
The Proof Complexity of LinearAlgebraMi
hael Soltys and Stephen CookJuly 2002

1



What is the 
omplexity of proving thefundamental prin
iples of linear algebra?For example:
� AB = I � BA = I
� The Cayley-Hamilton Theorem,pA(A) = 0
� The multipli
ativity of determinant,det(AB) = det(A) det(B)
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AB = I � BA = IProposed by Cook as a 
andidate forseparating Frege and Extended Frege.It turns out to be p-equivalent in Frege (overa �xed �eld su
h as Zp or Q ) to:
� (AB = I ^AC = I) � B = C
� AB = I � (AC 6= 0 _ C = 0)
� AB = I � BA = I
� AB = I � AtBt = I
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AB = I � BA = I 
an be proven in polysizeExtended Frege, be
ause GaussianElimination 
an be proven 
orre
t in polysizeExtended Frege.Corre
t means: any matrix A 
an be
onverted to row-e
helon form with asequen
e of elementary row operations.Using this 
ondition of 
orre
tness, we 
anshow that if AB = I, then there exists a leftinverse C of A. Sin
e it 
an be proven inpolysize Frege that AB = I � A(BA� I) = 0,we are done.On the other hand, it seems thatAB = I � BA = I 
annot be proven withpolysize Frege proofs.
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Gaussian Elimination is a well studiedpolytime algorithm, whose 
orre
tness 
an beshown easily in polysize Extended Frege.However, it seems to be inherently sequential.There are fast parallel algorithms for
omputing the 
hara
teristi
 polynomial (andhen
e the inverse) of matri
es:
� Berkowitz's algorithm
� Chistov's algorithm
� Csanky's algorithm (for �elds of 
har 0)

All three algorithms 
an be formalized withNC2 
ir
uits (
ir
uits of polynomial size, anddepth O(log2), in the size of matri
es). 5



We 
on
entrate on Berkowitz's algorithm,be
ause:
� It does not use divisions, so it is �eldindependent (so it works over
ommutative rings).
� It is easy to formalize, sin
e it onlyrequires matrix powering as a primitiveoperation. This is an advantage be
ausewe want to design logi
al theories forproving matrix identities.

Question: Can we prove 
orre
tness
onditions for Berkowitz's algorithm usingNC2 
on
epts only, just as we were able toprove 
orre
tness 
onditions for GaussianElimination using polytime 
on
epts only?6



What would be the desirable 
orre
tness
onditions for Berkowitz's algorithm?Berkowitz's algorithm 
omputes the
oeÆ
ients of the 
hara
teristi
 polynomialof a matrix, using iterated matrix produ
ts.Two fundamental properties related to the
hara
teristi
 polynomial, are:
� The Cayley-Hamilton Theorem,pA(A) = 0,
� multipli
ativity of determinant,det(AB) = det(A) det(B)(the 
onstant 
oeÆ
ient of the 
har polyof an n� n matrix A is (�1)n det(A)).
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In fa
t, AB = I � BA = I follows (in polysizeNC2-Frege) from either property, and hen
eall the other matrix identities, presumablyhard for Frege, also follow (in polysizeNC2-Frege) from them.So the question is:Can we prove the Cayley-Hamilton Theoremand the multipli
ativity of the determinant inpolysize NC2-Frege?To study this problem, and to see what typeof reasoning is ne
essary to formalize theuniversal theorems of linear algebra, wedeveloped three logi
al theories:LA � LAP � 8LAPof in
reasing strength. 8



Linear Algebra (LA)LA is a quanti�er-free theory, with threesorts: indi
es, �eld elements, matri
es.It 
ontains:
� the usual axioms of arithmeti
 for indi
es(N ), and indu
tion on indi
es
� the usual �eld axioms
� a way of 
onstru
ting new matri
es (usingsome rudimentary �-
al
ulus).For example, given n� n matri
es A;B,we 
onstru
t the new matrix A+B as�ijhn; n;Aij +Biji. 9



All the usual ring properties of matri
es 
anbe proven in LA. For example:A(BC) = (AB)CA+B = B+AHowever, this is a fairly weak theory; alltheorems 
an be translated to families oftautologies, with uniform polysize Fregeproofs.The underlying �eld (Zp or Q ) is a parameterin the translation, even though the theoriesLA, LAP, and 8LAP, are �eld independent.Also, LA proves the equivalen
e of the matrixidentities that we proposed as 
andidates forseparating Frege and Extended Frege.OPEN PROBLEM: Is AB = I � BA = I(and hen
e the other identities) independentof LA? 10



Linear Algebra with matrix powers(LAP)We extend the theory LA to LAP by adding anew fun
tion symbol, P, with the followingde�ning axioms:P(A;0) = IP(A;n+1) = P(A;n) �AWe 
an 
omputed iterated matrix produ
twith powering, for example, we 
an 
omputeABC as follows:
A

B

C

ABC

3

Sin
e we 
an 
ompute the n-th power of amatrix by repeated squaring in logn manysteps, it follows that we 
an 
ompute iteratedmatrix produ
ts with NC2 
ir
uits. 11



In LAP we 
an express Berkowitz's algorithm.Berkowitz's algorithm 
omputes the 
harpolynomial of A in terms of the 
harpolynomial of M .
A= a 11

M

R

S

What 
onne
ts the 
har poly of A to the 
harpoly of M is Samuelson's identity:pA(x) = (x� a11)pM(x)�R � adj(xI �M) � S
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Sin
e adj(xI �M) 
an be expressed in termsof the 
oeÆ
ients of pM , and using theCayley-Hamilton Theorem, we 
an restateSamuelson's identity as a matrix identity.For example, if A is a 3� 3 matrix, then:
pA = 0BBB� 1 0 0�a11 1 0�RS �a11 1�RMS �RS �a11

1CCCA pMwhere pA and pM are 
olumn ve
tors
ontaining the 
oeÆ
ients of the 
har polysof A and M , respe
tively.
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Thus pA = C1pM , where C1 is a Toeplitzlower triangular matrix, and pA; pM are the
har polys of A;M , respe
tively.We 
an repeat this pro
edure to 
omputepM , by de�ning pM in terms of the 
har polyof M [1j1℄. Continuing this way we get:pA = C1C2 � � �Cnwhere ea
h Cj is de�ne in terms of Mj; Rj; Sj:
A= a R

S M

jj j

j j
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Thus, we 
an 
ompute the 
oeÆ
ients of the
hara
teristi
 polynomial of a matrix in LAP,with Berkowitz's algorithm. Furthermore:THEOREM: LAP proves the equivalen
e ofthe following prin
iples:{The Cayley-Hamilton Theorem.{The axiomati
 de�nition of determinant(alternating, multilinear, and 1 on I).{The 
ofa
tor expansion formula.and LAP also proves that the Cayley-HamiltonTheorem follows from the multipli
ativity ofthe determinant.Furthermore, AB = I � BA = I (and theother matrix identities) follows in LAP fromany of the above prin
iples.OPEN PROBLEM: Can any of theseprin
iples be proven in LAP? 15



We outline the proof of the axiomati
de�nition of the determinant from theCayley-Hamilton Theorem.{It is easy to show that det(In) = 1(indu
tion on n, noting that the prin
ipalsubmatrix of In is In�1).{It is easy to show multlilinearity in the �rstrow, dire
tly from Berkowitz's algorithm. Toshow multilinearity in all rows, we needalternation.{Alternation is the diÆ
ult part. The proofof alternation has the following 
omponents:(i) Let Mi be the i-th prin
ipal submatrix ofA (so M1 = A[1j1℄, and Mi+1 =Mi[1j1℄).Show (in LAP) that if the C-H Theorem holdsfor Mi, then:A and Ii(i+1)AIi(i+1) have the same 
har poly.16
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M i+1

i-1M

row i

row i+1

column i

column i+1(ii) Using the C-H Theorem several times,show that:A and IijAIijhave the same 
har poly.(iii) Show, using the C-H Theorem on M2,show that:det(A) = �det(I12A)(iv) Combine (ii) and (iii) to show that:det(A) = �det(IijA) 17



The theorems of LA 
an be translated tofeasible polysize Frege proofs.The theorems of LAP 
an be translated tofeasible quasi-polysize Frege proofs, i.e., intoNC2-Frege proofs.Thus, the equivalen
e of the prin
iplesmentioned in the previous slide 
an be shownwith polysize NC2-Frege proofs.
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8LAPThis is LAP where we allow indu
tion onformulas of the type (8X � n)�, where � hasno quanti�ers, and X is a variable of typematrix of size at most n� n.This strengthening of indu
tion is what allowsus to prove the Cayley-Hamilton Theorem.The theorems of 8LAP 
an be translated touniform polysize Extended Frege proofs.Therefore, our proof of the Cayley-HamiltonTheorem is a feasible proof; in fa
t, as far aswe know, this is the �rst feasible proof of thisprin
iple.All previous proofs of the Cayley-HamiltonTheorem relied on the Lagrange Expansion ofthe determinant, whi
h for a matrix of size nhas n! terms, and hen
e it is very infeasible.19



The idea behind the 8LAP proof of the C-HTheorem is the following:If pA(A) 6= 0, that is, if the C-H theorem failsfor A, then we 
an �nd in polytime asub-matrix B of A for whi
h pB(B) 6= 0, i.e.,for whi
h the C-H theorem fails already.Sin
e the C-H Theorem does not fail for 1� 1matri
es, after at most n = (size of A) stepswe get a 
ontradi
tion.This idea 
an be expressed with universalquanti�ers over variables of type matrix: ifthe C-H theorem holds for all matri
essmaller than A, then it also holds for A.
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Summary of Propositional Translations
Theory Propositional Proof System(and 
orresponding
omplexity 
lass)

�eld: Zp �eld: Q
LA polysize BDFrege withMOD p gates(AC0[p℄) polysize Frege(NC1)
LAP quasi-polysize Frege(DET � NC2)
8LAP polysize Extended Frege(P)
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Open Problems
� Is AB = I � BA = I independent of LA?
� Can the Cayley-Hamilton Theorem and/orthe multipli
ativity of the determinant beshown in LAP?
� Can AB = I � BA = I be shown in LAP?
� More generally, 
an universal matrixidentities be shown with quasi-polysizeFrege proofs?

22


