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Optimization and
Approximation

Optimization and approximation are two closely related topics. Generally, in
optimization, a real-valued function f(z), called objective function, is mini-
mized. In approximation, a function f(x) is approximated by another func-
tion, usually a simpler one. We must have a measurement for the closeness of
the approximation. The measurement is usually a real valued function ¢(x).
We find a “best” approximation by minimizing this function in some sense.

1 Continuous Optimization

We study some general methods for solving the problem:

min f(x)

zeSs

f(x): objective function, single variable and real-valued
S: support

Golden section search

Assumption: f(z) has a unique global minimum in [a, b].

e If z, is the minimizer, then f(x) monotonically decreases in [a, z,] and
monotonically increases in [z,,b], for otherwise we would have local
minimums.

Algorithm (Generic)

Choose interior points ¢ and d:
c=a+r(b—a)
d=a+(1—-7r)(b—a),0<r<0.5

if f(c) < f(d)
b=d

else

end
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Each step, the length of the interval is reduced by a factor of (1 — r).
The choice of 7:

e When f(c) < f(d), dy = ¢ (the next d is c¢).
e When f(c) > f(d), ¢4 = d (the next ¢ is d).

Why? Reduce function evaluations by reusing the function values computed
in the previous step.

When f(c) < f(d), by = d,
dy =a+(1—71)(bs —a)=a+(1—7r)(d—a),
then ds = ¢ means
a+(1—r)(d—a)=a+r(b—a),

which implies (1 —r)% = 7.

When f(c) > f(d), a; = ¢, then ¢y = d means
cr=c+rlb—c)=a+(1—-r)(b—a),
which also implies (1 —r)? = 7. Thus we have

35
2

r

Algorithm (Golden Section)

c=a+rx(b - a); fc = £(c);
d=a+ (1-r)x(b - a); fd = f(d);
if fc <= fd

b =d; fb = £d;

d =c; fd = fc;
a + rx(b-a); fc = f(c);

O
I

a =c; fa = fc;
c =d; fc = fd;
a+ (1-r)*x(b-a); fd = f(d);

o,
I
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Each step reduces the length of the interval by a factor of

35
2

l—r=1- ~ 0.618.

Termination criteria:

(d—¢) < wu-max(|c|,|d]).

Multivariate functions

f(x) where x is a vector.

Gradient
9f(xc)

o1
Vfxe) = :
Of(xc)

OTn
—V f(x.): the direction of greatest decrease from x..

Steepest descent: s, = —V f(x.), find A, such that f(x.+As.) < f(xc+As,),
for all A € R. Then we set x, = x. + AS..

Linear search: a single real variable minimization problem is a nontrivial
task.

2 Approximation

Suppose f(x) is to be approximated by p(x). What is the measurement for
the closeness? The first one we will introduce is max | f(z) — p(z)|, also called
oo-norm. Thus, the approximation method is called minmax approximation,
since we try to minimize the maximum error. The second measurement is
SP(f(x;) — p(z;))?, also called 2-norm, the sum of the squares at discrete
points. Thus the method is called least squares approximation, since we try
to minimize the sum of squares.

Minmax
Example. Approximate sin(z) on [0,7/2] by a linear polynomial p;(z) =

¢o + c1x minimizing the function

olw) = max |sin(z) —p(z)]
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Solution: py(z) = 0.105 + 2x /7.

The maximum error occurs at three points:

x 0.000 | 0.881 /2
sin(mz/2) — pi(z) | —0.105 | 0.105 | —0.105

Observation (with generalization):

e For a polynomial pi(z) of degree k (k = 1 this case), there are k + 2
points:
0§$0<$1<"'<$k+1§0

such that

L. |e(z)| = |f(z) — pr(x)| is maximized at x;, i =0, ...,k + 1.

2. sign(e(z;)) alternate.

Chebyshev Polynomials

Chebyshev polynomials are used in minmax approximation. They can be
defined in terms of trigonometric and hyperbolic functions:

ealt) = cos(kcos™1t) [t <1
MY cosh(kcosh™ ) |t > 1

e ¢;(t) is a polynomial given by the recursion
Cer1(t) = 2teg(t) — cp1(t), co(t) =1, c1(t) =t. (1)
Thus cx(t) is of degree k and its leading term is 28~1¢*.

[ ] Ck(l) =1.

When [t| < 1, |cx(t)] < 1 and attains one at

k—i)mr

k )

li ) = Ccos 1=0,1,..., k.

Specifically, cx(t;x) = (—1)%"

The zeros of ¢ (t) are t; = cos((2i + 1)w/(2k)) for i = 0,1, ..,k — 1.
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e The recursion (1) can be used to evaluating cx(t) at point ¢ in O(k)
operations. Since all ¢;(t) (i < k) are evaluated, the linear combination
Sk, bici(t), the approximation, can be evaluated in O(k) operations.

o The coefficients ¢;;, (i =0, ..., k) of the explicit polynomial form
cr(t) = cop +cipt + -+ cppt”
are given by cpg =1, co1 =0, ¢11 = 1, and
Cok = —Cok—2, Cik = 2Ci—1k—1— Cik—2-

The resulting C' = [¢; ;] is an upper triangular matrix.

Applications

Interpolation

Runge function revisited. Suppose that the function f(z) to be approximated
is expanded in Chebyshev polynomials:

f(z) = ibici(x).
We truncate the above series and get
Cu(z) = Xn: bici(x).
0
Then

Fl@) = Cula) = Y- biei(@) & byrcon (@),

n+1
since b; decrease very fast. Now, we interpolate Runge function at the zeros
of cpp1(x):

2% +1
T ) i=01,..,n.

m+2
Let p,(z) be the interpolating polynomial, then

pn(zi) — f(2:) =0,

which implies that p,(x) is approximately C,,(x) and we expect the error is
small. Note that this is not a universal cure.

T; = COS (
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Chebyshev zeros (n = 11)
2 T T T

15F b

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Economization of Power Series

Chebyshev approximation can be applied to the evaluation of special func-
tions. Suppose we have a power series expansion of a function

flz)=ap+ax+---+---

and we want to approximate f(z) to an accuracy €. We first truncate the
series so that we know the truncation error is smaller than e. We may make
a conservative estimate of m:

pm(T) = ap+ a1z + - -+ apa™ = f(x).
We then find Chebyshev polynomials to approximate p,,(x):

boco(x) + brey(x) + -+ - + brer(x) = p(2)
such that

e We have a good estimate of the accuracy;
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k is smaller than m, thus we approximation is economized;

This is how we proceed:

Compute the (m + 1)-by-(m + 1) upper triangular matrix C' of the
coefficients of the Chebyshev polynomials;

Let x = [1,z,...,2™]T, a = [ag,a4,...,an]T, and b = [by, by, ..., bu]",
then p,,(z) = xTa and xTCb is the Chebyshev polynomial representa-
tion of p,,(z), i.e., x*Cb = p,(x);

Let ¢ = xTC, then c is the vector of the Chebyshev polynomials
and thus p,,(z) = cTC~'a and xTCb. So, we have cTC~la = cTbh.
Consequently, C~'a = b, i.e., b is the solution of the linear system
Cb = a, since the Chebyshev polynomials ¢;(x) are independent;

Solve the upper triangular system C'b = a;
Find the smallest k, such that |bxi1| < €;

boco(x) + bycy(z) + - - - + brer(x) is the polynomial approximation sat-
isfying the accuracy.

Example. Approximate e!.

Linear least squares

Problem: Given a matrix A (m-by-n, m > n) and b (m-by-1), find x (n-by-1)
minimizing

l4x — blf3.

Assume the columns of A are linearly independent, in other words, A is of
full column rank.

Example. Square root problem revisited.

Find a; and ay in y(x) = a1z + az, such that the sum

(¥(0.25) — v/0.25)% + (y(0.5) — v0.5)% + (y(1.0) — V1.0)?

of squares at the points 0.25, 0.5, and 1.0 is minimized.
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In matrix-vector form:

0.25 1 V0.25
A= 05 1 ,x:[all,b: V05
1.0 1 V1.0

Idea: Transform A into a triangular matrix:

et

where R is upper triangular. Then the problem becomes
1A% — b3 = [|P~"(Rx — Pb)|;3

where

Desirable properties of P:
e P~!is easy to compute;
o [|[P7'z|3 = |23 for any z.

Partitioning

we have
[ Ax — b||3 = |[Rx — by || + [|b2][3.
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Since by is independent of the solution x, the LLS solution is the solution of

the triangular system
Rx = bl.

What about the matrix P? Orthogonal matrix (transformation) Q = P~

~'=Q" and ||Qz|3 = ||z for any z.

Partitioning @ = [Qa, Qc|, where Q4 is m-by-n, we get a short form

A=QuR.
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Also, we have b; = Q%b. Tt then follows that the LLS solution x is the
solution of RTRx = RTQ’b, which is equivalent to

ATAx = A™b.

Since A is of full column rank, AT A is symmetric and positive definite. Thus,
Cholesky factorization can be used to solve the problem. This is called the
method of normal equations.

Since R is upper triangular, we can compute the columns of () 4 by orthogo-
nalizing the columns of A.

e Begin with q; = a;/||a;]|2.

e I'ind qg: az = 712q1 + r2qQ2 and ngl = 0. Thus i = qlTaz, Tog =
HaQ - 7”12Q1H2 and qg = (32 - 7”12Q1)/7’22-

e The above process can continue.

This is called Gram-Schmidt orthogonalization.

Algorithm. (Classical Gram-Schmidt)

fori=1ton

q; = a4
forj=1toi—1
Tji = q]Taz'

end;

forj=1toi—1
qi = qi — 7'jiq;

end;

i = ||1Qill2;

if ;; = 0 quit end;

qi = qi /7

end

This is amazing that the two loops can be combined, resulting in the modified
Gram-Schmidt algorithm.

Algorithm. (Modified Gram-Schmidt)
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fori=1ton

q; = a4
forj=1toi—1
Tji = q]T(Iz‘
Qi = Qi — 7iq;
end;
Ty = ||Qi||2§
if r;; = 0 quit end;
Qi = qi/ 7
end

The classical GS is numerically unstable in floating-point arithmetic when A
is ill-conditioned. The modified GS is more stable than the classical GS, but
the computed Q may still be far from orthogonal when A is ill-conditioned.

Instead of orthogonalizing the columns of A, we can find a sequence of or-
thogonal transformations, such as Givens rotations or Householder transfor-
mations, to upper triangularize A to obtain the QR factorization:

1=a[ ],

A framework of Solving linear least squares problems

Ax ~ b.

Similar to solving linear systems.

e Using orthogonal transformations to triangularize A, simultaneously
applying the transformations to b;

e Solving the resulting triangular system.

Perturbation theory for the least squares problem

We define

() = 22
min

Y
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the ratio of the largest singular value and the smallest singular value, as the

condition number. When A is nonsingular, ka(A) = ||All2]|A7Y. I
JA ob 1
X(H I> | ||2> _ ,
IAll2 ™ [/bll ra(A)

then A + §A is also of full rank. Thus the least squares problem min ||(A +
JA)x — (b + db)||2 has a unique minimum norm solution, denoted by X. Let
r := b — Ax be the residual, then

%= xls _ ()
Il = T—era(d)

(2 () +1) HA||||Z|!||;I|2>

and ~
I* —xl2

Tl S (26 (),

The above result says:
o If ||Ir||2 is small, then the effective condition number is about 2r5(A).

o If ||r||2 is moderately large, then the effictive condition number can be
large: k3(A).

e If the true solution x is close to zero, then the effective condition num-
ber can be unbounded even if x3(A) is small.

The condition number for solving the normal equations ATAx = ATb is
always k3(A). Moreover, the method of normal equations is not necessarily
stable, i.e., the computed solution X is not generally the solution of min ||( A+
JA)x — (b 4 0b)||y for small §A and éb. However, the method of normal
equations is the fastest way of solving the least squares problem. It is the
method of choice when A is well-conditioned.

What if A is rank deficient? Pivoting technique should be used in QR de-
composition. A more stable and accurate but more expensive alternative is
the SVD.

Let A= UXVT be the SVD of A. When A is rank deficient, rank(A) =
r < n, and

Y =diag(oy,...,00), 01> .20, > 041 =..=0,=0.
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The minimal norm solution for the linear least-squares problem miny ||Ax —
bl|; is given by

ot 0 0

x=V ' UTh
0 ot 0
0 0 0

Total least squares

The least squares problem
min |Ax — b||2
can be recast as
min ||r||2, for (b+r) € range(A),

which allows perturbation in b only. To generalize it, we allow perturbations
in both A and b:

min ||[£ 7]||p, for (b+r) € range(A+ E).

This is called the total least squares problem. The condition (b + r) €
range(A+ E) implies that there exists an x such that (A+ E)x = b+r. The
x minimizing ||[F r]||r is the solution of the total least squares problem.

Example. Find a line to fit the following three points:

z|1 2 3
yl2 2 4
In matrix form
11 2
1 2 l“olz 9
13| L™ 4

In the ordinary least squares, we assume exact x and perturnbation in y
only. Thus we minimize the sum of the squares of the distances along the
y direction. The ordinary least squares solution is @y = 0.67 and a; = 1.0
and the line equation is y = 0.67 + x. In the total least squares, we assume
perturbations in both x and y. Thus we minimize the sum of the squares of
the shortest distances between the data points and the line.

Under the conditions:
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1. Ae R™" (m >n),be R™
2. The singular values of [A b] satisfy o1 > -+ > 0, > 0,41

The following algorithm finds the total least squares solution.

Algorithm (Total least squares)
1. SVD decomposition UT[A b|V = diag(oy, ..., 0p11);

2. If vpq1,041 # 0, the total least squares solution x is given by
€T, = _Uz',n+1/vn+1,n+17 7, - ]_,...,n.

In this example, ag = 1.2 and a; = 0.80. The line equation is y = 1.2 + 0.8x

least squares total least squares

Nonlinear least squares
Multivariate vector-valued function
fi(x)
f(x) = : €eR", xeR"
fm(x)

find the solution of

p(x) = min = 3" fi(x)?

X
=1
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Model fitting problem.

Newton’s method

Basic idea: Set the gradient Vp(x) to zero, then solve Vp(x) = 0 using
Newton’s method.

At each step, find the correction s, (x; = x, + s.) satisfying
VZp(xe)se = —Vp(xe).

Note. This is Newton’s method for solving nonlinear systems.

Gradient
Vo(x.) = J(x.) f(x,)

where

) = | 2]

is the Jacobian. It is expensive to compute the Jacobian and solving systems
at each step.

Gauss-Newton method

Observe that

m

V2P(XC> = J(XC>T<](XC) + Z fi(X6>v2fz’(X6>‘
i=1

If x, fits the model well (f;(x.) ~ 0) and x. is close to x., then f;(x.) =~ 0.
Algorithm (Gauss-Newton)

Evaluate f, = f(x.) and J. = J(x.);

Solve (JI'.J,)s. = —JIf, for s,;

Update x; = x. + s,.
Note. s. is the solution to the normal equations for the linear least squares
problem:

msin(||Jcs + £.||2)

Reliable methods can be used to solve for s..

Remark. Gauss-Newton method works well on small residual problems.

Summary
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e Golden section search for minimum.
e Minmax and Chebyshev polynomials.

e Linear least squares: QR decomposition using Givens rotations or
Householder transformations. Perturbation theory.

e Nonlinear least squares.

Software packages

IMSL uvmif, uminf, umiah, unlsf

MATLAB fminbnd, fminsearch, fminunc, fmincon, Isqnonlin
NAG e04abf, eO4fyf

MINPACK Imdifl

NETLIB varpro, dged
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