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Name
Student Number

Instructor: S. Qiao

CAS708/CES700 Midterm Examination

Duration of examination: One hour

1. (5 marks) Recall that in the IEEE single precision, f = 2, t = 24, epin = —126, emax = 127,
and the bias is 127. Give the IEEE single precision floating-point binary format

s ececececeeee FfIfffffffffffffffffffff

for each of the following floating-point numbers:
(a) —0.0 Answer 1 00000000 00000000000000000000
(b) 27127 Answer 0 00000000 10000000000000000000000
(¢) the unit of roundoff Answer 0 01100111 00000000000000000000000
(d) the largest number (not co) Answer 0 11111110 11111111111111111111111
(e) NaN Answer 0 11111111 10000000000000000000000

2. (8 marks) Assume a floating-point number system characterized by 8 = 10, t = 3, epin = —10,
and empax = 10,

(a) give an example to show that the relative error in a ® b @ a ® c is at least 50%;

Solution Let ¢ = 1.30, b= 1.99, and ¢ = —1.98, then a ® b D a ® ¢ = 2.59 — 2.57 = 2.00 x 1072
and a(b + ¢) = 1.3 x 1072, The relative error is 0.7/1.3 > 53%.

(b) for the same a,b, ¢, what is a ® (b ® ¢)?
Solution For the same a,b,c, a ® (b® ¢) = 1.30 x 1072,
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(c) the large relative error in a®@b® a® c is due to the unstable algorithm or the ill-conditioning
problem? Justify your answer.

Solution The backward error analysis

a®Rbda®c
= (ab(1 + 1) + ac(1 + e2))(1 + €3)
= a(l + 63)(b(1 + 61) + C(l + 62))7

where |1 ], |e2|, |e3| < u, shows that the algorithm is backward stable. Thus the large error must be
due to the ill-conditioning problem.

3. (3 mark) Give an algorithm in Matlab style for computing the smallest positive floating-point
number in the underlining system.

Solution

e =1.0;
halfe = e/2;
while halfe > 0.0
e = halfe;
halfe = halfe/2;
end
e,
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4. (4 marks) In IEEE standard, floating-point multiplication is a correctly rounded operation,
that is,
a®b=(ab)(1+¢€), |e]<u,

where w is the unit of roundoff. Is this true when one of @ and b is a denormal? If your answer is
yes, prove it. If your answer is no, give an example.

Solution No. Let a = 1.0...09 x 27" and b = 0.0...01015 x 27126 then a @ b = 0.0...0105 x 27126
and the relative error e = (2724 x 27126) /(1.01 x 2722 x 27126) > 273,

5. (4 marks) In the Simpson’s rule, the truncation error in a panel [z;, zj+1] is

1 .
I — S = — RO FV(y) 4 ---
’ asgo /W) s
where h; = x;11 — x; and y; = (z; + x;41)/2. Derive a higher order quadrature by combining S and

S1/2 (doubling the number of panels).

Solution

Ii =S = ! < )5(fi”(xi+hi/4)+f”(a:¢+3hi/4))
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From I; — Sy /5 %(IZ- —5), we have I; ~ %51/2 — %S.
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6. (5 marks) Consider a two-dimensional function f(x,y) whose values are known at the distinct
(xi,yj), i =1,2,3, j = 1,2. Find the Lagrangian interpolation polynomial approximation P(z,y)

of f(x,y). Express P(z,y) in vector-matrix form.

(a) Fix y, let g(x) = f(x,y), then interpolate g(z) at x; and write the result in vector form.

Solution

3

g(@) ~ > flxuy) ][]
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f(xs,y)

(b) For each f(z;,y), interpolate it at y; and express it in vector form:

Solution Interpolating f(x;,y) for each i, we have

2
f(zi,y) j:lf(xﬂy])]gjyj_yk
Yy—y2
Y2—Y1

(c) Putting all together in matrix-vector form:
Solution

(x1,91) f(21,92)
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