Componentwise Condition Numbers for Generalized Matrix Inversion and Linear Least Squares^∗

Yimin Wei^1 Wei Xu^2 Sanzheng Qiao^3 Huaian Diao^4 1 Department of Mathematics, Fudan University Shanghai 200433, P. R. of China. ymwei@fudan.edu.cn 2 Department of Computing and Software, McMaster University Hamilton, Ont. L8S 4K1, Canada. xuw5@mcmasater.ca 3 Department of Computing and Software, McMaster University Hamilton, Ont. L8S 4K1, Canada. qiao@mcmaster.ca 4 Institute of Mathematics, Fudan University Shanghai 200433, P. R. of China. dha1978cn@yahoo.com

Abstract We present componentwise condition numbers for the problems of Moore-Penrose generalized matrix inversion and linear least squares. Also, the condition numbers for these condition numbers are given.

AMS Subject Classification(1991): 15A12, 65F20, 65F35.

Keywords: Condition numbers, componentwise analysis, generalized matrix inverses, linear least squares.

1 Introduction

Condition number is a measurement of the sensitivity of a problem to the perturbation in its inputs. In general, consider a function f(x). Suppose that the input x is perturbed by Δx. The condition number κ for the problem f(x) quantifies the magnification of the relative errors caused by the perturbation. Specifically, κ satisfies |f(x + Δx) − f(x)| |f(x)| ≤ κ |Δx| |x| . Assuming |Δx| ≤ ϵ |x|, we can define the condition number κ = lim_{ϵ→0+} sup_{|Δx|≤ϵ |x|} |f(x + Δx) − f(x)| ϵ |f(x)| . ∗The first author is supported by National Natural Science Foundation of China under grant 19901006.

The second and third authors are partially supported by Natural Science and Engineering Research Council of Canada.

In the problem of inverting a nonsingular matrix A, the condition number κ(A) = ‖A‖ ‖A^{−1}‖ represents the ratio between the relative errors in A and its inverse:

‖(A + ΔA)^{−1} − A^{−1}‖ ‖A^{−1}‖ ≤ κ(A) 1 − κ(A)‖ΔA‖/‖A‖ ‖ΔA‖ ‖A‖ , assuming the perturbation ΔA is small relative to A [4]. In this paper, ‖ · ‖ denotes the 2-norm. The condition number for solving a nonsingular system of linear equations Ax = b is also κ(A) = ‖A‖ ‖A^{−1}‖ in that

‖(A + ΔA)^{−1}(b + Δb) − A^{−1}b‖ ‖A^{−1}b‖ ≤ κ(A) ( ‖ΔA‖ ‖A‖ + ‖Δb‖ ‖b‖ ) + O(ϵ^2),

for ΔA and Δb such that ‖ΔA‖ ≤ ϵ ‖A‖, ‖Δb‖ ≤ ϵ ‖b‖, and A + ΔA is nonsingular [4].

In the general case when A can be rectangular or rank-deficient, the Moore-Penrose generalized inver A^† of A is introduced. It can be defined as the unique matrix satisfying the follow four matrix equations for X [2]: AXA = A, XAX = X, (AX)^T = AX, (XA)^T = XA. The condition number for the generalized matrix inversion is given by ‖A‖ ‖A^†‖ [6]. For the problem of linear least squares min_x ‖b − Ax‖, (1.1) the minimal norm solution is A^†b and the condition number is approximately ‖A‖ ‖A^†‖ when the residual r = b − Ax is small and ‖A‖^2‖A^†‖^2 otherwise [6]. The condition numbers for weighted Moore-Penrose inverse and weighted least squares are discussed in [8, 9]. The condition numbers for structured least squares are given in [10].

The above condition numbers are called normwise condition numbers, because they are in the forms of matrix norms. The normwise analysis has two major drawbacks: It is norm dependent; it gives no information about the sensitivity of individual components [7]. Rohn [7] presented componentwise condition numbers for matrix inversion and nonsingular system of linear equations. Let A = [A_{ij} ]. Denoting |A| = [|A_{ij} |], we say |A| ≤ |B| when |A_{ij} | ≤ |B_{ij} | for all i and j. The componentwise condition number for matrix inversion is defined by

c_{ij} (A) = lim_{ϵ→0+} sup { |(A + ΔA)^{−1} − A^{−1}|_{ij} ϵ|A^{−1}|_{ij} , |ΔA| ≤ ϵ|A| } , for nonsingular A + ΔA. Rohn proposed

c_{ij} (A) = (|A^{−1}| |A| |A^{−1}|)_{ij} |A^{−1}|_{ij} . (1.2)

For the nonsingular system Ax = b of linear equations, Rohn defined

c_i(A, b) = lim_{ϵ→0+} sup { |(A + ΔA)^{−1}(b + Δb) − A^{−1}b|_i ϵ|A^{−1}b|_i , |ΔA| ≤ ϵ|A|, |Δb| ≤ ϵ|b| } , for nonsingular A + ΔA, and proposed c_i(A, b) = (|A^{−1}| |A| |A^{−1}b| + |A^{−1}| |b|)_i |A^{−1}b|_i . (1.3)

In this paper, we present a componentwise condition number for the Moore-Penrose generalized inversion and a componentwise condition number for the minimal norm linear least squares in Sections 2 and 3 respectively. These condition numbers are generalizations of those in [7] in that our condition numbers become (1.2) and (1.3) in the nonsingular cases. Then in Section 4, we show condition numbers, called level-2 condition numbers, for our componentwise condition numbers.

2 Generalized Inversion

The following theorem shows a componentwise condition number for the generalized matrix inversion.

Theorem 2.1 Let the componentwise condition number for the Moore-Penrose generalized matrix inversion be defined by

c_{ij} (A) = lim_{ϵ→0+} sup { |(A + ΔA)^† − A^†|_{ij} ϵ|A^†|_{ij} , |ΔA| ≤ ϵ|A| } , (2.1)

for R(ΔA) ⊆ R(A) and R(ΔA^T) ⊆ R(A^T), then c_{ij} (A) ≤ (|A^†| |A| |A^†|)_{ij} |A^†|_{ij} and this bound is achievable.

Proof. It is shown in [1] that if R(ΔA) ⊆ R(A), R(ΔA^T) ⊆ R(A^T), and ‖A^†‖ ‖ΔA‖ < 1, then (A + ΔA)^† = (I + A^†ΔA)^{−1}A^†.

It then follows from |ΔA| ≤ ϵ|A| and the expansion of (I + A^†ΔA)^{−1} that

(A + ΔA)^† − A^† = −A^†ΔAA^† + O(ϵ^2)E, (2.2)

where E is the matrix of which all entries equal one. Thus, componentwisely, we have

|(A + ΔA)^† − A^†|_{ij} = |A^†ΔAA^†|_{ij} + O(ϵ^2).

Since |A^†ΔAA^†|_{ij} ≤ (|A^†| |ΔA| |A^†|)_{ij} ≤ ϵ(|A^†| |A| |A^†|)_{ij} , from the definition (2.1), we have the inequality c_{ij} (A) ≤ (|A^†| |A| |A^†|)_{ij} |A^†|_{ij} . This bound can be achieved for any matrix A such that A = |A| and A^† = |A^†|. Indeed, let ΔA_0 = −ϵA, then ΔA_0 satisfies

|ΔA_0| = ϵ|A|, R(ΔA_0) = R(A), and R(ΔA^T_0 ) = R(A^T).

Now, using (2.1), (A + ΔA_0)^† = (1 − ϵ)^{−1}A^† implies that

c_{ij} (A) = lim_{ϵ→0+} sup { |(A + ΔA)^† − A^†|_{ij} ϵ|A^†|_{ij} , |ΔA| ≤ ϵ|A| }

≥ lim_{ϵ→0+}

|(A + ΔA_0)^† − A^†|_{ij} ϵ|A^†|_{ij} = lim_{ϵ→0+} ϵ|A^†|_{ij} (1 − ϵ)ϵ|A^†|_{ij} = 1.

On the other hand, since A = |A| and A^† = |A^†|, (|A^†| |A| |A^†|)_{ij} |A^†|_{ij} = |A^†AA^†|_{ij} |A^†|_{ij} = 1.

This completes the proof. □ For example, the matrix E, of which all entries equal one, satisfies |E| = E and |E^†| = n^{−2}E = E^†, where n is the order of E.

Since |A^†| = |A^†AA^†| ≤ |A^†| |A| |A^†|, we have (|A^†| |A| |A^†|)_{ij} /|A^†|_{ij} ≥ 1. Thus, from Theorem 2.1, we propose

c_{ij} (A) = (|A^†| |A| |A^†|)_{ij} |A^†|_{ij} (2.3)

as the componentwise condition number for the generalized matrix inversion and define

c(A) = max_{i,j} (c_{ij} (A)). (2.4)

The condition number (2.3) is a generalization of (1.2), since A^† = A^{−1} when A is nonsingular.

3 Linear Least Squares

Analogous to the componentwise condition number for the generalized matrix inversion presented in the previous section, we have the following result for the componentwise condition number for the minimal norm linear least squares problem.

Theorem 3.1 Let the componentwise condition number for the least squares problem (1.1) be defined by

c_i(A, b) = lim_{ϵ→0+} sup { |(A + ΔA)^†(b + Δb) − A^†b|_i ϵ|A^†b|_i , |ΔA| ≤ ϵ|A|, |Δb| ≤ ϵ|b| } , (3.1)

for R(ΔA) ⊆ R(A) and R(ΔA^T) ⊆ R(A^T), then c_i(A, b) ≤ (|A^†| |A| |A^†b| + |A^†| |b|)_i |A^†b|_i and this bound is achievable. Proof. Applying (2.2), we get (A + ΔA)^†(b + Δb) − A^†b = A^†Δb − A^†ΔAA^†b + O(ϵ^2)e, where e is the vector of which all the components equal one. Then, in componentwise form, we have |(A + ΔA)^†(b + Δb) − A^†b|_i = |A^†Δb − A^†ΔAA^†b|_i + O(ϵ^2).

Since |A^†Δb − A^†ΔAA^†b|_i ≤ (|A^†Δb| + |A^†ΔAA^†b|)_i ≤ ϵ(|A^†| |A| |A^†b| + |A^†| |b|)_i, from the definition (3.1), we have c_i(A, b) ≤ (|A^†| |A| |A^†b| + |A^†| |b|)_i |A^†b|_i . Again, the above bound is achievable for any A and b such that A = |A|, A^† = |A^†|, and b = |b|. In fact, setting ΔA_0 = −ϵA and Δb_0 = ϵb, we get

|ΔA_0| = ϵ|A|, R(ΔA_0) = R(A), R(ΔA^T_0 ) = R(A^T), and |Δb_0| = ϵ|b|.

Then, from (3.1), (A + ΔA_0)^† = (1 − ϵ)^{−1}A^† and b + Δb_0 = (1 + ϵ)b imply that

c_i(A, b) = lim_{ϵ→0+} sup { |(A + ΔA)^†(b + Δb) − A^†b|_i ϵ|A^†b|_i , |ΔA| ≤ ϵ|A|, |Δb| ≤ ϵ|b| }

≥ lim_{ϵ→0+}

|(A + ΔA_0)^†(b + Δb_0) − A^†b|_i ϵ|A^†b|_i = lim_{ϵ→0+} 2 1 − ϵ = 2.

On the other hand, since A = |A|, A^† = |A^†|, and b = |b|, (|A^†| |A| |A^†b| + |A^†| |b|)_i |A^†b|_i = |A^†AA^†b + A^†b|_i |A^†b|_i = 2.

This completes the proof. □ From Theorem 3.1, we propose c_i(A, b) = (|A^†| |A| |A^†b| + |A^†| |b|)_i |A^†b|_i (3.2)

as the componentwise condition number for the least squares and define

c(A, b) = max_i (c_i(A, b)). (3.3)

The condition number (3.2) is a generalization of (1.3), since A^† = A^{−1} when A is nonsingular.

4 Level-2 Condition Numbers

In the previous two sections, we proposed the componentwise condition numbers. How sensitive are these condition numbers to the perturbations? Demmel [3] introduced the concept of condition number of the condition number and showed that for certain problems condition number of the condition number is the condition number up to a constant factor. Higham [5] investigated the condition numbers, called level-2 condition numbers, for the condition numbers for matrix inversion and nonsingular linear systems. In this section, we present level-2 condition numbers for the generalized inversion and least squares. Our results are generalizations of those in [5] in that they are the same as those in [5] for the nonsingular cases.

Theorem 4.1 Let the level-2 condition number for the componentwise condition number c_{ij} (A) for the Moore-Penrose generalized matrix inversion be defined by

c^{[2]}_{ij} (A) = lim_{ϵ→0+} sup { |c_{ij} (A + ΔA) − c_{ij} (A)| ϵc_{ij} (A) , |ΔA| ≤ ϵ|A| } , (4.1) for R(ΔA) ⊆ R(A) and R(ΔA^T) ⊆ R(A^T), then c^{[2]}_{ij} (A) ≤ 1 + 3 c(A).

Proof. We first derive lower and upper bounds for |(A+ΔA)^†|. From (2.2) and |ΔA| ≤ ϵ |A|, we get | | ||(A + ΔA)^†| − |A^†| | | ≤ ϵ |A^†| |A| |A^†| + O(ϵ^2)E. (4.2) It then follows from the definition (2.3) of c_{ij} (A) that (1 − ϵ c_{ij} (A))|A^†|_{ij} ≤ |(A + ΔA)^†|_{ij} ≤ (1 + ϵ c_{ij} (A))|A^†|_{ij} . From (2.4), c(A) ≥ c_{ij} (A) ≥ 1 for all i and j, hence (1 − ϵ c(A))|A^†|_{ij} ≤ |(A + ΔA)^†|_{ij} ≤ (1 + ϵ c(A))|A^†|_{ij} , (4.3) for all i and j, which means (1 − ϵ c(A))|A^†| ≤ |(A + ΔA)^†| ≤ (1 + ϵ c(A))|A^†|. (4.4) Then, using (4.4) and |A + ΔA| ≤ (1 + ϵ)|A|, we have the upper bound: (|(A + ΔA)^†| |A + ΔA| |(A + ΔA)^†|)_{ij} ≤ (1 + ϵ c(A))^2(1 + ϵ)(|A^†| |A| |A^†|)_{ij} + O(ϵ^2) = (1 + ϵ + 2ϵ c(A))((|A^†| |A| |A^†|)_{ij} + O(ϵ^2) (4.5) Similarly, we can obtain the lower bound (|(A + ΔA)^†| |A + ΔA| |(A + ΔA)^†|)_{ij} ≥ (1 − ϵ − 2ϵ c(A))((|A^†| |A| |A^†|)_{ij} + O(ϵ^2). (4.6) Now, using (4.3) and (4.5), we get c_{ij} (A + ΔA) = (|(A + ΔA)^†| |A + ΔA| |(A + ΔA)^†|)_{ij} |(A + ΔA)^†|_{ij} ≤ (1 + ϵ + 2ϵ c(A))(|A^†| |A| |A^†|)_{ij} (1 − ϵ c(A))|A^†|_{ij} + O(ϵ^2) = (1 + ϵ + 2ϵ c(A))(1 + ϵ c(A))c_{ij} (A) + O(ϵ^2) = (1 + ϵ + 3ϵ c(A))c_{ij} (A) + O(ϵ^2), which implies that c_{ij} (A + ΔA) − c_{ij} (A) ϵ c_{ij} (A) ≤ 1 + 3c(A) + O(ϵ).

Similarly, using (4.3) and (4.6), we get c_{ij} (A + ΔA) − c_{ij} (A) ϵ c_{ij} (A) ≥ −1 − 3c(A) + O(ϵ).

This completes the proof. □ Analogous to the level-2 condition number for the componentwise condition number for the Moore-Penrose generalized inverse, we can also get level-2 condition number for the componentwise condition number for the least square problem as follows. Theorem 4.2 Let the level-2 condition number for the componentwise condition number c_i(A, b) for the minimal norm linear least square problems defined by

c^{[2]}_i (A, b) = lim_{ϵ→0+} sup { |c_i(A + ΔA, b + Δb) − c_i(A, b)| ϵc_i(A, b) , |ΔA| ≤ ϵ|A|, |Δb| ≤ ϵ|b| }

for R(ΔA) ⊆ R(A) and R(ΔA^T ) ⊆ R(A^T ) then c^{[2]}_i (A, b) ≤ 2c(A, b) + c(A) + 1.

Proof. For the least square problem (1.1), the minimal norm solution is x = A^†b, where A^† is the Moore-Penrose generalized inverse. Let x + Δx be the minimal norm solution of the perturbed least squares problem min_y ‖(b + Δb) − (A + ΔA)y‖_2, then, from (2.2), x + Δx = (A + ΔA)^†(b + Δb) = (A^† − A^†ΔAA^† + O(ϵ^2)E)(b + Δb) = A^†b + A^†Δb − A^†ΔAA^†b + O(ϵ^2)e.

When |ΔA| ≤ ϵ|A| and |Δb| ≤ ϵ|b|, we have the following upper and lower bounds for |x + Δx|: |A^†b| − ϵ|A^†||b| − ϵ|A^†||A||A^†b| + O(ϵ^2) ≤ |x + Δx| ≤ |A^†b| + ϵ|A^†||b| + ϵ|A^†||A||A^†b| + O(ϵ^2). It then follows the definition (3.2) of c_i(A, b) that |x|_i(1 − ϵc_i(A, b)) + O(ϵ^2) ≤ |x + Δx|_i ≤ |x|_i(1 + ϵc_i(A, b)) + O(ϵ^2). Since c(A, b) ≥ c_i(A, b), from (3.3), we obtain |x|_i(1 − ϵc(A, b)) + O(ϵ^2) ≤ |x + Δx|_i ≤ |x|_i(1 + ϵc(A, b)) + O(ϵ^2), for all i, which implies |x|(1 − ϵc(A, b)) + O(ϵ^2) ≤ |x + Δx| ≤ |x|(1 + ϵc(A, b)) + O(ϵ^2). (4.7) Then, using (3.2), (4.4), (4.7), |ΔA| ≤ ϵ|A|, and |Δb| ≤ ϵ|b|, we get the following upper bound for c_i(A + ΔA, b + Δb),

c_i(A + ΔA, b + Δb) = (|(A + ΔA)^†| |A + ΔA| |x + Δx|)_i |x + Δx|_i + (|(A + ΔA)^†| |b + Δb|)_i |x + Δx|_i

≤ ((1 + ϵc(A))|A^†|(1 + ϵ)|A|(1 + ϵc(A, b))|x|)_i |x|_i(1 − ϵc(A, b)) + ((1 + ϵc(A))|A^†|(1 + ϵ)|b|)_i |x|_i(1 − ϵc(A, b)) = (1 + ϵ + ϵc(A) + ϵc(A, b))(1 + ϵc(A, b))(|A^†| |A| |A^†b|)_i |x|_i + (1 + ϵ + ϵc(A))(1 + ϵc(A, b))(|A^†| |b|)_i |x|_i + O(ϵ^2) = (1 + ϵ + ϵc(A) + 2ϵc(A, b))(|A^†| |A| |A^†b|)_i |x|_i + O(ϵ^2) + (1 + ϵ + ϵc(A) + ϵc(A, b))(|A^†| |b|)_i |x|_i + O(ϵ^2) ≤ (1 + ϵ + ϵc(A) + 2ϵc(A, b))c_i(A, b) + O(ϵ^2). (4.8) Similarly, we can get the lower bound for c_i(A + ΔA, b + Δb)

c_i(A + Δ, b + Δb) ≥ (1 − ϵc(A) − ϵ − 2ϵc(A, b))(|A^†| |A| |x|)_i |x|_i + (1 − ϵ − ϵc(A) − ϵc(A, b))(|A^+| |b|)_i |x|_i + O(ϵ^2) ≥ (1 − ϵ − ϵc(A) − 2ϵc(A, b))c_i(A, b) + O(ϵ^2). (4.9) Hence, using (4.8) and (3.2), we obtain c_i(A + ΔA, b + Δb) − c_i(A, b) ϵc_i(A, b) ≤ 1 + c(A) + 2c(A, b) + O(ϵ). Similarly, using (4.9) and (3.2), we also have c_i(A + ΔA, b + Δb) − c_i(A, b) ϵc_i(A, b) ≥ −1 − c(A) − 2c(A, b) + O(ϵ). This completes the proof. □ Conclusion We have presented the componentwise condition numbers for the generalized inversion and least squares. They include the componentwise condition numbers for matrix inversion and nonsingular linear system proposed by Rohn [7] as special cases. Also, we have generalized the level-2 condition numbers by Higham [5] to the generalized inversion and least squares and showed that condition numbers of our componentwise condition numbers are the componentwise condition numbers.

References

[1] A. Ben-Israel, On error bounds for generalized inverses, SIAM J. Numer. Anal., 3(1966) 585–592.

[2] A. Ben-Israel, and T. N. E. Greville. Generalized Inverses: Theory and Applications, 2nd Edition, Springer-Verlag, New York, 2003.

[3] J. W. Demmel. On condition numbers and the distance to the nearest ill-posed problem.

Numer. Math., 51(1987) 251–289.

[4] G. H. Golub and C. F. Van Loan. Matrix Computations, 3rd Edition, The Johns Hopkins University Press, Baltimore, MD, 1996.

[5] D. J. Higham. Condition numbers and their condition numbers. Linear Algebra Appl., 214(1995) 193–213.

[6] N. J. Higham, Accuracy and Stability of Numerical Algorithms, 2nd Edition. Society for Industrial and Applied Mathematics, Philadelphia, 2002.

[7] J. Rohn. New condition numbers for matrices and linear systems. Computing, 41(1989) 167–169.

[8] Yimin Wei and Hebing Wu. Expressions for the perturbation of the weighted Moore- Penrose inverse. Comput. Math. Appl., 39(2000) 13–18.

[9] Yimin Wei and Dingkun Wang. Condition numbers and perturbation of the weighted Moore-Penrose inverse and weighted least squares problem. Appl. Math. & Comput., 145(2003), 45–58.

[10] Wei Xu, Yimin Wei and Sanzheng Qiao. Condition numbers for structured least squares.

Technical Report No. CAS 03-04-SQ, March 2003, McMaster University, Hamilton, Canada.