (in the form of Equation 6.8) can be reached in the controlled system only if

this fact, we can simplify the control predicate for all 2 . as follows:

1. 2 \(nwlL =L L[ r)

If 2 \(nwl rL [ r.); fu is required only for the state set

be the high-level part of g: Let d4 2 Pred(Qn) and dy := Py: A predicate
fl, 2 Pred(Qn) satisfying dy ~fl, dy ~fy will have the same e ect as
fn has, because for state q, if dy (qq) 1; then fy f,°4 : otherwise we do
not care the value of fy (qn) as q is unreachable. In other words, f, and f

are equal on the domain de ned by the constraint dy [12].

Predicate !, can be computed by the function bdd_simplify in the BDD pack-

age we are using when passed dy and fy as arguments.®

If 2 ¢\ (v [ a) then f, is required only for the state set fq 2
Qi(zL;: YL X)) FF Pu;g: For the other states in Q; the return value of f; can

either be 0 or 1; as those states are unreachable.

éUsually, the BDD for f, is smaller than the BDD for fi , but according to the documentation
of the BuDDy package, it is not guaranteed.
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For a state g 2 Q in the form of Equation 6.8, let q,; := (z.;;YL;; XL;) be the
jt low-level part of q: Let dy; 2 Pred(Q;) and d; = P;: A predicate
f,°_j 2 Pred(Qy;) satisfying dy ’\f,"_j do

; N T will have the same e ect
as fi; has, because for state g, if d; (q;) 1 thenf  f[ ;otherwise we
do not care the value of i, (q.;) as g is unreachable. That is, f,°_j and

are equal on the domain de ned by the constraint d; .

Predicate f,°_j can be computed by the function bdd_simplify in the BDD

package we are using when passed d.; and f_; as arguments.

For system ;let 2 . If is not permitted at a state in a plant component
means that can not happen at that state physically, then the control predicates
fu or f; ( 2 f1;:::;ng) can be further simpli ed. In the control diagram in
Figure 6.5,if 2 \( u[ r,L L r,); fu hasanactual e ectonly at a state
g 2 Q (in the form of Equation 6.8) with (yn; )!; i.e.  transition is de ned at
the high-level plant part of q. Alsoif 2 <\ ( ; L &), then f; has an actual
e ect only when a state q 2 Q (of the form of Equation 6.8) with ,(y,;; )!i.e.
transition is de ned at the j™ low-level plant part of g.

For system ;let 2 .. Assume can not happen if a plant component does

not permit it. By the above analysis, we have the following:

1. 2 \(nwl L L[ r)

If 2 \(nwl rL [ r.); fu is required only for the state set

return value of fy can either be 0 or 1 as either the states are unreachable or

can not physically occur in the high-level plant.

be the high-level part of q: Let d, 2 Pred(Qn) and d};, := Py ™ pr(fogy 2
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Quj H(YH: )'9): A predicate fl, 2 Pred(Qy) satisfying d?, A dl, ~fy
will have the same e ect as fyy has, because for the state q, if d, (qn) 1;
then fy Y ; otherwise we do not care the value of fiy (qn) as either q is
unreachable or  can not physically occur in the high-level plant. That is, %

and f; are equal on the domain de ned by the constraint dl, .

We can also simplify f; as f¥ in the following proposition.

Proposition 6.2. For system ;let 2 \( W[ R L[ L[ r,): Foreach

part of g: Let d¥, 2 Pred(Qu) and d¥, := Py pr(fgy 2 Quj 1(dn; )'g): Let
Fu 2 Pred(Qp) satisfying d, ~“Fy  d% ~fy ; then fY =Fy ~pr(fogy 2
Quju M it M(zy;xe;:::;%n); )lg) and iy are also equal on the domain

de ned by the constraint di, :

proof:

Su cient to show that d?, ~fY  d!, ~f, : We show this by a series of

transformations starting from the left hand side of the equation.

dl, ~FD
dy "Fy Mpr(Fgu 2Quj w1 tir o M@arxaiinixn); )9)
Pu A pr(fgn 2 Quj wlyn; )'9) NFa »

pr(cfFgn 2Quj v 1 it M((@uixe; i xn); )'9); by de nition of dY,

d% ~Fy; by de nition of dY,
d?ﬂ "y an?Z “Fy d?ﬂ "y

Pu A pr(fagn 2 Quj v(@@w; )'g)~fn ; by de nition of df} (1)
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By the de nition of f ; we know that for all g4 2 Qn; fu (@) 1 if and
only if H(gn; ) E Pw; which implies that {(gy; )!: By the de nition of ;

we thus have

fu  pr(fogy 2 Qnj 1(@H: )'9) 2

By (2), we can conclude that (1) is equivalent to Py ™ Ty 3)

We know that for all g4 2 Qu; H(@H: )!' D w(Yn: )Y so we have
pr(fan 2 Quj n(an; )'9)  pr(fan 2 Quj wlyH: )'9) (4)
By (2) and (4), we have
fu pr(fgn 2 Quj wlyn: )'9): ®)

By (5), we know that (3) is equivalent to

Pu N pr(fan 2 Quj n(yw; )'g) ™ fy

di, ~f.; by de nition of d!, :

If 2 ¢\ (v [ a) then f, is required only for the state set fq 2
Qi(zL; YL X)) F Py & (Y )'gr For the other states in Q; the return
value of fi; can either be 0 or 1; as either the states are unreachable or can

not physically occur in the j® low-level plant.

For a state g 2 Q in the form of Equation 6.8, let qi; = (zo;;YyL;;XL;) be
the j™ low-level part of q: Let d}, 2 Pred(Q;) and d{, :=Py; " pr(fa,; 2

Quii 1; (5 )'9): A predicate f’. 2 Pred(Qy) satisfying dy, ~f",  di, ~
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fL; will have thesamee ectas f; has, because for the state g, if d“Lj ;) L
then T, fff’j , otherwise we do not care the value of f; (q.;) as either g is
unreachable or  can not physically occur in the j* low-level plant. That is,

f,°_°j and f; are equal on the domain de ned by the constraint d°Lj ;

We can also simplify f_; as fﬂ)g in the following proposition.

Proposition 6.3. For system ;letj2fl;:::;ngand 2 \( [ a)):
For each g 2 Q in the form of Equation 6.8, let qu; = (zy;;Yy;:X;) be the
i™ low-level part of q. Let df. := Py, ~pr(fo; 2 Quj ;(ay; )'g): Let
Fi, 2 Pred(Q;) satisfying d?ﬂj N Fy d?ﬂj " fL, ; then f,[?g =F,; N
pr(fay; 2 Qu,j 1 J!((z._j;xj); )!g) and f; are also equal on the domain

de ned by the constraint d _ :
J

proof:

Identical to the proof of Proposition 6.2 by substituting all the high-level pred-
icates with their corresponding j™ low-level predicates, . with L;» H With

L, wWith j;and T hwith |

Our software tool (source code in Appendix A) produces fy ; f, and % for

alleventsin :\( w[ re[ [ rn);andfy ; f,[’_j and f,‘}]j! for all events in

fi, as prime simpli ed control predicates and refer to ff and f as triple-prime

simpli ed control predicates.
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6.6 A Small Example

In this section, we present a small example for HISC synthesis and provide the nal
automata supervisors and control predicates. This example is only for the purpose of
demonstrating algorithms, so it is a bit contrived.

This example is inspired from the transfer line example from [47]. The system dia-
gram is shown in Figure 6.6. Components m1 and m2 are two machines. Component

tu is a test unit. Components bl and b2 are two bu ers with capacity 1.

ml_st ml_cpl m2 st m2_cpl tu_st tu_pass
— b1 = b2 —>
T tu_fail

Figure 6.6: System diagram for small example

We model the system as an HISC system as follows. We treat m1 and m2 as two
low-level subsystems with interfaces intfm1 and intfm2 as shown in Figure 6.7(e)
and Figure 6.7(f), respectively.

The low-level subsystem for low-level m1 is composed of one plant component,
low_m1(Figure 6.7(g)), and the low-level subsystem for low-level m2 is composed of
one plant component, low_m2(Figure 6.7(h)).

The high-level subsystem is composed of one plant component high_tu as shown in
Figure 6.7(d) and three speci cation components high_m2, high_b1 and high_b2 as
shown in Figure 6.7(c), Figure 6.7(a) and Figure 6.7(b) respectively. The speci cation
high_m2 tells that a part must be completely processed by m2. The speci cation
high_b1 and high_b2 are used to control the under ow and over ow of bu er bl
and bu er b2.

The event partition is shown as follows:
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s0 s0
{ElF;”pl, m2_st m2_cpl tu_st
sl sl
(a) high_bl (spec) (b) high_b2 (spec)
s0
s0
tu_pass,
m2_st m2_cpl t_st tu_fail
s sl
(c) high_m2 (spec) (d) high_tu (plant)
m2_st
50 sl
s0
m2_brk
ml_st m1_cpl
s2
sl $3
(e) Interface to (f) Interface to low level m2
low level m1
5 m2_cpl i > m2_taskl 4
s6 mi_taskl > mi_st s4 - -
— O<

m2_st m2_taskl
1o 'O _

sl

m1l_task2

s0

m1l_taskl
ml_cpl -

s6

m2_st m2_task?2
=—»(O——

s7

s2

(9) low_m1 (plant) (h) low_m2 (plant)

Figure 6.7: The small example
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n .= Ttu_st; tu_pass; tu_failg
R, .= fml.stg; A, :=Tfmlcplg
R, .= fm2.st;m2_rprg; A, := fm2_cpl; m2_brkg
L, .= fml_taskl; ml task2g; ., := fm2_pretask; m2_taskl; m2_task2g
By using our software tool, we synthesized trim automata supervisors for the
high-level and low-levels m1 and m2. They are shown in Figure 6.8, Figure 6.9, and

Figure 6.10 respectively.

tu_pass

tu_fail

Figure 6.8: Synthesized high-level proper supervisor

mist St

m1_cpl m1l_taskl

s2

Figure 6.9: Synthesized low-level proper supervisor for low-level m1

s5

m2_taskl

m2_cpl

m2_rpr

m2_st m2_taskl
=

sl $3

Figure 6.10: Synthesized low-level proper supervisor for low-level m2
195



Master Thesis { R. Song { McMaster { Computing and Software

Although event m2_cpl is controllable, notice that the high-level supervisor can not
disable it when intfm2 is at state s1 or s3: This is because m2_cpl is an answer event
and the high-level containing this supervisor must satisfy Point 3 of the interface-
consistent condition (De nition 3.5). However, if we treat this HISC system as a

at system, a synthesized supervisor could allow event m2_st when bu er b2 is full.
In order to prevent the over ow of bu er b2; the supervisor could then disable event
m2_cpl: This would have the e ect of allowing the low-level to do the actual operation
but not reporting the result. Thus in general, we can not use a normal at synthesis
algorithm to synthesize a at supervisor for an HISC system model.

From the low-level DES low_m1 and interface DES intfm1, it is clear that
low_m1 k intfm1 = low_m1. By inspecting the DES low_m1, we see that a string
reaching state s4 can not reach a marker state by a string composed of only low-
level(m1) events. Therefore, we need to trim o state s4: The resulting trim DES is
the nal supervisor for low-level m1.

From the low-level DES low_m2 and interface DES intfm2, we also have low_m2
k intfm2 = low_m2. By inspecting the DES low_m2, we can not nd a string |
composed of only low-level (m2) events such that m2_pretask m2_st | m2_cpl belongs
to the closed language of low-level m2. Therefore, s6 must be trimmed o . The
resulting trim DES is the nal supervisor for low-level m2.

The BDD representations for control predicates i, o Frmz oo THmzrprs FHw o @€
shown in Figure 6.11. In the diagrams, dotted line means the variable at its source
is assigned to be 0 and solid line means the variable at its source is assigned to be
1. The states in each of the component DES are encoded as the number in their
names.(e.g. sO is encoded as 0, sl is encoded as 1, :::). As intfm2 contains four
states, we need two binary variables for it. The binary value for a state is encoded

with least signi cant bit rst (e.g. sl is encoded as 10 (intfm2_0 = 1, intfm2_1 = 0)
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2] 2] 2]

(a) mel,st (b) meZst (C) meZ,rpr (d) thu,st

1]

Figure 6.11: Control predicates for m1_st; m2_st; m2_rpr; tu_st

1]

(@) (b) f} © f

Hmist Hm2_st Hmz_rpr
p

Figure 6.12: Prime simpli ed control predicates for m1_st; m2_st; m2_rpr;tu_st

(b) fOOO (C) fOOO (d) fOOO

Hm2§t Hm2,rpr Htu,st

Figure 6.13: Triple-prime simpli ed control predicates for m1_st; m2_st; m2_rpr; tu_st
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and s2 is encoded as 01 (intfm2_0 = 0, intfm2_1 = 1) in DES intfm2).

The BDD representations for prime simpli ed control predicates and triple-prime
simpli ed control predicates are shown in Figure 6.12 and Figure 6.13, respectively.

For low-level m1; the only control predicate is f,,  .._.,; which is always equal to

false; so are f! and ™

Limi_task2 Limi1_task2"

For low-level m2; the control predicate is also always false: The BDD

fl—2 m2_pretask

representations for the control predicate f,, , ., and its simpli ed versions f{, oo

and Y} are shown in Figure 6.14.

Figure 6.14: The control predicates for m2_cpl:
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Chapter 7

The AIP Example

In order to demonstrate our approach, in this chapter we give an example with a
large and complex high-level subsystem, which is modi ed from the AIP example?! in
[21,23,26]. First we give an introduction of the AIP and our new control speci cations,
which are extensions of the one used in the original example. Next we present a set
of plant DES and a set of modular supervisor DES and then verify each subsystem
satis es its corresponding conditions.After that, we relax the system by removing one
restriction of the modular supervisors in the high-level and then synthesize a high-
level proper supervisor. Finally, we report our results. The reason we focus on the
high-level is that it is usually the limiting factor as it is often more complex than the
low-levels and usually increases in complexity as we add new low-levels to an existing
system. In next chapter, we will give an example with large and complex low-level

subsystems.

In this chapter, for convenience we cite some diagrams directly or with some minor changes
from [21, 23, 26] with permission.
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7.1 Introduction of the AIP

The AIP is a highly automated manufacturing system, and was rst modeled
as a discrete event system using modular supervisory control theory in [5] (Brandin
and Charbonnier) and [7](Charbonnier).? Leduc then modeled the AIP with more
detailed behavior added in [21,23,26] and veri ed the properties of controllability and
nonblocking using the HISC method.

The AIP system includes a central loop (CL) conveyor, and four external loop

(EL) conveyors. Between each external loop and the central loop, there is a transport

N

1/0 Station
(10)

—_—
o N
a External Loop 4 (EL4) a
4+
Transport Unit 4
External c1 (Tus) <+ EL31
Loop 1 (EL1) r —\04
Assembly ¢
Station 1(AS1)
Transport Unit 1 Transport Unit 3
(TU1) Central Loop (CL) (pTUB)
Assembly
Station 3
? (AS3)
Cc2 c3
EL11 > .
Transport Unit 2 External
(TU2)
Loop 3 (EL3)

External Loop 2(EL2)

EL22
EL21

Assembly Station 2
(AS2)

Figure 7.1: The AIP system architecture(from [21])

2What the author really read is an English version translated by R. Leduc.
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unit (TU) to transport pallets between them. At external loops 1, 2 and 3, they
each have an assembly station (AS) including a robot to process pallets. At external
loop 4, an Input/Output (1/0) station is there to allow pallets to enter and leave
the system. Two types of pallets, Typel and Type2, can be processed by the AIP
system. The system architecture is shown in Figure 7.1. In the diagram, the arrows
indicate the direction a pallet can move on a given loop.

The four transport units separate the central loop into four areas: C1, C2, C3 and
C4. For each external loop conveyor, there are also two areas separated by either an
assembly station (external loop 1, 2 and 3) or by an 1/0 station (external loop 4).
These areas could be thought of as a bu er area. See Figure 7.1 for labels for these
areas.

All three assembly stations have the same components and structure (see Fig-

ure 7.2) but di erent functions. The assembly station AS1 is capable of doing Task1A

(4» External Loop X (EL X)

3
3 0h x
X ©° X i
S0 COrweviex , O
/7
. N .
VAN =PSB Legend
Extractor X % O Pallet sensor
< @  Drawer sensor
ES X2 P
VAN ~ /"\ Extractor sensor
[ ] Readiwrite device
Raising platform X D Robot X > Pallet gate
Assembly Station X (AS X) l Palet stop

Figure 7.2: Assembly station of external loop X =1, 2, 3 (from [21])

and Task1B, and AS2 is capable of doing Task2A and Task2B, while AS3 can do all

the tasks. AS3 also repairs assembly errors to pallets. AS1 and AS2 can break down,
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while AS3 is assumed to never break down. AS3 can also substitute for AS1 and
AS2 when they break down. In an assembly station, there are three pallet sensors
(PS X.4, PS X.5, PS X.6) to detect a pallet arriving at the pallet gate, arriving at
the pallet stop, or leaving the assembly station, respectively. Pallet gate X.2 can
prevent other pallets from entering the assembly station while the station is busy.
R/W device X can read and write information on the label of a pallet. Pallet stop
SP X.2 is used to prevent the pallet from leaving the station when it has not yet
been processed. Extractor X is able to transfer a pallet between the conveyor and
the raising platform. Two extractor sensors (ES X.1, ES X.2) are used to detect the
location of the extractor. Raising platform X is used to feed the pallet to the robot

(Robot X) to be processed, and move the processed pallet to the extractor.

In a transport unit (see Figure 7.3), there are three pallet sensors (PS 5.X.1, PS

5.X.2, PS5.X.3) close to the central loop side to detect a pallet arriving at pallet

Legent (/ F\\

QO Palket sensor

@ Drawer sensor Central Loop (CL)
[] Read/write device

\ Pallet
gate
/

l Pallet stop
|:| Transfer drawer

X'S dS
Cerxssd

Crxssd

N A s areb saireq

3 Crxssd
= I:l Oxssa

?

R/W device S.XD

) N
4

O’ 0® 20

& go x3

x @ 1%} [

Transport ks 5 < il
UnitX (TUX) =

External Loop X (EL X)

Figure 7.3: Transport unit for external loop X =1, 2, 3, 4 (from [21])
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gate 5.X, arriving at the transfer drawer (TD X) and leaving the transport unit to
next area of the central loop, respectively. There are another three pallet sensors (PS
X.1, PS X.2, PS X.3) close to the external loop X side to detect a pallet arriving
at pallet gate X.1, arriving at transfer drawer (TD X), and leaving the transfer unit
to the external loop X, respectively. A pallet coming from the central loop can be
transferred to the external loop X or liberated to the next area of the central loop,
while a pallet coming from the external loop can only be transferred to the central
loop. Pallet gate 5.X and pallet gate X.1 can prevent a pallet from entering the
transfer unit when it is busy. Two pallet stops (SP5.X, SP X.1) are used to control
pallets leaving the transfer unit. Transfer drawer (TD X) moves pallets between the
central loop and the external loop X. Two drawer sensors can detect the location of
the drawer.

The 1/0 station should have similar components and structure as an assembly
station except there is no robot, extractor and raising platform. Due to lack of
detailed information and time limit, here we assume that there is a sensor to detect
if a pallet is ready to enter the system and a sensor to detect if a pallet is ready to

leave the system.

7.2 Control Speci cations

Our control speci cations for the AIP system are extended from the speci cations
in [21,23]. For convenience, here we list all the speci cations but the new ones begin
with a '*’. We also assume that initially the AIP system is empty (i.e. no pallet in

the system).

1. *Input: The type of the pallets entering the system must alternate, starting

with Typel.
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. Output: The type of the pallets leaving the system must alternate starting

with Typel.

. Routing: Typel pallet must rst go to AS1 to undergo Taskl and then go to
AS2 to undergo Task2. Type2 pallet must rst go to AS2 to undergo Task2 and
then go to AS1 to undergo Taskl. Both types of pallets are allowed to leave

the system only when both tasks are done.

. Assembly errors: When the robot in AS1 or AS2 makes an assembly error, the
R/W device in AS1 or AS2 will write assembly error information on the pallet
label, and then AS3 will repair the pallet and AS1 and AS2 can do assembly

task again.

. Assembly station breakdown: When either AS1 or AS2 breaks down, all the
pallets for that station will be routed to AS3 for assembly. However, when AS1
or AS2 is repaired, all the pallets not already in external loop 3 are rerouted to

the original station.

. Assembly task ordering: Assembly tasks are performed in a di erent order
for pallets of di erent types. For a Typel pallet, Task1A is performed before
Task1lB, and Task2A is performed before Task2B. For a Type2 pallet, Task1B

is performed before task 1A, and Task2B is performed before task 2A.

. Maximum capacity of assembly stations: At any time, only one pallet is

allowed in a given assembly station.

. *Maximum capacity of 1/0 station: At any time, only one pallet is allowed

in the 1/0 station.
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9. *Maximum capacity of external loops: At each area of each external loop,

the maximum allowed number of pallets at a given time is three.

10. *Maximum capacity of the central loops: At each area of the central loop,

the maximum allowed number of pallets at a given time is two.

7.3 System Structure

In [21, 23], the AIP system is modeled as a bi-level HISC system with one high-
level and seven low-levels. The low-levels represent AS1, AS2, AS3, TU1, TU2, TU3,
and TU4. In our example, we keep all the low-levels and add one more low-level for
the 1/0 station. Therefore, in total we have one high-level and eight low-levels. The
system structure is shown in Figure 7.4. As a large portion of our example will be the
same as [21,23,26], we will only present what is new and direct readers to [21, 23, 26]
for the remaining details.

The high-level is composed of the high-level subsystem Gy and 8 interfaces

High Level

PoASL i A2 AS3 i TUL b Tu2 i Tug i TU4d i 100
iLowLevel 1 ;iLowLevel2 ‘Low Level3 :iLow Level4 :iLowLevel5: iLowLevel6 : Low Level7 i iLow Level8

Figure 7.4: The AIP system structure
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the j™ interface G;.

For the 1/0 station, we model the two sensors to detect that pallets are ready to
enter or leave the system in the high-level. As we do not have the internal structure
of the 1/0 station, we only provide an interface DES for the low-level 8 (1/0 station)
and have the low-level 8 subsystem containing only one plant component DES and
set |, = ?. The plant DES contains only an initial state, which is also marked.

The event set for the whole AIP system = [jorel L Ry L AJL 1 IS

de ned based on the event partition given in [21]. The primed event set below stands
for the corresponding event set from the AIP example in [21].
ho=("Y% fPalletArvGEL 2:AS3g) [

TQPalletOut:10; IsPalletOut:10; NoP alletOut:10; QP alletT ypelln:1O;
QPalletType2ln:10; IsPalletTypelln:10; IsPalletType2In:10;
NoPalletTypelln:10; NoPalletType2ln:10g

L = L, wherei2fl;2;4;5;6;79

L, = | ,[fPalletArvGEL _2:AS3g

Lg .= 2

R« = R, Wherek2fl1;:::;7g

rRs .= FMvInTypelPallet:10; MvInType2P allet:10; MvOutP allet:10g

Ac = A Wherek 2 f1;:::;7g

as .= TCpIMvInPallet:10; CpIMvOutP allet:10g

In the DES diagrams in this chapter, initial states are identi ed by a thick circle,

and marker states are lled in with gray. Uncontrollable events are shown in italic
font, and controllable events are shown in normal font. For a given DES, its event
set is taken to be that of the event labels shown on transitions in the diagram unless

explicitly state otherwise.
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7.4 The Interface DES

For low-level 1 to 7, we use the same interface as in [23,26]. The interfaces for

low-level 1 and 2 are shown in Figure 7.5 with k = AS1, AS2. The interface for

low-level 3 (AS3) is shown in Figure 7.6. The interfaces for low-levels 4, 5, and 7 are

shown in Figure 7.7 with g = TUL, TU2, TU4. The interface for low-level 6 (TU3) is

shown in Figure 7.8. Finally, the interface for low-level 8 (1/0) is shown in Figure 7.9.

s0 ProcPallet.k

ProcCpl.k
ProcErr.k

DoRpr.k
s3

Figure 7.5: Interface to low-level w =

1;2 (from [23])

sl

TrnsfToEL.q
NoTrnsfEL.q
TrnsfCpIToEL.q

TrnsfELToCL.q

SO,

TrnsfCplToCL.q

LibPallet.q

PalletRlIsd.q

Figure 7.7: Interface to low-level v =

4;5;7 (from [23])
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Figure 7.6:

ProcPallet. AS3

sl
ProcCpl.AS3

ProcErr.AS3
PalletRepd.AS3

Interface to low-level 3

(from [23])

s0

Figure 7.8:

TrnsfToEL3_Up st

TrnsfToEL3_1D
TrnsfToEL3_2D
TrnsfToEI3_BD

NoTrnsfEL.TU3
TrnsfCpIToEL.TU3

TrnsfELToCL.TU3

TrnsfCplToCL.TU3

LibPallet. TU3

PalletRIsd. TU3

s3

Interface to low-level

6 (from [23])
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sl

MvOutPallet.10
CpIMvOutPallet.10

s0 MvInTypelPallet.1O

MvInType2Pallet.10
PalletArvGEL_2.AS3 PalletArvGEL_2.AS3

CpIMvInPallet.10
s2 PalletLvGEL 2.AS3 PalletLvGEL_2.AS3

Figure 7.9: Interface to low-level 8 Figure 7.10: CapGateEL _2.AS3

7.5 Low-level Subsystems

For low-level 1 (AS1), 2 (AS2), 4 (TU1), 5 (TU2), 6 (TU3) and 7 (TU4), we
use exactly the same models as in [23,26]. For low-level 3 (AS3), we make some
minor modi cations. The reason for these modi cations is that there was no capacity
restriction on external loop 3 in [23]. In order to show the relationship between
the event ProcPallet.AS3 and PalletArvGEL _2.AS3, Leduc created a high-level plant
component DES that was in Figure 12.3 in [21] (PalletArvGateSenEL _2.AS3).
However, in this thesis, we will enforce a capacity restriction on external loop 3. This
allows us to move this functionality to low-level 3 (AS3). The following shows how

we modi ed the models for low-level 3.

Replace the plant component CapGateEL _2.AS3 by the one in Figure 7.10.

Replace the supervisor component OperateGateEL _2.AS3 by the one in Fig-
ure 7.11.

Add a plant component PalletArvGateSenEL _2.AS3 as shown in Figure 7.12.
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ProcPallet.AS3
ProcCpl.AS3
ProcErr.AS3

PalletRepd.AS3 GOpenEL_2.AS3

PalletArvGEL_2.AS3
sl

ProcPallet.AS3
PalletLvGEL_2.AS3
GClosesEL_2.AS3
s0 sl
s2 PalletArvGEL_2.AS3
Figure  7.12: PalletArvGate-
Figure 7.11: OperateGateEL 2.AS3 SenEL _2.AS3

For low-level 8 (1/0), as described in section 7.3, we lack the information and time
needed to model the subsystem in more detail, so we model its subsystem containing

only a one-state plant DES as shown in Figure 7.13

soo

Figure 7.13: Low-level 8 Subsystem

7.6 The High-level Subsystem

In this section, we present the high-level subsystem Gy, for the AIP. The high-level
controls the global behavior of the system, such as controlling the capacity of each
area of the central loop and external loops, detecting the status of AS1 and AS2 and
reporting the status to other low-levels. As our newly added control speci cations
primarily focus on the capacity of the conveyor areas, the high-level is signi cantly
larger and more complicated than the one in [23].

To demonstrate our high-level veri cation algorithms and synthesis algorithms, we
designed all the modular supervisors by hand to meet the control speci cations and

then veri ed that the system under the control of these supervisors satis es all the
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high-level conditions (e.g. level-wise controllable, level-wise nonblocking and interface
consistent). In the next section, we will relax the restrictions and then synthesize a
supervisor to satisfy the control speci cations.

The AIP high-level subsystem Gy is composed of 19 plant components and 21
supervisor components, as shown in Figure 7.14. The high-level plant G}, and su-

pervisor Sy are de ned to be the synchronous product of the indicated automata.

ASStoreUpState.AS1, ASStoreUpState.AS2, QueryPalletAtTU.TUL, QueryPalletAtTU.TU2
QueryPalletAtTU.TU3, QueryPalletAtTU.TU4, QueryPalletAtlO,CapEL12, CapEL22,
CapEL32, CapEL42, CapEL11, CapEL21, CapEL31, CapEL41, CapC1l, CapC2, CapC3,
CapC4 Gy

ManageT U1, ManageTU2, ManageTU3, ManageT U4, ManagelO, DetWhichStnUp,
HndIComEventsAS, OFProtEL11, OFProtEL21, OFProtEL31, OFProtEL41, OFProtEL12,
OFProtEL22, OFProtEL32, OFProtEL42, OFProtC1, OFProtC2, OFProtC3, OFProtC4,
AltMvInTypes, OFProtAIP Sy

Figure 7.14. Component DES in the AIP high-level

7.6.1 Plant Components

We start from the set of DES ASStoreUpSate.k, where k = AS1, AS2, shown
in Figure 7.15. These two DES are used to check the status of AS1 and AS2 and tell
when the high-level is allowed to send the requests ProcPallet.k and DoRpr.k.3

The next set of DES we introduce are QueryPalletAtTU.i, where i = TU1,
TU2, TU3, TU4, shown in Figure 7.16. The DES QueryPalletAtTU.i can tell if
a pallet is waiting to enter the transport unit i from the central loop (by detecting
the gate sensor PS 5.X.1 (X =1 when i = TUL, ..., X =4 when i = TU4)) or the

related external loop (by detecting the gate sensor PS X.1).

SActually we could remove those sel oop transitions on these two DES, since we now use
command-pair interface for AS1 and AS2. The interfaces to low-level 1 and low-level 2 guaran-
tee when the request events ProcPallet.k and DoRpr.k can happen.
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ASDwn.k

ProcPallet.k
ASDwn.k ProcPallet.k

DoRpr.k DoRpr.k

StnDwn.k

RobUp.k

Figure 7.15: ASStoreUpState.k = AS1, AS2 (from [23])

sl

QPalletOut.10

QPalletAtEL.i

IsPalletOut.10

NoPalletOut.10
s0

QPalletTypelln.lIO

NoPalletEL.i
IsPalletEL.i

s0

IsPalletTypelln.lO

IsPalletCL.i NoPalletTypelln.lO

. QPalletAtCL.i
NoPalletCL.i

QPalletType2In.l10

IsPalletType2In.10
NoPalletType2In.10

Figure 7.16: QueryPalletAtTU.i,
I =TuUl, TU2, TU3, TU4 Figure 7.17: QueryPalletAtlO

We now describe the DES QueryPalletAtlO, shown in Figure 7.17. This DES

models the behavior of the the sensors in the I/0 station. It provides a way to

determine if a pallet is ready to leave the system or if a Typel or Type2 pallet is

ready to enter the system.

The next series of DES represent the fact that a pallet on an external loop can

arrive at a transport unit only if it has been processed by the associated assembly sta-

tion or brought in from the 1/0 station. They are CapEL12, CapEL22, CapEL32

and CapEL42 as shown in Figure 7.18. Theoretically, each of the four DES should
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have in nite states. However, because the supervisors will limit the capacity of each
of the conveyor areas EL12, EL22, EL32 and EL42 to three, we are safe to make each
of them contain ve states. Readers might ask why these DES have capacity of four,
this is because we would like to show that the supervisors really prevent the fourth

pallet from entering any of the above areas.

ProcCpl.AS1 ProcCpl.AS1 ProcCpl.AS1 ProcCpl.AS1

ProcErr.AS1 IsPalletEL. TU1 ProcErr.ASL |spalletEL.TUL ProcErr.AS1 IsPalletEL.TUL ProcErr.AS1  spajletEL.TUL
ASDwn.AS1 ASDwn.AS1 ASDwn.AS1 ASDwn.AS1

TrnsfCplToCL.TUL TrnsfCplToCL.TUL TrnsfCplToCL.TU1 TrnsfCplToCL.TUL

(a) CapEL12

ProcCpl.AS2 ProcCpl.AS2 ProcCpl.AS2 ProcCpl.AS2

ProcErr.AS2 [sPalletEL.TU2 ProcErr.AS2 [spalletEL.TU2 ProcErr.AS2 IsPalletEL.TU2 PrOCEITAS2  |spajletEL.TU2
ASDWN.AS2 ASDwWN.AS2 ASDWN.AS2 ASDWn.AS2

TrnsfCplToCL.TU2 TrnsfCplToCL.TU2 TrnsfCplToCL.TU2 TrnsfCplToCL.TU2

(b) CapEL22

ProcCpl.AS3 ProcCpl.AS3 ProcCpl.AS3 ProcCpl.AS3

ProcErr.AS3  |spalletEL. TU3ProcErr.AS3  |spalletEL.TU3 ProcErr.AS3 IsPalletEL.TU3 PFOCEIT.AS3  |spalletEL.TU3

PalletRepd.AS3 PalletRepd.AS3 PalletRepd.AS3

PalletRepd.AS3

TrnsfCplToCL.TU3 TrnsfCplToCL.TU3 TrnsfCplToCL.TU3 TrnsfCplToCL.TU3

(c) CapEL32

IsPalletEL.TU4 IsPalletEL.TU4 IsPalletEL.TU4 IsPalletEL.TU4
CpIMvinPallet.10 CpIMvInPallet.10 CpIMvinPallet.10 CpIMvinPallet.10

TrnsfCplToCL.TU4 TrnsfCplToCL.TU4 TrnsfCplToCL.TU4 TrnsfCplToCL.TU4

(d) CapEL42

Figure 7.18: CapEL12, CapEL22, CapEL32, CapEL42

Now we describe the series of DES representing the fact that a pallet on the center

loop can arrive at a transport unit from the central loop only if it has been liberated or
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transferred from the external loop by the previous transport unit. They are CapC1,
CapC2, CapC2 and CapC4 as shown in Figure 7.19. Each of them should also
have in nite states, but because the supervisors will limit the capacity of each central

loop area to two, we are safe to make each of them contain only 4 states.

TrnsfCplToCL.TU4 IsPalletCL.TUL  TrnsfCplToCL.TU4 IsPalletCL.TUL1 TrnsfCplToCL.TU4 IsPalletCL.TU1
PalletRlsd.TU4 PalletRlsd.TU4 PalletRlsd.TU4

s3
PalletRIsd. TU1 PalletRIsd. TU1 PalletRIsd. TU1
TrnsfCpIToEL.TUL TrnsfCpIToEL.TUL TrnsfCpIToEL.TUL
(a) CapC1

TrnsfCplIToCL.TUL IsPalletCL.TU2  TrnsfCplToCL.TUL IsPalletCL.TU2 TrnsfCpIToCL.TU1 IsPalletCL.TU2
PalletRIsd. TU1 PalletRlsd.TU1 PalletRlsd. TU1

s3
PalletRlsd.TU2 PalletRlsd.TU2 PalletRlsd.TU2
TrnsfCpIToEL.TU2 TrnsfCpIToEL.TU2 TrnsfCpIToEL.TU2
(b) CapC2

TrnsfCplToCL.TU2 IsPalletCL.TU3  TrnsfCplToCL.TU2 IsPalletCL.TU3 TrnsfCplToCL.TU2 IsPalletCL.TU3
PalletRlsd.TU2 PalletRlsd.TU2 PalletRlsd.TU2

PalletRIsd.TU3 PalletRlsd. TU3 PalletRIsd. TU3
TrnsfCpIToEL.TU3 TrnsfCpIToEL.TU3 TrnsfCpIToEL.TU3
(c) CapCs3

TrnsfCplToCL.TU3 IsPalletCL.TU4  TrnsfCplToCL.TU3 IsPalletCL.TU4 TrnsfCpIToCL.TU3 IsPalletCL.TU4
PalletRlsd.TU3 PalletRlsd.TU3 PalletRlsd.TU3

s3
PalletRlsd. T U4 PalletRlsd.TU4 PalletRlsd.TU4
TrnsfCpIToEL.TU4 TrnsfCpIToEL.TU4 TrnsfCpIToEL.TU4
(d) CapC4

Figure 7.19: CapCl1, CapC2, CapC3, CapC4

The plant components CapEL11, CapEL21 and CapEL31 (Figure 7.20(a),
7.20(b), 7.20(c)) represents the fact that a pallet can be processed by an assembly

station only if it has been transferred to the associated external loop. The plant
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component CapELA41 (Figure 7.20(d)) represents the fact that a pallet can arrive at
the 170 station only if it has been transferred to external loop 4 by transport unit
TUA4. Again, these DES should have in nite states theoretically, but the supervisors
will limit the capacity of these areas to 3, so we are safe to make it contain only 5

states.

TrnsfCpIToEL.TUL TrnsfCpIToEL.TUL TrnsfCpIToEL.TUL TrnsfCpIToEL. TUL

ProcPallet. AS1 ProcPallet. AS1 ProcPallet. AS1 ProcPallet. AS1

(a) CapEL11

TrnsfCplToEL. TU2 TrnsfCplToEL.TU2 TrnsfCpIToEL. TU2 TrnsfCplToEL. TU2

ProcPallet. AS2 ProcPallet. AS2 ProcPallet. AS2 ProcPallet. AS2

(b) CapEL21

TrnsfCpIToEL.TU3 TrnsfCpIToEL.TU3 TrnsfCpIToEL. TU3 TrnsfCplToEL. TU3

ProcPallet. AS3 ProcPallet. AS3 ProcPallet. AS3 ProcPallet. AS3

(c) CapEL31

IsPalletOut.10 IsPalletOut.10 IsPalletOut.10 IsPalletOut.10
TrnsfCpIToEL.TU4 pIToEL.TU4

CpIMvOutPallet.10 CpIMvOutPallet.10 CpIMvOutPallet.10 CpIMvOutPallet.10

(d) CapELA41

Figure 7.20: CapEL11, CapEL21, CapEL31, CapEL4l

7.6.2 Supervisor Components

We now discuss the supervisor components for the AIP high-level subsystem. We

rst introduce the group of four supervisors which control the transport units, Man-
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ageTU1, ManageTU2, ManageTU3 and ManageTU4. The following explains

what they do.

ManageTUL : If a pallet appears before TUL at the central loop, it could be
transferred to external loop 1 or liberated. It can be liberated if AS1 breaks
down, or the conveyor area EL11 is at capacity (i.e. 3, determined by OFPro-
tEL11), or low-level 4 (TU1) says to do so through the event NoTransfEL.TU1.
If a pallet appears before TU1 at the external loop 1, then it must be transferred

to the central loop. See Figure 7.21.

ManageTU2: If a pallet appears before TU2 at the central loop, it could be
transferred to external loop 2 or liberated. It can be liberated if AS2 breaks
down, or the conveyor area EL21 is at capacity (i.e. 3, determined by OFPro-
tEL21), or low-level 5 (TU2) says to do so through the event NoTransfEL.TU2.
If a pallet appears before TU2 at the external loop 2, then it must be transferred

to the central loop. See Figure 7.22.

ManageTU3: If a pallet appears before TU3 at the central loop, it could
be transferred to external loop 3 or liberated. If the conveyor area EL31 is
at capacity (i.e. 3, determined by OFProtEL31), then the pallet should be
liberated. Otherwise the break down status of AS1 and AS2 will be checked
through supervisor component DetWhichStnUp. Then a corresponding re-
quest event with the status of AS1 and AS2 encoded into it will be sent to
low-level 6 (TU3). The pallet should be liberated if low-level 5 responds with
a NoTransfEL.TU3 event. If a pallet appears before TU3 at external loop 3,

then it must be transferred to the central loop. See Figure 7.23.

ManageTU4: If a pallet appears before TU4 at the central loop, it could
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be transferred to external loop 4 or liberated. It can be liberated if the con-

veyor area EL41 is at capacity (i.e. 3, determined by OFProtELA41), or low-

level 7 (TU4) says to do so through the event NoTransfEL.TU4 (e.g. not all

tasks have been performed on the pallet). If a pallet appears before TU4 at

external loop 4, then it must be transferred to the central loop. See Figure 7.24.
LibPallet. TU1

TrnsfToEL.TUL
StnUp.AS1

QPalletAtCL.TU1

PalletRIsd. TU1 StnDwn.AS1
NoPalletCL.TU1 TrnsfCpIToEL. TUL
QPalletAtEL.TU1
NoPalletEL.TU1
StnDwn.AS1

StnUp.AS

StnUp.AS1

IsPalletcL.TU1 7

[
|

NoTrnsfEL.TUL
PalletRIsd. TUL
TrnsfCplToCL.TUL
IsPalletEL.TU1
s3
TrnsfELToCL.TUL LibPallet. TU1
StnDwn.AS1
Figure 7.21: ManageTU1
LibPallet. TU2
TrnsfToEL.TU2
StnUp.AS2
QPaIIetAtCL.TUZ PalletRIsd.TU2 StnDwn.AS2
NoPalletCL.TU2 TrnsfCpITOEL.TU2
QPalletAtEL. TU2
NoPalletEL.TU2
StnDwn.AS2
StnUp.AS StnUp.AS2
IsPalletCL.TU2 NoTrmsfEL TU2
PalletRlsd. TU2  MDWN-AS2
TrnsfCplToCL.TU2
IsPalletEL.TU2
s3
TrnsfELTOCL.TU2 LibPallet. TU2
StnUp.AS2
StnDwn.AS2

Figure 7.22: ManageTU?2
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LibPallet. TU3

PalletRIsd. TU3 NoTrnsfEL.TU3

QPalletAtCL.TU3 SO

NoPalletCL.TU3
QPalletAtEL.TU3
NoPalletEL.TU3

s2  TrnsfToEL3_Up
TrnsfToEL3_1D

TrnsfToEL3_BD

LibPallet. TU3
TrnsfCpIToCL.TU3 IsPalletEL.TU3

s4
TrnsfELToCL.TU3

Figure 7.23: ManageTU3

QPalletAtEL. TU4 TrnsfELToCL.TU4

QPalletAtCL.TU4
NoPalletEL.TU4
NoPalletCL.TU4

IsPalletEL.TU4

TrnsfCplToCL.TU4

TrnsfCpIToEL.TU4

PalletRIsd. T U4 PalletRIsd. TU4

IsPalletCL.TU4

NoTrnsfEL.TU4

TrnsfToEL.TU4 LibPallet. TU4
LibPallet. TU4

Figure 7.24: ManageTU4

Next we introduce two supervisor DES directly obtained from [21].

is DetWhichStnUp, shown in Figure 7.25. This supervisor is used to detect the
breakdown status of AS1 and AS2, and then the corresponding request event that
encodes this status will be chosen to be sent to low-level 6 (TU3). For example, if AS1

breaks down and AS2 does not, then request event LibPallet. TU3 or TrnsfToEL3_1D
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will be chosen. The second DES is HndIComEventsAS, shown in Figure 7.26. This
supervisor is used to solve a blocking problem among the supervisors ManageTU1,

ManageTU2 and DetWhichStnUp due to controllable events they use in common.

QStnUp.AS1 LibPallet. TU3
StnUp.AS1 TrnsfToEL3_2D
StnDwn.AS1 LibPallet.TU3
QStnUp.AS2

StnUp.AS2

StnDwn.AS2

LibPallet. TU3

DetStnUp StnUp.AS2 s4

LibPallet. TU3

StnDwn.AS2

LibPallet. TU3
TrnsfToEL3_1D

sl

StnDwn.AS1

QPalletAtCL.TU1L

NoPalletCL.TUL

QPalletAtCL.TU2 IsPalletCL.TU2 s5

StnUp.AS?2

StnUp.AS2 DetStnsUp StnDwn.AS2

StnDwn.AS2

QStnUp.AS1

Figure 7.26: HndIComEventsAS(from [21])
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We now discuss the supervisors for preventing over ow of conveyor areas EL11,
EL21, EL31 and EL41. OFProtEL11 (see Figure 7.27) is used to prevent over ow
of area EL11, but it also enforces that a pallet can not be processed by AS1 until
it has been transferred to EL11. OFProtEL21 (see Figure 7.28) is identical to
OFProtEL11 up to relabeling. OFProtEL31 (see Figure 7.29) is similar to the
previous two. It prevents over ow of area EL31 and enforces that a pallet can not be
processed or repaired by AS3 until it has been transferred to EL31. OFProtEL41(see
Figure 7.30) prevents over ow of area EL41. However, it does not have the sel oop
transitions of event MvOutPallet.10 at all states except sO and s10, because the plant
component CapEL41 (Figure 7.20(d)) and the component supervisor ManagelO
(Figure 7.34) will ensure that the event MvOutPallet.1O will not happen at state sO
and sl10.

The next four component supervisors are used to prevent over ow of conveyor
areas EL12, EL22, EL32 and EL42, shown in Figure 7.31. OFProtEL12, OF-
ProtEL22, OFProtEL32 are identical up to relabeling. OFProtEL42 disables
events QPalletTypelln.lO and QPalletType2In.1O at state s3 instead of event Mvin-
Pallet.10, because of the supervisor component ManagelO(Figure 7.34). If we use
event MvinTypelPallet.1O (or MvInType2Pallet.10), then the system will be blocked
when the area EL42 is full (at state s3) and ManagelO is at state s1 (or s2).

The four supervisors OFProtC1, OFProtC2, OFProtC3, and OFProtC4 are
used to prevent over ow of the conveyor areas C1, C2, C3 and C4 in the central loop,
respectively. They are identical up to relabeling and are shown in Figure 7.32.

We now describe two supervisors for the 1/0 station. AltMvInTypes is used
to enforce that the type of pallets entering the system must alternates, starting with
Typel pallets. It is shown in Figure 7.33. Note that both of the states are marked,

because the last pallet entering the system can be either Typel or Type2. ManagelO
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