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Effect of Offset

The power cannot be infinity.

I Some probes require low power;

I Maximum power output by the amplifier is limited;

I Sample may boil if the power is too high;

If sample is a large molecule, the range of offset frequencies may
be wide. For example, ∆ω = γB1. Offset will significantly affect
the measurements.
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Real Experiments
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Measuring Relaxation Time

Objective: Can we measure the relaxation time of all nuclei in one
time?



Calculation of NMR Using Liouville-von Neumann Equation

I Vector of observables (ρ) in Liouville space method

I Evolution of the spin system in Liouville space method

d ρ

d t
= −i(L+ B)ρ−R(ρ− ρeq) (Inhomogeneous)

d ρ

d t
= (−i(L+ B)−R)ρ (Homogeneous)



Solution of the Liouville Space Method

Precession:
dρ

dt
= (−i(L+ B)−R)ρ

Solution of a rectangular pulse:

ρ(t) = e(−i(L+B)−R)tρ(0)

Solution of a shaped pulse or pulse sequence:

ρ(tp) = L̂N · · · L̂1ρ(0)

with
L̂j = e(−i(L+Bj )−R)∆tj



Solution of the Liouville Space Method (cont.)

I MatrixExponential((−i(L+ B)−R)t)

I A = PDP−1 ⇒ eA = PeDP−1 (spin echo experiments)
A = PDP−1 ⇒ An = PDnP−1 (CPMG experiments)

I e(A+B)t ≈ eAteBt when t is small enough. (design of
optimal pulses)

I d ρ
d t ≈

ρa−ρb
∆t (steady state)



Computing Exp(At) via Lagrange Interpolation

Theorem
If A is an n × n matrix with n distinct eigenvalues λ1, λ2, · · · , λn,
then we have

etA =
n∑

k=1

etλk Lk (A),

where the Lk (A) are Lagrange interpolation coefficients given by

Lk (A) =
n∏

j=1,j 6=k

A− λj I

λk − λj

for k = 1, 2, · · · , n.
– T. M. Apostol, Some Explicit Formulas for the Exponential
Matrix etA, The American Mathematical Monthly 76 (1969) 289 -
292.



Bloch Equations and Its Solution

d

dt
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ω −R2 −γB1 cosφ 0

−γB1 sinφ γB1 cosφ −R1 R1

0 0 0 0
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My

Mz
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
(1)

A is used to represent the coefficient matrix. When A is constant,
the solution is

M(t) = eAtM(0).

The size of the file to store eAt solved by MatrixExponential of
Maple is 11M.



Hahn Echo and Its Solution

π

2 y
π
! x

τ τt p

M(2τ + tp) = eA(γB1=0)τ .eA(γB1=b1)tp .eA(γB1=0)τ .M(0) (2)



CPMG and Its Solution

Mn = EnMn−1

En = EfidEπ(ϕn)Efid

Mn = EnM0 (3)



Fitting Problem

min
n∑

i=1

∣∣∣∣∣∣Mmeas(i)− I0

√
M2

x ,i + M2
y ,i

∣∣∣∣∣∣2
Subject to Eq. (1) which is an first-order Ordinary Differential
Equation (ODE).



Reformed Fitting Problem

min
n∑

i=1

∣∣∣∣∣∣Mmeas(i)− I0

√
M2

x ,i + M2
y ,i

∣∣∣∣∣∣2
Subject to Eq. (2) or Eq. (3).



Fitting Results
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Design Optimal Broadband Universal Rotation Pulses

dρ

dt
= (−i(L+ B(t))−R)ρ

ρ(tp) = L̂N · · · L̂1ρ(0)

Two Models:

min
∑∑

||ρ(tp)− ρtarget||2 (Vector Model)

and

min
∑∑

||L̂effective − L̂target||2 (Matrix Model)

Subject to:

N∑
i=1

√
br 2

i + bi2
i ≤ MTOTAL√

br 2
i + bi2

i ≤ γBmax
1 (i from 1 to N)



Derivatives of the Effect of a Shaped Pulse

∂L̂effective

∂bri
= L̂N · L̂N−1 · · ·

∂L̂i

∂bri
· · · L̂2 · L̂1

∂2L̂effective

∂br 2
i

= L̂N · L̂N−1 · · ·
∂2L̂i

∂br 2
i

· · · L̂2 · L̂1

∂2L̂effective

∂bri∂bii
= L̂N · L̂N−1 · · ·

∂L̂2
i

∂bri∂bii
· · · L̂2 · L̂1

∂2L̂effective

∂bri∂brj
= L̂N · · ·

∂L̂i

∂bri
· L̂i−1 · · · L̂j+1 ·

∂L̂j

∂brj
· · · L̂1

∂2L̂effective

∂bri∂bij
= L̂N · · ·

∂L̂i

∂bri
· L̂i−1 · · · L̂j+1 ·

∂L̂j

∂bij
· · · L̂1

· · · · · ·
(i ∈ [1..N], j ∈ [1..(i − 1)])

cost: O(N3) matrix multiplications of L̂i of 4n × 4n.



Efficiently Computing Derivatives

Step 1 (Cost: O(N))

Ui = L̂N · L̂N−1 · · · L̂i+1

Vi = U−1
i

= L̂−1
i · L̂

−1
i+1 · · · L̂

−1
N−1 · L̂

−1
N

(i from N to 1)

Step 2 (Cost: O(N2))

L̂effective = U1 · L̂1

W1i = Ui ·
∂L̂i

∂bri
· Vi

W3i = Vi · L̂effective

∂L̂effective

∂bri
= W1i · L̂effective

∂2L̂effective

∂br 2
i

= Ui ·
∂2L̂i

∂br 2
i

·W3i

∂2L̂effective

∂bri∂brj
= W1i ·

∂L̂effective

∂brj

∂2L̂effective

∂bri∂bij
= W1i ·

∂L̂effective

∂bij
· · · · · ·

(i from 1 to N, j from 1 to (i-1))



Spectroscopy Using Optimal Broadband Universal Rotation
Pulses
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CPMG Using Optimal Broadband Universal Rotation
Pulses
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Conclution & Future Works

I The exact symbolic solution of the Bloch equations is given in
the Lagrange form.

I We are able to apply this exact solution to manipulate
arbitrary pulse sequences.

I Combined with complicated data processing, simple
experiments such as rectangular pulses can still provide
reliable estimates of transverse relaxation in a wide range.

I We are able to design optimal universal shaped pulses with
the full solution of the Bloch equations via a second-order
optimizer.

I These optimal shaped pulses work similar as rotation pulses
and offer more uniform spectra within the designed range than
other published pulses.

I In the future, we will explore the limits of designing optimal
pulses and extend these methods to solve the Liouville-von
Neumann equation of large spin systems.
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Abstract

In NMR, a spin system is governed by the Liouville-von Neumann equation which is a set of first-order ordinary

differential equations. The spin system will experience different Hamiltonians during a NMR experiment. At the

end of a NMR experiment (after a pulse sequence), we obtain signals which can be seen as the integral of the

Liouville-von Neumann equation from the equilibrium state. If we set up optimization problems to fit experiment

data or design new experiments, the objective functions will depend on the integral of the Liouville-von Neumann

equation. Our method to solve these problems is to symbolically solve the ODE system before we solve the

optimization, so as to eliminate the process to numerically solve the ODEs during solving the problems. The

symbolic solution of a spin system will be huge, even for the simplest (e.g., spin-1/2) system. Since it is impractical

to directly substitute the symbolic solution into the unconstrained objective function, we instead add them as

equality constraints resulting in a much smaller problem. With the symbolic solutions of the ODEs, we are able to

calculate exact derivatives which significantly improve the performance of the optimization and design universal

rotation pulses (also called gate pulses in the quantum computing) which are independent of spin states. We will

present examples of the single spin-1/2 system, the method is able to extend to large spin systems.
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