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Inclusion-exclusion principle

For any finite set of events {E1, E2, . . . , En}, we have
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Here is a sketch of the proof. To show that the LHS equals the RHS, we show that the RHS
counts each element of

⋃
Ai exactly once. Suppose an element a is in k many Ai’s. This means,

that the first term of the RHS counts it k many times. Write this as
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)
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)
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many times. Put it all
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Further, note that in the I-E principle, if we take the first k many terms, where k is odd, we get
an upper bounds, and if k is even, we get a lower bound. In particular, this observation gives us
the so called Boole’s Inequality: |

⋃
Ai| ≤

∑
|Ai|.

Upper bound for Pr[circuit is wrong]

For a circuit of size s, use Ei, i = 1, 2, . . . , s, to denote the event that gate i is wrong, with
probability Pr[Ei] ≤ ε

s for some constant ε ∈ (0, 1). We know that if the whole circuit is going
wrong, there must be some gate being wrong, but we can not make the same claim in the opposite
direction. Thus we know

Pr[circuit is wrong] ≤ Pr
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]
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Elegant way

By directly applying Boole’s inequality, we have
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�

Brute force way when Eis are independent

The independence of each Ei gives us the ability to write the probability of all gates working
properly as a product of individual probability. Thus we have
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Now we focus on (1− ε
s )s. Consider its Taylor expansion about ε = 0, we have(
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= 1− ε + R2

where R2 is the remainder. By using the Lagrange remainder for R2, we know that
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Use the above inequality for our bound for Pr[
⋃s

i=1 Ei], and we finally have
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