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Nonlinear Systems

Problem setting: Find roots
fz) =0.

Often, methods are iterative.

Example. Compute quare roots
22— A=0.

A geometric approach: Find the side of the square whose area is A.

Start with a rectangle whose one side is z., then the other side is A/z, so
that its area is A.

Make the rectangle more square:

Then z. = x, and iterate.

Three issues to deal with
e Initialization (x¢)
e Convergence (zp — z,7) and rate (how fast?)

e Termination

Initialization (square root problem): Present
A=m x4° 0.25<m<1

then VA = \/m x 2°. Assuming 0.25 < A < 1.
Linear interpolation of f(A) = VA at A = [0.25,1]:

p(A) = (1 +24)/3.
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It can be shown that

Ip(A) = VA| < 0.0
Initial value: zo = (1 +2A)/3.

1 A
Tkt1 = 5 (xk + —)
Lk

Denote the error e = |z, — V/A|, then

Convergence:

2
1 fxp—VA
err1 = |Thyr — VA[ = 9 (ki Tk)
1 2
= €.

It can be shown that 0.5 < x;, < 1.0.
Since ey = |xg — \/Z\ =

er < ei_l <... < e%k < (O.O5)2k

We have shown the convergence.

How fast?
Rate: quadratic ey, < ce?, each iteration doubles the accuracy.

Termination:
ey < ef® < (0.05)

Four iterations are enough for IEEE double precision (1071).
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1 Bisection method
If f(a)f(b) <0and f(z) is continuous on [a, b], then f(x) has a root on [a, b].

while (b-a)>tol
m = (at+b)/2;
if f(a)*f(m)<=0
b = m;
else

end;
r = (a + b)/2;

Two problems in the above algorithm:
e The while-loop may not terminate (why?)

e Two function evaluations per iteration

A better algorithm:

fa = f(a);
while (b-a)>tol + eps*max(lal,|bl)
m = (a + b)/2;
fm = f(m);
if faxfm<=0
b = m;
else
a =m; fa = fm;
end;
end;
r = (a+ b)/2;

Convergence:
Since |ag — by| < |a —b|/2%, x, € [ag, bi], and zy, = (a + by) /2, we have

b—a

ek:‘xk—x*|gw —
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Rate: linear
Ert1 < cey,

Improve accuracy by 1 bit per iteration or 1 decimal digit for every three or
so iterations.

2 Newton’s Method

The tangent line of f(z) at x.:

Set y =0,

Example. Square root problem revisited, f(z) = 2% — A

2 — A A

1
Ty = Te — o, —§<xc+—c)

Convergence. No guarantee of convergence (unlike bisection), e.g., f(x) =
arctan(x) (|zo| > 1.3917).

Conditions for convergence (qualitative):
e 1, close enough to =z,
e f'(x) does not change sign near z,

e f(z) is not too nonlinear near z.
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Newton method is local.
Globalizing Newton method: combining bisection and Newton methods

Bracketing interval [a,b], and z. = a or b
if Ty =T — f(xc)/f,(‘r6> S [CL, b]

bracketing interval [a, x ] or [z, b]
else

m = (a+0b)/2;

bracketing interval [a, m] or [m, 0]
end

Termination criteria. Any one of:
° (bk — ak) <0
o [f(z)| <o

e Too many function evaluations

Avoiding derivatives. Approximation

f(xc + 56) - f(xc)

f (‘TC) ~ 60
Choice of ¢.7
Example. Secant method (6. = z_ — z.)
, xe) — f(x_
o £ = )
Lo — T
then .
Ty = x. — f(2, c —
o= e S T

Usually, the convergence rate (if it converges) is

L++5

1.6
2

The secant method can be viewed as using x. and x_ to construct a linear

interpolation
f(xc) B f(ili'_) )

Te— T

fe) + (2 — )
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The root of this linear function is used as an improvement over x..

Inverse Quadratic Interpolation

The secant method linearly interpolates two previous points. What if we use
quadratic interpolation by using three previous points? Let a, b, and ¢ be
three previous points and p(z) is the quadratic interpolation:

a=p(fa), b=p(f(b), c=p(f(c)),

then p(0) gives an approximation of the zero of f(z). The trouble with
this method is that polynomial interpolation requires f(a), f(b), and f(c)
distinct. For example, if we try to compute /2 by finding the zero of
f(r) =2>—2and a = =2, b = 0, and ¢ = 2, then f(a) = f(c) and the
interpolation is undefined. If we start near this singular situation, say with
a = —2.001, b =0, ¢ = 1.999, the next iterate is near x = 500. A practical
method combines the reliable bisection method with the secant method and
the inverse quadratic interpolation.

3 Muller’s Method

This method can be used to find both real and complex roots. It is a general-
ization of the secant method. Given three estimates xq, x1, x2, we construct
a quadratic interpolation in Newton’s form:

flza) + (z — x2) flwa, 1] + (& — z2)(x — 21) f2e, 21, T0].

Rearranging the above Newton’s divided difference form into a quadratic
polynomial form

fx2) + w(w — x3) + flaa, 21, 20) (x — 22)?,

where

w = flro, m] + (xg — x1) f22, 21, 0]
= flog, x1] + flxo, 1] — fle, 1]

This quadratic polynomial has two roots. We choose the one that is the
closest to the most current estimate x,.

Usually, the convergence rate (if it converges) is approximately 1.84.
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4 Systems of Nonlinear Equations

Denote

fl(xl,...,xn) =
fg(xl,...,xn) = 0

fn(xl,...,xn) = 0

f(x)=0

f: vector-valued function, x: vector.

Newton method.

where s, is the solution of

X4 = X+ Se

f(x.) + J(xc)s. = 0,

ie., s.=—J !(x.)f(x.), where J(x.) is the Jacobian of f at x.:
Oh ... oL
J(x) = [afi] = o
Oz O ... On

ox1 Oxn

Avoiding derivatives. The jth column of J(x)

can be approximated by

for some small .

Summary

af1
8acj af
% 0xj
Ox;

f(x1, ., xj + 6,241, ..., xn) — F(21, .., 1)

5 )
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e [ssues in an iterative method: Initialization, convergence and rate of
convergence, termination. The example of computing square root.

Bisection method: Numerical termination problem.

Newton’s method: Initial value, convergence problems.

Muller’s method: Find complex root from real estimates.

System of nonlinear equations: Generalization of Newton’s method

Software packages

IMSL zporc, zplre, zpoce
MATLAB roots

NAG c02agf, cO2aff
NAPACK czero
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