Slater points and Lagrange/Wolfe duals

1 Slater point and Ideal Slater point

e Consider a convex problem with two constraints (1) z; < 0 and (2) 22 + 23 < 1. Both of them
are regular constraints, one linear and the other nonlinear. Point (0,0)7 is a Slater point of

this problem, while it’s not an Ideal Slater point.

e Consider a convex problem with two constraints (1) #1 < —0.5 and (2) 22 + 23 < 1. Both of
them are nonsingular constraints, one linear and the other nonlinear. Point (—0.6,0)7 is an

Ideal Slater point of this problem (it is a Slater point as well).

2 Verification of the Slater condition

Check whether the following problem satisfies Slater condition:

Actually, there is only one feasible point x = 0, meaning all constraints are singular. However,
constraint ga(x) < 0 is nonlinear, which means that there is no point which satisfies Slater condition

for this problem.
3 Wolfe and Lagrange Dual

Consider the following convex optimization problem:

min x1 + e*?

s.t. 3x1 —2e*2> 10
o Z 0
z € R%

Write down the Wolfe dual and Lagrange dual of this problem and show that the optimal value is 5
with z = (4,0)”. Note that the Slater condition holds for this example.

Solution:
Wolfe dual: The Wolfe dual is given by

sup  f(z) + 3271 v59;(2)
st V(@) + 27y V;(x) = 0
y > 0.



which in our case become

sup x1 + €2 + y1 (10 — 321 + 2e™2) — yoxo

s.t. 1-3y1=0
€72 + 2672y —yp = 0
r€R? y>0.

Wolfe dual is a non-convex problem. The first constraint gives y; = %, and thus the second constraint

becomes -
—e"2 — 9 = 0.
36 Y2
Now, we can eliminate y; and ys from the objective function. We get the function
) 5 10 5 5 10
f(xlva) =z — 21+ 5612 — gl‘Zer + ? — f(l‘Q) = g@xg — §x26x2 + ?

This function has a maximum when
5)
f,(xQ) = _§$2€m2 = 07
which is only true when x9 = 0 and f(0) = 5. Hence the optimal value of the Wolfe dual problem is
5 When (CC7 y) = (47 07 %7 %)'

Lagrange dual: We can double check this answer by using the Lagrange dual:

sup  ¥(y)
st. y>0,
where ¢ (y) = inf, {f(z) + 272, y;9;(2)}-
So,
V(y) = inﬂ{z{xl + €™ +y1(10 — 321 + 2€™) — yowa}
[AS
= inf {z1 — 3y1z1} + inf {(1 4 2y1)e™ — yaza} + 10y;.
z1€ER r2€R
We have

0 for ylzé

inf -3 = .
:L‘llréR{xl Y121} {—oo otherwise.

Now, for fixed y1, yo let
h(ze) = (14 2y1)e™ — yoxa.

Then h has a minimum when
B (z2) = (1 + 2y1)e™ — yo,

Le., when zy = log(3-). Further, h(z2) = h(log(15,;)) = y2 — y2log (H?_’;y

1). Hence, we have

. Y2
f{(1+2 2 _ = — o1
xl;éR{( + 2y1)e Yoo} = Yo — Y2 log <1+2y1>

Thus, the Lagrange dual becomes

sup Y(y) = 10y1 +y2 — y2 log (Hy;yl)
st. oy = %
y2 > 0.



Now we have

when g9 = %

and w(%, %) =5,



