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The theory LA

The Logical Theory LA

e LA: three-sorted:
— indices,
— field elements,

— matrices
e Designed for reasoning about matrices?®.
e Bounded index quantifiers.
e Proves all ring properties of matrices.

e Field independent; here we focus on GF(2).

@M. Soltys and S. Cook, Proof Complexity of Linear Algebra, to appear in
the Annals of Pure and Applied Logic.



The theory LA

Axioms:
e usual Number Theory: i +0=14, i+sj=s(i+7j), ...

e usual Field/Commutative-ring axioms:
a+b=b+a, a(bc)=(ab)e, ...,

e Matrices: properties of Y A.

e )-calculus for constructing matrices from matrix variables

A B, C,....

A+ B .= )\Z]<’I’L,’I’L,€(A,Z,]) + 6(3727])>

A x B = Nij(n,n, SAkI(1,n, e(A,i,1) xe(B,1,5)))



The theory LA

Rules:
e Gentzen’s System LK,

e Equality:

r(A) =r(B),c(A) =c(B),e(A,i,j) = e(B,i,5)
A=D1

1,7 index variables that do not occur free on the right-hand.

e Induction:
a(t) = a(i+ 1)

a(0) = a(n)

1 an index variable which does not occur free on the right-hand

side, o contains no field or matriz quantifiers, and only

bounded index quantifiers.



The theory LA

Translations:
e over GF(2) into AC"[2]-Frege,
[(ax(b+c)) = ((axb)+(axc))|| — (aA(bDc)) <> ((anb)B(aAc))
A=Al — A\ (Aij < Aij)
1<i<o(r(A)),1<j<o(c(A))

e over GF(p) into AC®[p]-Frege,

e over Q into TC'-Frege.



The theory LA

Hard Matrix Identities:
o AB=1>BA=1%

e Other matrix identities equivalent to AB =1 D BA =1 in LA.

For example:

- AB=1D>(AC=0D>C=0)

— (AB1=INABy=1)D> By =B,
— AB=1D A'Bt' =1

— “Top row of Bis 0" — AB # 1

aProposed by Cook as a candidate for separating Frege and extended Frege.
See M. Bonet, S. Buss, T. Pitassi, Are there hard examples for Frege Systems?,
Feasible Mathematics, I1:30-56, 1994.



The theory LA with quantification over permutations

Quantification over Permutation Matrices

e Example:

o = O
o O =
= O O

e LA-formula Perm(P):
(Vi <r(P))(3j < c(P))e(P,i,j)=1ANPP' =1
e Permutation Quantifiers:

(AP <n)a is (3AP)|(r(P)<n
(VP <n)a is (VP)[(r(P)<n

c¢(P) <n A Perm(P)) A af
c¢(P) <n A Perm(P)) D ]



The theory LA with quantification over permutations

¢ JPLA and VPLA: LA with ((3/V)P < n)-induction.

Both prove the soundness of the Hajés Calculus.

e LAP is LA with P, and defining axioms:
P0,A)=1 & Pn+1,A)=Pn,A)xA

Can formalize computing the char poly:
— Berkowitz’s Algorithm
— Newton’s Symmetric Polynomials (over fields of char 0)

Proves their correctness?

e JPLAP and VPLAP

Prove Cayley-Hamilton Thm., mult. of det, etc. In particular,

the correctness of the above two algorithms.



dPLAP proves the CHT

Feasible (HPLAP) Proof of the
Cayley-Hamilton Theorem

Let p4 be the characteristic polynomial of A, computed by
Berkowitz’s Algorithm:
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dPLAP proves the CHT

pa(A) = (Pa)nA™ + (Pa)n_1 A"+ -+ (pa)ol,
an LAP-term.

The Cayley-Hamilton Theorem states that pa(A) = 0.

Theorem:
dPLAP Fpa(A) =0
Corollary: dPLAP proves:
— multiplicativity of the determinant,
— hard matrix identities,

— other universal theorems of matrix algebra

(cofactor expansion of det, axiomatic definition of det).
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dPLAP proves the CHT

Proof of Theorem:

e A[n| is the n-th principal submatrix of A.

o A

1] is A with the first row and column removed.
Alr(A) — 1] is the 1 x 1 matrix (a,y,).
0] = A.

A

An] =get AEI(r(A) —n,c(A) —n,e(A,n+ k,n+1)).

e CH(A,n) is an LAP-formula stating that the CHT holds for

Aln], Aln +1],..., A[r(A) — 1].

Formally, CH(A,n) is

(Vn <i<r(A)) pap(Ali]) =0

11



dPLAP proves the CHT

Lemma: dPLARP proves:

~CH(A,n) > (3P < r(A))~CH(PAP!,n+1).

Proof: If -CH(A,n), then 3k, n < k < r(A) — 1, such that

pagk (Alk]) # 0.

We choose the largest such k, and consider two cases.

12



dPLAP proves the CHT

Case 1: f kAn=k>n+1= P=1= -CH(PAP',n+1).
Case 2: If k£ = n, then by definition of &,

pPapm+1](Aln+1]) = =papa)-11(A[r(A) —1]) =0

Find the first non-zero column of p4p,(A[n]), and call it j.

Note: 5 # 1

13



dPLAP proves the CHT

Why j#17
e Long Technical Result:
LAP - popiy(C[1]) = 0 — “first column of pc(C) is zero”
e Since k =n, papp41)(Aln+1]) =0
o Therefore: first column of p 4y, (A[n]) is zero.

e Therefore: 7 > 1.

14



dPLAP proves the CHT

Find P and 0 < ¢ < j such that
PPAPYntj—i) (PAPY)[n+j —1i]) #0

Let I, be I with rows k and k + 1 transposed.

P+1
1 <0
while 7 < j
if pipaprt)ntj—ij(PAP")[n+j —i]) = 0 then
P+ Inyj_i-1-P
14— 1+ 1
else

output P
break

15



dPLAP proves the CHT

e Before i reaches (j — 1), the program finds a P such that
p(PAPt)[n+j—i]((PAPt)[n +3j—1])#0
e Otherwise,

ppapt)nt1)(PAPY)n+1]) =0 with P = I, I, 41 -+ Inyj_1.

e Not possible: Long Technical Result & C' = (PAP")[n + 1].

16



dPLAP proves the CHT

Theorem: IPLAP Fpa(A) =0
Proof:

Suppose pa(A) # 0.

Then (3P < r(A))-CH(PAP',0): Basis Case.

Lemma we just proved: Induction Step.

Thus, by induction: (3P < r(A))-CH(PAP*,r(A) —1).
Therefore: CHT fails for a 1 x 1 matrix (PAP")[r(A) —1].

Contradiction.

17



Expressing Graph-Theoretic Problems in APLA and VPLA 18

NP and co-NP Graph-Theoretic Problems
Graph Isomorphism: (3P < r(A))[A = PBP?]
Path:

(AP < r(A)[(V0 < i < k)e(PAP',i,i +1) =1A Ps =e; A Pt = ¢;]

Hamiltonian Path:

(AP < r(A)) (V0 <i < r(A))[e(PAP',i,i +1) = 1]

1 Y 1 ’5




Expressing Graph-Theoretic Problems in APLA and VPLA

k-Colorability:
Let 0 denote the k£ x k matrix of zeros.

A is k-colorable, for any fixed k, can be stated as:

i O’il * X
* OZ'Q *

(AP < r(A))(3i < r(A))[PAP" =
* * * | 04,

where 1 = ’il,ig, . o ,’ik.

For k = 3, let Non-3-Col(A) be the negation of the above formula,

stating that A is not 3 colorable.
Non-3-Col(A) is a formula in the language of VPLA.

19



The Hajés Calculus

The Hajos Calculus and VPLA

e HC is a non-deterministic procedure for building

non-3-colorable graphs.

e Can be used as a propositional refutation system, and as such

it is p-equivalent to extended Frege?.

e VPLA proves the soundness of the HC.

X

The K4 graph is the only axiom of the HC.

e Let K4 denote the 4-clique,

e YPLA I Non-3-Col(Ag, ).

aSee T. Pitassi and A. Urquhart, The complexity of the Hajos Calculus, STAM
J. Disc. Math., (3):464-483, 1995.
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The Hajés Calculus 21

1. Addition Rule: Add any number of vertices and/or edges.

2. Join Rule: Let G; and G5 be two graphs with disjoint sets of
vertices. Let (i1,71) and (i2, j2) be edges in Gy and Ga,
respectively. Construct G3 as follows: remove edges (i1, j1) and
(2, j2), and add the edge (j1,j2), and contract vertices i; and

1o into the single vertex ;.
J1 J2 —
XK - DX
11 12 :
t1

3. Contraction Rule: Contract two nonadjacent vertices into a

single vertex, and remove the resulting duplicated edges. The
new vertex can be either of the two original vertices.



The Hajés Calculus 22

e A derivation is a sequence {G1,Ga,...,G,}.
Each G is either K4, or follows from previous G;’s by a rule.

e (The HC is sound and complete.)

e Lemma: VPLA proves the soundness of the rules.
Proof:
Addition Rule:

— Let G’ be G with new vertices/edges:
(Vi,j < r(Ac))le(i,J, Ag) = 1D e(i, j, Agr) = 1]

— So, Aqr contains Ag in its upper-left corner, with, possibly,
certain Os replaced by 1s, and:

VPLA F Non-3-Col(Ag) — Non-3-Col(Ag/)



The Hajés Calculus

Join rule:
— Suppose that e(Ag,,i1,751) = e(Aq,, i2,j2) = 1.

— Then Ag is given by a matrix with r(Aqg,) + 7(Ag,) — 1 rows

(and columns), and of the form:

i Ag, [i1]1] D, |
Ag, lizlie] | Do
D Dj 0

where: (D;)1;, =1 < e(4¢g,,%1,j) =1 and
(D2)1; =1 <= e(Ag,,i2,5) = 1.

— YPLA proves

Non-3-Col(Ag, ), Non-3-Col(Ags,) — Non-3-Col(Ag)

Same for contraction rule.



The Hajés Calculus 24

o Let Y =[X1X5...X,]| encode a HC refutation, and let HC(Y")
be an LA-formula stating that.

e HC(Y) can be defined with bounded index quantifiers: for all
i < n, the i-th block of Y is either Ag,, or follows from
previous 1 or 2 blocks by one of the three rules.

e The completeness of the HC can be stated as:

Non-3-Col(X) —» Y (HC(Y) A X, = X)



The Hajés Calculus 25

Theorem: VPLA proves the soundness of the HC.
Proof:

— Soundness can be stated with:

HC([X1X2 e Xn]) D NOH-S-COI(Xn)

— Show by induction on k that:

* Since X7 must encode Ky, it follows that Non-3-Col(X1),

and hence we have the Basis Case.

+x The Induction Step follows from the lemma showing the

soundness of the rules.



Quantified Permutation Frege

PK with Quantification over Permutations

)
e Permutation Frege: —
&7“-

e Extended Frege p-simulates Permutation Frege.
e Are they p-equivalent 7

e Consider two fragments of PK with QP:
— do-PK: doga
— Vo-PK: Vogsa

a has no quantifiers.

e Example:
30—{&,1),6} (_‘a N (b N C))



Quantified Permutation Frege

Semantics:
e 75 is the truth value assignment ¢ where t75(z) = t(og(x)).

e t F doga iff there exists a og such that t°5 F «.
This could also be defined as follows:

t F Joga iff there exists a og such that ¢t F a%5.
o { FVoga iff for all og, t95 F a.

e Different from G* where t F Jzxa(x) iff t F a(0) V a(1).

aJan Krajicek, Bounded Arithmetic, Propositional Logic, and Complexity
Theory, Cambridge University Press.

27



Quantified Permutation Frege

a, ' > A

doga™s,I' = A

Rules:
I' - A«
I' - A,doga™s
I' - A«
I' - A, Voga™s
Restrictions:

e o has no quantifiers,

e boxed rules: variables in S are not free in the bottom sequent.

o' = A
Voga™ , ' = A

The variables in a finite set .S are not free in a formula (:

e they do not occur in 8 at all, or

o 3 =4er (3/V)og7, with v having no quantifiers, and S C Q.

Complete? Equivalent to G?

28



Quantified Permutation Frege 29

Theorem: Jo-PK™ and Vo-PK™ are p-equivalent to extended
Frege.

Proof: Jo-PK™* and Vo-PK™ are p-equivalent.
o (]: is tree-like quantified Frege with >; quantification.
e I'xtended Frege and G7 are p-equivalent.

e (&7 p-simulates do-PK™ as follows:

Take a do-PK™ derivation, and replace Jdog introductions with

|S|-many J-introductions, one for each variable in S.

The restriction for dog-introductions left ensure that the

restriction for F-introductions left is met.

Example: Jog, 1 (-2 Ay) replaced by Jz3y(—-z A y).

.. extended Frege p-simulates do-PK™.



Quantified Permutation Frege

Show Vo-PK™ p-simulates extended Frege using:
1. extended Frege and the HC are p-equivalent, and
2. Theorem: VPLA proves the soundness of the HC.

By 1., to show that Vo-PK™ p-simulates extended Frege, it is
enough to show that Vo-PK™* p-simulates the HC.

By 2., to show that Vo-PK* p-simulates the HC, it is enough to
show that the proof of the theorem can be formalized in
Vo-PK™.

The theorems of LA translate into AC"[2]-Frege, and universal
permutation quantifiers occur in the form (VP < n)a(PAP?)
(in the formula Non-3-Col), and so they translate into

Vo alla(A)lo.

30



Open Problems

Open Problems
1. Is there an LAP proof of the CHT?
2. Can we prove hard matrix identities in LAP?

3. Hard matrix identities have been proposed as candidates for
separating Frege and extended Frege—do they, or can they be
proven in Frege, or somewhere in between (eg., Permutation

Frege, if indeed it is strictly “in between”)?

4. Can we show that hard matrix identities are independent of
LA (i.e., can we show that they don’t follow feasibly from
basic ring properties of matrices?)

5. What would be a natural definition of QPF (that ensures
soundness and completeness)?

6. Is (a good definition of) QPF p-equivalent to G?
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