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The problem

Let x; = by. Consider computing

X; = aiXj_1 + bj, i=2,3,...; aj b;jaregiven

» This appears inherently serial
» |t can be done in parallel through recursive doubling

» It seems this method originates in
Peter M. Kogge and Harold S. Stone. 1973. A Parallel Algorithm
for the Efficient Solution of a General Class of Recurrence
Equations. IEEE Trans. Comput. 22, 786-793

» See http://www.acsel-lab.com/Projects/fast_
adder/references/papers/Kogge-Stone—-"73.pdf
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» We present an example of recursive doubling used in the
above reference

» It contains more general recurrence relations and algorithm
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Example

X1 = by

Xo = asX1 + bo = axby + bo = q(2,1)

X3 = agXz + bg = (azaz)xq + (asbz + b3) :‘ (asaz)x1 +q(3,2) ‘

X4 = 84Xz + by = (8483)x2 + (asbs + by) :‘ (asasz)x2 + q(4,3) ‘

(
X5 = a5X4 + bs = (@sa4)x3 + (asbg + bs)
= | (asas) (as2)x1 + (a524)q(3,2) + 9(5,4) | = (asa)(as2)x1 +(5,2) |
(

Xs = 8pX5 + bg = (8sa5)x4 + agbs + bs

= | (asa5)(a4a5)x2 + (a635)q(4,3) + 9(6,5) | = (a)(asd) %2 + q(6,3) |
X7 = arXg + by = ar(a@sxs + bs) + by = araexs + arbsg + by

= | (@ra)(asas) s + (a136)q(5.4) + q(7.6) | = (ar6) (asa4)xa + q(7.4) |

Xg = dgX7 + bg = (agar)xs + agbzy + bg

= | (@sar)(335)x + (a821)q(6.5) + q(8.7) | = (asar) (asas)x: + q(8.5) |
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Computation
» We evaluate the x; in stages
» We assume b; is stored on process i, i=1,...,8,and a, is
stored on process i, i=2,...,8
Stage 1

PE | stores, sends computes
1 b1 — 2
2 | (az,b2) — X2 =q(2,1) = axby + b
3 | (a3, b3) = p(3,2) = aza q(3,2) = asbz + bs
4 | (as,bs) — p(4,3) = asas q(4,3) = asbs + bs
5 | (as,bs) — p(5,4) = asas q(5,4) = asbs + bs
6 | (as,bs) — p(6,5) = asas q(6,5) = asbs + bs
7 | (a7, b7) = p(7,6) = aras q(7,6) = arbs + by
8 (an b8) p(8v 7) = agdr q(83 7) = asb7 + b8
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x3 = p(3,2)x1 +q(3,2)
x4 = p(4,3)x2 + q(4,3)
p(5,4)q(3,2) + q(5, 4)
p(6,5)q(4,3) + q(6,5)
p(7,6)q(5,4) +q(7.6)
p(8,7)q(6,5) + q(8,7)

Comments
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Stage 3

PE stores, sends computes

1 X1 — 5

2 Xo — 6

3 | p(B,2)=5 x3—>7

4 p(4,3) -6 x4 —8

5 p(5a 4) =7 q(57 2) X5 = p(57 4)p(37 2)X1 + q(57 2)
6 p(6,5) —+8 q(6,3) Xe = p(6,5)p(4,3)x2 + q(6,3)
7 p(7,6) q(7,4) x7 = p(7,8)p(3,4)xs + q(7,4)
8 p(87 7) q(87 5) Xg = p(87 7):0(67 5)X4 + q(87 5)
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Comments
In the above,
m
p(m, n) = Ha,-, p(mn)=1ifn>m
i=n

2i
q(2i,1) = xp; = ( 11 a,) q(i,1) +q(2i,i+1)

r=i+1
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q(i,1) and q(2i,i + 1) have the same number of additions and
multiplications since

i i

q(lv1):Z H ar bj7

j=1 \r=j+1

2i 2i
gii+1)=>"| [[ a| b

J=i+1 \r=j+1
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