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1. (6 marks) Rewrite the following row version of an upper triangular solver (backward substitu-
tion) into a column version.

% Given an upper triangular matrix U and a right hand side b,
% this program solves the upper triangular system U*x = b and
% overwrites b with the solution x.

n = length(b);
for j=n:-1:2
b(j) = b(3)/U(j,3);
b(j-1) = b(j-1) - U(G-1,j:n)*b(j:n);
end
b(1) = b(1)/U(1,1);

Solution

n = length(b);
for j=n:-1:2
b(j) = b(3)/U(5,3);
b(1:j-1) = b(1:j-1) - b(GHI*U:j-1,3j);
end
b(1) = b(1)/U(1,1);

2. (6 marks) Given an n-by-n nonsingular matrix A and a second n-by-n matrix B, what is an
efficient algorithm for computing A~'B?

Solution Let B=[b; by --- by,
PA = LxU; % LU decomposition
for i=1...n % for each column bi of B
solve Lxy = Pxbi; % solve triangular systems

solve Uxci = y;
end

Then C =[c; ca --- c,|=A"'B.
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3. (6 marks) Given the matrix

1.001 0.01 0
A= 001 0.999 0.01
0 0.01 0.05

(a) Can you estimate the ranges of the eigenvalues of A? For each eigenvalue, explain why or
why not.

Solution Since A is a symmetric perturbation of the diagonal matrix D = diag(1.001,0.999,0.05),
the condition numbers for the eigenvalues are 1, and the size of the perturbation matrix is about
0.01. Thus the ranges of the eigenvalues of A are:

A1 — 1.001], |Az — 0.999], |As — 0.05| < 0.01.

(b) Can you estimate the eigenvectors of A? For each eigenvector, explain why or why not.

Solution Since A3 is well separated from A1 and Ay, we expect its corresponding eigenvector x3 is
close to [0 0 1]T. Since A; and )y are clustered, their corresponding eigenvectors are sensitive to
perturbation. However, both are close to [x x 0]T.

=11 o)

Solution The matrix A has multiple eigenvalue A\; = Ay = 0 and only one right eigenvector [1 1]T,
thus it has the Jordan block
=15 0]
0 0|

The first column of S in the Jordan canonical form A = SJS™! is the right eigenvector. The second
column of S can be determined by the equation AS = SJ.

[T

(b) Find its real Schur canonical form.

Solution The first column of the orthogonal @ in the Schur form A = QTQ" is the normalized
right eigenvector [1/v/2 1/v/2]T. Thus

4. (10 marks) Given

(a) Find its Jordan canonical form.

1/vV2  1/V2

Since A has multiple eigenvalue A\ = Ay =0,

0 t

where t can be determined by the equation AQ = QT.

I3

Sl
Sl
B
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5. (15 marks) Solve the least squares problem:

1 0 1
Inrin:||A:c—b||2 where A= | -1 1 and b= 1],
0 -1 -1

using the following three methods.
(a) The normal equations and Cholesky factorization.

Solution
T
_ 2 0 2 0
ATA:[ f ;]:l \(ﬁH {ﬁ] = LLT and ATb:lg].
- V2 2 V2 2

Solving Ly = ATb, we get y = [0 2v/2/v/3]. Solving LTz = y, we have

x:[ ]

SN ENI N

(b) The QR decomposition.

Solution Y .
2 -1 0
L L o V2
Gia2 = [ f f 1 ] A b— 0 % V2
V2 V2 0 1 -1
1 0 V2 —L 0
V2
1 V2 22
Go=|0 75 — —~| 0o 2 3
0 2 L 0 0 7
V3 V3 V3
Solving the upper triangular system, we get
2
3
(c) The SVD:
4 % ;
6 2 B
A=vUsvt| —¥2 0 [\/ﬁoH VPVP]
RARE I U ) R
V6 V2
Solution
UTh _% >~ H(UTh) —¢ V(ZT'Uu) %
— N = 5 xr = - .
V2 V2 3

6. (2 marks) What is the 2-norm condition number for solving the normal equations in the above
question?

Solution: condy(ATA) = (condy(A))? = (v/3/1)% = 3.
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7. (9 marks) Transform the second order initial value problem:
y'=-3y -y, y(0)=0 and y'(0)=3,

into a system of first order equations.

Solution Let u; = y and us = 3/, then

with initial conditions

(a) Carry out one step of (forward) Euler’s method with step size h = 0.1.

Solution

u(0.1) = u(0) +0.1

0 1 0.3
1 —31“(0):[2.1]‘

(b) Carry out one step of backward Euler’s method with step size h = 0.1.

Solution
u(0.1) = u(0) + 0.1 _‘1) _; ] u(0.1).
Solving for u(0.1), we get
0.229
u(0.1) = [ 2.29 1

END!
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