Unifying Unitary and Hyperbolic Rotations and Reflectors^�

Sanzheng Qiao Department of Computer Science and Systems McMaster University Hamilton, Ontario L8S 4K1 Canada

January 12, 1998

Abstract

In Cholesky updating, Givens rotations or Householder transformations are used. In Cholesky downdating, where the matrix resulted from downdating is positive definite, hyperbolic rotations or hyperbolic Householder transformations are used. There are applications, for example, fast Toeplitz triangularization, where the matrix resulted from downdating may be indefinite. In this paper, we unify the unitary and hyperbolic rotations and Householder transformations (reflectors) and present a unified algorithm for both updating and general downdating where the downdated matrix can be either positive definite or indefinite.

Key Words. Cholesky downdating, hyperbolic rotation, hyperbolic Householder transformation, fast Toeplitz triangularization.

1 Introduction

Consider an n-by-n Hermitian and positive definite matrix A and its Cholesky factorization

A = R^HR (1)

where R is upper triangular. The Cholesky downdating problem is to compute the Cholesky factorization of a new matrix Â obtained by subtracting X^HX from A, where X is p-by-n. In other words, the Cholesky downdating calculates an upper triangular R̂ such that

Â = R̂^HR̂ where Â = A − X^HX

�This work was partly supported by the Natural Sciences and Engineering Research Council of Canada under grant OGP0046301

by operating on R and X. Note that here we assume that the downdated matrix Â is also positive definite. Using the Cholesky factorization (1), we write

Â = R^HR − X^HX = ( R X )H ( I 0 0 −I ) ( R X ) . (2)

The building blocks in Cholesky downdating are the transformations, denoted by P , which introduce zeros into the bottom part of the vector: P ( r x ) = ( r̂ 0 ) and P^H ( 1 0 0 −I ) P = ( 1 0 0 −I )

where r represents a diagonal element of the upper triangular R, x is a column in X in (2), and r̂ gives a diagonal element of R̂. Hyperbolic rotations [2] or hyperbolic Householder transformations (reflectors) [6, 7] are this kind of transformations.

In [2], a real hyperbolic rotation is defined by Q = ( c −s −s c ) , c^2 − s^2 = 1.

The hyperbolic rotation Q satisfies

Q^TSQ = S, where S = diag(1, −1),

and the above property is called S-orthogonality. A hyperbolic rotation can be constructed to introduce a zero into a 2-by-1 vector: Q ( x_1 x_2 ) = ( ρ 0 ) . The following algorithm [2] computes c and s in Q given a vector x = (x_1, x_2)^T.

Algorithm 1 (Hyperbolic Rotation) Given a real vector x = (x_1, x_2)^T (|x_1| ≠ |x_2|), this algorithm computes the cosh-sinh pair in the hyperbolic rotation.

if x_2 = 0 s = 0; c = 1;

else

if |x_1| > |x_2|

τ = x_2/x_1; c = 1/ √ 1 − τ^2; s = cτ;

elseif |x_1| < |x_2| τ = x_1/x_2; s = 1/ √ 1 − τ^2; c = sτ; end end

Actually, for a well suited Cholesky downdating, the downdated matrix is positive definite, thus we always have |x_1| > |x_2|. We note that this algorithm is applicable only to Cholesky downdating, where |x_1| > |x_2|. When |x_1| < |x_2|, the cosh-sinh pair (c, s) computed by the above algorithm fails to satisfy the equation c^2 − s^2 = 1 and, consequently, the hyperbolic rotation Q fails to satisfy the S-orthogonality. We also note that it is not obvious how to generalize the above algorithm to the complex case.

Given a complex vector x, Rader and Steinhardt [6, 7] proposed a hyperbolic Householder transformation P_{RS} = S − δ�^1_{RS}uu^H (3)

where S = diag(σ_i), σ_i = ±1,

called signature matrix, and

u = Sx + αe_1 (α = √ x^HSx), and δ_{RS} = (u^HSu)/2.

The hyperbolic Householder transformation defined above is S-unitary, i.e., P^H_{RS}SP_{RS} = S, and introduces zeros into x: P_{RS}x = −αe_1. However, as pointed out in [7], the above definition requires that x^HSx = σ_1|α|^2. (4)

In other words, x^HSx and σ_1 must have the same sign. In Cholesky downdating, S = diag(1, −I), i.e., σ_1 = 1, and the downdated matrix is positive definite implying that x^HSx > 0. Consequently, (4) is satisfied.

The downdating problem occurs not only in Cholesky factorization, but also in other applications where the downdated matrices can be indefinite. For example, in the symmetric Toeplitz triangularization, for a given real and symmetric Toeplitz matrix T , we first decompose T using the displacement structure [3]

T = R^T_1 R_1 − R^T_2 R_2 (5)

where R_1 and R_2 are upper triangular Toeplitz. Rewriting (5) in matrix form, we get T = ( R_1 R_2 )T ( I 0 0 −I ) ( R_1 R_2 ) . Then we apply hyperbolic transformations to triangularize the matrix ( R_1 R_2 ) −→ ( R 0 )

When T is positive definite, the hyperbolic transformations defined above can be applied. Since R_1 and R_2 can be computed efficiently, this procedure yields fast triangularization algorithms for Toeplitz matrices [5]. However, if T is indefinite, the hyperbolic transformations given above fail to work.

In this paper, we propose new definitions of rotations and reflectors (Householder transformations), which unify the unitary and hyperbolic rotations and reflectors in the following sense:

• They include unitary rotations and Householder transformations as special cases;

• In the case of Cholesky downdating, they are the same as the hyperbolic transformations described avove;

• They can be applied to general case where the downdated matrix is indefinite.

2 Rotations

In the previous section, we described a definition of a real hyperbolic rotation and an algorithm [2]. We have pointed out that Algorithm 1 is applicable to Cholesky downdating. In a general case, the downdated matrix may be indefinite. Consider a simple downdating problem:

4^2 − 5^2 = ( 4 5 )T ( 1 0 0 −1 ) ( 4 5 ) . The downdated matrix, writing in matrix form,

−9 = ( 3 0 )T ( −1 0 0 1 ) ( 3 0 )

is no longer positive definite. The above form shows that the middle signature matrix changes from diag(1, −1) to diag(−1, 1). This suggests that the S-orthogonality requirement, i.e., Q^TSQ = S, be inappropriate for the general downdating problems. We propose the following definition of a rotation. Since this definition includes both unitary (Givens) and hyperbolic rotations as special cases, we call it quadratic rotation or simply rotation. Moreover, we consider complex data.

Definition 1 (Rotation) Given a signature matrix S = diag(σ_1, σ_2), a (quadratic) rotation has the form: Q = ( c� (σ_2/σ_1)s� −s c ) (6) where the pair (c, s) satisfies

σ_1|c|^2 + σ_2|s|^2 = σ̂_1, σ̂_1 = ±1.

Denoting σ̂_2 = (σ_2/σ_1)σ̂_1, we have

σ̂_1|c|^2 + σ̂_2|s|^2 = σ_1 and σ̂_2|c|^2 + σ̂_1|s|^2 = σ_2.

Let Ŝ = diag(σ̂_1, σ̂_2), then we can verify that Q^HŜQ = S. When σ_1 = σ_2 = 1 (or −1), we have σ̂_1 = σ̂_2 = 1 (or −1, respectively). Thus Q^HQ = I and Q is a unitary (Givens) rotation. When S = diag(1, −1), i.e., σ_1 = 1 and σ_2 = −1, and |c|^2 > |s|^2, we have σ̂_1 = 1 and σ̂_2 = −1. That is Ŝ = S and Q is S-unitary, Q^HSQ = S, as described in the previous section. Thus this definition includes both the unitary rotation and the hyperbolic rotation defined in [2] as special cases. This definition is more general in that |c|^2 − |s|^2 = σ̂_1 can be 1 or −1. This relaxed condition is useful in the general downdating applications. Consider the following general downdating problem: ( x_1 x_2 )H ( 1 0 0 −1 ) ( x_1 x_2 ) . We want to find a rotation Q in the form of (6), where σ_1 = 1 and σ_2 = −1, such that Q ( x_1 x_2 ) = ( ρ 0 ) and Q^HŜQ = diag(1, −1).

We choose c = x_1 √ ||x_1|^2 − |x_2|^2| and s = x_2 √ ||x_1|^2 − |x_2|^2| . It follows that σ̂_1 = sign(|x_1|^2 − |x_2|^2) and σ̂_2 = −σ̂_1.

For the simple downdating problem considered earlier: ( 4 5 )T ( 1 0 0 −1 ) ( 4 5 ) , we have Q = ( 4/3 −5/3 −5/3 4/3 ) . We can verify that Q ( 4 5 ) = ( 3 0 ) and Q^T ( −1 0 0 1 ) Q = ( 1 0 0 −1 ) . In summary, we have the following algorithm for computing the rotation.

Algorithm 2 (Rotation) Given the updating or general downdating problem: ( x_1 x_2 )H ( σ_1 0 0 σ_2 ) ( x_1 x_2 ) , this algorithm computes a rotation Q = ( c� (σ_2/σ_1)s� −s c )

and a signature matrix Ŝ = diag(σ̂_1, σ̂_2) so that Q ( x_1 x_2 ) = ( ρ 0 ) and Q^HŜQ = diag(σ_1, σ_2).

if x_2 = 0

c = 1; s = 0; σ̂_1 = σ_1; σ̂_2 = σ_2; return end if σ_1|x_1| = −σ_2|x_2| error(“No hyperbolic rotation when |x_1| = |x_2|”) end if |x_1| > |x_2|

τ = x_2/x_1; δ = 1 + (σ_2/σ_1)|τ|^2; c = sign(x_1)/ √ |δ|; s = τc; else

τ = x_1/x_2; δ = σ_2/σ_1 + |τ|^2; s = sign(x_2)/ √ |δ|; c = τs; end if δ > 0

σ̂_1 = σ_1; σ̂_2 = σ_2; else

σ̂_1 = −σ_1; σ̂_2 = −σ_2; end It can be verified that when σ_1σ_2 = 1, the above algorithm generates a unitary rotation, when σ_1σ_2 = −1 and σ_1|x_1|^2 + σ_2|x_2|^2 > 0, which includes the Cholesky downdating as a special case, it generates the hyperbolic rotation described in Section 1; when σ_1σ_2 = −1 and σ_1|x_1|^2 + σ_2|x_2|^2 < 0, it generates a rotation Q such that Q^H(−S)Q = S.

3 Reflectors

In Section 1, we introduced the hyperbolic Householder transformation proposed in [6, 7]. It has the form (3) and is S-unitary. But their transformation has the limitation (4) and is applicable only to well suited Cholesky downdating problems, where the downdated matrix is positive definite. In this section, we present a definition of reflectors which includes both their transformation and the unitary reflector (Householder transformation) as special cases. It is applicable to both updating and general downdating problems.

Definition 2 (Reflector) Given a signature matrix S and a complex vector u such that u^HSu ≠ 0 and it is scaled so that |u^HSu| = 2, a reflector is of the form P J where

P = S − sign(u^HSu)uu^H (7)

and J is the matrix representing the permutation (1, j) for some index j.

It can be verified that P in (7) is S-unitary, i.e., P^HSP = S. When S = I (or −I) and J = I, P J = P is the unitary Householder transformation. When S = diag(1, −I) and u^HSu > 0, i.e., sign(u^HSu) = σ_1 = 1, we choose J = I, then P J = P is the hyperbolic Householder defined in [6, 7].

Now, we show how to apply this reflector to the updating and general downdating problems represented by x^HSx. (8)

In general, we want to find a reflector P J such that

(P J)x = −αe_1 and (P J)^HŜ(P J) = S

for some signature matrix Ŝ. When S in (8) is I or −I, this is the updating problem. When S = diag(1, −I) and x^HSx > 0, this is the Cholesky downdating. We first assume that sign(x^HSx) = σ_1 and choose J = I. Since P is S-unitary, we have

x^HSx = (P x)^HS(P x) = |α|^2σ_1. (9)

This is consistent with our assumption sign(x^HSx) = σ_1. Also, we get |α| = √ |x^HSx|. If P x = (S − sign(u^HSu)uu^H)x = −αe_1, then u is a scalar multiple of Sx + αe_1. To avoid cancellation, we choose

α = sign(σ_1x_1) √ |x^HSx| = σ_1sign(x_1) √ |x^HSx|. (10) Next, we scale u so that |u^HSu| = 2. A straightforward, yet inefficient, way is to scale u with √ 2/ √ |u^HSu|. In the following, we derive an efficient way of computing the scalar |u^HSu|/2. Let u = Sx + αe_1, then

u^HSu = (x^HS + α�e^T_1 )Su = x^Hu + σ_1α�u_1.

On the other hand, using (9) and (10), we get

αx�_1 = α�x_1 = σ_1|x_1|^√|uHSu| (11)

and then x^Hu = x^H(Sx + αe_1) = σ_1|α|^2 + αx�_1 = σ_1α�(α + σ_1x_1).

That is x^Hu = σ_1α�u_1. It then follows that u^HSu = 2σ_1α�u_1. (12) Therefore, the scalar |u^HSu|/2 can be efficiently computed by |u^HSu|/2 = |α�u_1| . Finally, we consider sign(u^HSu) in (7). It follows from (12) that sign(u^HSu) = σ_1sign(α�u_1).

Since u = Sx + αe_1, from (11), we have

α�u_1 = α�(σ_1x_1 + α) = σ_1α�x_1 + |α|2 > 0.

Thus sign(u^HSu) = σ_1 = sign(x^HSx).

Denoting δ = σ_1α�u_1, we have the reflector P = S − δ�^1uu^H where u = Sx + αe_1 satisfying P x = −αe_1.

Now we consider the case when sign(x^HSx) = −σ_1. In this case, we have S ≠ ±I, because if S = ±I then sign(x^HSx) = σ_1. So, there exists an index j such that σ_j = −σ_1 = sign(x^HSx). Let J be the matrix representing the permutation (1, j) and y = Jx and Ŝ ≡ diag(σ̂_i) = JSJ, then sign(y^HŜy) = x^HSx = σ_j = σ̂_1. Using the above procedure, we can find a reflector P = Ŝ − δ�^1uu^H such that P y = −αe_1 and P^HŜP = Ŝ. In other words, (P J)x = −αe_1 and (P J)^HŜ(P J) = S.

In summary, we have the following algorithm for computing the unified reflector. Algorithm 3 (Reflector) Given a complex vector x and a signature matrix S = diag(σ_i), this algorithm computes the vector u, scalars α and δ, and permutation (1, j) in the reflector (Householder transformation) P = Ŝ − δ�^1uu^H.

Let matrix J represent the permutation (1, j), then Ŝ = JSJ, (P J)x = −αe_1 and (P J)^HŜ(P J) = S.

m = max{|x_i|}; x = x/m; if sign(x^HSx) ≠ σ_1

find j so that σ_j = sign(x^HSx); end y = Jx; Ŝ = JSJ; α = sign(σ̂_1y_1) √| | |yHŜy | | |; u = Ŝy + αe_1; δ = σ̂_1α�u_1; α = mα;

4 Example

In this section we show an example of applying the unified rotation to fast Toeplitz triangularization. Suppose the symmetric (indefinite) Toeplitz matrix is

T = 1 2 3 2 1 2 3 2 1 .

We first decompose T using its displacement structure:

T = R^T_1 R_1 − R^T_2 R_2, (13)

where R_1 and R_2 are upper triangular and Toeplitz. Their first rows are

r_1 = (1, 2, 3) and r_2 = (0, 2, 3)

respectively. We want to find an upper triangular matrix R and a signature matrix D such that R^TDR = R^T_1 R_1 − R^T_2 R_2. (14)

Writing (13) in matrix form, we get ( R_1 R_2 )T ( I 0 0 −I ) ( R_1 R_2 ) . This is a general downdating problem instead of the Cholesky downdating, because T is indefinite.

Using the unified rotation, we can compute R and D in O(n^2) operations, where n is the order of T . In the first iteration, we pair the second row of R_1 and the first row of R_2 and eliminate the leading nonzero element in the first row of R_2 using the unified rotation.

Since both R_1 and R_2 are Toeplitz, we effectively eliminate the whole superdiagonal in R_2 where the leading nonzero element resides. This procedure is illustrated as following

1 0 0 0 1 0 0 0 1 −1 0 0 0 −1 0 0 0 −1

1 2 3 0 1 2 0 0 1 0 2 3 0 0 2 0 0 0 → 1 0 0 0 −1 0 0 0 −1 1 0 0 0 1 0 0 0 −1

1 2 3 0 √ 3 4/ √ 3 0 0 √ 3 0 0 1/ √ 3 0 0 0 0 0 0 .

The rotation is Q = ( −1/ √ 3 2/ √ 3 2/ √ 3 −1/ √ 3 ) , which satisfies Q ( 1 2 ) = ( √ 3 0 ) and Q^T ( −1 0 0 1 ) Q = ( 1 0 0 −1 ) . The subsequent iterations are similar. The final R and D in the decomposition (14) are

R = 1 2 3 0 √ 3 4/ √ 3 0 0 √ 8/ √ 3 and D =

1 0 0 0 −1 0 0 0 −1 . Since R_1 and R_2 are Toeplitz, we need only to store and operate on the first rows of R_1 and R_2, leading to an O(n^2) algorithm.

This fast Toeplitz triangularization reveals the inertia. In this example, the middle signature matrix D shows that T has one positive eigenvalue and two negative eigenvalues. This triangularization procedure can be used as the preprocessing in the eigenvalue decomposition.

References

[1] A. Bojanczyk and A. O. Steinhardt. Stability analysis of a Householder-based algorithm for downdating the Cholesky factorization. SIAM Journal on Scientific and Statistical Computing, 12:1255–1265, 1991.

[2] G. H. Golub and C. F. Van Loan. Matrix Computations. 3rd edition, The Johns Hopkins University Press, Baltimore, Maryland, 1996.

[3] T. Kailath and A. H. Sayed. Displacement structure: Theory and applications. SIAM Review, 37:297–386, 1995.

[4] F. T. Luk and S. Qiao. A rank-revealing decomposition of symmetric Toeplitz matrices.

Advanced Signal Processing Algorithms, Franklin T. Luk, Editor, Proc. SPIE 2563:293– 301, 1995.

[5] H. Park and L. Eldén. Stability analysis and fast algorithms for triangularization of Toeplitz matrices. Numer. Math., 76:383–402, 1997.

[6] C. M. Rader and A. O. Steinhardt. Hyperbolic Householder transformations. IEEE Transactions on Acoustics, Speech and Signal Processing, 34:1589–1602, 1986.

[7] C. M. Rader and A. O. Steinhardt. Hyperbolic Householder transformations. SIAM Journal on Matrix Analysis and Applications, 9:269–290, 1988.

[8] Michael Stewart and G. W. Stewart. On hyperbolic triangularization: stability and pivoting. Technical Report TR-97-34, Department of Computer Science, University of Maryland, College Park, 1997.