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N-body problem

» Given initial positions and velocities of n bodies, compute their
positions and velocities at given points in time

» ncan be very large
» We want to compute in parallel
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Equations of motion

Assume n particles, 0,1,...,n—1

Particle g has position s4(t), velocity v4(t) = s;(t) and acceleration
a4(t) = s4(1)

Bold denotes vectors; these are 3D (or 2D) vectors

Particle k exerts force on g

MmqMmy
a0~ seq S0 — sk(0)

where G = 6.673 x 10~ ""m3/(kg - s?) is the gravitational constant,
and ||sq(t) — sk(t)||2 is the distance between particles q and k

fo(t) = —G
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Total force on q is

n—1
= Z far (1)
k=0
k#q
q=0,1,...n—-1
From Newton’s second law of motion

Fq(t) = mgag(t) = mgsq(?),

sq(t) =

Zfak

k#q

GZ W[Sq(t) sk(1)]
k;éq

/mq*
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quim[sq( )= sk(1)].
k#a
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We have a system of second-order ordinary differential equations
We can write it as first order system

sg(t) = Vq(1)
Vo(t) =Fq(t)/mg = sz 0 W[sq( ) — sk(B)],

q=0,1,...,n—1
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q puting

Overall method

Given initial values for s4(t) and vq(t) for all g at initial time, e.g.
fo = 0, we have an initial value problem

We advance in time from #, and compute at points t;, i > 0
Assume s, ; and v,,; are computed up to f;

On a time step from t; to £, 1
(1) compute total forces F ;
(2) compute vq i1 and sq i1

We can do (2) using Runge-Kutta or a multistep method
Here we Euler’s method, to keep the explanations simpler and focus
on (1)
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Euler's method

For simplicity, we use Euler’s method
Assume s, ; and v, ; are given at t; We compute at ;4 by

Vg,i+1 = Vg,i+ hFqi/mq
Sq.i+1 = Sq,i + Vg,

where h = tj, 1 — lj is stepsize; we use constant stepsize h

(© 2013-16 Ned Nedialkov 8/19



N-body Equations of motion Method Euler’s method Computing forces Parallelization

Computing forces

The total force for particle g is computed by

n—1

Fq," = quk,i = qu Z ||S — sk ”3 [Sql sqwi]
k=0 q.i i
k#q P

Ring pass communications

Hence, on time step from f; to ;.1 we need v, ; and s, for all g

How to compute these forces?
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Serial algorithms
Basic algorithm
forg=0,1,...,n—1

Fqi=0
fork=0,1,....,n—1

if k#q
compute fgx,i
Fgi=Fqi+ T

Reduced algorithm
forg=0,1,....,n—1

Fei=0
forg=0,1,...,n—1
fork > q

compute fg i
Foi=Fqi+fox,i
Fri=Fri—fox.i
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From Newton'’s third law, fox = —fkq
Example Consider four particles and the related forces

particles | 0 1 2 3

0 - for fo2 fo3
1 —for - f2 fy3
2 —foo —F12 - fx3
3 —foz —Fi3 —f3  —

Reduced algorithm computes

iteration 1,9 =0 iteration 2,q = 1 iteration 3,q =2
Fo = fo1 + fo2 + fos

Fi = —fo1 Fi =Fi +fi2o+fi3
Fo = —f2 Fo=F,—f Fo =Fs+fx
F3 = —fo3 Fs =F; —fi3 F3 =F; —fx3

As the iteration number increases, the work decreases
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Parallelization: block distribution

Ring pass communications

How to parallelize?

Assume block distribution, each process takes n/p particles

Basic algorithm: the work is the same per process

Reduced? Process 0 will do most of the work, then process 1, then
process 2, and so on

Example: Consider n = 6 distributed on p = 3 processes:

PE owns particles stores

0 0,1 So, S
1 2,3 S2,S3
2 4,5 S4,Ss5
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o 1 2 3 4 5
0| —  for foo  foz  fosa  fos
1] —fr - fio fi3 fig s
2| —fpo —f12 - fo3
3| —foz —fiz3 —fo3 —
4| —foa —Fa — - - fss
5| —fos —fi5 — - —fs -

PEO PE 1 PE 2
owns So, S1 Sy, S3
receives | s, s3 from PE 1 from PE 2
from PE 2

computes | fo1, foz, fos, fos, fos, f12, f13, f1a, f15 fos, fis
sends f02, f03. f12, f13 to PE 1 to PE 2

foa, fos, f14,f15 to PE 2

The work is not distributed evenly
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Parallelization: ring pass communication
Process i

» sendsto (i—1+p) modp
» receives from (i+1) mod p
Consider n = 8, p = 4 and cycling distribution’

Phase 1 Phase 2 Phase 3
@<= @O @
S0: 54 $2,8  S1,S5 S3:S7 2,88 S0:S4
S3: 87 So: 84 $1:Ss5
PE initial receives

pass1 pass2 pass3
So, S4 $1,85 So, Sg S3, 87
S1,Ss5 S2, S S3,S7 So, S4
S2, S S3,S87 So, S4 S$1,Ss5
S3,87 Sp,S4 S1,S8s5 S2, S6

wmMNp-—=O

1Figure is from P. Pacheco, An Introduction to Parallel Programming
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Consider particles g and k
» If g is assigned to process P then P computes f if
» k is assigned to P or
» positions of k are received on P
Example: Consider n = 6, p = 3, ring pass communication, and
cycling distribution
After initial assignment

PE initial computes

0 so,S3 fos
1 sy,84 fia
2 s2,85 fos
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PE initial pass 1 pass 2
0 S0,83 S1,S4 S2, S5

computes  fo3 fo1,fo4, T34 oo, fos, T35
1 $1,S4 S2,S5 So, S3

computes  fi4 fio,f15,f45 fy3
2 $2,S5 So,S3 S1,84

computes fos5 fo3 fou
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Example
p=3,n=9
PE initial pass 1 pass 2
0 S0,83,86  S1,84,87 S2,Ss, Sg
computes fos, fos, fas o1, fos, fo7, fa4,f37,f67 o2, fos, fos, fas, fas, fes
1 s17s4as7 82335758 50,53556
computes fi4,f17,fs7  f12,f15,F18,fu5, fag, T8 13,16, fus
2 32755788 80333736 s1as4as7
computes o5, fog, fsg o3, o6, f56 fo4, 127,157
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0 0 for foo foz foa fos fos for  fos
1 1 fio fia 4 fi5 Ti5 f17 fyg
2 2 fo3 fou fo5 fog o7 fog
3 0 fag fa5 fzg f37 fsg
4 1 fis Tas fa7 s
S 2 fse 57 fsg
6 0 fo7  Tos
7 1 s
8 2

red: initial; blue: pass 1; green: pass 2
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particle PE computes
0 0 for foo foz foa fos fos for  fos
3 0 fag T35 f3g f37 fag
6 0 fo7  fos
1 1 fio s fiu 15 Ti5 fi7 fig
4 1 fas Tis fa7 fag
7 1 frs
2 2 fos fou fos5 fog fo7 fog
5 2 fsg 57 fss
8 2

red: initial; blue: pass 1; green: pass 2
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