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Interpolation

Problem setting: Given (1,v1),(Z2,%2), s (TnyYn), 1 < Tg < -+ < Ty,
construct a function f:

f(l'l) = Y, 7= 1,2, e, .

For the simplicity of discussion, sometimes we assume 1 = 0,1, ..., n.
Desirable properties of f:

e smooth: analytic and |f”(z)| not too large

e simple: polynomial of minimum degree

1 Polynomial Interpolation
Advantages: easy to evaluate and differentiate
Weierstrass Approximation Theorem:

If f is any continuous function on the finite closed interval
[a,b], then for every e > 0 there exists a polynomial p,(z) of
degree n = n(e) such that

max | f(z) — pa(2)| <e.
z€[a,b]

Although the proof of Weierstrass theorem is constructive, this method
is impractical because the degree of the polynomial is often too high.

2 Global Polynomial Interpolation

Use one interpolating polynomial for the entire interval.

A naive approach
Given (9, Yo), -, (Tn, Yn), we construct the linear system:

Iz -+ xy agp Yo
Iz - 2y ax Y1
1 M7 ZUZ ap Yn
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Solve for the coefficients a; of the polynomial
p(y)(z) = ag+ a1z + - -+ a,a”

e Unique solution, since x; are distinct. The Vandermond matrix is non-
singular.

e Problems: the coefficient matrix is ill-conditioned; the calculation of
the powers can easily overflow or underflow.

What is the condition number of the coefficient matrix constructed by x; =
1900 + 104, 1 = 0,1, ..., 77

A more practical way: Lagrange polynomials

Basis of polynomials: {/;(z)} (j =0,1,...,n) of degree n such that

1, ifi=y
i) = { 0, otherwise
Construct -
l(.fE) = - 5
J zl;Ij .fl?j — T
thus

n

pa(y)(x) = 3 1i(2)y;

J=0

is the interpolating polynomial.

e The Lagrange polynomials are easy to construct, but expensive to eval-
uate.

e The naive approach is hard to compute, but easy to evaluate. The
most efficient and stable way to evaluate a polynomial p,(z) = a,2™ +
-+ a1x + ag is the following algorithm.

Algorithm. Evaluate the polynomial a,z" + -+ -+ a1z 4+ a¢ at * = t.

P = Qn;
fori=n—-1to0

p=pxt+a;
end
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The Newton Form

This is an interpolation method which is not so difficult to construct and not
so hard to evaluate. In this method, we use the basis

L w =, (x—m)(x — 1), oy (@ —0)(x —21) (T — Tpp1)
and write the interpolating polynomial as a linear combination of the basis:

po(x) =co+ (v —x0) + -+ ez —xo) (v —21) - (T — Tp1).

Divided differences

How do we determine the coefficients ¢ ? The coefficients ¢ form the solution
of the following lower triangular system

1 Co Yo
Iz —x al |n
1 zp—x9 .. (vp—x0)(Tp—21) (Tp — xp_1) Cn Yn

In theory, this system can be solved in O(n?) operations. Unfortunately, the
computation of the products in the coefficient matrix can easily overflow or
underflow. Now, we derive another way of calculating c.

e Since this is a lower triangular system, c¢; is the leading coefficient of
the polynomial interpolating at (xo,%o), ..., (T, yx). In other words,
adding a new pair (xy,yx) does not affect the previously computed
CoyC1y -y Ch—1-

Let flz;,xj41, ..., xk] (K > j) denote the leading coefficient of the (k — j)-
degree polynomial interplating at (z;,y;), ..., (zx, yx). In particular,

flee] = yg, for k=0,...,n

and
flro, x1, s 21] = ¢

We can prove a two-term recursion:
f[xj+1, ,Ik] — f[ilj’j, ...,[Ek_l]

flxj, o xi] = , for k>j.
T — X5
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Define
p(x): the polynomial interpolating at (x;,y;), ..., (Tk, Yk)
q(x): the polynomial interpolating at (z;,v;), ..., (Tk—1, Yk—1)
r(z): the polynomial interpolating at (z;+1, Yj+1), -, (Tk, Yx)

then
xr — .I’j

(r(z) = q(x));

since both sides have the same value at © = x;, z;41, ..., Tx—1, 2. Comparing
the leading coefficients on the both sides, we have
f[xj—i—l; ceny xk] — f[ilj’j, ceey xk—l]

flj, x]) = P :

p(@) = qlw) + —— .,

This equality suggests a triangular table for computing ¢y

and the following algorithm, assuming that y; are stored in a vector c.

for j=1 ton
for i=n to j
c(i) = (c(@) - cG-1))/(x(1) - x(E-7));
end
end

Evaluation
Evaluating a Newton form is similar to evaluating a polynomial:

D = Cn;
fori=n—-1to0

p=p(t — )+ c;;
end

The dangers of global polynomial interpolation
An example. Runge’s function (continuous derivatives of all order)

(1) = —
)= —
y 1+ 2522

equally spaces g = —1, x1,---, x, = 1.

on [—1,1]
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Equal Spacing (n = 11)
2 T T T

A possible solution: Change the positions of the knots x;, Chebyshev points
instead of equal spacing. But, it does not always work.

e [t is often best not to use global polynomial interpolation.

3 Piecewise Polynomial Interpolation

Partition
Oé:$1<l’2<"'<xn:ﬁu

interpolate on each [x;, z;41] with a low degree polynomial.

Linear

Linear polynomial on each subinterval:
LZ(Z) =a; + bz(z — l’i), A [ZL’Z', $i+1]

_ b, — Yi+t1 — Yi
=Y, U0, =——
Tit1 — Xy
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Algorithm. Piecewise linear interpolation. Given vectors x and y with
interpolating points, this function returns the piecewise linear interpolation
coefficients in the vectors a and b.

function [a,b] = pwL(x,y)

n = length(x);

a = y(l:n-1);

b = diff(y)./diff(x);
Evaluation

Given the piecewise interpolation L(z) represented by the coefficient vectors
a, b, how do we evaluate this function at z € [«, 5]7?

First, we locate [z;, z;41] such that z € [z;, z;+1]. Then, we evaluate L(z)
using L;(2).

e Methods: linear search, binary search.

e Observation: If [z;,z;11] is associated with the current z, then it is
likely that this subinterval will be the one for the next value.

e Idea: Use the previous subinterval as a guess. If not, do binary search.

Algorithm. Given the vector x of breakpoints and a scalar z between z
and x,, this function locates ¢ so that z; < z < x;,1. The optional g is a
guess.

function i = Locate(x,z,g)
if nargin==3 % try the guess
if (x(g)<=z) & (z<=x(g+1))
i=g;
return % quick return
end
end

n = length(x);
if z==x(n)
i =n-1; % quick return
else % binary search
left = 1; right = n;
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while right > left+1
mid = floor((left + right)/2);
if z < x(mid)

right = mid;
else
left = mid;
end
end
i = left;
end

Algorithm. Given a piecewise linear interpolation coefficients in a and b
and its breakpoints in x, this function returns the values of the interpolation
evaluated at the points in z.

function v = pwLEval(a,b,x,z)
m = length(z);

v = zeros(m,1);

g =1

for j=1:m
i = Locate(x,z(j),g);
v(j) = a(i) + b(A)*(z(G) - x(i));
g = 1

end

Example.

1 1
Y =037 4001  (—092+004

6
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Interpolation of humps(x) with PWL, n = 10
100 T T T

*
x*

_20 1 1 1 1 1

Hat Functions
The hat functions defined by

(z —xiz1)/hicr i 2 € [z, 2],
CZ(Z) = (xi—i-l — Z)/hz if z € [(L’i, $i+1],
0 elsewhere,

where the hat function cq(z) omits the first of the above cases; ¢, (z), the sec-
ond, form a basis for piecewise linear polynomial interpolation. A piecewise
linear polynomial interpolation L(z) can be expressed as a linear combination
of the hat functions

L(z) = zyu
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4 Natural Cubic Spline

Given (x1,y1), (T2,Y2), -, (Tn, Yn), find s(z):

e in each subinterval [z;,x;11], s(x) is cubic. There are n — 1 intervals,
four coeficients each interval, total of 4(n — 1) coeficients.

e s(z;) = y;, i = 1,....,n. For each interval [z;,x; 1], s(x;) = y; and
$(Ziy1) = Yir1. There are 2(n — 1) constraints.

e §'(r) and s”(x) are continuous at z, x3, ..., T,_1, total of 2(n — 2) con-
straints.

o §"(z1) = s"(x,) =0, two constraints.

Constructing s(z)
In the subinterval [x;, z;44], let

hi =i —xi, w=(r—x3)/h;;, w=1-w.

We have introduced a new variable w to replace z. Notice that w: 0 — 1,
w: 1 —0,as z: x; = T4
Construct

s(z) = wyip1 + wy; + b (w? — w)oi + (0 — w)oy]

where o;, total of n, to be determined. The first two terms are constructed
so that s(z) interpolates (x;,y;) and (z;41,¥:+1) and the last two terms are
constructed so that s”(z) interpolates (z;, 60;) and (x;11, 60,41). Specifically,
using w’ = 1/h; and W’ = —1/h;, we can verify

1. s(x;) = yi, s(wix1) = yir1, independent of o, which leads to the conti-
nuity of s(x).

2. §"(z) = 6woyyy + 6wo;.
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Clearly s"(z;) = 60;, meaning s”(x) is continuous. It then remains to
make s'(z) continuous.
Consider

s'(z) = y“hi_y + R [(3w? — D)oy — (30 — 1)o]

Let A; = (yit1 — i) /hi- On [z, 244,
sﬁr(xl) = Al + hi(_ai—l—l — 20’1)

On [xi—la xi]7
SI_(ZL’Z) = Ai—l + hi_1(20'2' + O'Z'_l).

Making s'(x) continuous
sh(wi) =s"(z;), 1=2,3,...,n—1
we get n — 2 equations
hi—10i-1 + 2(hi—1 + hy)oi + hioir = Ay — A4

fori=2,3,....,.n—1. Set 04y =g, =0.

Matrix form

Diagonal: [2(hy + ha), -+, 2(hp—2 + hp_1)]
supper/subdiagonal: [hg, -, hy_s]

unknowns: [og, -+, 05 1]T

right-hand side: [Ay — Ay, -+ Ay 1 — Ap )T
e The matrix is symmetric
e The matrix is tridiagonal
e The matrix is diagonally dominant when 1 < 2o < --- < x,
e Can apply Gaussian elimination without pivoting

Evaluating s(x)

If s(z) is evaluated many times, arrange s(x) so that

s(x) =y + bi(x —x;) + ¢i(x — z:)? + di(z — 2;)3,
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for v; <o < wiy
and store b;, ¢;, d; (instead of ;)

_ Yi+1 — Yi
hi

fori=1,2,...,.n—1

b; — hi(oip1 + 203), ¢ =30;, d; =

Algorithm. Given a vector x with breakpoints and vector y with function
values, this algorithm computes the coefficients b, ¢, d of natural spline
interpolation.

1. Compute h; and A;;
2. Form the tridiagonal matrix (two arrays) and the right hand side;

3. Solve for o;;

=~

. Compute the coefficients b, c, and d.

Summary

e Global polynomial interpolation: General ideas and methods

e Piecewise polynomial interpolation: Construction of piecewise polyno-
mial (linear and cubic), evaluation of a piecewise function.

e Basis functions: Lagrange polynomials and hat functions.

Software packages

IMSL csint, csdec, csher, csval
MATLAB polyfit, spline, ppval
NAG e0Olaef, eOlbaf, eOlbef, e02bbf, e01bff
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