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The Linear Optimization Problem

Consider the following LO problem:

min clx
s.t Ax =0,
x > 0,
T he dual problem is:
(LD) max bly
st Aly+ s=c¢,
s >0,

where y € R™, z,s € R™.



The LO Optimality Conditions

Optimality Conditions

Ax =0,
Aly+s =c¢,
Xs =0,
x>0 s>0,

where X = diag(x).



The Lo Central Path

The primal-dual central path is defined as the set of solutions
(x(n)) and (y(u),s(w)) for p > 0 of the system

Axr =0,
ATy—I—s = ¢,
Xs = ue,
x>0 s>0,

where e =[1,1,...,1]1.

IPM condition:

A:cozb,a:0>0 ATy+s=c,s>O



Classical Primal-Dual Newton Method
for LO

inputs

A proximity parameter r;

an accuracy parameter € > 0O;

(29, s9) and u® = 1 such that & (29, s°, 10 < 7.
Tr = ZL‘O; L a— so; n = MO;

while nu > ¢

pi=(1—0)u;

while ®(xz,s,u) > 7

Solve Newton system for Ax, Ay, As,
determine a step size «;

r . =x+ aAx;
s = s+ alAs;
y =y -+ alAy.
end

end



Newton Direction

A O O Ax —Tp
0 AT 71 Ay | = —Tec )
S 0 X As pe — Xs

A A
v = E; dy = ? x7 ds = e
p z i
O O dg Ty 1
AT 1Ayl =| —re |, A=2AVIX
O I ds U_l —v :
T, 2 n
e v n
w(V) = 5 — Z |Og(vz)
i=1



Newton Direction

(AD?ATYAy = AD?r), — 1y,
Az = D?(AT Ay — L),
As =z N (—poVW(v) — sAD),
r(a) i = x4+ alAwx,
y(a) :=y+ aly,

s(a) := s+ als.



Complexity of small-update and
large-update

small-update:

owﬁlog(%)

large-update:

o<nlog<§>>



Self-Regular Function

A function ¢ (t) € C2: (0,00) — R is self-regular if it satisfies the
following conditions:

SR.1 ¥(t) is strictly convex with respect to ¢t > 0 and vanishes at its
global minimal point t = 1, i.e., ¥(1) = ¢'(1) = 0. Further,
there exist positive constants v, > vy >0 and p>1, ¢ > 1
such that

v (P 717 < (1) < v (P + 7179, it € (0, 00);

SR.2 For any tq,t> > 0,
W(ATE5TT) < rb(ty) + (1 —r)w(ts),  Vr € [0,1].

tptl 1 ¢lme—_1  p—
T t) = + +— (-1 ) ) > 17
palt) p(p+1) q(¢—1)  pg (=1 b




Self-Regular Function

with v = v, = 1. The second family is defined as

ptl 1 4l-a_1
Mpq(t) = + , p>1, ¢>1,
b p+1 qg—1

with v1 =1 and vy, = g.

IS

W(v) = Z; (vi),v = m

Best complexity for feasible IPMs :O(y/nlog(n) Iog(%))

O AT I Ay — —Tec y
1 0] 1 ds —V\U(’U)
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Properties of Proximity Function

eTUQ——n, érv_Q——n

@, s,p) =V0)=—F—+——

z!'s n . z!'s
Hg — ) Hp — x_TS_]" — CC_TS_]‘ — VvV Hglp

—1
4 ) CD(.CU,S,,ut) — (T > )n
T 14+ 1)2 -

Hh

p =

pr < pp Sk < g

CD(QZ, S, ,Ug) — Cb(w, S, /’Lh)
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Properties of Proximity Function

d(x, s, u*)?2
(a5, 119) = (5, 57) + DL
T . ..—1T.—1 1
Hg -2 2% ° ST <= CD(ZU;S,&)S(T )
Lh n? T 2
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Infeasible Neighborhood

(tr—1n

% %
N(r,8) = {<x,y,s> | W(v) < ol < B[ 58, el < [ M—gﬁ}
(2°,9°,5%) = (Ce, 0, Ce)
o2 = ||ds + ds||?, 0% = d2 4+ d? = 02 — 2d. ds

2 2
C’3n20§ < a% < C3n2(7§,
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SR-Infeasible IPMs

Input:
Proximity parameters 7 > 10 and 8 > 1, Neighborhood N (t, 8);

Initial point (29 9% s%) € N (7, 3); such that (2% s5°) >0
An accuracy parameter ¢ > 0, and damping factor «.

begin
while max{(wk)Tsk, rk } > edo

Begin

Y

k

If Z—% > T then p = puf; otherwise

o= pf.

Solve system for AzF, AyF, Ask.

Begin
Determine a step size «; such that .
Cb(x(ozk),s(ozk),,uf) S (D(wka Skaﬂf) - %qD(anhut)
and (z(ay),y(ar),s(ar)) € N(7,6);

2Tl i=a(og); YRt i=y(ag); sFT1 = s(ay);
k=k-+ 1.
end

end
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Worst Case Complexity

CD(a:'(oz*), S(O{*), Mg(a*)) S (D(xka Ska /*Lilfc)
O{*
®(a(a”), s(a"), pu) < D(ab, b, up) — S b (et sF uf)
1 o
U7]5€+ <(1- Z)M]tf

O(n? |og<§>>
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Ongoing and future work

e Dynamic Large-update SR IPMs Developed for a big class of
SR functions.

e Implementation of SR Proximity Based IPMs has been Done
by X. Zhu and guoqing Zhang.

e Developing new algorithm for pure primal or pure dual prob-
lem based on SR proximity.
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